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Partial shapes



Subregions of a given shape



Motivations

Full shapePartial shape Mask

Interface / Non-interfaceProtein A Protein BScanTemplate Registration



Question 1

• What is the relation between the global spectrum 
and the spectrum of the partialities? 

Spectrum Spectrum
?



Question 1b

• What is the relation between the spectra of 
different partialities? 

Spectrum
?

Spectrum



Question 2

• Can we solve inverse problems starting from the 
spectrum of partialities?

Spectrum

?



The spectrum of Partial shapes

SpectrumOperator



Different possible operators

Laplacian of the patch LMHHamiltonian

Increasing dependency between the entire shape and the partiality

“Localized Manifold Harmonics 
for Spectral Shape Analysis”, 

S. Melzi et al. 2018.

“Computing Discrete Minimal 
Surfaces and Their Conjugates”, 

U. Pinkall et al. 1993.

“Hamiltonian operator for 
spectral shape analysis”, 
Y. Choukroun et al. 2018.

https://arxiv.org/pdf/1707.02596.pdf
https://arxiv.org/pdf/1707.02596.pdf
http://page.math.tu-berlin.de/~pinkall/forDownload/preprint049.pdf
http://page.math.tu-berlin.de/~pinkall/forDownload/preprint049.pdf
https://arxiv.org/pdf/1611.01990.pdf
https://arxiv.org/pdf/1611.01990.pdf


Partial Functional Maps (PFM)

“Partial functional correspondence”, E. Rodolà et al. 2017.

https://www.dsi.unive.it/~cosmo/content/SCOPUS_ID:84957991314.pdf


“Partial functional correspondence”, E. Rodolà et al. 2017.

Partial Laplacian eigenfunctions

https://www.dsi.unive.it/~cosmo/content/SCOPUS_ID:84957991314.pdf


Partial Laplacian eigenvalues

“Partial functional correspondence”, E. Rodolà et al. 2017.

Weyl’s law:  The Laplacian spectrum has a slope inversely proportional   
to the surface area.

https://www.dsi.unive.it/~cosmo/content/SCOPUS_ID:84957991314.pdf


Partial Functional Maps (PFM)

“Partial functional correspondence”, E. Rodolà et al. 2017.

data regularity

𝒗

Preserve the area of 
𝑌+ smoothness

𝑌

https://www.dsi.unive.it/~cosmo/content/SCOPUS_ID:84957991314.pdf


Remark

• Spectral quantities can be used to analyze partialities of 3D 
objects



Can we retrieve the partial 
shape that generates a given 

spectrum?



Correspondence-Free Region Localization for 
Partial Shape Similarity via Hamiltonian Spectrum 
Alignment

“Correspondence-Free Region Localization for Partial Shape Similarity via Hamiltonian Spectrum Alignment”, 
A. Rampini et al. 2019.

https://arxiv.org/pdf/2104.00514.pdf
https://arxiv.org/pdf/2104.00514.pdf


Background: Laplace-Beltrami operator



Background: Laplace-Beltrami operator

… …

Laplacian spectrum



Background: Hamiltonian operator

Potential
function

“Hamiltonian operator for spectral shape analysis”, Y. Choukroun et al. 2018.

https://arxiv.org/pdf/1611.01990.pdf


Background: Hamiltonian operator

Potential
function

“Hamiltonian operator for spectral shape analysis”, Y. Choukroun et al. 2018.

https://arxiv.org/pdf/1611.01990.pdf


Background: Hamiltonian operator

… …

Hamiltonian spectrum

Step potential

“Hamiltonian operator for spectral shape analysis”, Y. Choukroun et al. 2018.

https://arxiv.org/pdf/1611.01990.pdf


Our approach: main idea

… …

… …

Theorem: There exists a step potential for which the Hamiltonian on the 
full shape and the LBO on the partial shape share the same spectrum:



Optimization problem



Optimization problem



Optimization problem



Optimization problem



Optimization problem



Implementation details:

• Optimize over                with saturation

• Trust Region

• Initialization: multistart

Optimization problem





Examples

0.90 0.950.85

0.96 0.99 0.98



Pros

1. Correspondence-free

2. Invariance to isometries

3. No descriptors in the optimization

Partial Functional Maps (PFM) 
is the main competitor



Qualitative comparisons

0.39 0.480.79 0.77

0.38 0.96 0.62 0.96

PFM PFM



Limitations and future directions

• Different local minima 

• Strong dependency on the discretization

• Computation of the spectrum is not efficient

• Improve robustness to noise

• Consider other data

• Learning pipeline



Can we perform operations in 
the space of partial spectra?





Spectrum

∪
Spectrum

Spectrum



Spectral Unions of Partial Deformable 3D 
Shapes

“Spectral Unions of Partial Deformable 3D Shapes”, L. Moschella et al. 2021.

https://arxiv.org/pdf/2104.00514.pdf


Motivation

• Localization of the union on a given template

• Full geometry reconstruction from partial views

• Shape retrieval from partial views



Do we need correspondences?



Do we need correspondences?

Typical pipeline:

1. Find partial correspondence



Do we need correspondences?

Typical pipeline:

1. Find partial correspondence

2. Extract non-rigid transformation



Do we need correspondences?

Typical pipeline:

1. Find partial correspondence

2. Extract non-rigid transformation

3. Merge partial views into a 
consistent discretization



Isometry invariant representation



The Spectrum is the right tool

• Invariant to isometries

• Invariant to different representations

• Does not require a correspondence



Spectral
decoder

Laplacian eigenvalues

Laplacian eigenvalues

Laplacian eigenvalues Spectral
union

Learning the spectral union



Spectral Union







“Instant recovery of shape from spectrum via latent space connections”, R. Marin et al., 2020.

https://arxiv.org/abs/2003.06523






Limitations and future directions

• Different local minima

• Strong dependency on the boundary

• Missing guarantee that the predicted sequences are eigenvalues

• Improve robustness to noise

• Injecting a spectral term in the loss

• Other operations



What is next?



Other data

Range mapPoint clouds Volumetric

“Implicit Geometric Regularization for Learning Shapes”, A. Gropp et al., 2020

Implicit

“Fast Parallel Surface and Solid Voxelization on GPUs”, M. Schwarz et al., 2010

https://arxiv.org/pdf/2002.10099.pdf
http://research.michael-schwarz.com/publ/files/vox-siga10.pdf


General approach

1. Define an operator (Laplacian) 

2. Study its eigenvalues

3. Analyze the variables that define the data

4. Write these variables as a function of the spectrum

5. Define a procedure to solve this function
Spectrum

Operator

?



Graphs

Social networks Molecules Functional networksRoad maps



Graph spectrum

0=0 1=0.15 2=0.25 3=0.59 4=0.95 18=5.27

…



Graph spectrum



?



Is it possible to recover a graph 
from its eigenvalues?



“Generation of isospectral graphs“, L. Halbeisen et al., 1999

General answer: NO

https://people.math.ethz.ch/~halorenz/publications/pdf/spec.pdf


A special case

“Reconstruction of weighted graphs by their spectrum“, L. Halbeisen et al., 2000

Generalized eigenproblem:

L x =  M x

M = diag(m1,…,mn)

m1

m3

…

m2

https://pdf.sciencedirectassets.com/272420/1-s2.0-S0195669800X00273/1-s2.0-S0195669899904109/main.pdf?X-Amz-Security-Token=IQoJb3JpZ2luX2VjEPv%2F%2F%2F%2F%2F%2F%2F%2F%2F%2FwEaCXVzLWVhc3QtMSJHMEUCIDB3TmX%2BCQG2FeC8GoplBaUgIPbcwpLVJAgsU1aID%2B3WAiEA6Pztkml%2BuV1ZxxDmD8Fzl000dTpLarmx7CIwj80zFd8qtAMIdBADGgwwNTkwMDM1NDY4NjUiDKE2oo3SF2pV2y9CRCqRAy3jr8Aj8HTHndnt%2BHOmGun9EuU7UHKZzKeEsiCmsbvLtOdGVYMIo7tal1m%2B6m%2F8iPPCFB8WXls3RbyQ27cthFPOrOoB0HP9UipmE7f%2FlhdY33Oka%2FwW7em4vRyWAePDotIlXhXf7fRtxJzoDpANQYJIE9QmY7bbFhT09rcEWRV9ORkuJsH0zVLqlHdrhiK9cHiEu3Ay7qiqNDZxIzwXXDnCoIOfZew8qg%2FjNe2Ue4vsCFYnvQe5Kt2ziUkb4jzTH6aqMNygKHPSme6vTsrSGS2BkiIP2rJgfTbz2UyRbyWYWJnonPjXW1MNPoC6D7Q%2FBd3joZ97Zw3AEiWYO1kvE5RUP1MXgE5p%2FxOfOrTcYl0MGWJSKo7tLr2XI%2FDI58ggLlmHaZO4gFP%2F5HfKjojouCajNddkY4gRhM5nC2x5nMq%2Fgoe2r4KVgVS0uWHrNpfQLoq%2FbtRLyzfIYEagQsVDQRG8EuCcY9gurQHpeJwlthn3hN%2FpcuEFMaLi%2Fu5expaCrzcXjr2d2ssE9Pqhd2GzO7ynMNKXqoQGOusB1MBup%2Bj6lCMMet7vo3%2B6gtf9Me3m7P40UFfOiir9eSIlH%2FXZQ0VGW6DKQ0Sh%2BoImKPtd8StkJTraIkHYKTBWDItYHj8a%2Bah91eqQAN77GwewF1DL6Cu%2BqutrZbRTw4znAMcfGdBH9ggRMnyJVqE7atiuovjQijR5OemIZB%2FNvjvAHoUnZy0%2FfOCQ%2FkfEM22HxZ3ZBnxKlG4cO5r73u4mNc3o%2BbBJY%2FzZ8TjLnvT2LKW7otVahixC5%2BmEqj9yD7Mn50Cg%2BvoIzFK4mcXUJsX8RbRaw5JmH2fjaTJBeI5ZqhaOYbbWlEnJ8Vd62A%3D%3D&X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Date=20210429T115008Z&X-Amz-SignedHeaders=host&X-Amz-Expires=300&X-Amz-Credential=ASIAQ3PHCVTYRRGMMJV7%2F20210429%2Fus-east-1%2Fs3%2Faws4_request&X-Amz-Signature=313104bd63b0153edbaaeac0f0342da4b33c7c9e965bbb2f61e38a184f0af0b2&hash=ca492b336be410097ec64182f1c573a8d924271f7d750ea2275d61fe9f99e2e1&host=68042c943591013ac2b2430a89b270f6af2c76d8dfd086a07176afe7c76c2c61&pii=S0195669899904109&tid=spdf-3da160f1-1b08-484d-8f45-de98b299b152&sid=1ddd4ae5685030426179d0943e047cada61fgxrqb&type=client


“Isospectral and Subspectral Molecules“, S. S. D’Amato et al., 1980

Subspectral and graphs

https://core.ac.uk/download/pdf/212458992.pdf


Are graphs harder than shapes?

• Isospectralization recovers 3×N numbers from k eigenvalues

• it works well if we parametrize the shape with O(k) parameters

• Graphs are defined by N2 numbers of the adjacency matrix



Open problems



Standard eigenvalues computation

Compute eigenvalues of an operator via eigensolvers (Lanczos method)

operator

eigensolver

Spectrum



“Alien” Learnable eigenvalues computation

Estimated spectrum 
GT spectrum

We can try to learn them via neural networks.



Why is it important?

● Standard methods are slow for optimization-online augmentation:
Standard eigensolver: ~0.3 s (~6K vertices – first order)
Standard eigensolver: ~48 s (~30K vertices – third order)

● We can use NNs as differentiable 
blocks in other pipelines



A first solution

“Instant recovery of shape from spectrum via latent space connections”, R. Marin et al., 2020.

https://arxiv.org/abs/2003.06523


Application: fast isospectralization

● Isospectralization requires gradient with respect to eigenvalues

● With solver is hard/slow to compute

● Use eigenvalue approximator

“Isospectralization, or how to hear shape, style, and correspondence“, L. Cosmo et al., 2019

https://openaccess.thecvf.com/content_CVPR_2019/papers/Cosmo_Isospectralization_or_How_to_Hear_Shape_Style_and_Correspondence_CVPR_2019_paper.pdf


Some considerations

● Instability of higher frequencies: could be solved via hierarchical 
architectures

● Invariance to isometry must be imposed:

● Training loss not clearly defined



Several local minima

Existence of several local minima in the 
isospectralization problem

Symmetries and Isometries 



Space of meaningful shapes

The spectral information can lead out of the space of “real” shapes

Target With prior Without prior



Thanks!

Special thanks to A. Rampini, E. Postolache and L. Moschella for some of these slides



Outline

• Partialities and geometry processing

• Correspondence-free region localization

• Spectral Unions

• Other domains

• Open problems and Limitations






