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Abstract
Despiteits popularityamongresearchers theradiositymethodstill suffersof somedisadvantagesoverotherglobal
illumination methods.Besidesthefact that theoriginal methodallowsonly for solvingtheglobal illuminationof
environmentsconsistingof purelydiffusesurfaces,themethodis rathercomputationallydemanding. In thesearch
for possiblespeed-uptechniquesoneof the possibilitiesis to take also thecharacteristicfeaturesof the human
visual system.Beingaware of how the humanvisualperceptionworks,onemaycomputethe radiositysolution
to lower accuracy in termsof physicallybasederror metrics,but beingsure that thephysicallycorrect solution
won’t bring anyimprovementsin theimage for thehumanobserver.
In thefollowing reportwebriefly summarizeachievementsin theradiosityresearch in thepastyears andpresent
the stateof the art in perceptualapproachesusedin computergraphicsnowadays.We will givean overview of
knowntone-mappingandperceptually-basedimage comparisontechniquesthat canbe usedin thescopeof the
radiositymethodto further speedup thecomputationalprocess.In thesecondpart of thereportweconcentrate
on knownradiositymethodsthat alreadyusetheseperceptualapproachesto predict different visible errors of
the resultof the radiositycomputation.We will not speakaboutimportance-drivenradiositysolutions,as those
methodsarebasedon usinggeometricvisibility ratherthanon usinghumanperception-aware techniques.

1. Intr oduction

Radiosityis aglobalilluminationmethodthatis ableto com-
pute physically correct lighting for closedscenesconsist-
ing of usuallydiffusesurfaces.As thefirst physicallybased
methodfor computingglobalillumination,it hasbeenanall-
time favorite of all computergraphicseventsover the past
decade.Despiteits ability to producehigh-quality images
of virtual environments,themethodputsheavy demandson
computationalpowerandmemoryspaceneededfor thecom-
putation.

The radiositymethodusescriteria basedon radiometric
valuesto drive thecomputation— to decideaboutsufficient
meshquality or to estimatetheerrorof thesimulationpro-
cess.This is absolutelycorrectfor the caseof radiometric
simulation,whentheuseris interestedin actualvaluesof ra-
diometricquantities.Ontheotherhand,theradiositymethod
is veryoftenjustusedto generatepicturesfor thehumanob-
serverandthosepicturesdonotrequiretobecorrectphysical
simulations,they justhave to look thesamefor theobserver.

Thereforeit seemsbeneficiaryto takethebehaviour of the

humanvisualsysteminto accountwhenproducingradiosity
imagesandusingthisknowledgecombinedwith theknowl-
edgeaboutthedisplaytransformationto developcriteria in
a perceptuallymappedspacein orderto decidewhat actu-
ally causesa visible error in the radiosityoutputandwhat
canbe safely ignored.Exploiting the fact that currentdis-
playdevicescannotby largereproducetherealworld range
of luminances,or knowing which differencein contrastor
colourcanbenoticedby a humanundergivenviewing con-
ditions,we hopeto reasonablydecreasethetimeneededfor
a radiositysimulation.

In the following report we briefly summarizeachieve-
mentsin theradiosityresearchin thepastyearsandpresent
thestateof theart in perceptualapproachesto imagesynthe-
sis.In thesecondpartwe concentrateon radiositymethods
that useperceptualapproachesto further speedup the ra-
diositycomputation.
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2. Radiosity methods

Theradiositymethod(see8 16 39 for anintroduction)belongs
to the broadfamily of finite elementmethods.In general
the methodworks asfollows: The light propagationin the
sceneis describedusingaradiometricquantitycalledradios-
ity. The sceneis given asa meshof planarpatches,which
makesit possibleto approximatetheoriginal integral equa-
tion describingthepropagationof radiosityin thespaceby
a set of linear equations.The influenceof radiosity some
patchleaveson othersis describedby a setof form factors.
The radiosityfunction representingthe light distribution in
the sceneis thencomputedby solving the systemof linear
equations.

First methodsusedGauss-Seidelor Southwellrelaxation
to solve the equationsystem.Early approachesto com-
puteform factorsusedZ-buffer-likeapproachesandsuffered
form aliasingproblems.This sectiongivesa shortoverview
of radiositymethodsthatarein usenowadays.

Using a simple meshstructure,one often computesra-
diosity transfersthathaveaverysmallinfluenceon thefinal
errorof theradiositysystemsolution.Moreover, if thescene
is large, the numberof form factorsthat have to be com-
putedgrows rapidly, slowing down the computationto the
very edgeof usability. A first steptowardsimproving this
situationwasa two level hierarchyproposedtogetherwith
adaptive meshrefinementtechniques.From this algorithm,
moresophisticatedalgorithmsof rapid hierarchicalradios-
ity have beendevelopedin the early 90s by Hanrahanet
al.18. Followupsto this work includeadoptingtheconcepts
to wavelet radiosity, parallelizationof the methodand us-
ing clusteringstrategiesto furtherspeedup thecomputation
(Gortleret al.17, Smitset al.40, BohnandGarman5, Stuttard
et al.42, BekaertandWillems4).

In themeantime,afasterMonteCarloapproachto solving
integral equationshasbeenappliedto radiosity (Pattanaik
and Mudur36, Neumannet al.28 33). Further improvements
include bettersamplingtechniques(Keller21, Neumannet
al.32) andhierarchicalmethods(Tobler et al.44, Bekaertet
al.1).

As theradiosityscenegrowsin complexity, it is becoming
lessdesirableto computea radiositysolutionfor thewhole
complex scene,since the observer is often interestedin
the imageof his/herimmediateenvironmentonly. For such
casesimportance-driven radiositysolutionshave beenpro-
posed,thatusea patchpropertydual to radiosityto express
importanceof a patchfor the observer. Extensionsto this
methodinclude the combinationof progressive refinement
andimportanceradiosity, hierarchicalimportance-drivenra-
diosity and the combinationof stochasticand importance-
driven radiosity (Smits et al.41, Bekaert and Willems2 3,
Neumannet al.27).

Nowadays, higher order elements and Galerkin ap-
proachesto solvingradiosityareoftenused(Zatz48, Feda10).

Form factorsin hierarchicalradiosityareusuallycomputed
usingstochasticray-casting(Wallaceet al.46, Keller20), the
stochasticradiosityapproachdoesnotevenrequireformfac-
torsto beexplicitly computed.A fasthybridalgorithmcom-
bining a stochasticsolutionwith hardware-acceleratedren-
deringhasalsobeenpresented(Keller22).

3. Perceptualapproachesin imagesynthesis

In otherareasof computergraphics,asimageprocessingand
codingor imagereproduction,humanperception-awareap-
proacheshave alreadybeenusedto drive thecomparisonof
theimages,to predictthedistortionof compressedimagesor
to transformahighrangeof imageluminancesontoanarrow
contrastrangeof displaymaterial.As thosemethodsform a
goodbasisfor algorithmsthat canbe usedin perceptually-
drivenradiosityapproaches,wegiveanoverview of themin
thissection.

In the areaof image processing,perceptualerror met-
rics areusedfor imagecomparisonand imagecoding that
enableto betterpredictdifferencesbetweentwo imagesas
opposedto the perceptuallyinappropriateandwidely used
mean-squarederror metrics.All the metricsare basedon
thefactthat if someimagefeatureis physicallyimportantit
doesnot imply that this featurewill alsodisturbthehuman
observer. As themetricsareusuallybasedon someapprox-
imatemodel of first stagesof the humanvision, the com-
parisonsin perceptualspaceyield principally betterresults
thanclassicalcomparisonsof radiometricvaluesstoredin
the image(Daly9, TeoandHeeger43, Boker6, Rushmeieret
al.37, Gaddipattietal.13).

Tonereproductionoperatorsknown from imagesynthesis
make it possibleto mapa bright scaleof imageluminances
ontoa narrow scaleof CRT luminancesin sucha way that
the perceived CRT imagecan be thoughtof as producing
thesamementalimageastheoriginal image(Tumblin and
Rushmeier45, Chiuetal.7, Schlick38, Ward47, Larsonetal.23,
Neumannetal.29 30).

Modelling featuresof the humanvisual systemallow us
to simulatethe effectsof visual maskingand light adapta-
tion dependenton currentlighting conditions,and usethe
simulationresultsto determinetheacceptableerrorthatmay
be introducedby our computation,but staysunnoticedby
theobserver (Ferwerda,Pattanaiket al.11 12 35).

3.1. Terminology

Thefollowing termswill beusedoftenin thefurtherdiscus-
sion:

LuminanceL is a photometricequivalentof radiance,i.e.
it describesvisual sensationproducedby the electromag-
neticspectrumthat canbephysicallyquantifiedwith given
radiance.Theluminanceunit is callednit, but theequivalent
unit of cd m2 is alsofrequentlyused.
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Since our visual systemdoesnot perform equally un-
der all lighting conditions,the adaptationlevel of the hu-
manvisualsystem,usuallydenotedLa, makesit possibleto
describeits the currentworking conditions.The adaptation
level is given by the luminanceto which the humanvisual
systemis adaptedto.

As the adaptionluminancechanges,the minimum dis-
cernibledifferencesin luminancechangeaswell. Just no-
ticeabledifferencetells us which minimal differencein lu-
minancescanbedetectedat agivenadaptationlevel.

3.2. Tonemapping

Thephysicalaccuracy in renderingitself doesnot yet guar-
anteethat the displayedimageswill have a realisticvisual
appearance11. Nowadays,typical CRTs canonly displaylu-
minancesin the range1 to 100cd m2 andtypical print re-
productionmaterials(film slides,paper)even less,whereas
the rangeof luminancesfound in the real world can vary
between10 5 to 105 cd m2 14 45. Dueto humanvisualsys-
tem adaptationwe canachieve that the subjective levels of
brightnessandcontrastthatoccurin a realenvironmentcan
be reproducedon a displaydevice, even if the luminances
themselvescannot.This adaptationprocessis simulatedby
tonereproductionoperators.

Theaim of tonereproductionoperatorsis to computein-
tensitiesfor displayonadevice suchasaCRT, sothatwhen
thoseintensitiesareviewedby an observer, the mentalim-
agethey form is ascloseaspossibleto thatof a realworld
scene.In the next sectionswe will briefly presentthe most
widely known tonereproductionoperators.

3.2.1. Tumblin & Rushmeier’s mapping

Tumblin andRushmeier’s model45 usesresultsobtainedby
StevensandStevensregardingthebrightnessassociatedwith
a luminanceat a particularadaptationlevel. The tone re-
productionis consideredfor gray-scaleimagesonly, since
in this environmentthe spectralradianceis uniform for all
wavelengthsandthe luminanceis thereforejust a constant
timestheuniform spectralradiance.Anotherreasonfor this
limitation is that for eachgray input value the displayde-
vice givesa uniqueoutputluminance,which is not true for
coloursystemswheremany differentcoloursmayhave the
sameluminance.

The whole operatorconsistsof three transformations:
First,therealworld luminanceis transformedto thetruereal
world brightness.Then,usinginversedisplayobserver and
inversedisplaydevice transformationsthe valueof display
input that generatesthe desiredreal world responseis ob-
tained.

Theoriginalmappingof a realworld luminancevalueLw
to the correspondingdisplayvaluen from interval 0 1 is

describedas
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whereαw and βw are constantsexpressingthe real world
observer adaptation,αd andβd areconstantsexpressingthe
display observer adaptation,Ld max is the maximum dis-
playableluminanceof thedisplaydevice,Cmax is themaxi-
mumachievablecontrastof thedisplaydevice andγd is the
gammacorrectionvalue.

For agivenadaptationlevel La theadaptationcoefficients
αa andβa canbewrittenas

αa 0 4 log10 La 2 92 (2)

βa 0 4 log10 La
2 2 58 log10 La 2 02 (3)

The displayedandthe real world luminancesarebound
togetherby theformulaof
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whereζ is thetonemappingfunction.

GibsonandHubboldreportpoorperformanceof theTum-
blin andRushmeirmodelin mesotopicandscotopiccondi-
tions— they observationsshow thattheimagesappearmuch
lighter thanthey should14.

3.2.2. Non-uniform extensionby Chiu et al.

Chiu et al.7 proposedthe mappingfunction to be spatially
non-uniformin order to enlarge the dynamicrangeof the
displayedimage.Their mappingexploits a fact that if we
preserve the qualitiesof the imagethat the visual system
is particularly sensitive to, suchas local contrast,we can
changeimagecharacteristicsthat the visual systemis par-
ticularly insensitive to, suchasoverall luminance.

Theauthorsstatethataslow spatialvariationin luminance
is to someextentignoredby thehumaneye.Thisimpliesthat
wecandisplaypictureswith awiderrangethanthedynamic
rangeof thedisplayandthataslong asthescalingfunction
hasa low magnitudegradient,we shouldnot seethescaled
imageas“looking” verydifferentthantheunscaledimage.

3.2.3. Schlick’smapping

Schlick38 testedseveral widely usedmappingapproaches
(gamma-correctedlinearmapping,gamma-correctedclamp-
ing, logarithmicandexponentialmapping)in thesearchfor
a simpleandfastmappingoperatorfor high dynamicrange
images.He proposesa rationalmappingfunctionastheop-
erator. Theadvantageof suchafunctionis thatfor agivenin-
put thereis only oneparameterthatinfluencesits behaviour.
Thisparametercorrespondsto thenumberof differentinten-
sity valuesvisibleon thedisplayandto theoverall dynamic
rangeof theimage.
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Schlick alsoproposesa non-uniformmappingextension
of thetechnique.In general,hemodifiestheactualmapping
functionaccordingto anaveragedifferencein thegivenarea.
Surprisingly, the best resultshave beenachieved with the
areasizesetto one,i.e. taking into accountthe given pixel
only. This producesa uniform rationalmappingagain,this
timewith amodifiedparameterselectionfunction.

The advantageof Schlick’s approachis straightforward:
sinceheusesarationalfunctionasthemappingoperatorhis
mappingapproachis fast.Furtheron, the picturedoesnot
have to becomputedin theabsoluteunits,asno knowledge
aboutreal world adaptationis required.However, the pa-
rameterselectionmechanismfails in somecases(e.g. small
brightareain a low contrastimage)producingparameteriza-
tionsthatdonot reproducetheimagecorrectly.

3.2.4. Ward’s mapping

Anothersimplemodelwasproposedby Ward47 whotried to
find amappingfunctionthatwouldexhibit similarbehaviour
asthemappingof TumblinandRushmeier45, but thatwould
be lesscomputationalydemanding.His modelattemptsto
matchthe just noticeabledifferenceson the displaydevice
andin therealworld andto producea linearmappingfunc-
tion. He tries to find a constantof proportionalitybetween
displayluminanceandworld luminancethat would yield a
displaywith roughlythesamecontrastvisibility astheactual
scene.ThismeansthatWard’stonemappingoperatortriesto
preserve theperceivedcontrast,asopposedto theTumblin-
Rushmeier’s tonemappingoperatorthatpreservesperceived
brightnessof animage.

Ward’soperatorconsistsof a linearformula

∆Ld mLw (5)

whereLd is theluminanceto bedisplayedandLw is thereal
world luminanceof theimagepixel. As thegoalof theoper-
ator is to preserve theperceivedcontrast,thescalefactorm
bindstogethertheminimumdiscernibleluminancechanges,
i.e. thejustnoticeableluminancedifferences,∆L, at thedis-
playandworld adaptationlevelsLda andLwa:

∆L Lda m∆L Lwa (6)

Whentheparameterm is valid for thegivenviewing condi-
tions,theluminancemappingaccordingto Equation(6) will
mapthedifferencesthatarejust visible in therealworld to
the differencesthat arejust visible on our display. In order
to determinea goodapproximationof m for the given pic-
ture andusualviewing conditions,we have to supply two
luminancevalues:theworld adaptationluminance,Lwa, and
themaximumdisplayluminance,Ld max. Thedisplayadap-
tationluminanceLda is estimatedfromthemaximumdisplay
luminanceas

Lda
1
2

Ld max (7)

andthescalefactorm canbecomputedas
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wa

2 5

(8)

3.2.5. Proposalsof Ferwerda,Pattanaik et al.

Ferwerdaet al.11 proposedanothertonereproductiontech-
niquethat is alsobasedon theconceptof matchingjust no-
ticeabledifferencesfor a varietyof adaptationlevels.Their
modelcapturesthechangesin thresholdvisibility, colourap-
pearance,visualacuity (sometimescalledcontrastsensitiv-
ity) andtime-courseof adaptationof thehumanvisualsys-
tem.

As their work is basedon experimentalthresholddetec-
tion data,they basedtheir modelon Ward’s tonemapping
operator. Theirextensionconsistsof takinginto accountnot
only theconecharacteristics(asWarddid), but alsotherod
thresholddata.Moreover, their model also countsfor the
wholerangeof viewing conditionsfromscotopicovermeso-
topic to photopiclevel. Using the adaptationdependentvi-
sualacuityfunctionthey areableto remove thoseimagede-
tails thatcannotbenoticedby thehumanobserveratagiven
adaptationlevel. Also,usingthedatameasuredfor thetime-
courseof the light anddark adaptationthey canreproduce
imagessothat they correspondto whatthehumanobserver
wouldhaveseenwhenenteringadarkorbrightenvironment.

In the followup to this work12, the authorsstudythe ef-
fectsof texturemaskingonmaskingoutdifferentartifactsin
theresultingimage.Theirmodelconsistsof four stagessim-
ilar to thatof commonmodelsof earlyphasesof humanvi-
sionprocess:They first transformthespectralradiancesinto
responsesin a colourspace,producinga colour representa-
tion of the image.In the next stagethis colour representa-
tion is decomposedinto patternrepresentationsthataccount
for differentspatialfrequency andorientationtriggeredde-
tection mechanismsof the humanvisual system.Then an
appropriatemaskingfunctionis appliedto eachof thesede-
tectionmechanismsto accountfor theeffectof visualmask-
ing. In the last stagethe resultsof maskingare compared
by thedetectionmethodto determinewhethertheinputarti-
factswould bevisible or whetherthemaskingbehaviour of
thehumanvisualsystemwill maskthemout andthehuman
observerwill notnoticethematall.

Theirmostrecentwork35 presentsacomputationalmodel
of adaptationandspatialvision for realistictonereproduc-
tion.Themodelallowstheoperatorto addressthetwo major
problemsin realistictonereproduction:wideabsoluterange
andhighdynamicrangescenescanbedisplayed,andthedis-
playedimagesmatchour perceptionsof the scenesat both
thresholdand suprathresholdlevels to the degreepossible
givenaparticulardisplaydevice.
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3.2.6. Visibility preserving mapping of Larson et al.

Larson et al.23 presenta techniquethat combinesadvan-
tagesof the previous ideasallowing us for correctdisplay
of sceneswith widedynamicrangesfor differentadaptation
levels.Themappingoperatoris uniformandtriesto preserve
thevisibility of objectsin theimage.

The task is achieved by using more then a single view
adaptationlevel, which is in fact coherentwith the mech-
anismof humanvisual systemadaptation.The authorsno-
ticed that image luminancelevels tend to be clusterized
ratherthanto beuniformly distributedthroughoutthewhole
dynamicrangeof thepicture.They statethataslong asthe
bright areasaredisplayedwith higher luminancesthanthe
dim areas,theabsolutedifferencein theluminanceis not so
important.

Larsonetal. first computea luminancehistogramandcu-
mulative distribution function of all local adaptationlumi-
nancesfound in the imageanddiscover clustersof similar
adaptationlevels.The adaptationluminancesarecomputed
for commonlyaccepted1 field of view.

The histogramis thenadjustedin orderto minimize the
visible contrastdistortions.The clustersaremappedto the
displayvaluespreservinglocal contrastof the cluster. The
methodusesalsoknowledgeaboutveiling luminance(i.e.
glareeffects),colour sensitivity andvisual acuity to count
for imperfectionsof thehumanvision.

3.2.7. Miniumum lossmethods

Neumann,et al.30 presentan interestingandsimpleexten-
sion to the linear mappingprinciple. In their mappingthey
look for sucha colour interval in the imagehistogramthat
canbe linearly mappedwith the given clipping contrastin
a way that the minimum informationis lost from the input
datadueto clipping.They presenttwo slightly differentap-
proachesto thismethod:In thefirstapproachthey try to min-
imize thenumberof colourhistogrambinsthatareclipped,
in thesecondonethey try to minimizethenumberof image
pixelsaffectedby clipping.

3.3. Perceptualdiffer encemetrics

Nowadays,the mean-squaredandroot mean-squarederror
(MSE,RMSE)of the colour valuesis still widely usedas
a convergencemetric for radiosity computation.The fact
that this error metric may producetotally misleadingre-
sultswhen judging the similarity of two imagesperceived
by thehumanobserverhasbeenwidely discussedin theim-
ageevaluationliteraturein thepastyears13 15 24 37. Theonly
work from thefield of global illumination thatdoesnot ig-
norethis factis therecentpaperby Myszkowski26.

3.3.1. Contrast sensitivity function

It is well known that the humanvisual systemis not able
to resolve arbitrarydetailsin theperceived image.Thevis-

ibility limit for low contrastpatternscan be predictedus-
ing a measurecalled contrast sensitivity9 37, which is de-
finedasinverseof thecontrastthresholdfor a given spatial
frequency. This measuretells us how fadedor washedout
canimagedetailsbe beforethey becomeindistinguishable
from auniformfield. It is afunctionof thesizeof imagefea-
tures,or thespatialfrequency of visualstimuli producedby
thesefeatures.Thecontrast sensitivityfunction(CSF)plots
thecontrastsensitivity for all spatialfrequenciesandgiven
viewing conditions.Two popularCSFsareplottedin Fig. 1.
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Figure1: NormalizedMannosandSakrison’s contrastsen-
sitivity function24 andnormalizedDaly’scontrastsensitivity
function9 computedfor adaptationlevel50 cd m2.

The contrastsensitivity valueswere determinedas fol-
lows:At thegivencontrastlevel, asine-wavedstripepattern
with thegivenspatialfrequency werepresentedto thehuman
observer. Whenthestripeswereverythin, i.e. thespatialfre-
quency of thestimuli wasveryhigh(above60cyclespervi-
sualdegree),thetestsubjectwasnot ableto distinguishbe-
tweenparticularstripes.As thestripefrequency dropped,the
thresholdcontrast,abovewhichthestripesweredistinguish-
able, droppedtoo. However, after achieving a peakvalue
of approximately4–8 cycles per visual degree,depending
on theadaptationlevel, thethresholdcontraststartsto grow
again.An examplefigureof Campbell-RobsonContrastSen-
sitivity Chart34 illustrating this phenomenonis depictedin
Fig. 2.

MannosandSakrison24 studiedtheeffectsof contrastsen-
sitivity on imagecoding. In their papera proposalto the
functional fit to the experimentaldata is presented.Their
CSFhastheform of

Ã fr 0 05 0 2964fr exp 0 114fr
1 1 (9)

andpredictstheperceptualsensitivity to a visualstimuli of
spatialfrequency fr . This CSFform hasbeenproven to be
applicablefor imagecomparison37 13. Also ratherpopular



Přikryl andPurgathofer/ Stateof theArt in PerceptuallyDrivenRadiosity

Figure2: Campbell-Robsoncontrastsensitivitychart.

is the adaptationlevel dependentCSFproposedby Daly9,
which forms a part of his perceptually-driven imagecom-
parisonmethod.

Anothermeasureof ability to perceive spatialdetailsis
known as visual acuity11 23. The visual acuity tell us the
maximumresolvablespatialfrequency at the given adapta-
tion level.

3.3.2. Metric proposals

To develop a imagecomparisonmetric that would provide
resultscorrespondingto theresultsobtainedfromhumanob-
serversis averydifficult task.Therearehoweverapproaches
thatarealreadyableto provideuswith to someextentmean-
ingful results.This sectionwill briefly discussperceptually
drivencomparisonmetricsthatareusedin computergraph-
icsnowadays.

Visible Differ encesPredictor. Thevisibledifferencespre-
dictor (VDP) introducedby Daly9 is an algorithm for de-
scribingthehumanvisual response.Its goal is to determine
thedegreetowhichthephysicaldifferencesbetweentwo im-
agesbecomevisibleto thehumanobserver. Theblockstruc-
tureof thealgorithmis depictedin Fig. 3.

TheVDPisarelativemetric— it doesnotdescribetheab-
soluteimagequality, but ratherdescribesthevisibility of dif-
ferencesbetweentwo input images.Thealgorithmconsists
of threemajorcomponents:acalibrationcomponent,usedto
transformtheinput to valuesunderstoodby thesecondcom-
ponentwhich is amodelof thehumanvisualsystem(HVS).
The differenceof HVS responsesis thenvisualizedby the
differencevisualizationcomponent.Output of the VDP is
animagemapcontainingtheprobabilitiesof HVS detecting
thedifferencesbetweentheinput imagesfor everypixel.

The calibrationblock obtainsthe image data and cali-
bratesthemsothatthey haveany meaningto thesubsequent
HVS modelblock. The calibrationprocesstakesa number

Image 1

Image 2

Viewing parameters

HVS model

Difference
visualization

Calibration

Calibration HVS model

-

Output image
of 

visible
differences

Figure 3: Theblock structure of thevisibledifferencespre-
dictor.

of inputparameters,describingtheconditionsfor which the
VDP will becomputed.Theparametersincludetheviewing
distanceof thehumanobserver, thepixel spacingandneces-
saryvaluesfor thedisplaymapping.

The HVS model concentrateson the lower-ordervisual
systemprocessing,i.e. on thevisual cortex. Themodelad-
dressesthreemainsensitivity variationsof thehumanvisual
system:the dependenceof sensitivity on the illumination
level, on the spatialfrequency of visual stimuli andon the
signalcontentitself.

The variationsin sensitivity as a function of light level
areprimarily dueto light-adaptivepropertiesof theretina—
they areoftenreferredto astheamplitudenonlinearityof the
humanvisualsystem.Thevariationsasa functionof spatial
frequency areexpressedby thecontrastsensitivity function
(seeSection3.3.1).Thedependency of sensitivity onthesig-
nal contentsis dueto thepostreceptoralneuralcircuitry and
is usuallydescribedasmasking(seealso12).

Thedifferencevisualizationblockallowsfor twodifferent
visualizationtechniques,displayingthedifferenceprobabil-
ities eitherasa gray scalevalueon a uniform field of gray
or displayingtheprobabilitiesin colourin thecontext of the
referenceimage— in thiscaseit is easierto judgethecorre-
spondencebetweenthepredicteddifferencesandthediffer-
encesactuallyobservedbetweenthetwo input images.

Teoand Heeger. TeoandHeeger43 presentaperceptualdis-
tortion measurebasedon sothecallednormalizationmodel
of earlyphasesof humanvision.Theirmodelfits theempir-
ical measurementsof the neuronresponsepropertiesin the
primary visual cortex andthe psychophysicsof the spatial
patterndetection.

They usea setof linear sensorsthat are tunedto differ-
entspatialorientationandfrequenciesasa modelfor early
stagesof thehumanvision.Theresultof thecombinedsen-
sorresponseis squaredandtransformedto normalizedcon-
trastvalues— this yieldsa responsethat is closeto the re-
sponseof neuronsin thevisualcortex. Thesimulatedneuron
responsesto the both imagesare thencomparedusingthe
usualmeansquareerrormechanism.
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Comparison experimentsof Rushmeieret al. Rushmeier
et al. statedbasicrulesfor perceptualmetricbehaviour37:

1. If we arecomparingthe imagewith itself, die predicted
differencehasto bezero,M A A 0.

2. Thedifferencebetweentwo imagesmustnot dependon
theirorderin thecomparison,M A B M B A .

3. M A C M A B 1 for A and B appearingsimilar
andA andC appearingdifferent

4. M A C M A B 1 for A, B andC appearingsimilarto
oneanother

5. M A B M C D 1 for the differencebetweenA and
B appearingsimilar to thedifferencebetweenC andD

Two of the threemetricsproposedby 37 gave promising
results.Both of themetricstransformtheimageluminances
with fastFourier transform(FFT) into the frequency space
anduseCSFin imageluminancesto accountfor theeyesen-
sitivity on luminancevariations.

The first promisingmodelhasbeenderived form the vi-
sualfidelity criterionof MannosandSakrison24. Theimage
luminancesare first normalizedby the imagemeanlumi-
nance.A cubedroot is thenappliedto thenormalizedvalues
in order to accountfor nonlinearityof the humanpercep-
tion. In thenext step,a FFT of the resultingvaluesis com-
putedtransformingtheimagedatainto thespatialfrequency
space.TheFFTresultis filteredwith thecontrastsensitivity
functionÃ fr (9).Thepixel-basedMSEdifferencebetween
theresultingfilteredvaluesis thenusedto obtainthemetric
value.

The secondmodel is inspiredby the first part of Daly’s
VDP9 andis similarto thepreviousone.However, theimage
luminancesare not normalized— insteadof that, a pixel-
basedtransformationof luminancesthat counts for both
adaptationand nonlinearityof humanperceptionis used.
Then,as in the previous model,a FFT of the transformed
valuesis computedandtheresultis filteredusingtheadap-
tationlevel dependentCSFcomputedfor adaptationlevel 50
cd m2, thathasbeenproposedby Daly in hispaper. There-
sultsfor bothimagesarethencomparedusingtheMSE.

Wavelet comparison metric. Gaddipatti et al.13 use a
wavelet-basedmetricfor thedecisionwhethertherendering
of twosubsequentimageshasbroughtsomeperceptuallyno-
ticeabledifferenceor not.Sincethecomparisoninvolvesthe
wavelet transformation,imagecomparisonoperateson dif-
ferent“levelsof detail” in eachstep.Usingthis comparison
we areable to comparethe roughfeaturesof both images
first andto refinethe comparisonon detailsof the wavelet
pyramidin furthersteps.This factallowsusto avoid theun-
desiredfeaturesof the mean-squarederror approaches,es-
peciallythesensitivity to thehighfrequency blur andbright-
nessshifts.

Boker’s experiments. Boker6 statesthat thehumanvisual
systemperformsnear to an optimum value for an ideal

trichromaticsystemcomposedof threelinear components.
Hisexperimentswith anunconstrainedfour factormaximum
modelseemsto fit significantlybetterthana threefactorun-
constrainedmodel,suggestingthata colourmetric is better
representedin four dimensionsthanin a threedimensional
space.

He mentionsthatthevisualsystemwould attemptto pre-
serve, as much as possible,the covariancespresentin the
distribution of photonenergiesgeneratedby theproductof
the illuminant spectrawith reflectancespectrafrom objects
presentin theenvironment.Thevisualsystemadaptsto dif-
feringbrightnessandoverallspectralcontentof illumination
sourcessuchthata perceptionof colour constancyis main-
tainedwithin a wide rangeof environmentallighting condi-
tions. If colour constancy is to be achieved, the interaction
betweenthemeanandvarianceof eachwavelengthmustbe
removed in orderto preserve an invariantpatternof covari-
ancesbetweenwavelengthsreflectedfrom objectsin theen-
vironment.It is thispatternof covariancesthatwoulddefine
theperceivedcolourof anobject.

Stochasticmetric by Neumann et al. Neumannet al.31

presenta stochasticapproachto imagecomparison.Their
basicideais to placea limited numberof random-sizedrect-
anglepairs in both comparedimagesandto determinethe
averagecolourin eachrectangle.Foreveryrectanglepairthe
averagecolourdifferenceis computedandweightedaccord-
ing to the rectanglesize and the contrastsensitivity func-
tion. Theresultof theimagecomparisonis thenobtainedby
combiningtheCSFweightedcolourdifferencesfor all tested
rectangles.Theuseof quasirandomnumbersmakesthefinal
methoddeterministic.

4. Perceptually-drivenradiosity

By ensuringthat only thosefeaturesof the radiositysolu-
tion thatareperceptuallyimportantarecomputedto a great
accuracy, we hopeto beableto producevisuallyacceptable
imagesfasterandmoreefficiently.

Becausethemechanismby whichweperceive theradios-
ity valuesis nonlinear, any metricusedinsidethe radiosity
system,thatis basedsolelyonradiometriccomparisonscan-
not guaranteethat additionalerrorswill not be introduced
during the displayprocess.Differencesin radiosityvalues
that passthe refinementtest (and thereforecausesubdivi-
sion)may in factbeundetectableafter thedisplaytransfor-
mationhasbeenperformed.

In casethatwearemoreconcentratedontheresultingim-
agesthenon the actualradiometricvaluesobtainedduring
the global illumination simulation,oneof the waysof im-
proving the existing radiosity methodsis to computeonly
thenecessarythings, thatmeansto concentrateour compu-
tationaleffort onplaceswheretheerrorsarevisibleanddis-
turbing.To achieve the maximaleffect nowadayssolutions
use
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perceptualapproachesto hierarchysubdivision that in-
cludeperceptualerrormetricsasapartof thesubdivision
oracle,
perceptualconvergencemetrics insteadof radiometric
metricsbasedon themeansquarederror.

4.1. Existing solutions

If we excludeimportance-driven radiositymethodsthatare
sometimesclassifiedasperceptuallybased,applicationsof
humanperception-awaretechniquesto theradiositysystems
arestill ratherrare.Justrecentlythereappearedseveralpa-
persthat usehumanperception-aware techniquesto guide
thecomputations.Techniquesdescribedin themcanbesub-
dividedinto two groups.

The first group of perceptually driven radiosity ap-
proachesworks directly in object space.Both algorithms
belongingto this groupestimatetheperceptualtransforma-
tion from luminanceto displayintensitybeforethe radios-
ity simulationstarts.This makes it possibleto usepercep-
tually driven oracle functions in hierarchicalradiosity or
to cull perceptuallyunimportantdiscontinuitylines(Gibson
andHubbold14, Hedley etal.19).

The secondgroup of algorithmsis image-spacebased.
The two algorithmspresentedin this groupcomparesome
featurespresentin imagesresultingfrom theradiositysimu-
lation.Thisinformationis thenusedto drive thehierarchical
refinementof patchesor to estimatetheconvergenceof the
method(Martin etal.25, Myszkowski26).

4.1.1. Perceptually-drivenhierarchical radiosity

GibsonandHubbold14 presentan improvementto thehier-
archicalradiositymethodthatusesperceptuallybasedmea-
suresto controlthegenerationof view independentradiosity
solutions.

In their paperthey describea new oraclethatstopspatch
refinementoncethedifferencebetweensuccessive levelsof
elementsbecomesperceptuallyunnoticeable.The authors
also show how the perceived importanceof any potential
shadow falling acrossa receiving elementcan be deter-
mined.Thisimportanceis thenusedto controlthenumberof
raysthatarecastduringvisibility computationsandallows
to significantlyreducethetotalnumberof raysrequiredfor a
form factorsolutionwithoutsignificantlossin visible image
quality. They alsodiscusshow a methodsimilar to the re-
finementoraclecanbeusedto join elementsof theradiosity
meshwhenthe differencesbetweenelementsat successive
levelsbecomeunnoticeable.

Theimprovementsareachievedusinganapriori estimate
of the real world adaptationluminance,makingit possible
to incorporatea tonemappingalgorithminto thesimulation
process.Then,using Tumblin-Rushmeier’s tone reproduc-
tion operator45 in perceptuallyuniformL u v colourspace

to transformluminancevaluesto displaycolourvalues,those
aspectsof thedisplayedsolutionthatarevisually important
canbedetermined.As theabove mentionedmodeldoesnot
perform well underscotopicand mesotopicconditions—
whichareactuallytheviewing conditionsin usualcomputer
laboratories— morecompletetonereproductionoperators
(suchasthat of Ferwerdaet al.11 or Larsonet al.23) should
beprobablyusedto representimagesat low levelsof illumi-
nationmoreaccurately.

In thefollowing paragraphswewill discussthethreeper-
ceptuallydriven partsof the Gibsonand Hubbold’s algo-
rithm in moredetail.

Adaptive refinement. The underlyinghierarchicalradios-
ity methodusedby theauthorsworkswith CIE XYZ colour
values.However, this colour spaceis not perceptuallyuni-
form — colourswhich have the samenumericaldistance
do not have to beperceptuallyequidistant.This meansthat
thecomparisonof two colourdifferencesin theXYZ colour
spacemaysuggestbothdifferencesarethesame,evenif one
would be perceived assmallerthanthe other. For perform-
ing colourcomparisons,it is thereforebetterto transformthe
colourvaluesfrom XYZ to L a b or L u v colourspaces,
which are more perceptuallyuniform (CIE L u v has a
nonuniformity ratio of approximately6:1, but the nonuni-
formity rationof CIE XYZ spaceis 80:1).

For an adaptive refinementtest,oneneedsto constructa
numericalmeasurethat boundsthe perceived differencein
intensitybetweensuccessive levels of elementsubdivision.
Therearetwo differentcasesthathave to bedistinguished:a
receiving elementbeingfully or partiallyvisible to a source
element.

Whena receiving elementis fully visible to a planarcon-
vex light source,the luminancefunction over that element
will beunimodalandcontinuousin all derivatives.Consider
a point v on a receiving elemente, with luminanceLv and
diffusereflectivity ρe, anda sourcepatchs with luminance
Ls. The perceived colour at v after the radiosityfrom s has
beentransferredwill be14

Cv ζ Lv ρe FvsLs La (10)

whereFvs is the unoccludedpoint to areaform factor be-
tweenv ands, andζ is the tonemappingfunction.The in-
clusionof theambientcorrectiontermLa is necessaryto ac-
countfor theeffect of later iterations— whennot used,the
first few iterationswill be transferringlight to completely
dark receivers, the perceptualimportanceof the transfers
will be artificially high which would trigger excessive re-
finement.TheambientluminanceLa is usedduringelement
refinementandshadow testingandit is recalculatedafterev-
ery iteration.

Thesubdivision oraclefor a trianglepatchandlinearba-
sisfunctionscanevaluateEq.(10)at thecornerverticesand
edgemidpointsto obtaina tone-mappedcolourCv for six
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A

B

C

D

E
F

Figure4: Determiningtheperceiveddifferencein luminance
betweensuccessivelevels of elementrefinement.The dot-
ted line showsthe luminancerepresentationfor the par-
ent element,the dashedline showsthe luminancerepre-
sentedby thesuccessivelevelof elements.After Gibsonand
Hubbold14.

pointsv, v A B F of thetriangle(seealsoFig. 4). If
thelinearelementat level i wasrendered(i.e. triangleABC)
insteadof four linear elementsat level i 1 (i.e. triangles
ADF, BED, CFE, andDEF), thecoloursCiD , CiE , andCiF
at positionsD, E andF would be equivalentto linearly in-
terpolatingthecornerluminances

CiD
CA CB

2
(11)

CiE
CB CC

2
(12)

CiF
CA CC

2
(13)

If CD, CiD , CE, CiE , CF and CiF are representedin CIE
L u v colourspace,we cancalculatetheperceived differ-
ence∆uv for eachcolourpaira andb as

∆uv La Lb
2 ua ub

2 va vb
2 (14)

Thelargestof thesix ∆uv valuesgivesanumericalbound
on theperceiveddifferencein luminanceobtainedwith and
without the extra subdivision. This bound is then tested
againstarefinementthreshold,andtheelementis subdivided
if thethresholdis exceeded.

Selectinganappropriatesubdivision thresholdfor a hier-
archicalradiosityalgorithmis adifficult task.Theperceptual
radiositymethodallows for easyselectionof the threshold
by settingit equalto the just noticeabledifferencein per-
ceived luminance— i.e. settingit to theminimumvalueof
∆uv that will be visible to the userat the given adaptation
level. Authorsreporta thresholdof ∆uv 2 suitedthecom-
putationwell. As ∆uv 100for a differencebetweenrefer-
enceblackandreferencewhite in theL u v coloursystem,
this valuecorrespondsto thecommonlyused2% threshold
visibility level.

If the sourceelementis only partially visible to the re-
ceiver, the luminancefunction over the receiving element
canexhibit many changesin continuity. In additionto this,

calculatingtheexactportionof thesourcethatis visiblefrom
the receiving elementis an expensive operation.Sincethe
methodemploysaraycastestimateof visibility (seebelow),
therefinementtestfor thesesituationsneedsto bemorecon-
servative thanthatusedwhenthesourceis totally visible to
thereceiver. Oncepartialvisibility is detectedtheperceptual
differencebetweenthe vertex m of the receiver with mini-
mumluminance

Cm ζ Lm ρeLa (15)

andthe vertex n with the maximumluminanceplus the ra-
diosity transferredfrom thesourcepatchs

Cn ζ Ln ρe FnsLs La (16)

is computed.Thenotationis thesameasfor Eq. (10). This
assumesthat vertex m is occludedfrom the source,and
so doesnot receive any radiosity, and vertex n is totally
visible. Then,both Cm andCn are transformedto L u v
colourspace,∆uv calculatedandtestedagainstthesubdivi-
sionthreshold.

Shadow testing. Computing patch-to-patchform factors
usingMonte Carlo integration46 involvescastinga number
of raysbetweenthe two patches,intersectingeachray with
any potentiallyblocking objects,andcountingthe number
of rays that are found to connectunoccludedpartsof the
patches.Visibility detectionis often themostcomputation-
ally intensive phaseof theform factorcomputation.Reduc-
ing thenumberof rayswould reducethecomputationtime,
but it canalsointroduceunpleasantartifactsin theradiosity
solution,suchasaliasingor noisecausedby point sampling
errors. If the perceptualimpact of light being transferred
from the sourcepatchto the receiving onecould be deter-
mined,alsotheperceptualimpactof any shadow castedover
thereceiver couldbedetermined.This informationcanthen
b usedto selectanappropriatenumberof raysto usefor the
visibility testing.Shadows that arenot likely to be noticed
could be testedfor very cheaply, and more effort focused
towardsthosethataremorevisible.

Gibsonand Hubbold usethe coloursat a vertex before
andafterlight from asourceis considered,Cold andCnew, to
estimatetheimportanceof apossibleshadow:

Cold ζ Le ρeLa (17)

Cnew ζ Le ρe FvsVvsLs La (18)

Thenotationis thesameasin Eq. (10). Theresultshave to
be convertedto L u v colour spacein orderto determine
theperceiveddifference,∆uv betweenthesequantities.This
differencegivesa measureof the perceptualimportanceof
any potentialshadow boundarycausedby thelight from the
sourcearriving at the vertex. Also in this casethe ambient
correctionhasto be includedin the transformationin order
to estimatethe importanceof theshadow taking in account
theradiosityreceivedin lateriterations.
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Having obtainedthe ∆uv value,the next stepis to deter-
mine the numberof raysthat shall be castbetweenthe el-
ementsin the courseof the form factor computation.The
methoddescribedby GibsonandHubboldworkswith lower
and uppererror thresholds,∆min

uv and ∆max
uv , that againde-

pendon justnoticeabledifference.Provided∆uv ∆min
uv , the

testfor shadows consistsof castingasingleraybetweenthe
receiver andsource.For changesabove theupperthreshold
∆max

uv , auserspecifiednumberof rays,N, is usedfor shadow
testing.For changesinbetween,thenumberof rayslinearly
dependenton∆uv givenby

1 N 1
∆uv ∆min

uv

∆max
uv ∆min

uv
(19)

is used.

This modelof shadow importancecanalsobe improved,
as it does not take in account that the just noticeable
differencesvary accordingto adaptationlevel and viewer
distance9 11.

Mesh optimization. The final application of perceptual
awarenessdiscussedby GibsonandHubboldis theprocess
of meshoptimization.They noticedthat the resultingmesh
from a progressive radiositysolutionwill be far from opti-
mal,sinceelementrefinementtriggeredby somesourcemay
becomeunnecessarywhenalsothe light arriving at the re-
ceiving elementduring later iterationscontributedto its ra-
diosity. The authorsshow how perceptualmeasurescanbe
usedto detectwheremeshrefinementhasbecomeunnec-
essary, and how to apply this knowledgeeitheras a post-
process,or duringthecourseof theradiositycomputationin
orderto conserve memoryoccupiedby theradiositymesh.

In orderto reducethenumberof elementsin ameshapos-
teriori,onecancomparethetone-mappedintensityrepresen-
tationsof theparentandchildrenelementsin thehierarchy
in thesameway, asit wasdoneduringadaptiverefinementin
casesof full visibility. Whenthedifference∆uv betweenthe
two representationsis lessthanthejustnoticeabledifference,
the leaf elementscanbe removed without visual impacton
theimage.

The authorsstatethat they have found it beneficial to
perform this optimizationafter every primary light source
patch,exceptthefirst one,hasdistributedits light, andthen
onceagainat theendof thesimulation.

4.1.2. Discontinuity culling

In orderto improve the visual quality of the radiositysim-
ulation,discontinuitymeshingis oftenusedto improve the
meshingquality in areaswherediscontinuitiesin theradios-
ity distribution occur. However, this methodusually pro-
ducesa too densemeshof elementsthatslows down further
computationsand may posedifferentnumericalproblems.
Differentdiscontinuityculling techniquesarethereforeused,
that make it possibleto discardthosediscontinuitymesh

edgesthat do not improve the solutionvery much.Gibson
andHubbold14 proposedusingtheknowledgeabouttheper-
ceivedimportanceof light from asourceelementthatarrives
at a receiver to decidewhetheror not theelementshouldbe
subdividedalongthediscontinuitylines.

At thesametime,Hedley etal.19 proposedanew approach
to culling the discontinuity lines. They use a perception-
basedmetric to determinewhich discontinuitiesareimpor-
tantandwhich canbesafelyignored.They notedthateven
if the discontinuityline itself may not necessarilybe visi-
ble, it mayexert a perceptibleinfluenceon themeshdueto
improving thegeneraltriangulationor stoppingartifactslike
shadow or light leaks.

In their approachthey samplethe illumination informa-
tion alongthediscontinuityline andalsoin asmalldistance
at eithersideof thediscontinuity. They recordradianceval-
uesbeforeandafter thecurrentlight sourcehascontributed
energy at severalpairsof pointslying asidethediscontinu-
ity line. Then,for every samplepoint they computediffer-
encesbetweentone-mappedcolour valuesin the perceptu-
ally uniformL u v colourspace.If they find suchasample
point wherethe differenceexceedsa given threshold,they
assumethediscontinuityline makesvisibledifferenceto the
meshandthereforeit shouldbeincluded.Otherdiscontinu-
ity linesarethenculledandthealgorithmproceedswith the
next shootingpatch.

Theperceptualmetric for discontinuityculling presented
in thepaperuseseitherTumblin-Rushmeier’s operator45 or
the linear mappingintroducedby Ward47. The world adap-
tation level is computedeitherwith theapproachsimilar to
thatof GibsonandHubbold14 (seealsoSection4.1.1)or —
for non-closedenvironments,wherethe energy lost during
the radiositycomputationswould result in an overestimate
of theworld adaptationlevel — it canbespecifiedmanually.

4.1.3. Image-spacerefinementcriterion

Martin et al.25 presenta refinementcriterion for the hierar-
chicalradiositymethod,which triesto improve imagequal-
ity takinginto accountthesmoothnessof thesolutionbased
on pixel intensity valuesinsteadof energy ones,and visi-
bility changesalongthesurfacesfor highgradientdetection
(sharpshadows).

Similar to the observationsof GibsonandHubbold,the
authorsnoticedthatmostexistingoraclefunctionsarebased
on the computationof radiometric magnitudesin object
space— suchasform-factorsandenergy values.Theseor-
aclefunctionsdo not take the imagespacefeaturessuchas
the pixel intensitiesinto account.The observationssuggest
thatsomerefinementsin theenergy transferwill havealittle
noticeableeffect on the result of the radiosity simulation.
Martin et al. thereforeproposea refinementcriterion that
progressively improves imagequality working directly on
therenderedGouraudshadedimagedisplayingtheresultof
theradiositycomputation.
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Martin etal.proposetwo differentoraclesfor receiverand
shooterrefinement.We will discussthemin moredetail in
thefollowing two paragraphs.

Receiver oracle. The oraclefor receiver refinementtakes
into accountthesmoothnessof theGouraudapproximation
andthepossiblevisibility artifacts.Besidetheshadingcon-
straint, the authorsalso assumethat the radiosity system
workswith triangularpatches.

If this is true, the luminancevalueL at a given pixel X
is obtainedby linear interpolationof the trianglevertex lu-
minancesfor thetrianglethatcoversthepixel X. Thevertex
intensity I k

i for the k-th basisfunction andsomevertex
that belongsto patchi is computedby applyinga tone-

mappingfunction ξ to the luminancevalueLk
i at the

vertex:

I k
i ξ Lk

i (20)

In the paper the tone-mappingoperatorof Tumblin and
Rushmeier45 hasbeenused.
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Figure 5: The slopedifference. Theangleα measures the
discontinuityin Gouraudshading. AfterMartin et al.25

Thesubdivision oraclesupposesthat thetransitionin the
Gouraudshadingatthesharededgebetweentwo neighbour-
ing patchesof a samesurfaceis continuous.Thismeansthe
changein the intensityalonga scanline acrosstwo copla-
naradjacentpatchesis expectedto be thesameat the right
sideandthe left sideof the separatingedge.As the reader
canseein Fig. 5, the angleincluding the two linear inten-
sity distributionsat any point on theseparatingedgecanbe
usedasameasureof theshadingdiscontinuity. If thesurface
is curved,theanglevaluedependson thegeometricalangle
containingbothpatchesaswell.

As the proposedsubdivision criterion is basedon con-
tinuity in Gouraudshading,anotherquestionappears:Is it
possiblethat continuousGouraudshadingacrosstwo adja-
centmeshelementsappearsalsoin caseswhenthereceiver
shouldbe subdivided?Unfortunatelythe generalansweris
yes — this can really happen.The possiblecasesare de-
pictedin Fig. 6.

Thefirst difficulty is thatmany differentpatchesactingas

D
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C

Total
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Patch  i Patch  j
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Figure 6: Different casesof Gouraud shadingfailing in
identificationof refinementcandidates.AfterMartin et al.25

shooterscontribute to a givenradiosityvalue.Thesecontri-
butionsmaycompensateeachotherwhenthey areaddedup.
Thus,nonlinearcontributionsof eachpatchseparatelymay
giveagloballylinearradiositydistribution.Thisis illustrated
in Figure6a, wheretwo shootersa andb arecontributing
to receiver patchesi and j . Theradiosityfunctionresulting
from addingthe two shootercontributionsseemto be con-
tinuousacrossthe edgeseparatingthe two receivers.How-
ever eachisolatedshootercontribution shows a high slope
changeacrossthesharededge.Thecontributionsareoppo-
site in sign though,and they compensateeachotherwhen
they are added.Therefore,the oraclehasto test the inter-
polationcontinuityfor eachshootercontribution separately.
As a consequence,not all shootersinteractingwith a given
patchmay causediscontinuityand thus the receiver patch
refinementshouldberealizedonly for theshootingpatches
whichcauseit.

A secondaspectto beconsideredis illustratedin Fig. 6b:
A shadow is projectedover two adjacentpatchesin sucha
way that verticesA andD areoutsidethe shadow areaand
verticesB andC are inside. If the radiositiesat A and D
areapproximatelythe sameandthe radiositiesat B andC
alsohappento benearlythesame,theGouraudshadingwill
show asmoothtransitionbetweenthepatchesandfail in de-
tectingthatthey shouldbesubdivided.Fortunately, thiscase
canbeeasilydetected,asit correspondsto adiscontinuityin
thevisibility alongtheedge.Thereforetheoraclehasto take
into accountthedifferenceof visibility of theedgevertices
towardstheshootingpatchesleadingeventuallyto a subdi-
vision.
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Finally, aswith otherradiositymethods,the initial mesh
usedby the methodof Martin et al. musthave a minimum
densityin orderto avoid precisioncasessuchasillustrated
in Fig. 6c.Theauthorsstatethat theinitial meshmustbeat
leastsuchfine that themaximumpatchsizeis lessthanthe
minimumprojectionsizeof thesmallestobjectin any scene
surface.However, in practice,the initial meshingsizewill
befixedto someuniformvalue.

Taking in accountthe above mentionedcases,the oracle
functionproposedby Martin et al. teststhe Gouraudshad-
ing continuityat the edgesbetweenadjacentreceiving ele-
mentsandchecksthevisibility of theedgeverticestowards
theshootingelement.Theoracledecideswhetheris isneces-
saryto subdividethereceiverelementandif so,theradiosity
algorithmsubdividesit andestablishesnew links. As thera-
diosity is representedby linearbasisfunctions,new links are
createdbetweentheshooterandthenew samplingpoints.

T4

T2

T3

T1

Figure7: Vertexgeometryfor computingtheslopeestimator.
AfterMartin et al.25.

In thepaper25, the following receiver oracleis proposed.
The oracle implementsideasoutlined above and in addi-
tion usesview importanceto influencethe hierarchicalre-
finementprocess.The methodsearchesall the edgesover
eachmeshandperformsthefollowing threestepsfor every
shooterpatchk thatcontributesto apair of adjacentpatches
at thegivenhierarchylevel:

1. For the edgesharedby the pair of adjacentpatches,the
visibility difference∆Vk betweenits vertices 1 and 2
andwith respectto theshooterk is computedas

∆Vk Vk 1 Vk 2 (21)

where∆Vk 0 1 and∆Vk 0 if thereis no changein
thevisibility between 1 and 2 andshootingelementk.
Thevalue∆Vk 1 indicatesthatonepointof thepair 1,

2 is completelyoccludedfrom theshooterk, while the
otheris visible from thewholeshootingelement.

2. Thevalueof Vk is testedagainstagivenvisibility thresh-
old εvis in orderto decideif thevisibility changeis small
enoughto considerthechangeof slopeasavalid measure
of smoothness:

a. If ∆Vk εvis, thechangein theslopeitself canbeused
asa measureof smoothness.As this oracleis applied
many times during the algorithm, an easybut non-
conservative estimationof theslopechangeis usedin
thepaper.
Sincethemethodconsidersvaluesin imagespace,the
slopechangeis computedusingpixel intensityvalues
insteadof radiosityones.Themappingto thepixel in-
tensitiesis nonlinearwhichmeansthatalsothecontri-
butionof theothershootersmustbetakenintoaccount
in orderto estimatetherealchangeof slopeproduced
by shooterk. Thegreatertheenergyof theothershoot-
ersthesmallertheslopechange.
Usingthegeometryshown in Fig. 7, theslopechange
is computedas

∆Ik
1
2

ζ L1 Lmin ζ L2 Lmin

ζ L3 Lmin ζ L4 Lmin (22)

whereLmin is the minimum luminanceof the vertex
luminancesof thetwo adjacentpatches,L1 L4 with-
out consideringthecontributionof theshootingpatch
k. NotethatL1 andL2 aretheluminancesof thesepa-
ratingedgevertices.

b. If ∆Vk εvis, a moreconservative estimationof the
slopechangeis used,basedon thedifferencebetween
themaximumandtheminimumpixel intensityvalues
of thefour vertices,againtakinginto accountthecon-
tributionof othershooters

∆Ik max
j 1 4

ζ Lmin L j min
j 1 4

ζ Lmin L j (23)

3. The estimator∆Ik is testedagainstthe slopethreshold
εslope, weightedby theview importancesof thetwo adja-
centpatches,Yleft andYright.
If ∆Ik Yleft Yright εslope, both the adjacentpatches
aresubdivided andthe links from shooterk arecreated
on thelower level of hierarchy.

Shooteroracle. Theabove describedcriterionrelieson ac-
curateradiosityvaluesat the vertices.If the vertex radiosi-
ties are not computedwith enoughaccuracy is, the oracle
will fail.

Whena link is initially establishedbetweenashooterand
avertex (associatedto abasisfunctionat agivenlevel), it is
thereforenecessaryto decideif energy transferat that level
is accurateenoughto guaranteeagoodapproximationof the
radiosityvalueat the vertex. If the accuracy of the energy
transferis low, thelink shouldberefined.

Thisleadsto anotheroraclethatdecidesif alink atagiven
level is accurateenough.Theauthorsuseanenergy basedor-
aclethatcomparestheenergycarriedby thelink with agiven
threshold.If thetransferredenergyexceedsthethreshold,the
interactionhasto berefined.As the input of theoracle,the
maximumof the threeproductsof shootercoefficients by
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thetransportcoefficients,weightedby theimportanceof the
receiver triangle,is used.

According to the paper, the current implementationre-
sultsshow that theabove presentedcriteriasignificantlyre-
ducethe numberof links that areneededfor a given accu-
racy whilekeepingareasonablememoryrequirementsof the
method.

4.1.4. Applications of VDP to radiosity

Myszkowski26 studiedrecentlythe applicability of Daly’s
VDP9 (seeSection3.3.2)to theglobalilluminationprocess.
His aim wasto develop a suitableimage-spacecriterion to
judgeaboutconvergenceof theglobal-illuminationsolution,
whichwouldhelpto predictwhento stopthesimulationpro-
cess.Healsoexperimentswith theinfluenceof texturemask-
ing on anon-uniformadaptive subdivisionalgorithm.

Perceptualconvergence. UsingtheVDP, quantitativemea-
suresof differencesbetweentwo imagesaregenerated.In
addition,imageregionswheresuchdifferenceswill be no-
ticedby thehumanobserverareidentified.If theimagescon-
tainvariancein indirectlighting,absolutedifferencemetrics
(asMSE) would immediatelyreportthoseimagesasbeing
different.The VDP respondsmoreselectively to this phe-
nomenon,taking in accountthe local contrast,spatialfre-
quency of thevarianceandvisualmasking.

Terminating criteria for image synthesis. If the goal of
the imagesynthesisprocessis the perceptualaccuracy of
the resulting image and one doesnot have to careabout
the actualphysicalaccuracy, the global illumination com-
putation should be stoppedin the momentwhen the re-
sulting imagequality becomesindistinguishablefrom that
of the fully converged solution measuredby somenorm
of the radiosityvalues.Myszkowski statesthat approaches
like meansquarederror norm (MSE) do not suite to this
task very well, as they predict ratherlarge differencesbe-
tweenimagestone-mappedwith Tumblin-Rushmeier’s op-
erator. Whendiscussingthefeaturesof MSE,healsoobjects
that MSE takesthe globalerror for the wholesceneandin
factthelocalerrormaybemuchhigheratsomeplace.

The authoragainproposesusing the VDP in the image
spaceas the terminationcriterion and tries to determine
which imagesin the sequenceof graduallyconverging im-
agesshouldbecomparedin orderto reliably predicttheac-
tualconvergence.In hisexperiments,hefindstheVDP com-
parisonbetweenimagesobtainedin time τ and0 5τ of the
simulationto bepredicttheconvergencewell.

Adaptive meshsubdivision. Myszkowski noticesthat the
researchon perceptually-aware meshingstrategies has up
to now beenalmostexclusively limited to using the tone-
mappingoperatorof Tumblin andRushmeier14 19 25 to pre-
dict the influenceof subdividing the currentmeshelement.

He thereforeproposesa three-stepprocessthatusesVDP to
predictthemaskingeffect triggeredafterthepatchhasbeen
textured.The approachis basedon an older methodof the
author, which usesnonuniformadaptive subdivision andis
asfollows:

Step1: Choosecandidatesaccordingto thetraditionaltone-
mappedapproach.Generateedges.

Step2: Updatethe lighting recomputingonly the lighting
situationfor the candidatesfrom step1. ComputeVDP
betweentheimagefrom thelastiterationstepandthecur-
rentimage.

Step3: Restoreedgesthat do not producevisible differ-
encesbetweenbothimages.

Theauthorreportsthatthisapproachworkswell for areas
whereilluminationchangesonly gradually, but in proximity
of illumination discontinuitiesthe meshreductionis rather
poor.
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Přikryl andPurgathofer/ Stateof theArt in PerceptuallyDrivenRadiosity

28. L. Neumann,M. Feda,M. Kopp,andW. Purgathofer. A
New StochasticRadiosityMethodfor Highly Complex
Scenes.In G. Sakas,P. Shirley, andS.Müller, editors,
Photorealistic RenderingTechniques(Proceedingsof
theFifth EurographicsWorkshoponRendering), pages
195–206.Eurographics,Springer-VerlagBerlinHeidel-
berg New York, 1995.

29. L. Neumann,K. Matković, A. Neumann,andW. Pur-
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Appendix A: Determiningtherealworld adaptationlevel

Most tonemappingoperatorsrequirethe knowledgeabout
the value of real world adaptationluminanceLa w in or-
der to work properly. The real world adaptationlevel for
animage-basedapproachcanbeestimatedusingtechniques
describedby Tumblin andRushmeier45, Ward47 or Larson
et al.23. However, in object-spacebasedradiositycomputa-
tions,anestimateof therealworld adaptationlevel is usually
neededapriori. Thisestimatecanbeobtainedfrom anambi-
entluminancevalueof everypatchwith techniqueproposed
by GibsonandHubbold14.

First, the areaaveragedreflectivity ρave and emissivity
Lout

ave arecomputed:

ρave
∑N

i 0 Aiρi

∑N
i 0 Ai

(24)

Lout
ave

∑N
i 0 AiLout

i

∑N
i 0 Ai

(25)

Here,ρi is thediffusereflectivity of patchi with areaAi , and
Lout

i is the emissivity of the patch.An ambientluminance
valuecanbe found that representsthe averageilluminance
onasurfaceafteraninfinite numberof reflections

Lamb
Lout

ave

1 ρave
(26)

TheambientilluminanceLamballows theapriori estimation
of theluminanceof apatchi in thefully convergedsolution.

To obtainanestimateof thefinal adaptationlevel, Gibson
andHubboldtakealogarithmicareaweightedaverageof es-
timatedsurfaceluminancesLi , adjustedsothatbrightnesses
arekeptaroundthebrightnessconstancy level of 8 4 dB:

log10 Lwa
∑N

i 0Ai log10Li

∑N
i 0 Ai

0 84 (27)
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