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Abstract

This thesis deals with the direct simulation and inverse design of garments in the presence
of frictional contact.

The shape of draped garments results from the slenderness of the fabric, which can
be represented in mechanics by a thin elastic plate or shell, and from its interaction with
the body through contact and dry friction. This interaction, necessary to reproduce the
threshold friction occuring in such contacts, is described by a non smooth law, which,
in general, makes its integration complex. In a rst contribution, we modify the so-
called Projective Dynamics algorithm to incorporate this dry frictional contact law in
a simple way. Projective Dynamics is a popular method in Computer Graphics that
quickly simulates deformable objects such as plates with moderate accuracy, yet without
including frictional contact. The rationale of this algorithm is to solve the integration
of the dynamics by successively calculating estimates of the shape of the object at the
next timestep. We take up the same idea to incorporate a procedure for estimating the
frictional contact law that robustly captures the threshold phenomenon.

In addition it is interesting to note that simulators developed in Computer Graph-
ics, originally targeted at visual animation, have become increasingly accurate over the
years. They are now being used in more "critical” applications such as architecture, ro-
botics or medicine, which are more demanding in terms of accuracy. In collaboration
with mechanicists and experimental physicists, we introduce into the Computer Graphics
community a number of protocols to verify the correctness of simulators, and we present
in this manuscript our contributions related to plate and shell simulators.

Finally, in a last part, we focus on garment inverse design. The interest of this process
Is twofold. Firstly, for computing equilibria, solving the inverse problem provides a "force-
free" and possibly curved version of the input (called the rest or natural shape), whether it
comes from a 3D design or a 3D capture, that allows to start the simulation with the input
as the initial deformed shape. To this end, we propose an algorithm for the inverse design
of clothes represented by thin shells that also accounts for dry frictional contact. Within
our framework, the input shape is considered to be a mechanical equilibrium subject to
gravity and contact forces. Then our algorithm computes a rest shape such that this
input shape can be simulated without any sagging. Secondly, it is also appealing to use
these rest shapes for a real life application to manufacture the designed garments without
sagging. However, the traditional cloth fabrication process is based on patterns, that is
sets of at panels sewn together. In this regard, we present in our more prospective part
our results on the adaptation of the previous algorithm to include geometric constraints,
namely surface developability, in order to get attenable rest shapes.



2 CONTENTS
Résumeé

Cette these porte sur la simulation directe et la conception inverse de vétements en
présence de contact frottant.

La forme de vétements portés résulte en e et a la fois de la minceur du tissu, re-
présentable en mécanique par une plague ou une coque mince et élastique, et de son
interaction avec le corps a travers un phénoméne de contact frottant solide. Cette in-
teraction, nécessaire pour reproduire le frottement a seuil typique des interactions entre
solides, est décrite par une loi non réguliere, ce qui rend son intégration généralement com-
plexe. Dans une premiére contribution, nous modi ons l'algorithm®rojective Dynamics
an d'y introduire simplement cette loi de contact frottant. Projective Dynamicsest une
méthode populaire en Informatique Graphique qui simule rapidement avec une précision
modérée des objets déformables tels que les plaques, mais sans inclure de contact frot-
tant. L'idée principale de cet algorithme est de résoudre l'intégration de la dynamique en
calculant successivement des estimations de la forme de I'objet au pas de temps suivant.
Nous reprenons la méme idée a n d'y incorporer une procédure d'estimation de la loi de
contact frottant qui parvient de maniére robuste a capturer le phénoméne de seuil.

Par ailleurs, il est intéressant de noter que les simulateurs développés en Informatique
Graphique, dédiés a l'origine a I'animation, sont devenus de plus en plus précis au |
des ans. lls sont maintenant sollicités dans des applications plus "critiques" telles que
I'architecture, la robotique ou la médecine plus exigeantes en terme de justesse. Dans une
collaboration avec des mécaniciens et des physiciens expérimentateurs, nous introduisons
de nouveaux protocoles de validation des simulateurs graphiques et nous présentons dans
ce manuscrit nos contributions relatives aux simulateurs de plaques et de coques.

En n, dans une derniére partie, nous nous intéressons a la conception inverse de véte-
ments. L'intérét de ce procédé est double. En premier lieu, pour des simulations, résoudre
le probleme inverse fournit une version "sans force" et possiblement courbée de l'entrée
(dite naturelle ou au repos), que celle-ci provienne d'un modele 3D ou d'une capture
3D, qui permet d'initier la simulation avec la forme de I'entrée en tant que forme dé-
formée initiale. En ce sens, nous proposons un algorithme pour la conception inverse
de coques en présence de contact frottant. Dans notre cadre, la forme donnée en en-
trée est considérée comme un équilibre mécanique soumis a la gravité et aux forces de
contact. Notre algorithme calcule ensuite une forme au repos telle que I'entrée puisse
étre simulée sans qu'elle ne s'aaisse. En second lieu, il est aussi tentant de vouloir
utiliser ces formes naturelles pour une application concréte an de confectionner lesdits
vétements sans gu'ils ne s'a aissent. Cependant, le processus classique de fabrication de
vétements est basé sur l'usage de patrons, c'est-a-dire d'ensembles de panneaux plats a
coudre ensemble. Nous présentons donc dans une partie nale plus prospective nos ré-
sultats sur l'adaptation de notre algorithme précédent a n d'y incorporer des contraintes
géomeétriques, en l'occurrence la développabilité des surfaces, a n d'obtenir des formes au
repos aplatissables.
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Introduction

Simulation tools, since their introduction in Computer Graphics, have become essential
to artists in the movie industry to generate vivid and visually plausible animations. They
have since then evolved in two di erent yet complementary directions. On the one hand,
some researchers have focussed on improving the speed and the robustness of real-time
simulators for applications such as video games or surgical training softwares. On the
other hand, with the aim of producing more realistic visual e ects, other simulators have
been developed to handle models that are more complex and more faithful to the physics.

Yet, controlling the outcome of these simulations still remains a challenging problem.
To avoid a long process of trial-error, one solution consists in providing tools to manually
guide the simulation (seee.g. (Butts et al., 2018). While e cient, these methods are
suitable only for animation purposes as the controls interfere with the physics. Harder
to tackle, yet more accurate, inverse design problems intend to automatically compute
initial parameters, so that the output of the simulation is as close as possible to a given
con guration (see Figure1). Combined with physically accurate models, these methods
o er applications that go beyond the virtual world with strong predictive power.

Figure 1: Derouet-Jourdan et al.(2013 's method prevents the hair style from sagging
(left) by computing the hair rest shape, enabling the computed equilibrium to match
perfectly the input (middle), while allowing further animation of the character (right).

In this thesis, our main goal is to study the inverse design of clothes. Given a 3D
shape representing a garment of a given material, we interpret thiarget shape as a
deformed pose of an unknown shape at rest that is submitted to its internal elastic force
and external forces (gravity, friction), and we aim at computing this unknown shape.

5



6 INTRODUCTION

A straightforward application of this method is to enable artists to design any garment
shape they want, and then simulate them without seeing their design sag as soon as the
physics are applied. But more than that, with the developments on garments 3D recon-
struction, more applications in the long term can be considered such as sag-free virtual
try-on of complex garments or cloth pattern computation.

The manuscript is composed of two main parts. As a prerequisite to the garment
inverse design problem, we focus in the rst part of this thesis on the direct simulation of
clothes in frictional contact interaction.

In Chapter 1, | start by proposing a broad overview of the thin elastic plates and shells
models developed in the Mechanical Engineering and the Computer Graphics communit-
les. Then, | introduce in a short review the models and algorithms used in Computer
Graphics to deal with contact and friction.

| continue by presenting in Chapter2 our contribution regarding the simulation of
garments with frictional contact (Ly et al., 2020. In this work, we modify the Project-
ive Dynamics (Bouaziz et al, 2019 framework, initially developed to produce mildly
accurate but stable and e cient simulations of deformable objects, in order to incorpor-
ate frictional contact. Although the framework is not meant to yield highly physically
accurate simulations, we show that our method still manages to qualitatively reproduce
the dry friction behaviour and provide satisfying results, as illustrated in Figure.

Then, in Chapter 3, | present the work of our research group to validate the physics of
numerical solvers of slender structures and frictional contacRpomero et al, 2021). We
introduce several protocols inspired by theoretical and experimental results reported in
the Soft Matter Physics literature, as the one depicted in Figuré, to test and evaluate
the physical accuracy of numerical simulators. Within the presentation, | take care to
distinguish my contributions to the project from that of my colleagues that are presented
for the sake of scienti c completeness.
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Figure 2: Complex dress simulated Figure 3: TheCantilever test evaluates the
with our modied Projective Dy- accuracy of the bending model in 1D. Fab-
namics framework. ricated rod (left) vs a simulation (right) pro-

duced by theDiscrete Elastic Rod code
of Bergou et al.(2008.
The second part of this manuscript focuses on the cloth inversion problem aforemen-
tioned.
After an introduction to inverse problems in Computer Graphics in Chapte#, | present
in the following chapter our algorithm for the inverse design of shells subject to frictional
contact (Ly et al., 201§. Casati et al. (2019 proposed a method that works robustly
in the case of pin constraints, but their extension to frictional contact was not robust. |
show that by treating friction with a correction step added to their method, the resulting
algorithm consistently produces rest shapes for the designed shells to be at equilibrium
under gravity and friction as illustrated in Figure 4.
Finally, in a last and more prospective chapter, | present our latest modi cations
to our inversion algorithm. Aiming at applying our method to real garments, with as
a long-term objective to automatically compute the cloth patterns, we try to introduce
geometric considerations, namely the surface developability, in our method. A parameter
estimation procedure is also tested. The resulting modi ed algorithm yields promising
results although further work is required to completely achieve our goal.

Ve DD
7\N 7\

‘ [

Figure 4: To preserve the design of the skirt (left), our algorithm computes a ared rest
shape, tighter at the waist (right), so as to retrieve the designed shape under gravity and
friction.
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Chapter 1

State of the art

In this chapter, | present an overview of the simulation of thin elastic shells and frictional
contact, as a requirement to the following chapters as well as to the second part on the
inverse design of thin elastic shells subject to dry friction.

This thesis has mainly been conducted in a Computer Graphics context. Yet, as the
modelling techniques, the problematics and the developed solutions of both Computer
Graphics and Mechanical Engineering communities are converging on the search of ef-
cient yet physically accurate simulators Bertails-Descoubes and Audoly2019, | also
propose glimpses of the related work done in the Mechanical Engineering.

In the rst section, | identify and introduce three main categories of shell models: the
models issued from the early work in Mechanical Engineering, the geometry-based models
developed in Computer Graphics and nally the more recent models combining the work of
Mechanical Engineering and Discrete Di erential Geometry. Then, in the second section,
| present the treatment of dry frictional contact, an early challenging problem for both
communities that addresses the non-interpenetration of solid objects and their realistic
interaction according to the Coulomb friction rules. Solutions to tackle this problem
are quite diverse, and range from penalty based methods to variational formulations and
constraints-based solvers.

11



12 CHAPTER 1. STATE OF THE ART
1.1 Thin elastic shell models

1.1.1 Plates and shells models derived in Mechanical Engineering

This section does not pretend to cover all the work done in Mechanical Engineering,
especially during the recent years, but rather depicts the general ideas leading to the
derivation of the models. In this section, | focus on the Foppl von Karman plate model
whose derivation from 3D elasticity is a good introduction to the specics of the plate
mechanics and the Koiter shell model whose discrete version will be used in our simula-
tions. For a more complete review, the reader may refer for instance Gdliri et al., 2016.

In the context of Mechanical Engineering, elastic plates and shells are deformable
objects with one dimension, the thickness, very small compared to the others (the length
and the width). The di erence between a plate and a shell is that the rest (undeformed)
con guration of a plate is planar whereas that of a shell is not.

AN
\\

(@ Solid: L | h (b) Plate/shell: (c) Ribbon: (dRod: L I h
L I h L | h

Figure 1.1: Classi cation of deformable objects based on their characteristic lengths.

Asymptotic shell models. Since elastic plates are elastic media with a small thickness,
a natural approach to formulate their mechanical deformations is to take the equations
of three-dimensional elasticity and to simplify them in the case where two dimensions are
much bigger than one to get a reduced set of equations.

More formally, the asymptotic approach consists in writing the displacement eld of
the elastic medium as an asymptotic expansiow.r.t. the small thicknessh, and replace
f in the framework of the 3D elasticity.

The goal is to obtain a set of equations prescribing the displacement eld at a given
thicknessfy, that is convergent ash ! 0 (in the sense of functional spaces). Although
mathematically elegant, theorems ensuring the convergence of this method require strong
conditions on the initial geometry and also on the boundary conditions, making them
unpractical for more general cases. The reader may refer for instance @igrlet, 2000
for a more thorough description of such asymptotic models.
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Limit models: example of the Foppl von Karman plate equations. Another
approach to reduce from 3D elasticity to a 2D model consists in making physical and
geometrical assumptions on the behaviour of the elastic medium when the thickness is
small. Such assumptions also aim at removing any explicit dependenayr.t. the third
dimension and obtaining a set of 2D equations.

As an example, | present in this paragraph the derivation of the FOppl von Karman
model from 3D elasticity, following the energetic approach described irAdoly and
Pomeay 2010. Although I will not make use of this model in the rest of this thesis, the
derivation is quite didactic as an introduction to the common notations and hypotheses
of plate mechanics. | also retrieve in the end an energy of a structure similar to that of
other plate and shell models.

The reader is assumed to be familiar with linear elasticity, otherwise a short introduc-
tion can be found in AppendixA.

Let us consider an elastic plate of a uniform thicknedsin its rest shape. As the plate
Is at, we can de ne R? such that the plate is embedded in gg R3. We
note f : b2 1 Reits displacement eld.

We also assume the elastic behaviour of the plate to be homogeneous, isotropic and
Hookean, parametrised by its Young modulug€ and its Poisson ratio . In this case,

using the Einstein summation convention, the elastic energy of the plate can be written

as 122 Z 1
Ee|: é i j d dz. (11)
z= h=2
with  the stress, the strain and i;j 2 fx;y;zg. The goal here is to remove the
dependency inz to obtain a reduced model described only by the mid-surface of the
plate.

In the case of thin plates, a common hypothesis that can be made is tkechho -
Love kinematic assumption which states that straight material segments orthogonal to
the mid-surface stay straight and orthogonal to the mid-surface and have their length
preserved when the plates deforms. This assumption implies that the displacement eld
has a speci ¢ form in function of the displacement of the mid-surface that we notgx; y) =

f (x;y;0), and we can explicit its components, f, and f, as

106y = gtz @yay i 21xyg

8 X; 2 : 8z 2 h:2; h=21": normal to the mid-surface
x:y) [ ] z f2(6y;2) P(ﬁy
constant through the thickness

(1.2)
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Figure 1.2: Deformation of a Kirchho -Love plate.

Then, under the assumption ofsmall displacementsthat is is the Cauchy strain
tensor, the prescribed displacement eld yields;, = 0, which is then replaced in the

elastic energy: 77 7
h=2

1

Ee| = E XX XX + yy yy + 2 Xy Xyd dZ. (1.3)
z= h=2

Note however that we still have some dependenciesr.t. z in the remaining terms.

To remove them, we rst use the strain-stress relation for a 2D isotropic material (see
Equation A.7), which yields

= ZZZyg

Eei= 55
¢ 2(1 2) z= h=2

At Lt2 woywt201 4 d dz. (1.4)

Then, we make the Cauchy strain explicit (EquationA.2) using the displacement eld
described in Equationl.2. Audoly and Pomeau(2010 suggest to write the strain as

(z)= (z=0)+ zD%g (1.5)
which can then be replaced in Equatiori.4, which gives
727 7 .,
— E 2 2 2
Ee = 23 7 e he T2 ooy +2(1 )y 10t 2 (1.6)

+22 (@Q9)°+(@9)°+2 @ 9@u+21 )(@Qg* d dz.

The resulting integrand is now a quadratic form inz that can be resolved to get an
energy depending only on the mid-surface. Note that we did not expand the term in
as it will be removed in the integration because of the symmetry. Finally, we obtain the

formula ZZ
Ee = E—h2 Wt w2 woywt2 )3, d
Eh3 ZZ Es
* o @97+ (@,9°+2 @u@g+2(l )@@’ d
4(1 ) {z }
Ep

1.7)
The rst term Eg involves only the in-plane strains, and thus can be identi ed as the
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stretching energy. Its dependencwe.r.t. the thickness is linear. In the second term, the
rst part is the Laplacian of the displacement eld, while the second part is the Gaussian
curvature (up to a multiplicative coe cient), allowing us to identify this term as the
bending energyk,.

So to sum up this paragraph, using the Kirchho -Love kinematic assumptions and
the physical assumption of the small displacements enable the derivation of an energy
depending only on the mid-surface of the plate.

The Koiter shell model. In this paragraph, | introduce the Koiter shell model follow-
ing Ciarlet (200Q 20035.
Koiter (1966 also based his model on the two following assumptions:

" The Kirchho -Love kinematic assumptions that was presented in the previous part;

" A physical assumption based on the work ofohn (1965 197J) that states that in
the limit of thin shells, the stress is parallel to the mid-surface, that isthere is no
internal shearing

His resulting work leads to a similar energy to that of Foppl von Karman, but is based
on the di erence of metrics on the mid-surface to measure the stretching and the bending
energies. Note that here, since we are considering shells, the rest state may be non-trivial,
and the related quantities will be denoted by a bar over the variable name

As in the previous section, we consider a shell of thicknees The deformed shape
of the mid-surface is described by the functiom : R? | RS lts rest shape is
similarly described byr : R?1 R® (to make the link with the previous section, we
haver = r + g). If we assume thatr is smooth enough C¢?) and that the tangent plane
Is always de ned,i.e. 8s 2 ;@r(s) and @r(s) are not collinear, then we can de ne
respectivelyA and B, the rst and second fundamental forms of the surface,

A:s7'Dr(s)Dr(s) and B:s7! Dr(s) Dn(s) (1.8)

with n the normal de ned by

N TORNC0
ST iars) ek

Further details are given in AppendixB.1. The counterparts for the rest shape are
noted A and B. Then, if we still assume the shell to be linearly elastic, the Koiter's shell
energy is de ned as

(1.9)

3
Eq = % 2 A A +—_ B B P GetA d (1.10)
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E 2 E

tr (A )2, (1.11)

This rewriting from (Ciarlet, 2009's formulation is detailed in Appendix C.

In other words, the energy measures the stretching through the di erence of the rst
fundamental forms and the bending through the di erence of the second fundamental
forms under the metric induced by the parametrisation of the rest shape

As a side note, if we relax the Kirchho -Love assumption on the orthogonality of
the material segments, we fall into the Cosserat type shell models where a director eld
attached to the shell becomes another unknown. These models are better suited for shells
with a "moderate” thickness where internal shearing cannot be neglected. The Koiter
model generalises to the one dfaghdi (1972 with such a relaxation.

1.1.2 Plates and shells in Computer Graphics

In Computer Graphics, the introduction of shells goes back to the seminal work ©¢rzo-
poulos et al. (1987, who rst proposed to use physical simulation tools for animation.
They formulate an energy based on the di erences in the fundamental forms, which some-
how resembles the Koiter model, although theirs is not based on any physical analysis.
Then, they discretise the geometric quantities using standard nite di erences on regular
grids.

Their technique has been used in the early works on cloth simulatio@#rignan et al,
1992, but has been found to be unstable due to the discretisation in space, and the
implicit/explicit integration scheme where the elastic forces were evaluated explicitly.

Note that their formulation, and most of subsequent "qualitative" shell models that
were derived later in Computer Graphics, depart from that of Koiter in 2 ways:

" The stretching modulus and the bending modulus introduced are two distinct para-
meters of the model, while they both should be derived from the thickness the
Young modulusk and the Poisson ratio . However, this choice gives more control-
lability on the resulting material, allowing the user to tune these parameters so as
to obtain the expected visual behaviour or to approximate non-isotropic material
for which there is no trivial equivalentE and h;

More subtle, the stretching term and the bending terms are decoupled, while in the
Koiter formulation, the bending depends on the in-plane deformation. Resulting
formulations are easier to evaluate, and this allows to combine di ering stretching

IpecauseA is symmetric de nite positive as Dr is full-rank.
2Ciarlet (2000, states this was the "best two-dimensional" model (Chapter 7).
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and bending models. Similarly to the previous point, this decoupling may also help
to approximate more complex materials.

"Qualitative" shell models. Following work focused on formulating bending measures
well-suited for triangle meshes, and are less expensive than nite element methods. These
bending models are then coupled with an in-plane stretching model (mass-spring network,
2D linear elasticity...).

With the idea that bending stems from the variation of the normals along the surface,
an early discrete counterpart was to measure this variation with the dihedral angle at the
edge between the facesg. variation between the (constant) face normals.

An early formulation has been given in Bara and
Witkin , 1999, and was then popularised by the simultaneous
works by Bridson et al. (2003 and Grinspun et al. (2003.

The latter linked this hinge energy to a discretisation of the .
Willmore energy, based on the square of the mean curvature.

I will come back in detail to this model right below, as this

is one of the models | will use.

Further works focussed on approximating the curvature
in di erent manners. Choi and Ko (2002 estimated the Figure 1.3: Dihedral angle
curvature based on the distances within stencils of size 2 oRetween two faces.
regular grids, while Bergou et al. (2009; Wardetzky et al.

(2007 approached the mean curvature of the Willmore energy using the Laplacian.

More work on the simulation of shells in Computer Graphics can be cited. However,
they do not introduce new shell modelper se but focus on improving the speed or the
accuracy of current shell models and fall out of the scope of this paragraph. Among them,
we can think of adaptive remeshingNarain et al., 2012, GPU simulation (Schmitt et al.,
2013 Tang et al.,, 2018 Li et al., 20208 or multi-grid simulation ( Xian et al., 2019 Wang
et al.,, 2018 for improving the computation time and of energy projection Goldenthal
et al., 2007, alternative parametrisation (Weidner et al, 2019, cloth untangling (Bu et
et al.,, 2019 and data-driven model tting ( Miguel et al,, 2012 Clyde et al, 2017 for
improving accuracy.

Grinspun et al. (2003)'s discrete shells model. The discrete shells model dérinspun

et al. (2003 is a nodal model, that is the degrees of freedom are positions representing
the nodes of the surface mesh. Consider a surface triangular médh= fE;Fg of n,
vertices with E 2 J1; n K" the set of edges andF 2 J1;n,K" the set of triangular faces.
We denote the positions of the nodes of the deformed surface %2 R*™ and those of
the rest shape byx 2 R,
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The shell energy is composed of one term for the bending,

k, X 3L2
Ep= — (e o4 (1.12)
€2Eint

and of two terms for the in-plane deformation,

(1.13a)

(1.13b)

f2F
with L. the length of the edgee, A; the area of the face and A, half of the area of
the adjacent faces to the internal edge. For the sake of readability, the dependence to
and x are made implicit. The coe cients ky, k; and k; 2 R are sti nesses controlling the
material behaviour of the shell.

Grirﬁﬂun et al. (2003 state that the bending term is a discretisation of the Willmore
energy  2..,dsmeasuring the integral of the square of the mean curvature for a surface
that deforms isometrically. They furthermore note that their discretisation is consistent
w.r.t. changes in the topology due to the normalisation through the lengths and the areas,
but not convergent under re nement. Grinspun et al. (2009 con rmed this observation,
and introduced the mid-edgeoperator that we will describe more thoroughly right after.

The two in-plane terms have similar structures, but do not appear to derive from
a continuous formulation. The term in length is the same as the stretching term of a
2D elastic rod discretised by nite di erences. However, the extension to a surface and
combined with a term on the areas, is not properly justi ed, although the qualitative
behaviour of the stretching can be reproduced.

Nonetheless, the simplicity of this model made it popular in the Computer Graphics
community (Wardetzky et al., 2007 Umetani et al., 2011). This model will also be
evaluated in Chapter3, and will be used in Chapter5 for shell inversions, in the continuity
of the work of Casati (2015.

Mechanical models and discrete geometry. Since (Terzopoulos et al, 1987's eval-
uation of the fundamental forms on grids using nite di erences, much work has been
done in discrete geometry to be able to evaluate these quantities over triangular meshes.
Consider a smooth surface : R? ! R with enough regularity’ and an approx-
imating meshM = fE;Fg .
Even if the smooth surface is parametrised, its discrete counterpart might not have a
similar parametrisation. In addition, such parametrisation may not be trivial to compute.

3Refer to the Y on Koiter's shell model, or to AppendixB.1
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As such, it is more convenient to use a local parametrisation. On a triangular mesh, a
natural parametrisation can be done triangle by triangle.
Let (x;; X;;Xx) be 3 vertices de ning a face. Then a local mapping can be de ned by

Fijk - T ! R®

(U;V) 7 X+ U(Xj Xi) + V(Xk Xi)! (114)

with T the triangle of R? de ned by the points (0; 0); (1; 0); (0; 1). Under this parametrisa-
tion, the discrete fundamental forms can also be de ned over the triangle€lien et al,
2019 by the symmetric matrices

_ kx;  xK* x5 x) (e  xi)
Ak = (% )ii)l(xk Xi) | kxk  xik (1.15a)
By = (e m)a %) (e midl (i i) (1.15b)

é (njk nik)l (Xi Xk) (njk Njj )l (Xi Xk)

with n; the normal at the mid-point of the edgeij , the so-calledmid-edge normal

The mid-edge normal. A simple way to evaluate the mid-edge normal, whether on
the edges or at the vertices, is to compute a weighted average of the triangles normals.
However,Weischedel2012; Meek and Walton (2000 explain that these discrete normals
converge "linearly" towards continuous normals as the mesh is re ned towards the smooth
surface.

Introduced by Grinspun et al. (2006, a more accur-
ate evaluation can be made with the following heuristic.
Assuming that the surface is smooth enough, an edge of
the mesh can be seen as a centred nite di erence of a
| tangent to the surface at the mid-point, as depicted in
Xi Xj Figure 1.4. That is, the convergence is "quadratic" as
the mesh is re ned. Then, using the fact that the normal
has to be orthogonal to this tangent at the mid-point,

a mid-edge normal can be de ned by an angle of rota-
tion around the edge, which therefore introduces a new
degree of freedom per edge to the system.

Compared to the classical way of evaluating normals, which consists in averaging the
normals of the neighbouring faces, this new formulation is heavier due to these additional
degrees of freedom. However, it seems to exhibit a better convergence behaviour, as we
show in section3.5.3

Figure 1.4: lllustration of the
mid-edge normal. Reproduced
from Weischedel(2012.
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Chen et al. (2018)'s Discrete Koiter model. The discrete equivalents described in
the previous section can be reinjected in the Koiter's shell energy to get an equivalent
de ned on the triangular mesh Chen et al, 2018:

X
Ea=
ijk 2F

3

p
A + 1—2 detAijk, (1.16)

Aik Ak Bik Bijk

AT

Aijk

Al

An implementation has been made availablenline by E. Vougaunder the nameLib-
Shell . We will use this name to refer to this code, whildiscrete Shell  will refer
to our implementation of Grinspun et al. (2003's original modelLibShell implements
both Saint-Venant-Kirchho and Neo-Hookean for the material model, and for the second
fundamental form, the mid-edge normals are computed either using the average formu-
lation (MidEdgeAverage variant) or using the additional degree of freedom (MidEdgeSin
and MidEd