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1. Continuous SVD Method

The singular value decomposition,

Xt0(t) = Bt0(t)eSSSt0 (t)Rt0(t)> ; (1)

of the fundamental solution matrixXt0(t),

d
dt

Xt0(t) = J(t)Xt0(t); X(t0) = I ; (2)

is computed using thecontinuous SVD methodby Dieci and
Elia [DE08]. The main idea is to directly integrate in terms of the
SVD, where the ODE can be formulated in the logarithms of the
singular values, which capture the exponential separation. Equa-
tion 2 is integrated using a standard ODE solver for a short in-
tegration time only. At each time stepti , we compute the singu-
lar value decomposition (Equation1), and stop integration once
s1

t0(t j ) � s2
t0(t j ) > 10� 1 at a time stept j . For integrating over the

remaining time interval, the modi�ed ODE [DE08] is given by

d
dt

n1 = C22(t) � C11(t); n1(t j ) = s2
t0(t j ) � s1

t0(t j ); (3)

d
dt

n2 = C22(t); n2(t j ) = s2
t0(t j ); (4)

d
dt

B = B(t)H(t); B(t j ) = Bt0(t j ); (5)

d
dt

R = R(t)K(t); R(t j ) = Rt0(t j ); (6)

where the matricesC(t);H(t);K(t) are de�ned as

C(t) = B(t)> J(t)B(t); (7)

H12(t) = ( C12exp(n1(t)) + C21)=
�

exp(n1(t))2 � 1
�

; (8)

K12(t) = exp(n1(t))(C12+ C21)=
�

exp(n1(t))2 � 1
�

; (9)

H(t)> = � H(t); K(t)> = � K(t): (10)

In order to keep the matricesB(t) and R(t) orthogonal, we re-
place them with theQ-factor of theirQR-decomposition after each
numerical integration step. We enforce a consistent orientation of
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Figure 1: (a) Persistent local maxima (green) in the product of the
forward and backward FTLE �elds used as ground truth in the Con-
vective Flow dataset.(b) Distance to ground truth in Figures2d–2l.

the column vectors by multiplyingQ with the diagonal matrix
S= diag(sign(R11);sign(R22)) , i.e., we rewriteQR= ( QS)(SR).

2. Convective Flow

In this section, we evaluate our method on the Convective Flow
dataset. This is a CFD simulation of bouyant air �ow with two
obstacles. We extract the local maxima in the product of the for-
ward and backward FTLE �elds at a resolution of 1000� 1000
from 1001 equidistant points in time within the temporal do-
main[49s; 51s]. In order to obtain a reasonably noise-free ground
truth for intersections of ridges in the forward and backward FTLE
�elds, we extract those local maxima, that have a persistence
greater than 1000, which is approximately 10% (Figure1a). As
with the Cylinder Flow dataset (see Section 6.8 of the main pa-
per), we found this method much more robust than extracting ridge
lines or ridge surfaces at this FTLE resolution.

Much of the unsteady topology of the Convective Flow is gen-
erated by a slow moving DHT near the center of the domain. An
initial candidate can be obtained by tracking critical points in the
lab frame (Figure2a). The Galilean invariant (Figure2b), and the
optimal reference frames (Figure2c) are further able to extract
candidates for the shorter, weaker DHTs, as well as some of the
space-time separation and attachment lines at the no-slip bound-
aries. These additional candidates pose a challenge for both our
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Figure 2: Extraction of DHTs in the Convective Flow. Initial line segments (orange), extended along the respective feature �ow �elds (blue),
using critical points in the lab frame(a), with time slices(m)(n), in the Galilean-invariant frame of reference de�ned by the feature �ow
�eld (b), with time slices(o)(p), and in the optimal frame of reference [RG20] (c), with time slices(q)(r). The two time slices shown are at
t=50 s and t=51 s, respectively. Initial candidates are corrected toward DHTs using local re�nement [MSE13] (magenta) and our re�nement
(green).(d)–(l) Distance to nearest FTLE ridge intersection for each case (see Figure1 for ground truth and color legend).(s)–(x) Streak
manifolds computed from the obtained DHTs in each case (black lines) showntogether with forward (red) and backward (blue) FTLE �elds.
(I,. . . ,V) At candidate lines that are too close to the boundary or belongto weak DHT, the re�nement does not reach FTLE ridge intersections.

DHT re�nement and the bifurcation line re�nement. While, in these
cases, the latter seems to converge to arbitrary pathlines nearby, our
DHT re�nement reliably reaches either an attracting or repelling
LCS, but not necessarily an intersection of both (I–V in Figures2q
and2r). Near the boundary, both schemes can leave the spatial do-

main, since no spatial constraints are imposed by any of the meth-
ods. Therefore, we additionally extract separation and attachment
lines as proposed by Machado et al. [MBES16] (shown in magenta
in Figure 14 of the main paper). Initial candidates obtained from the
optimal frame of reference [RG20] yield the most accurate results.
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