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1. Energy Conservation

In this section we show that rmi

rmi(λi→ λo) =
1

2d
r(λo)1|λi−λo|<d (1)

(mollification over incident wavelengths as done in equation 9 in
the paper) is not necessarily energy conserving when applied to the
diagonal of a physically valid reradiation matrix, or to the full non-
fluorescent term

δλi,λo
(1− ca(λi))r(λi) (2)

of the BBRRDF by [JHD18].

For example, consider

c = Q = 1,λi = 600,d = 50 (3)

and the extreme case of a box function for an absorption spectrum

a(λi) =

{
1 if λi ∈ [500,600]
0 else

(4)

and a reflectance spectrum

r(λ) = 1−a(λ). (5)

Then∫
Λ

rmi(ωi,λi,ωo,λo)dλo

=
∫

Λ

1|λi−λo|<d ·
(1− ca(λo))r(λo)

2d
+ ca(λi)Qe(λo)dλo

=
1

2d

∫ λi+d

λi−d
(1− ca(λo))r(λo)dλo +1

=
1

2d

∫ λi+d

λi−d
r(λo)dλo−

c
2d

∫ λi+d

λi−d
a(λo)r(λo)dλo +1

=
1

2d

∫ λi+d

λi−d
r(λo)dλo +1

=
1

2d
·d +1

= 1+
d
2

> 1.

(6)

Even though truly box-like spectra do not appear in the real
world, this serves to show that in general, whenever the absorption
and emission spectrum peak in adjacent areas, energy conservation
might be an issue when using fmi. The effect is visualized in Figure
2 with a reradiation matrix constructed from measured reflectance
and fluorescence spectra. Figure 3 shows what happens for constant
mollification with fmo instead.

Another way to think about mollification in the context of reradi-
ation matrices is to pick a given λi and interpret fmi as an additional
fluorescent component with a(λ) = 1λ=λi

and e(λ) =
1|λ−λi|<d

2d .
Mollifying with fmi would then correspond to adding the reradia-
tion matrix of the original fluorescent component to the reradiation
matrix of the mollified component. Depending on how extreme the
original matrix was, this can now result in columns (correspond-
ing to an incident wavelength) summing up to more than 1, thus
breaking energy conservation.

For the same reason, box filtering the full non-fluorescent com-
ponent (equation 2) may lead to a non-energy conserving reradia-
tion matrix.

Mollifying r only If we only mollify r in the analytical BBRRDF
we have no issues. That is because the unmollified 1− ca regulates
how much light is available for reflection in the first place. Consider
arbitrary a,r,Q,c ∈ [0,1] and e≥ 0 with

∫
e = 1:∫

Λ

∫
Ω

f (ωi,λi,ωo,λo)dωodλo

=
∫

Λ

1|λi−λo|<d ·
(1− ca(λi))r(λo)

2d
+ ca(λi)Qe(λo)dλo

=
1− ca(λi)

2d

∫ λi+d

λi−d
r(λo)dλo + ca(λi)Q

≤ 1− ca(λi)

2d
·2d + ca(λi)

= 1

(7)

2. Photon conservation

2.1. Symmetric kernels

If an elastic BBRRDF is mollified with any symmetric kernel
k(λo|λi) centered around r(λi), i.e.

fmoll(λi,λo) = r(λi) · k(λo|λi) · . . . , (8)
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Figure 1: A reflectance spectrum (left) and fluorescence absorption
(blue) and emission (red) spectrum (center), and the corresponding
reradiation matrix (right) based on the model by [JHD18].
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Figure 2: Based on the reradiation matrix in Figure 1. Left: r(λ)
mollified with fmi. Right: (1−ca(λ))r(λ) (i.e., the matrix diagonal)
mollified with fmi. The former fulfills energy conservation, but is
not directly applicable to the reradiation matrix itself. The latter
leaks energy to shorter wavelengths, violating energy conservation.
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Figure 3: Based on the reradiation matrix in Figure 1. Left: r(λ)
mollified with fmo. Right: (1− ca(λ))r(λ), in other words, the ma-
trix diagonal, mollified with fmo. Both are the same and preserve
energy conservation.

the dots representing an optional geometrical part of the BBRRDF
which does not depend on wavelengths, and

k(λi + x|λi) = k(λi− x|λi), (9)

fmoll is not only energy conserving but also photon conserving.

Assume a surface is illuminated with one unit energy at wave-
length λi. The distribution of spectral irradiance over outgoing
wavelengths λo is described by the mollified BBRRDF integrated
over the hemisphere:

E(λo) =
∫

Ω

fmoll(λi,λo)dω
⊥
o

= r(λi) · k(λo|λi)
(10)

The energy of a single photon is proportional to its wavelength:

E =
h
λ
, (11)

h being Planck’s constant. We can therefore express the distribution
of outgoing photons for one unit of incident energy at λi as

Po(λo) := r(λi)k(λo|λi) ·
λo

h
. (12)

Integrating this yields the total number of outgoing photons per
unit incident energy at λi:

Nout(λi) =
∫

Λ

r(λi)k(λo|λi)
λo

h
dλo

=
r(λi)

h

∫ ∞
−∞

k(λi + x|λi) · (λi + x)dx

=
r(λi)

h

(
λi

∫ ∞
−∞

k(λi + x|λi)dx+
∫ ∞
−∞

k(λi + x|λi)x dx
)

=
r(λi)

h
(λi +

∫ 0

−∞
k(λi + x|λi)x dx+

∫ ∞
0

k(λi + x|λi)x dx

=
r(λi)

h
(λi +

∫ ∞
0
−k(λi− x|λi)x dx+

∫ ∞
0

k(λi + x|λi)x dx

= r(λi)
λi

h
(13)

On the other hand, the number of photons corresponding to one
unit of incident energy at λi can be computed according to equation
10 as

Nin =
λi

h
. (14)

This means that if r(λi) ∈ [0,1], fmoll does not produce addi-
tional photons, and if r(λi) = 1, the number of outgoing photons is
equal to the number of incident photons.

2.2. Asymmetric kernels

Asymmetric kernels do not necessarily result in photon conserving
BBRRDFs. For example, the kernel

k(λo|λi) = 10≤λo−λi<d (15)

for some mollification distance d > 0 only mollifies from shorter
to longer wavelengths. While this might be more akin to the typical
behaviour of fluorescent materials, consider this kernel applied to
equation 8. If r(λi) is large enough, i.e. enough incident energy
is reflected, the number of photons required to carry the reflected
energy at longer wavelengths is larger than the number of incident
photons with wavelength λi.

3. Mollified pdfs

In this section we present the full mollified pdfs for fluorescent
BBRRDFs. We start with the model by [JHD18] and provide details
on the different mollification options discussed in the paper.
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3.1. Constant mollification

We start with constant mollification where we always evaluate r
for the incident wavelength λi. In this case, mollifying r only and
mollifying the full non-fluorescent component (1− ca)r results in
the same mollified BBRRDF

fmo(λi→ λo) =
1
π
·
(1|λi−λo|<dr(λi)

2d
· (1− ca(λi))

+ ca(λi)Qe(λo)
)
.

(16)

The corresponding mollified pdf in camera direction is

pc(λi|λo) =
fmo(λi→ λo)∫

Λ
f (λ→ λo)dλ

(17)

with ∫
Λ

f (λ→ λo)dλ =
1

2d

∫ λo+d

λo−d
r(λ)(1− ca(λ))dλ

+ cQe(λo)
∫

Λ

a(λ)dλ,

(18)

which can be precomputed.

Similarly, in the direction of a light path the mollified pdf is

pl(λo|λi) =
fmo(λi→ λo)∫
Λ

f (λi→ λ)dλ
(19)

with a slightly simpler∫
Λ

f (λi→ λ)dλ =
1

2d

∫ λo+d

λo−d
r(λi)(1− ca(λi))dλ

+ ca(λi)Q
∫

Λ

e(λ)dλ

= r(λi)(1− ca(λi))+ ca(λi)Q.

(20)

The main issue with this technique is that we need to evaluate
a piecewise integral of (1− ca)r (or the diagonal of a reradiation
matrix). If using measured data representing piecewise linear spec-
tra this can be done in constant time by precomputing a piecewise
cdf. With reradiation matrices, we can interpret the diagonal as dis-
crete spectral data, which is simple to integrate. For spectral upsam-
pling models this integration depends on the model for reflectance
and absorption. For instance, the model by [PMHD19] can be inte-
grated analytically, but the model by [JH19] cannot, in which case
an approximate solution is required.

Sampling Note that these pdfs correspond to sampling from the
mollified BBRRDF by first sampling whether there is a fluorescent
interaction on a camera path

Pc(λo) =

∫
Λ

ca(λi)Qe(λo)dλi

π
∫

Λ
f (λi→ λo)dλi

(21)

or on a light path

Pl(λi) =

∫
Λ

ca(λi)Qe(λo)dλo

π
∫

Λ
f (λi→ λo)dλo

, (22)

and then sampling the new wavelength, in case of a fluorescent
event, from

p f l
c (λi|λo) =

a(λi)∫
Λ

a(λ)dλ
(23)

on a camera path and from

p f l
l (λo|λi) = e(λo) (24)

on a light path, or, in case of a non-fluorescent event, from the mol-
lified non-fluorescent component using

pmoll
c (λi|λo) =

r(λi)(1− ca(λi))∫ λo+d
λo−d r(λ)(1− ca(λ))dλ

(25)

on a camera path and using

pmoll
l (λo|λi) =

1|λi−λo|<d

2d
(26)

on a light path. Combining these yields the full pdf

px(λa|λb) = Px(λb)∗ p f l
x (λa|λb)+(1−Px(λb))pmoll

x (λa|λb)
(27)

for x = c, l, which equals equations 17 and 19. Also note that
for a non-fluorescent BBRRDF this simplifies to px(λa|λb) =
pmoll

x (λa|λb).

3.2. Box mollification

When mollifying the reflectance component using a 2D box filter,
integrating fmb for the pdf evaluation requires evaluating a double
integral over the non-fluorescent component (1− ca)r. For mea-
sured spectra this can still be computed in constant time, based on
two precomputed cdfs for (1− ca)r and

∫ λ

−∞ r(λ)(1− ca(λ)dλ.

3.3. Reradiation Matrices

For reradiation matrices M with mi, j = f (λi→ λ j) we get

pc(λi|λo) =
mi,o

∑k mk,o
. (28)

This means we can get a mollified version of the pdf by using values
from the mollified reradiation matrix.

4. Test scenes

In the following we present the reflectance (Figure 4) and fluores-
cence spectra (Figures 5 and 6) used in the main paper’s test scenes.
As we use [JHD18]’s model for fluorescent BBRRDFs we show the
spectra directly instead of the corresponding reradiation matrix.

4.1. Scene with spheres

Paper Figures 11, 12 and 13 show scenes with dielectric and con-
ductor spheres. The ceiling and left wall are diffuse and non-
fluorescent with the grey reflectance from Figure 4, the remaining
planes are fluorescent with spectra described in Figure 5.

4.2. UFO scene

The scene in Figure 14 in the paper is filled with a homogeneous
medium with wavelength-dependent mean free path and scattering
coefficients depicted in Figure 6 (left). The spectra of the fluores-
cent coral in the center are shown in Figure 6 (right). The top of
the UFO is a smooth dielectric with wavelength-dependent index
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Figure 4: Reflectance spectra used in color bias tests. The
first four spectra were upsampled from RGB=[0.2,0.2,0.2] (grey),
[0.8,0.05,0.15] (red), [0.05,0.8,0.15] (green) and [0.05,0.15,0.8]
(blue) using the method by [JH19]. The last three are color checker
measurements from [MMP∗].
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Figure 5: Reflectance (geen) and fluorescence absorption (blue)
and emission (red) spectra in the spheres scene. The fluorescence
masurements are from [May19], the spectra are color checker mea-
surements for cyan, green and red from [MMP∗].

of refraction (IOR), with abbe number (dispersive power) 10 and
nD = 1.3 [JW57]. The UFO body is a smooth conductor based on
the complex IOR of silver. The left and right wall are the same ma-
terial as the right wall in Figure 5. The floor, back wall and ceiling
are constant grey as in Figure 4.

4.3. Lens scene

The lenses are smooth dielectrics with abbe number 23 and nD =
1.3. The floor is orange, with a spectrum upsampled [JH19] from
RGB = [0.9,0.7,0.1]. The light source emits a constant spectrum.
The remaining walls are diffuse grey as in Figure 4.

Varying mollification distance and shrinking Figure 7 shows the
same setup as Figure 17 in the paper, but for more spp counts. The
individual images as well as progression animations are included
in the supplemental files. At only 4 samples per pixel, d0 = 100nm
without any shrinking turns out to be a viable strategy for generat-
ing quick previews, especially if one of the diffuse surfaces were
to be replaced by a fluorescent BBRRDF so that the unmollified
BDPT could not render the scene anymore.

4.4. Color bias tests

We evaluate the color bias for different mollification radii d and re-
flectances r (see Figure 4), both for a centered kernel 1|λi−λo|<d/2d
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Figure 6: Left: Volume scattering albedo (red) and µt (blue) in
the UFO scene. Right: Reflectance (green) [MMP∗] and fluores-
cence absorption (blue) and emission (red) spectrum [May19] of
the coral in the UFO scene.

and an asymmetric kernel 1λi<λo<λi+2d/2d. We use an empty cor-
nell box illuminated with a constant light source, though the images
only show the center of the back wall (see Figure 8).

We analyze the boundary bias for the asymmetric kernel in Fig-
ure 9 for a completely grey box.

In Figures 5, 6, and 7 in the paper all walls, floor and ceiling have
the same reflectance. Here, in Figures 10 and 11 only the back wall
has a colorful reflectance, the remaining walls are constant grey,
such that mollification for (2,2)-paths only happens for constant
spectra. Figures 7 and 9 in the paper already predict that this has a
negligible effect.

In Figures 12 and 13 only the back wall is grey, with the other
walls, floor and ceiling having the same colorful reflectance. In this
case mollification happens on a colorful surface, and the resulting
bias is not further distorted and thereby weakened by a colorful
back wall, as was the case in the paper.

5. Guide to supplemental files

5.1. Convergence gifs

The gifs illustrate convergence behaviour by displaying snapshots
at 1, 2, 4, . . . samples per pixel. The animations have to be taken
with a grain of salt due to gif compression artefacts.

5.2. Color bias notebook

color_bias_plots.ipynb is a jupyter python notebook [pyn] to gen-
erate various plots on theoretical color bias due to energy leaking
out the visible range. It shows expected acceptance rates given a
camera or light path wavelength, and overall expected acceptance
rate depending on minimal (probably ultraviolet) wavelength λ f
emitted by the light source and mollification distance d.
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Figure 7: This scene is rendered with 4, 32, 256 and 1024 (top to bottom) spp and contains no fluorescence, but lenses in front of the camera
and focused light source (see Figure 17 in the paper), making LT and PT+NEE mostly useless. Left is the unmollified BDPT, next to it is
the mollified BDPT with different values for d0 and s. This illustrates the tradeoff between initial noise reduction due to higher d0 and small
s (center, center right) and long-term bias reduction with larger s and smaller d0 (center left). Note that s = 0 is not actually consistent,
but with a "good" choice of d0 may yield better results in limited time. Progression animations of all renders are part of the supplemental
material.
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Figure 8: Scene setups for the color bias tests, with all walls with
the same reflectance (a), color reflectances on all walls except a
grey back wall (b) and the colorful reflectance only on the back
wall, all others being constant grey (c). The reflectance spectra
used to color the walls are shown in Figure 4. (a) corresponds to
the evaluation in the paper, (b) is used here in Figures 12 and 13,
and (c) in Figures 10 and 11.
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Figure 10: Color bias evaluation for (2,2)-paths for constant d
(i.e., s = 0). Left is the path traced reference for paths of length
4, right shows the mollified (2,2)-paths with (from top to bottom)
d = 10,20,50,100. The image shows the colored (see Figure 4 for
reflectance spectra) back wall of an otherwise constant grey cornell
box (Figure 8c). This means that mollification always happens on
constant grey surfaces, where boundary bias is the only issue.

Figure 11: Same setup and kernel widths (d = 10,20,50,100) as
Figure 10, but with the asymmetric kernel (1/2d) ·1λi<λo<λi+2d .

Figure 12: Color bias evaluation for (2,2)-paths for constant d
(i.e., s = 0). Left is the path traced reference for paths of length
4, right shows the mollified (2,2)-paths with (from top to bottom)
d = 10,20,50,100. The image shows the grey backwall of an oth-
erwise uniformly colored (see Figure 4 for reflectance spectra) cor-
nell box (see Figure 8b). Thus mollification always happens on col-
orful reflectance spectra, resulting in blurring and boundary bias.

Figure 13: Same setup and kernel widths (d = 10,20,50,100) as
Figure 12, but with the asymmetric kernel (1/2d) ·1λi<λo<λi+2d .
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