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Abstract

A system, developed to treat general participating media, is generalized to make it capable of considering volumet-
ric inelastic processes such as fluorescence. The system is based on the discrete ordinates method, and can treat
complex participating medium such as natural waters. It can deal with highly-peaked anisotropic phase functions
and can handle the spectral behavior of the medium’s characteristic parameters.The system is applied to the study
of fluorescence, the most common inelastic effect in natural waters.

Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: I.3.7 [Three-Dimensional
Graphics and Realism]:

1. Previous work

The rendering of scenes containing participating media
(such as water, clouds, smoke, fog. . . ) has become increas-
ingly widespread. Several methods have been developed to
deal with these kind of scenes. In Table 1 the different meth-
ods and some relevant works are outlined. A good review of
them and most relevant works can be found in1. Neverthe-
less, inelastic phenomena (with transfer of energy from one
wavelength to another) are obviated in practically all global
illumination systems. There are only two exceptions:

1. Glassner21 was the first one, and till recently the only one,
to consider fluorescence and phosphorescence when ren-
dering scenes. His work focuses on the correct formula-
tion of the rendering equation to include such effects. He
also presents some results obtained with a public domain
raytracer (Rayshade) adequately adapted. Anyway, when
considering the more general case of scenes containing
participating media, fluorescence is treated as a surface
phenomenon. To deal with it, surfaces are characterized
with a matrix that represents the transfer of energy from
one wavelength to another one. As the transfer of energy,
in most materials, is from large to small wavelengths the
matrices are triangular. The visible spectrum is divided
into intervals and a calculation is made for each of the
wavelength values. In each of those calculations, energy
in the smaller wavelengths is accumulated according to

the surfaces’ characteristic matrices. Before beginning a
new wavelength calculation all objects of the scene are
revised to select those with an appreciable emission to
include them as sources in that calculation. This way, flu-
orescent energy is incorporated into the calculation.

Methods References

Zonal 2 3 4 5 6

Spherical harmonics 7 8

Discrete Ordinates 9 10 11

Monte Carlo 12 13 14 15 16 17

Others 18 19 20

Table 1: Different methods for participating media and some
relevant works.

2. Wilkie et al.22 treat fluorescence in an analogous way.
The originality of their work is that they are able to
considered polarization and fluorescence simultaneously,
two physical phenomena still rarely considered in current
rendering systems. The fluorescence they consider is
again surface fluorescence, produced by pigments.
So, instead of characterizing the surfaces by means of
the typical reflectance spectra, triangular re-radiation
matrices are used. They use bispectral reflectivity values
that are determined experimentally, but they exaggerate

c© The Eurographics Association 2003.

http://www.eg.org
http://diglib.eg.org


Cerezo and Seron / Inelastic Scattering and Participating Media. Application to the Ocean.

them so that the effects are more visible in the scenes.
They use a public domain raytracer (ART) developed in
the Institute of Computer Graphics and Algorithms of
the Vienna University of Technology.

It should be noted that in both cases fluorescence
is treated as a surface phenomenon, whereas the aim of
this work is to be able to deal with a fluorescence within
a volume.

The structure of this paper is as follows: in Section 2 the
usual radiative transfer equation (RTE) is generalized so
that it is able to consider inelastic scattering. In Section 3
our general simulation system is outlined and the changes
needed to be performed to the general discrete-ordinates cal-
culation scheme to consider volumetric inelastic processes
are discussed. Section 4 presents the oceanic medium as a
participating medium, paying special attention to one of the
naturally occurring inelastic processes: fluorescence. Sec-
tion 5 includes the results and in Section 6 conclusions and
future work are discussed.

2. Inelastic phenomena and participating media: the
Full Radiative Transfer Equation

The equation that governs the transfer of energy when deal-
ing with participating media7 is the so-called Radiative
Transfer Equation (RTE):

dLλ(S,θ,ϕ)

dS
= −aλ(S)Lλ(S,θ,ϕ) (1)

+aλ(S)Lλemis(S,θ,ϕ)−σλ(S)Lλ(S,θ,ϕ)

+
dLλ(S)

4π

∫
ωi=4π

Lλi
(S,θi,ϕi)Φ(S,(θi,ϕi) → (θ,ϕ))dωi

This equation gives the local variation of the radiance when
traversing a distance dS. The first term refers to absorption,
where aλ(S) is the so-called absorption coefficient (the frac-
tion of energy lost per unit length, dimension m−1). The sec-
ond term corresponds to self-emission, where Lλemis(S,θ,ϕ)
is the radiant energy emitted, due to spontaneous or stimu-
lated emission. The third term represents the reduction of the
radiance along the propagation direction because of scatter-
ing (out-scattering): σλ(S) is the scattering coefficient (di-
mensions m−1). The last term accounts for the in-scattering,
ie, the increase of radiance along the propagation direction
due to the scattering of radiance coming from other direc-
tions. Φ(S,(θi,ϕi) → (θ,ϕ) is the phase function which de-
scribes the angular distribution of the scattered energy. In Ta-
ble 2 the parameters characterising a participating medium
are summarized. Their spectral dependence should be noted.

The extinction coefficient κλ, which is the sum of the ab-
sorption and scattering coefficients, is usually used to group
the diminishment terms:

Symbol Meaning

aλ Absorption coefficient (m-1)
σλ Scattering coefficient (m-1)
κλ Extinction coefficient (m-1)
Φλ(S, (θi,ϕi)→ (θ,ϕ)) Phase function
lλ = 1/κλ Attenuation length (m)

Table 2: Coefficients characterising a participating medium

dLλ(S,θ,ϕ)

dS
= aλ(S)Lλemis(S,θ,ϕ) (2)

−κλ(S)Lλ(S,θ,ϕ)

+
dLλ(S)

4π

∫
ωi=4π

Lλi
(S,θi,ϕi)Φ(S,(θi,ϕi) → (θ,ϕ))dωi

In fact, what is generally computed is not the radiance of
the voxel for each direction but the Source Term, that rep-
resents the gain of radiance in one direction owing to in-
scattering and emission:

Gλ(S,θ,ϕ) = aλ(S)Lλemis(S,θ,ϕ) (3)

+
dLλ(S)

4π

∫
ωi=4π

Lλi
(S,θi,ϕi)Φ(S,(θi,ϕi) → (θ,ϕ))dωi

The RTE is valid only when elastic scattering occurs. But
there are some physical phenomena that involve a trans-
fer of energy from one wavelength to another. This is the
case of fluorescence. To treat those phenomena, the RTE has
to be generalized. Specifically, when considering in the in-
scattering term the gain in the radiance in one specific direc-
tion and wavelength, not only must the transfers from other
directions be considered but also the transfers from other
wavelengths. So, the RTE has to be generalized to obtain
the Full-Radiative Transfer Equation (FRTE):

dLλ(S,θ,ϕ)

dS
= aλ(S)Lλemis(S,θ,ϕ)−κλ(S)Lλ(S,θ,ϕ)

+
∫

ωi

∫
Rv

F(S,λi → λ,(θi,ϕi) → (θ,ϕ))Lλi
(S,θi,ϕi)dωidλi

(4)

F(S,λi → λ),(θi,ϕi) → (θ,ϕ)) represents the probability
that radiance in the (θi,ϕi) direction of wavelength λi gives
rise to radiance of wavelength λ in the (θ,ϕ) direction. It
will be, in general, the summation of the probability asso-
ciated to each of the phenomena: elastic and inelastic. For
elastic scattering:
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F(S,λi → λ,(θi,ϕi) → (θ,ϕ)) ≡

σelas(S,λ)

4π
Φ(S,(θi,ϕi) → (θ,ϕ)) (5)

and for the inelastic one, by analogy:

F(S,λi → λ,(θi,ϕi) → (θ,ϕ)) ≡

σine(S,λi → λ)

4π
Φ(S,(θi,ϕi) → (θ,ϕ)) (6)

where σine is the inelastic scattering coefficient (m-1).

3. The CORDIS system

Due its complexity, when considering light transport in par-
ticipating media, strong simplifications are usually made
(single scattering, isotropic scattering, homogeneous me-
dia. . . ). On the contrary, our CORDIS system focuses on
the physical simulation of the transport of light in the more
general case: non-homogeneous media, anisotropic scatter-
ing and multiscattering. It is specially well-suited to the con-
sideration of complex participating media characterized by
highly-peaked phase functions as well as to consider the
spectral behavior of the medium characteristic parameters
(Table 2). Besides the generation of synthetic images, the
system generates detailed quantitative illumination informa-
tion such as the amount of light that reaches the medium
boundaries or the amount of light absorbed in each of the
medium voxels. It is based on the work of Languénou et
al.11 that rests on the spatial discretization of the participat-
ing medium in finite volumes (voxels) and on the use the
discrete ordinates method23 to handle directions. Our main
contribution to Languénou’s method has been its generaliza-
tion so that the system is able to:

• include objects (lambertian for the moment) and sources
inside the participating medium

• use realistic spectral medium parametrizations
• handle highly anisotropic phase functions: besides the

directions quadrature, additional characteristic directions
can be added to handle peaks present in the medium phase
function

• validate the results to assure that they are not only qualita-
tively but quantitatively (physically) correct: in particular
the energies absorbed and scattered in each of the voxels
are also calculated; this allows us to validate and estimate
the accuracy of our calculation results by means of energy
balances

• consider inelastic processes.

The work presented in this paper focuses on the fifth point.
Our system has been presented elsewhere24.

All the magnitudes in the simulations are treated as spec-
tral ones: the source spectrum is divided into intervals, so
that one calculation is carried out for each of the discrete
wavelength values. The resolution method is iterative. First
of all, an initialization step corresponding to the first or-
der of scattering is performed. Then, in the iterative pro-
cess, each of the iterations corresponds to one scattering.
The results of this process are the source terms in each direc-
tion in each voxel of the medium, the outgoing radiances of
the medium’s boundaries and the irradiances in the surfaces
within the medium. A simple ray-tracer adapted to voxelised
media (TRAMPA) is used to obtain the images.

3.1. Adapting the system.

As stated in Section 1, practically all global illumination sys-
tems work by uncoupling wavelengths. The solution for the
radiance corresponding to one wavelength is independent
from the solution corresponding to another wavelength. This
would be the case of the example shown in Figure 1, which
corresponds to the first type of calculations carried out with
our calculation system. For each of these calculations, one
sets out from the participating medium with no previously
calculated data (uncolored cube) and from the power emit-
ted by the source/s in the wavelength of interest. The result
of the calculation of that wavelength does not influence the
results of other calculations in any way and is only used in
the final rendering stage. However, the uncoupling cannot be
carried out if inelastic phenomena have to be considered. In
those cases, the transfer equation to be applied is the gen-
eralized one presented in Section 2. The energy transfers
we are considering are always from high to low energies,
or what amounts to the same thing, from smaller to larger
wavelengths. This makes it necessary to carry out the suc-
cessive spectral calculations in the order of increasing wave-
lengths. As shown in Figure 2, the results obtained in the cal-
culation of one wavelength influence the calculations corre-
sponding to all the subsequent wavelengths. Thus, when ini-
tiating the calculation corresponding to the first wavelength
(the smaller one) the medium is void of data (black cube).
This is why in this case, the energy emitted by the source
is taken as the only input. The output of the calculation is
the medium calculated for that wavelength (colored cube)
but in addition, part of that energy has been transferred to
higher wavelengths. As a result, when beginning the calcu-
lation for all other wavelengths the medium is not void, but
contains energy corresponding to that wavelength originated
in all previous calculations (colored cube). Thus, the energy
emitted by the sources has to be added to that transferred
energy. Once all the calculations have been made, the ray-
tracer (TRAMPA) is used to obtain the colored image.

The consideration of inelastic processes makes it neces-
sary to introduce certain changes in the general simulation
scheme, in particular when dealing with the source terms.

1. Now, in addition to the elastic source terms in each dis-
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Figure 1: Calculation when only elastic phenomena are
taken into account.

Figure 2: Calculation in the case of taking both elastic and
inelastic phenomena into account.

crete direction, new inelastic source terms have to be
stored in each voxel. These inelastic terms serve the pur-
pose of accumulating the contributions coming from all
the inelastic scattering taking place inside the voxel. If the
inelastic phenomenon to be considered is isotropic, in-
stead of storing one inelastic source term for each wave-
length and each discrete direction, it is sufficient to store
one single term for each calculation wavelength.

2. Now, when calculating the new orders of scattering in
each voxel, the increment in the new inelastic source
terms have to be computed from:

∆Gine(λ,θ,ϕ) = σine(λi → λ)wiLi(λi,θi,ϕi) (7)

where σine is a generic inelastic scattering coefficient and
∆Gine represents the increment in the source term corre-
sponding to the discrete direction (θ,ϕ) and wavelength
λ due to inelastic scattering of radiance in the (θ,ϕ) di-
rection and wavelength λi (λ > λi).

3. In the inelastic case, when beginning the calculation of
a new wavelength, the voxels’ source terms in the dis-
crete directions will not be zero (except in the case of the
smaller wavelength, recall Figure 2): they would have to
be initialized with the inelastic increments accumulated
during the calculations corresponding to smaller wave-
lengths. Therefore, the source terms’ initial values (be-
fore considering the emission of the light sources in that
particular wavelength) will be (in the case of isotropic in-
elastic scattering):

G(λ,θ,ϕ) =
Gine(λ)

4π
(8)

where Gine contains the source terms contributions from
all smaller wavelengths.

Calculation time depends mostly on the number of voxels
(Figure 3) and is practically not affected by the above men-
tioned changes. On the contrary, memory requirements rise
when considering inelastic effects. Our calculation method is
memory consuming per se (3N + 3 real numbers are stored
in each voxel, where N is the number of discrete directions).
The increase in memory is because, as explained above, a
new vector has to be saved in each voxel. This new vector is
used to accumulate the inelastic light transfers correspond-
ing to each discrete wavelength.

4. The participating medium: the ocean

The interesting issue about natural waters and, in particu-
lar, about the oceanic medium, is that electromagnetic ra-
diation interacts not only with the water but with materials
dissolved or suspended in it (dissolved salts, dissolved or-
ganic compounds- the so-called yellow matter or CDOM-
, plankton...). This makes the ocean phenomenologically
rich26. In fact, oceanic medium can be viewed just as a par-
ticipating medium: light is scattered and absorbed as it trav-
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Figure 3: Evolution of the calculation time when increasing
the number of voxels (Pentium IV 1.7 GHz).

els through the water. With respect to absorption, water is
nearly "opaque" outside the wavelength range comprised be-
tween 400 and 700 nm. For elastic scattering, the substances
present in the water increases the scattering coefficient by at
least a factor of ten, and the phase function becomes highly
peaked (Figure 4). In terms of inelastic scattering, fluores-
cence is a phenomenon of considerable significance in nat-
ural waters. Fluorescence occurs when a molecule absorbs
an incident photon and shortly thereafter emits (between
10-8 and 10-11s later) a photon of greater wavelength. Re-
emission is not directional but isotropic. Fluorescence oc-
curs in many substances present in natural waters. The most
thoroughly studied is chlorophyll, but other pigments found
in living phytoplankton or in yellow matter (CDOM), as well
as hydrocarbons and other pollutants, often exhibit strong
fluorescence.

Figure 4: Phase function owing to particles present in nat-
ural waters (green) compared to the pure water phase func-
tion (red).

In the case of fluorescence, the inelastic scattering coeffi-
cient (Equation 6) is usually expressed27:

σine(S,λi → λ) ≡ aλi
(S) ff(S,λi → λ) (9)

= aλi
(S)ηf(S,λi → λ)

λi

λ
dλ

where af(S,λi) is the absorption coefficient (absorption of
light is necessary so that fluorescent radiation can be emit-
ted) and ff(S,λi → λ) the fluorescent wavelength redistri-
bution function. The ηf(S,λi → λ) is its quantum equiva-
lent, the spectral fluorescence quantum efficiency function.
A useful related quantity is the total fluorescence quantum
efficiency:

Γf =
∫

∞

0
ηf(S,λi → λ)dλ (10)

Γf determines the amount of re-emission since it is the quo-
tient between the number of photons emitted in all wave-
lengths and the number of photons absorbed at the excitation
wavelength.

5. Results

5.1. Test scene configuration

We have applied our resolution module to a simple test scene
to study the incidence of fluorescence in the simulations.
We have studied waters with high concentrations of bio-
genic constituents, that is to say, waters with highly scat-
tering and extinction coefficients, and therefore, very lim-
ited visibility conditions. The considered extinction coeffi-
cients range from around 2m-1 to 5m-1 which implies atten-
uation lengths (Table 2) ranging from 2.5m to 0.33m. It is
commonly assumed that visibility extends to no more than
one or two attenuation lengths. Taking all this into account,
we have worked with a calculation volume of 1m x 1m x
1m, subdivided into 25x25x25 voxels. The calculation vol-
ume is placed on the seabed around the object. It is assumed
that the seabed is deep enough so that neither natural illu-
mination nor the air-water surface boundary are considered.
Therefore, the calculation volume is limited by two physi-
cal boundaries: a sandy seabed, with a plastic object placed
on it, and a rocky vegetal wall at the back of the scene, all
three (seabed, object and wall) characterized with their cor-
responding reflection coefficients. The scene is illuminated
by an artificial incandescent isotropic source placed on top
of the calculation volume pointing to the object. The camera
is positioned outside the scene at a distance of 0.5m from the
cube looking at its center (see Figure 5). A uniform quadra-
ture of 74 directions (plus one characteristic direction in each
voxel to account for the phase function peak) has been used.
In order to account for the wavelength dependence of the
final color image, the visible spectrum is divided up into
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16 values that range from 400 to 700 nm in 20 nm incre-
ments. The 20nm sampling has been chosen due to the spec-
tral properties of the scenes (no sharp color variations) and
of the medium characteristic parameters but, more in depth
studies should be performed28, 29.

Figure 5: Scene configuration.

5.2. Fluorescence in pure substances (clorophyll-a)

A characteristic of fluorescence in pure substances is that
the emission wavelengths are independent of the excita-
tion wavelengths. Chlorophyll-a (the most abundant type of
chlorophyll) always fluoresces in the band centered at 685
nm, regardless of whether it is excited by light at near ul-
traviolet, blue, green, or even red wavelengths. Therefore, in
the case of chlorophyll-a, the calculation is simplified. The
quantum efficiency, Γf, in this case ranges from 0.01 to 0.10
with typical values between 0.01 and 0.05 (most of the ab-
sorbed radiation will be released as heat).

We have chosen seawater with a high chlorophyll con-
centration (10 mg/m3) characterized by parameters shown
at the top of Figure 6. These parameters are realistic and ob-
tained from bio-optical models25. As shown, scattering is so
high that visibility is almost totally lost. Two situations have
been compared: one which takes fluorescence into account
(inelastic case) and one which does not (elastic case). Due
to the fact that the increment takes place only in one of the
wavelengths, no visible differences exist between the images
generated in each case (even at higher chlorophyll concen-
trations). But there are quantitative differences. The energy
absorbed in every wavelength in the water body is shown in
Figure 7. As can be appreciated, the energy absorbed in the
elastic case is always greater than in the inelastic case, be-
cause part of the absorbed energy is re-emitted. On the con-
trary, in the area of 680nm, the situation is reversed. This is
because this wavelength is the only one that receives energy
from all the other wavelengths. A quantum efficiency Γf of
0.1 has been considered.

Figure 6: Water body with high biogenic content (top).
Characteristic parameters used in the simulation (bottom).

Figure 7: Total energy absorbed in the medium whether con-
sidering fluorescence in chlorophyll-a (red)or not (green).

5.3. Fluorescence in compounds (CDOM)

In the case of CDOM, fluorescence is more complicated and
the calculation is of the type shown in Figure 2. The redis-
tribution function, ff, has to be appropriately normalized so
that the energy conservation is maintained when transferring
energy from one wavelength to another.The values of Γf gen-
erally fall between 0.005 y 0.015.
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Figure 8 shows two images of the same test scene where
fluorescence has been taken into account (left image) or not
(right image). A quantum efficiency of 0.015 has been used.
As opposed to the results presented in the previous section,
differences are now visible.

Figure 8: Images obtained considering fluorescence in
CDOM (left) or not (right).

6. Conclusions and future work

We have extended the radiative transfer equation to deal with
inelastic phenomena when dealing with participating media.
We have generalized a simulation system based on the dis-
crete ordinates method so that it is able to incorporate the
new kind of phenomena in the iterative calculation scheme.
All these have allowed us to treat the most common inelastic
phenomenon in natural waters: fluorescence. Realistic val-
ues of the medium parameters have been used throughout.
Even in cases where there are no visible differences, quanti-
tative results reveal the variation in the distribution of light
in the media when considering fluorescence.

Related to future work, we are working in the integration
of the CORDIS system in the global illumination system
ALEPH30 developed in our group, so that more complex and
visually pleasant scenes can be considered.

On the other hand, our simulation system is not only ca-
pable of generating images but also quantitative illumination
results. It should be noted that the resolution of the trans-
port problem in the water is a prerequisite for the solution of
many problems such as the synthesis of realistic underwa-
ter images, the underwater visibility, the capture of satellite
images, the biologic productivity studies, or the thermody-
namics of stratified media in submarine environments.
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