
Neural Mesh Reconstruction
by

Zhiqin Chen

M.Sc., Simon Fraser University, Canada, 2019
B.Sc., Shanghai Jiao Tong University, China, 2017

Thesis Submitted in Partial Fulfillment of the
Requirements for the Degree of

Doctor of Philosophy

in the
School of Computing Science
Faculty of Applied Sciences

© Zhiqin Chen 2023
SIMON FRASER UNIVERSITY

Summer 2023

Copyright in this work is held by the author. Please ensure that any reproduction
or re-use is done in accordance with the relevant national copyright legislation.



Declaration of Committee

Name: Zhiqin Chen

Degree: Doctor of Philosophy

Thesis title: Neural Mesh Reconstruction

Committee: Chair: Ali Mahdavi-Amiri
Assistant Professor, Computing Science

Hao Zhang
Supervisor
Professor, Computing Science

Yasutaka Furukawa
Committee Member
Associate Professor, Computing Science

Andrea Tagliasacchi
Examiner
Associate Professor, Computing Science

Matthias Nießner
External Examiner
Professor, Department of Computer Science
Technical University of Munich

ii



Abstract

Deep learning has revolutionized the field of 3D shape reconstruction, unlocking new pos-
sibilities and achieving superior performance compared to traditional methods. However,
despite being the dominant 3D shape representation in real-world applications, polygon
meshes have been severely underutilized as a representation for output shapes in neural 3D
reconstruction methods. One key reason is that triangle tessellations are irregular, which
poses challenges for generating them using neural networks. Therefore, it is imperative to
develop algorithms that leverage the power of deep learning while generating output shapes
in polygon mesh formats for seamless integration into real-world applications.

In this thesis, we propose several data-driven approaches to reconstruct explicit meshes
from diverse types of input data, aiming to address this challenge. Drawing inspiration from
classical data structures and algorithms in computer graphics, we develop representations
to effectively represent meshes within neural networks.

First, we introduce BSP-Net. Inspired by a classical data structure Binary Space Parti-
tioning (BSP), we represent a 3D shape as a union of convex primitives, where each convex
primitive is obtained by intersecting half-spaces. This 3-layer BSP-tree representation allows
a shape to be stored in a 3-layer multilayer perceptron (MLP) as a neural implicit, while
an exact polygon mesh can be extracted from the MLP weights by parsing the underlying
BSP-tree. BSP-Net is the first deep neural network that is able to produce compact and
watertight polygon meshes natively, and the generated meshes are capable of representing
sharp geometric features. We demonstrate its effectiveness in the task of single-view 3D
reconstruction.

Next, we introduce a series of works that reconstruct explicit meshes by storing meshes
in regular grid structures. We present Neural Marching Cubes (NMC), a data-driven algo-
rithm for reconstructing meshes from discretized implicit fields. NMC is built upon March-
ing Cubes (MC), but it learns the vertex positions and local mesh topologies from example
training meshes, thereby avoiding topological errors and achieving better reconstruction of
geometric features, especially sharp features such as edges and corners, compared to MC
and its variants. In our subsequent work, Neural Dual Contouring (NDC), we replace the
MC meshing algorithm with Dual Contouring (DC) with slight modifications, so that our
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algorithm can reconstruct meshes from both signed inputs, such as signed distance fields or
binary voxels, and unsigned inputs, such as unsigned distance fields or point clouds, with
high accuracy and fast inference speed in a unified framework. Furthermore, inspired by the
volume rendering algorithm in Neural Radiance Fields (NeRF), we introduce differentiable
rendering to NDC to arrive at MobileNeRF, a NeRF-based method for reconstructing ob-
jects and scenes as triangle meshes with view-dependent textures from multi-view images.
MobileNeRF is the first NeRF-based method that is able to run on mobile phones and
AR/VR platforms thanks to the explicit mesh representation, demonstrating its efficiency
and compatibility on common devices.

Keywords: 3D shape, mesh, and representation; 3D reconstruction from voxels, point
clouds, and images; machine learning
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Chapter 1

Introduction

1.1 Motivation and Problem Statement

Deep learning has been a game changer in computer science. During the past decade, deep

learning methods have evolved from experimental tools in research labs into real life appli-

cations such as those in autonomous driving, recommendation systems, object and action

recognition, machine translation, speech recognition, generative AI for content creation, and

many others. These deep learning methods have profound impact in our lives. One recent

example is AI-generated art achieved by large text-to-image models, such as Stable Di�u-

sion [206], which have made creating art accessible to general public and have changed the

work�ow of many artists. Another prominent example is AI chatbots, such as ChatGPT

[183], which are powerful productivity tools that can help people with various tasks ranging

from summarizing and drafting documents to coding and debugging.

The success of these deep learning models can be attributed, in part, to their well-

established data representations. For instance, images are represented as 2D arrays of pixels,

where convolutional neural networks (CNN) have been developed to process and generate

them; texts are represented as sequences of words, where sequence models such as recurrent

neural networks (RNN) and Transformers [246] can be applied. These representations have

been widely accepted in both academia and industry. Therefore, both the software (neural

network architectures and algorithms) and the hardware (AI chips and Tensor Processing

Units) have been designed and optimized to handle these types of data, accelerating the

adoption of deep learning methods in real life.

However, there is no standard data representation for 3D shapes in deep learning mod-

els. Various representations have been proposed for neural networks to generate 3D outputs,

such as point clouds, voxels, and neural implicit. Point clouds have been a popular repre-

sentation as the input to neural networks [195, 196, 256], but they may not be a desirable

representation as the output, since sparse point clouds cannot be used in realistic rendering,

and dense point clouds have high space and computational complexity to be generated by

neural networks. Voxels also have the issue of high complexity, even when adaptive spatial
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structures such as octrees are used [43, 92, 236]. Neural implicit representation [38, 163, 185]

was designed to provide a compact way to represent 3D shapes as continuous implicit �elds

stored in neural networks. It guarantees to produce watertight shapes with manifold sur-

faces, which is ideal for rendering. And unlike point clouds and voxels where the neural

networks have to generate the whole output shape in a single forwarding pass, models with

the neural implicit representation can naturally break a shape into small mini-batches for

training and inference, making the representation highly scalable. The various advantages of

neural implicit make it quicky become the most adopted representation in 3D reconstruction

and generative models.

Unfortunately, these popular representations are not suitable for most real-world ap-

plications, as polygon meshes are the dominant 3D representation in the industry. Their

dominance is re�ected in two aspects. First, polygon meshes are the standard representa-

tion used by artists to create 3D models. The entire 3D content creation pipeline revolves

around polygon meshes, from modeling to texturing (UV mapping) to animation (rigging).

Second, polygon meshes are the only 3D representation that GPUs (Graphics Processing

Units) accept and render. Modern GPUs have been speci�cally designed and have gone

through heavy optimizations to perform a single type of rendering: on polygons. Thus, even

in the case when 3D models are initially created using other methods, such as 3D sculpting

or particle simulation, they still need to be converted into meshes for rendering purposes.

Despite the dominance of polygon meshes in real-world applications, they are rarely used

as a representation for output shapes in neural networks. The primary reason is that polygon

meshes are essentially a special kind of graphs, with arbitrary numbers of vertices and faces

that need to be connected in speci�c ways to form manifold surfaces. In contrast, neural

networks are typically constrained to generate �xed-length outputs in a single forwarding

pass. As a result, treating meshes as graphs requires the networks to be recurrent and to

generate vertices and faces one-by-one. This is neither e�cient nor practical, as networks

tend to over�t and/or under�t when no inductive bias is present.

Indeed, neural networks do not have to produce meshes natively; they can simply convert

their output representations into polygon meshes whenever necessary. However, this raises

two issues. First, there needs to be algorithms that reconstruct polygon meshes from other

representations. Classic model-driven mesh reconstruction algorithms were built on heuristic

assumptions that may not always hold in real-world scenarios, resulting in a range of issues

and reduced reconstruction quality. It is expected that data-driven mesh reconstruction

algorithms that can learn from shapes in the real world should outperform their traditional

counterparts and exhibit improved generalizability, but this ironically leads us back to the

question of how to generate meshes with neural networks. Second, mesh reconstruction is

a post-processing step applied to the outputs of the neural networks, which is detached

from the training phase of these deep learning models. As a result, the networks have no

control over the quality and the compactness of the �nal reconstructed mesh, leading to
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quantization errors and excessive vertices and triangles in the output mesh. In contrast,

producing meshes natively allows the neural networks to be aware of the errors in the �nal

output mesh so that they can be compensated during training, thereby achieving superior

quality with fewer mesh elements.

Therefore, deep learning models that produce polygon meshes are not only desirable

models in real applications, but also powerful tools for converting other 3D representations

into usable formats. Today, creating 3D content still requires signi�cant professional knowl-

edge, and only individuals who have undergone extensive training and practice are capable

of modeling 3D shapes and scenes in specialized software. We are in urgent need for deep

learning-powered mesh creation tools that can enhance the robustness and user-friendliness

of 3D modeling, making it accessible to a broader audience.

In this thesis, we tackle neural mesh reconstruction speci�cally, where 3D polygon

meshes are reconstructed from given inputs by utilizing neural networks that learn priors

from training shapes. We propose several representations that draw inspiration from clas-

sical data structures and algorithms in computer graphics, to e�ectively represent meshes

within neural networks. And by developing a series of deep learning methods that recon-

struct meshes from voxels, point clouds, single images, and multi-view images, we aim to

advance the research in mesh-based representation learning, improve the robustness and

performance of mesh reconstruction methods, and ultimately, make 3D content creation

accessible to everyone.

1.2 Challenges

The major challenge and the focus of this thesis is how explicit meshes can be represented in

neural networks. An accompanying challenge is that the original tessellations in the training

meshes are usually not the desirable ground truth for the output meshes and cannot be used

for direct supervision. Consequently, networks have to be trained to learn mesh tessellations

using either pseudo ground truth or no ground truth.

1.2.1 Representing explicit meshes in neural networks

It goes without saying that representing explicit meshes in neural networks is a challenging

task. There were attempts [50, 174] that treat a mesh as a graph and generate vertices and

faces sequentially, which led to overcomplex network design, poor output quality, and over-

�tting. A considerable amount of works adopt deformation-based approaches that deform

a sphere [249, 115, 152, 31, 299, 171, 292], a set of cuboids [74, 73], or a set of 2D square

patches [86, 260, 8] into the target shape. But they are either limited to a �xed topology or

having noticeable artifacts such as seams between patches.

Some works aim at shape abstraction, e.g., representing a shape with a sparse set of

boxes [239] or superquadrics [187]. Their generated meshes are usually of poor quality
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due to their simple primitive types. Using convex primitives to construct shapes has the

potential to signi�cantly improve shape quality and compactness. Yet, representing general

and compact convex primitives with neural networks is highly non-trivial. To tackle this,

we draw inspiration from a classical spatial data structure in computer graphics, Binary

Space Partitioning (BSP), to devise BSP-Net [36], a network that learns to represent a 3D

shape using a set of convex primitives obtained from a BSP-tree built on a set of planes.

Some other works represent meshes in regular grid structures [139, 71], so that convo-

lutional operations can be applied in their networks for e�cient learning. However, their

algorithms are unable to generate surface details due to the limited representation ability

of their mesh tessellations, which are naïvely adopted from classic methods such as March-

ing Cubes [157]. Therefore, we not only enhance the mesh tessellations in classic methods,

allowing Marching Cubes [157] to reconstruct sharp geometric features and Dual Contour-

ing [110] to reconstruct thin sheets and non-orientable surfaces, but also parameterize the

tessellations in both algorithms, enabling them to be coupled with deep neural networks for

accurate mesh reconstruction from various input types, resulting in Neural Marching Cubes

(NMC) [39] and Neural Dual Contouring (NDC) [35]. Moreover, in MobileNeRF [33], we

show that textures with transparencies can be used for representing geometric details on

coarse meshes, which is especially bene�cial in scene reconstruction tasks with di�erentiable

rendering.

1.2.2 Learning mesh tessellations with pseudo or no ground truth

Mesh tessellations can be highly ambiguous, in the sense that the exact same geometry

can have limitless possible tessellations. As a consequence, the original tessellations in the

ground truth meshes may not be optimal or even representative. On the other hand, the

ground truth tessellations used for training must be compatible with neural networks. In

other words, the tessellations are only useful when the networks can generate them.

To learn mesh tessellations without ground truth, grid-based mesh reconstruction meth-

ods [139] typically sample points on the predicted mesh and the ground truth mesh, and

minimize points-to-points or points-to-mesh distances, thereby learning the optimal tessel-

lations by minimizing the mesh reconstruction error. However, this training strategy is not

suitable for reconstructing highly detailed shapes, as it requires sampling dense point clouds

to capture the details on those shapes, and computing distances between dense point clouds

is prohibitively expensive. Therefore, in NMC and NDC where our focus is to reconstruct

geometric details, we develop pseudo ground truth tessellations by performing a re-meshing

on training meshes, to convert the meshes into the formats that our networks can generate,

so that the training can be done e�ciently in a fully supervised manner. In MobileNeRF

where no ground truth is available, we simply adopt a �xed grid topology. We rely on dif-

ferentiable rendering to adjust the mesh vertices to approximate the shape, and rely on the

opacity in mesh textures to change the mesh topology.
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To generate more compact meshes, regular grid structures cannot be relied on since

they intrinsically generate dense and uniformly-distributed mesh elements. The networks

will need to learn to tessellate shapes adaptively, with more polygons on detailed regions and

fewer on featureless regions. Thus, in BSP-Net, we represent an explicit Constructive Solid

Geometry (CSG) tree with a neural implicit representation. By training the neural network

to learn implicit functions, no explicit mesh tessellation is required during training, and the

network learns to allocate primitives adaptively and automatically. When an explicit mesh

is needed, we parse the underlying CSG-tree to produce mesh tessellations.

1.3 Contributions

In this thesis, we introduce several deep learning algorithms that reconstruct meshes from

various input sources, including voxels, point clouds, single images, and multi-view images.

Speci�cally, We propose the �rst deep generative network that directly outputs compact

and watertight polygon meshes with arbitrary topology, the �rst data-driven iso-surfacing

algorithm that is able to recover sharp geometric features from discretized implicit �elds,

the �rst uni�ed and generalizable mesh reconstruction framework that can accommodate

multiple input types, and the �rst NeRF-based novel-view synthesis method that leverages

meshes as its representation for fast rendering on mobile devices.

1.3.1 Generating compact meshes with neural networks

Following the introduction of the neural implicit representation by DeepSDF [185], OccNet

[163], and our IM-Net [38], there has been a surge in adopting neural implicit in various

applications. However, despite being a compact representation, neural implicit does not

produce compact meshes, as it requires an iso-surfacing step to extract the meshes from

the �elds. Coincidentally, during the development of BAE-Net [37] where our original goal

was to apply neural implicit in unsupervised shape co-segmentation, we observed that a

shallow MultiLayer Perceptron (MLP) exhibited a certain tree structure akin to a classical

BSP-tree, suggesting a potential way to represent polygon meshes in MLPs.

Therefore, with the aim of generating compact meshes, we present BSP-Net, a shape

decoder neural network based on a neural BSP-tree to decode a latent code into a 3D shape

and output polygon meshes natively. BSP-Net is essentially a neural implicit representation,

with an MLP to classify whether a given query 3D point is inside or outside the output

shape. However, its MLP architecture is reformulated so that the �rst layer of the neural

network explicitly represents multiple planes that �t the surfaces of a 3D shape. Each plane

implies a Binary Space Partition, and the output 3D shape is composed by combining the

half-spaces from the binary space partitions. This composition is performed explicitly in the

second and third layers of the MLP via binarized network weights, where the second layer

groups planes into convex parts, and the third layer groups convex parts into the output
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3D shape. Therefore, at inference time, the BSP-tree can be explicitly constructed from the

network weights, and an explicit polygon mesh can be extracted by parsing the BSP-tree

using classic CSG.

We adopt an encoder-decoder setting to �rst encode the input into a global shape latent

code, and then use BSP-Net to decode it into a polygon mesh. In principle, this framework

can reconstruct meshes from all types of inputs as long as they can be encoded into a shape

latent code, although we only explore voxel and single image inputs in our experiments. We

also demonstrate the strengths of BSP-Net through extensive testing on shape segmentation

and part correspondence. Our contributions are summarized as follows.

ˆ BSP-Net is the �rst deep generative network to directly output compact and water-

tight polygon meshes with arbitrary topology and structure variety.

ˆ BSP-Net is also the �rst deep generative network that can reconstruct and recover

sharp geometric features.

ˆ The learned BSP-tree enables us to infer both shape segmentation and part corre-

spondence in an unsupervised manner.

1.3.2 Data-driven iso-surfacing algorithm

We then seek to extend the capabilities of another classic algorithm in computer graphics,

Marching Cubes (MC), through deep learning techniques. Due to their model-driven design,

classical MC and its variants are unable to reconstruct geometric features that reveal coher-

ence or dependencies between nearby cubes, such as sharp edges. To boost the performance

of MC algorithms, we introduce Neural Marching Cubes (NMC), a data-driven approach

for extracting a triangle mesh from a discretized implicit �eld. In NMC, we re-cast MC

from a deep learning perspective, by designing tessellation templates more apt at preserv-

ing geometric features, and learning the vertex positions and mesh topologies from training

meshes, to account for contextual information from nearby cubes. We develop a compact

per-cube parameterization to represent the output triangle mesh, while being compatible

with neural processing, so that a simple 3D convolutional network can be employed for the

training. In addition, our network learns local features with limited receptive �elds, hence

it generalizes well to new shapes and new datasets.

We evaluate our NMC approach by extensive comparisons to all well-known MC variants.

In particular, we demonstrate the ability of our network to recover sharp features such as

edges and corners, and also reconstruct local mesh topologies more accurately than previous

approaches. Our contributions are summarized as follows.

ˆ NMC is the �rst data-driven iso-surfacing algorithm and it is also the �rst iso-surfacing

algorithm able to recover sharp features without requiring additional inputs other than

a uniform grid of implicit �eld values.
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ˆ NMC can more faithfully reconstruct local mesh topologies near thin shape structures

and closeby surface sheets.

ˆ NMC can be trained to reconstruct clean meshes from noisy inputs by adjusting the

training data, thus o�ering a useful tool for extracting 3D shapes from those shape

representations designed for neural networks.

1.3.3 Uni�ed mesh reconstruction framework

Following NMC, we introduce Neural Dual Contouring (NDC), a uni�ed data-driven ap-

proach that learns to reconstruct meshes from a variety of inputs, including signed or un-

signed distance �elds, binary voxels, non-oriented point clouds, and noisy raw scans. NDC

generalizes to a broad range of shape types, including CAD models with sharp edges, organic

shapes, open surfaces for cloths, scans of indoor scenes, and even non-orientable surfaces.

NDC is based on Dual Contouring (DC). Like traditional DC, it produces exactly one

vertex per grid cell and one quad for each grid edge intersection, a natural and e�cient

structure for reproducing sharp features. However, rather than computing vertex locations

and edge crossings with hand-crafted functions that depend directly on di�cult-to-obtain

surface gradients, NDC uses a neural network to predict them. As a result, NDC can be

trained to produce meshes from all kinds of input types as long as they can be converted

into a grid structure, and it can produce open surfaces in cases where the input represents

a sheet or partial surface.

We show in the experiments that NDC not only has strong generalizability to new

shapes and new datasets, but also provides better surface reconstruction accuracy, feature

preservation, output complexity, triangle quality, and inference time, compared to previous

learned and traditional methods. Our contributions are summarized as follows.

ˆ NDC is the �rst data-driven approach to mesh reconstruction based on Dual Con-

touring. It eliminates the need for gradients in the input as in classical DC, and it

accounts for local contextual information from nearby cubes.

ˆ NDC is a uni�ed learning model that is applicable to a larger variety of inputs than pre-

vious meshing methods. The allowed inputs include signed/unsigned distance �elds,

binary voxels, and un-oriented point clouds.

ˆ Compared to the previous data-driven iso-surfacing algorithm NMC, NDC has a sig-

ni�cant reduction in representational complexity, which translates to across-the-board

gains, in terms of simplicity of the network architecture, reduction in network capacity,

training and inference times, and more.

ˆ UNDC (unsigned NDC), the sign-agnostic version of NDC, can produce open, even

non-orientable, output surfaces. It can recover thin structures thinner than one voxel

in the input grid, which no other iso-surfacing algorithms can reconstruct.
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1.3.4 Real-time NeRF based on textured polygon meshes

Neural Radiance Fields (NeRF) [167] have demonstrated amazing ability to synthesize im-

ages of 3D scenes from novel views when trained on input multi-view images. However,

they are typically slow and incompatible with common devices due to their specialized vol-

umetric rendering algorithms. To build fast and compatible NeRF models, we introduce

MobileNeRF, a NeRF that can run on a variety of common mobile devices in real time. In

MobileNeRF, the NeRF is represented by a set of textured polygons, where the polygons

roughly follow the surface of the scene, and the texture atlas stores opacity and feature

vectors. To render an image, we utilize the classic polygon rasterization pipeline with Z-

bu�ering to produce a feature vector for each pixel and pass it to a lightweight MLP running

in a GLSL fragment shader to produce the view-dependent output color. This rendering

pipeline takes full advantage of the parallelism provided by z-bu�ers and fragment shaders

in modern graphics hardware, and thus is much faster than the prior state-of-the-art. More-

over, it requires only a standard polygon rendering pipeline, which is implemented and

accelerated on virtually every computing platform, and thus it runs on mobile phones and

other devices previously unable to support NeRF visualization at interactive rates.

Our contributions are summarized as follows.

ˆ MobileNeRF is 10� faster than the prior state-of-the-art (SNeRG [97]), with the same

output quality.

ˆ MobileNeRF consumes less GPU memory by storing surface textures instead of vol-

umetric textures, enabling it to run on integrated GPUs with limited memory and

power.

ˆ MobileNeRF runs on a web browser and is compatible with all devices we have tested.

It is also the �rst NeRF-based method that is able to run on mobile phones and

AR/VR platforms.

ˆ MobileNeRF allows real-time manipulation of the reconstructed objects/scenes, as

they are simple triangle meshes.

1.4 Thesis Organization

The thesis is organized as follows. In Chapter 2, we will discuss various 3D representations

used in neural networks and review deep-learning mesh reconstruction methods. In Chap-

ter 3, we will introduce BSP-Net for generating compact meshes with neural networks via

binary space partitioning. In Chapter 4, we will introduce Neural Marching Cubes (NMC)

for reconstructing meshes from implicit �elds by learning from example training meshes.

In Chapter 5, we will introduce Neural Dual Contouring (NDC), a uni�ed data-driven ap-

proach that can reconstruct meshes from all common input types. In Chapter 6, we will
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introduce MobileNeRF for e�cient neural �eld rendering on mobile architectures by repre-

senting NeRF in textured polygon meshes. In Chapter 7, we will provide conclusions and

discuss future works.

Related publications This thesis includes previously published material. The following

is a list of the papers and their corresponding chapters:

ˆ Chapter 2 appeared in the paper �A Review of Deep Learning-Powered Mesh Recon-

struction Methods�. Zhiqin Chen. ArXiv preprint arXiv:2303.02879, 2023.

ˆ Chapter 3 appeared in the paper �BSP-Net: Generating compact meshes via binary

space partitioning�. Zhiqin Chen, Andrea Tagliasacchi, and Hao Zhang. In Proceedings

of the IEEE/CVF Conference on Computer Vision and Pattern Recognition, pages

45�54, 2020.

ˆ Chapter 4 appeared in the paper �Neural Marching Cubes�. Zhiqin Chen and Hao

Zhang. ACM Transactions on Graphics (Special Issue of SIGGRAPH Asia), 40(6),

2021.

ˆ Chapter 5 appeared in the paper �Neural Dual Contouring�. Zhiqin Chen, Andrea

Tagliasacchi, Thomas Funkhouser, and Hao Zhang. ACM Transactions on Graphics

(Special Issue of SIGGRAPH), 41(4), 2022.

ˆ Chapter 6 appeared in the paper �MobileNeRF: Exploiting the polygon rasterization

pipeline for e�cient neural �eld rendering on mobile architectures�. Zhiqin Chen,

Thomas Funkhouser, Peter Hedman, and Andrea Tagliasacchi. In Proceedings of the

IEEE/CVF Conference on Computer Vision and Pattern Recognition, 2023.
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Chapter 2

Background

In this chapter, we provide background and works related to this thesis. First, we describe

various 3D representations used in neural 3D reconstruction and generative models in Sec-

tion 2.1, to give an overview of how neural networks can output 3D meshes. Then we provide

a comprehensive review of deep-learning mesh reconstruction methods categorized by their

input, speci�cally, mesh reconstruction from voxels in Section 2.2, from point clouds in

Section 2.3, from single images in Section 2.4, and from multi-view images in Section 2.5.

2.1 3D Representations for Neural Networks

The foundation for any algorithm is the data representation. Unfortunately, there is no

such uni�ed representation for 3D models. In fact, researchers have proposed a wide range

of representations for 3D generative tasks.

In this section, we focus on representations that are essentially triangle meshes, therefore

point clouds , although being a very popular representation, will not be discussed. We also

consider representations that can be easily converted into triangle meshes, such as CSG

(Constructive Solid Geometry) trees, parametric surfaces, voxels, and neural implicit.

2.1.1 Deformation-based

Deforming a single template mesh to create shapes of di�erent poses has been widely used

for face [58] and human body [124, 18, 190] shape reconstruction. However, due to the

availability of a single template mesh, this representation is not suitable for reconstructing

general 3D objects.

Extending the idea of deforming a single shape, one can �rst retrieve a most suitable

template for the target object, and then deform the template, to achieve optimal perfor-

mance. The methods usually process the inputs with neural networks to either classify

which template is most suitable, such as BCNet [105] and Multi-Garment Net (MGN) [17];

or embed the input into a deformation-aware latent space to retrieve the nearest-neighbor

template, such as 3D Deformation Network (3DN) [255], Deformation-Aware 3D Model Em-
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bedding and Retrieval [242], and ShapeFlow [106]. Then, a deformation network is applied

to deform the template into the target shape.

The above representations all assume high-quality shape templates are given, and they

are most used for highly specialized reconstruction tasks. For general shape reconstruction

tasks, especially when reconstructing 3D shapes with only 2D image supervision, a primitive

shape could be used as the initial shape, and it can be deformed to approximate the target

shape. The most commonly used primitive is a simple sphere. Representative works that are

trained with ground truth 3D supervision include AtlasNet (sphere version) [86], Pixel2Mesh

[249], Pixel2Mesh++ [258], Neural mesh �ow [90], and [184]. It may not be the most popular

representation for models trained with 3D supervision, but it indeed has been the dominant

representation in models trained with only 2D image supervision, such as N3MR (Neural

3d Mesh Renderer) [115], Soft Rasterizer [152], DIB-R [31], DIB-R++ [32], Image GANs

meet Di�erentiable Rendering [299], UNICORN [171], NeRS [292], and [98, 191, 138]. There

are multiple ways to perform deformation on the sphere: it can be an MLP (MultiLayer

perceptron) that takes a 3D point on the sphere surface and outputs its deformed coordinates

[86, 184, 171, 292]; or using graph convolutional networks on the sphere meshes to predict

vertex positions [249, 258]; or using a CNN decoder to predict a displacement map on the

sphere [191]; the majority of the methods simply use an MLP to predict the o�sets of all

vertices in the template mesh, outputting a V � 3 vector whereV is the number of vertices

in the template. Some works on 3D reconstruction with 2D supervision adopt a better

initialization than a simple sphere. CMR [111] initializes the template shape as the convex

hull of the mean keypoint locations obtained after running SFM (structure from motion)

on the annotated keypoints. [113] initializes the template shape using the visual hull of the

annotated object masks on the training images. [81] initializes the template shape using a

very simple but manually designed mesh. Note that for these works, the template meshes

are optimizable during training.

One can also consider deforming a uniform 2D grid as deforming one primitive, with the

primitive being a square. Therefore, many works that predict depth images from a single

image can be put into this representation category, e.g., �Unsupervised learning of probably

symmetric deformable 3d objects from images in the wild� [269]. Similarly, there are models

that predict geometry images [87], such as SurfNet [226].

Deforming a single primitive shape limits the topology and the representation ability

of the reconstructed shapes, therefore a natural solution is to �t multiple primitive shapes.

However, this representation is mostly used when direct 3D supervision is available. Repre-

sentative works include AtlasNet (patch version) [86], where an output shape is represented

as a collection of square meshes, each deformed via an independent MLP. Photometric Mesh

Optimization [141] adopts the 25-patch version of AtlasNet to reconstruct an object mesh

from multi-view images. Follow-up works �t square meshes into local patches of a shape

to perform mesh reconstruction from point clouds, such as Deep geometric prior [260] and
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Meshlet priors [8]. The square patches in AtlasNet lead to many issues, including overlap-

ping patches, self-intersections, and conspicuous artifacts on the surface. SDM-NET [74] has

output shapes made of deformed unit cube meshes; it addresses the above issues via strong

part-wise 3D supervision. Another work [228] applies a deformable parametric template

composed of Coons patches [47] to generate manifold and piecewise-smooth shapes made

of parametric surfaces.

2.1.2 Set of primitives

A shape can also be approximated by a set of primitive meshes, where the network only

needs to predict the parameters for each primitive, in contrast to utilizing deformation

networks as those deformation-based representations. A commonly used primitive type is

bounding boxes or boxes that approximate the shape, such as those in Im2struct [180]

and VP [239]. Boxes are easy to de�ne: the network only needs to predict the size, the

translation, the rotation, and the existence probability of each primitive box. An explicit

mesh can also be easily obtained by a union of the box meshes.

Follow-up works such as SQ [187] and Hierarchical SQ [186] use superquadrics instead

of boxes for the primitives. Superquadrics [10] are a parametric family of surfaces that

can be used to describe cubes, cylinders, spheres, octahedra, ellipsoids, and other simple

primitives, with just two shape parameters. Therefore, using superquadrics can improve the

representation ability to better approximate the target shape. To generate superquadrics,

the network needs to predict the shape parameters, the size, the translation, the rotation,

and the existence probability of each superquadric primitive. Meshes also can be easily

obtained from superquadrics.

Convex primitives proposed in CvxNet [57] and our work BSP-Net [36] are more compact

than superquadrics, and also more �exible as their primitive can model any convex shape.

Unlike boxes or superquadrics, convex primitives cannot be described by a few parameters.

Therefore, the methods require intricate neural network design: the network �rst predicts

a set of planes or half-spaces, and then the network intersects selected half-spaces to form

convex primitives, and �nally the convex primitives are united to form the output shape.

Polygonal meshes can be directly extracted from the tree structure.

To make the primitives more �exible, Neural Star Domain [116] represents each primitive

as a star domain. One can consider a star domain as a �height� function de�ned on the

surface of a unit sphere, therefore a star domain can be approximately represented as the

coe�cients of spherical harmonics. So to generate those primitives, the network needs to

predict a few spherical harmonics coe�cients for each primitive, plus the translation vector.

Meshes can be extracted by deforming a unit-sphere template mesh with respect to the

�height� function.
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2.1.3 Constructive solid geometry

Constructive Solid Geometry (CSG) is a common representation for CAD (computer-aided

design) models, where primitive shapes such as polyhedrons, ellipsoids, and cylinders are

merged via boolean operators such as union, intersection, and di�erence. CSG representation

is a compact representation that is able to preserve sharp and smooth geometric features.

When ground truth CSG-trees are available, a network can be trained with fully-

supervised learning to produce a sequence of operations and their operands, where the

sequence is equivalent to a CSG-tree. A representative work is CSGNet [218].

Yet when ground truth is unavailable, learning to represent a shape as a CSG-tree with

neural networks is a very challenging task, because CSG trees include selecting suitable

primitives and performing CSG operations. Both steps are discrete and non-di�erentiable.

Our work BSP-Net [36] from the previous section could also be considered as using CSG

representation, since it intersects half-spaces to form convex shapes and then unions convex

shapes to form the output shape. BSP-Net �rst learns a continuous approximation of the

CSG-tree, and then discretizes it to obtain a real CSG-tree. However, BSP-Net only adopts

planes (half-spaces) as primitives, therefore it only approximates piece-wise planar shapes.

A follow-up work CAPRI-Net [289] relaxed the primitive types to axis-aligned quadratic

surfaces, therefore it is able to represent curved smooth surfaces with a single primitive.

In addition, CAPRI-Net also introduced a di�erentiable di�erence operator. The predicted

quadratic surface primitives are �rst selected and intersected to form convex shapes; then

the convex shapes are unioned to form two potentially concave shapes; �nally the di�erence

between the two concave shapes forms the output shape.

While CAPRI-Net uses quadratic surfaces as primitives, other works use primitive

shapes as primitives. UCSG-Net [112] predicts parameters of boxes and spheres and uses

them as primitives. Similarly CSG-Stump [202] predicts boxes, spheres, cylinders and cones.

While UCSG-Net has several CSG layers where each layer supports multiple types of CSG

operations; CSG-Stump only has three layers with �xed ordering (complement-intersection-

union), similar to CAPRI-Net (intersection-union-di�erence).

2.1.4 Sketch and extrude

�Sketch and extrude� is also a CSG representation. However, di�erent from the repre-

sentation described in the previous section where primitive 3D shapes are used for CSG

operations, this representation takes an approach more similar to the work�ow of creating

CAD models, by repeatedly sketching a 2D pro�le and then extruding that pro�le into a 3D

body. DeepCAD [267] is a pioneer in generating CAD models with such a representation,

by applying a Transformer network [246] to predict the command sequences for creating the

output shape. Follow-up work [126] reconstructs CAD shapes from rounded voxel models;

it represents pro�les as 2D occupancy images. Point2Cyl [241] reconstructs CAD shapes
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from point clouds; it represents pro�les as 2D neural implicit. Point2Cyl is also considered

a representative work in �primitive detection�, since it �rst segments the point cloud into

patches, and then reconstructs extrusion cylinders from those patches.

The works mentioned above all apply supervised training with ground truth command

sequences. ExtrudeNet [203] can learn such sequences unsupervisedly. It uses closed cubic

Bezier curves as pro�les and proposed a di�erentiable sketch-to-SDF module and a dif-

ferentiable extrusion module to construct 3D parts. Those 3D parts are combined using

CSG-Stump [202] to form the output shape.

2.1.5 Primitive detection

In previous primitive-based representations, the output shapes are usually generated by a

shape decoder from a global shape latent code, therefore they are leaning toward generative

models. The representation in this section does not have a shape latent space. It is more

like an object detection model in computer vision, where the primitive types and param-

eters are directly predicted from global and local shape features by the neural networks.

Therefore, this representation is usually for reconstructing CAD models of mechanical parts.

Speci�cally, SPFN [135], CPFN [129], ParSeNet [219], HPNet [279], and Point2Cyl [241]

all reconstruct parametric surfaces from point clouds. They �rst use a neural network to

extract per-point features from the input point cloud, and then apply a clustering module

to segment the point cloud into patches belonging to di�erent primitives, and �nally clas-

sify the primitive type and regress the primitive parameters for each patch. SPFN [135]

and CPFN [129] can reconstruct planes, spheres, cylinders, and cones; ParSeNet [219] and

HPNet [279] in addition can reconstruct open and closed B-spline patches. ComplexGen

[88] adopts a more structured representation, boundary representation (B-Rep), to recover

corners, curves (line, circle, B-spline, ellipse) and patches (plane, cylinder, torus, B-spline,

cone, sphere) simultaneously along with their mutual topology constraints. Point2Cyl [241]

utilizes a �sketch and extrude� representation.

2.1.6 Grid mesh

Inspired by classic iso-surfacing algorithms such as Marching Cubes (MC) [157], Dual Con-

touring (DC) [110], and Marching Tetrahedra (MT) [60], which operate on a regular grid

structure, several methods have been proposed to also generate a regular grid of parame-

ters, so that surfaces can be extracted cell by cell. Compared to other representations, the

advantage of this representation is that a 3D convolutional neural network (CNN) can be

applied to produce the grid outputs, and CNNs have been thoroughly studied and heavily

optimized to be very e�cient and e�ective, compared to the network architectures (usually

MLPs or graph convolutions) used in other representations.

One earliest work on this representation is Deep Marching Cubes (DMC) [139]. DMC

has an encoder-decoder structure, where the encoder encodes the inputs into shape latent
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codes, and the decoder is a 3D CNN to generate a grid of inside-outside signs and a grid of

vertex positions. An explicit triangle mesh can be extracted by applying MC algorithm on

the predicted sign grid to determine the topology, i.e., mesh tessellation, in each cell, and the

positions of the mesh vertices are given by the predicted grid of vertex positions. Our work,

Neural Marching Cubes (NMC) [39], has a similar idea in spirit, but it targets iso-surfacing

tasks such as mesh reconstruction from grids of signed distances or occupancies. NMC

has �local� backbone networks (fully convolutional without bottleneck layer) with small

receptive �elds for better generalizability, and it has enriched the MC cube tessellation

cases to better reconstruct detailed geometry such as sharp features.

Our follow-up work, Neural Dual Contouring (NDC) [35], adopts DC, a much simpler

algorithm compared to MC, as the meshing algorithm. NDC has very simple methods:

a �local� network generates a grid of signs or intersection �ags, another �local� network

generates a grid of interior vertex positions, and �nally DC is applied to connect the gener-

ated vertices to form mesh surfaces. NDC can take any input that can be converted into a

grid structure, such as grids of signed or unsigned distances, binary occupancies, and point

clouds.

DEFTET [71] also predicts a grid structure - a tetrahedron grid. The method predicts

the occupancy for each tetrahedron, and the o�set for each vertex relative to their initial

positions in the regular tetrahedron grid. The output of DEFTET is a tetrahedral mesh,

which is one of the dominant representations for volumetric solids in graphics, and it can

be directly used in simulation. Note that DEFTET predicts the occupancy for each tetra-

hedron, unlike DMC, NMC, and NDC which predict signs on grid vertices. DMTET [222]

also uses a tetrahedron grid, but it predicts the signed distance on each grid vertex, so it

requires a di�erentiable iso-surfacing step (di�erentiable marching tetrahedra). Follow-up

work Nvdi�rec [173] combines DMTET and di�erentiable rendering to reconstruct meshes

from multi-view images.

Adaptive O-CNN [254] produces a polygon soup, where the polygons do not connect

to form a surface. It uses an octree-like network structure that subdivides nodes according

to the expected complexity of surface details. Each leaf node predicts the parameters of a

plane, which generates a polygon in that cell.

2.1.7 Voxels

Similar to �Grid mesh� where grid structures are used to store local mesh properties, it is in

fact easier for the neural networks to directly predict a grid of voxels carrying implicit �eld

values, such as signed distances or occupancies, and then apply meshing or iso-surfacing

algorithms to extract the mesh. Occupancy or signed distance grids have been very popular

representations, and the reason is similar to that of �Grid mesh�, that a mature technique,

convolutional neural networks (CNN), can be applied to produce the grid outputs. Due to

the popularity and wide usage of voxels, there are thousands of publications that adopt this
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representation. Therefore, this section will only cover a few representative works to explain

the various use cases.

The simplest way to generate voxels is to use a 3D CNN network to predict a 3D grid of

occupancies. A representative work is 3D-R2N2 [43], which has a simple network structure:

an encoder-decoder structure where a 2D CNN encoder encodes the input image into a

latent code, and a 3D CNN decoder decodes the latent code into a voxel grid. To take

multiple images from di�erent views as input, 3D-R2N2 utilizes Long Short-Term Memory

(LSTM) [99] to aggregate the sequence of latent codes before feeding them to the shape

decoder.

Note that 3D-R2N2 has a bottleneck in the network architecture to produce a global

latent code that is not capable of representing detailed shape geometries and is unlikely to

generalize to inputs dissimilar to those in the training set. Some works that adopt voxels use

a local network or U-Net [207] to take into account local features, such as DECOR-GAN

[34] and GenRe [298].

However, voxel grids are ofO(N 3) space complexity. It is hard to generate a voxel

grid of su�ciently high resolution due to hardware memory constraints. Therefore, octree

representation which adaptively subdivides voxels has been applied in many works, such as

HSP (Hierarchical Surface Prediction) [92], 3D-CFCN [25], OctNetFusion [205], OGN [236],

and Dual OCNN[253].

Finally, predicting grids of signed distances rather than occupancies can better model

smooth surfaces, as signed distances contain more information about the surface than binary

occupancies. Example works include 3D-EPN [51] and Deep level sets [165].

2.1.8 Neural implicit

Neural implicit representation is an extremely popular representation nowadays. It was

proposed in CVPR 2019 by three concurrent works IM-Net [38], OccNet [163], and DeepSDF

[185]. Since then there has been an explosion of neural implicit papers. This section will

only list a few representative works. We refer the readers to the survey �Neural Fields in

Visual Computing and Beyond� [275] for more related works.

Neural implicit representation is essentially an MLP (MultiLayer perceptron) that takes

a point's coordinates as input and outputs the inside-outside sign [38, 163] or signed distance

[185] of that input point. The MLP itself represents the implicit function of a 3D shape.

To generate di�erent output shapes based on the input, the MLP can be conditioned via

concatenating a shape latent code with the input point coordinates before feeding the

point to the MLP [38, 185], or modulating the MLP network weights using the latent

code [163, 227]. The main di�erence between neural implicit and voxels is that voxels need

3D CNNs to directly predict a grid of implicit �eld values, therefore it outputs the entire

shape with one network forward pass, whereas neural implicit processes each single input

point individually with the same MLP. To output the entire shape, a grid of points need
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to be sampled in space and the MLP needs to run on each of the points to produce a

grid of implicit �eld values. Marching Cubes (MC) [157] is usually applied to the grid to

extract an explicit mesh. Theoretically, neural implicit can represent shapes with in�nitely

�ne resolution without increasing the model (MLP) size, in contrast to voxels which have

an O(N 3) space complexity, therefore neural implicit has been considered as a compact

representation.

Structured Implicit Functions [78] propose to use scaled axis-aligned anisotropic 3D

Gaussians (i.e., a set of Gaussian balls) to represent the implicit �eld, instead of an MLP. It

can speed up training and inference of neural implicit and has been adopted in follow-ups

that have global shape latent codes.

However, global shape latent codes cannot represent detailed shape geometries and they

often lead to over�tting on a speci�c dataset or category of shapes, therefore methods have

been proposed to include local features to condition the MLP so that the network can have

better accuracy on local details and generalize better. PIFu [210], PIFuHD [211], DISN

[276], and D2IM-Net [136] employ local features from 2D image encoders for single-view 3D

reconstruction tasks. LIG [107], ConvONet (Convolutional occupancy networks) [193], SA-

ConvONet [235], POCO [21], and IF-Nets [41] employ local features extracted from point

clouds or voxels to perform object or scene reconstructions.

Di�erentiable rendering has also been developed for neural implicit. [153], DVR [179],

IDR [283], and DIST [150] can reconstruct objects from multi-view images; they assume

the object mask is given for each input image, and each ray intersects the surface at most

once (only one intersection point per ray for the gradient to propagate). NeuS [250], HF-

NeuS [63], UNISURF [182], VolSDF [282], and [7] also reconstruct objects or scenes from

multi-view images. However, they are based on the ray marching volume rendering formula

of NeRF [167]. They do not need object masks, and they sample numerous points along

each ray to perform volume rendering.

2.1.9 Others

Connect given vertices. This representation can only be used for reconstructing a mesh

from a point cloud, because it only connects given vertices from the point cloud. The meth-

ods can be classi�ed by whether it infers the inside-outside regions of the shape and thus

generates a closed mesh. Most methods do not generate a closed mesh. [149] generates a

collection of triangles by proposing candidate triangles, classifying the candidate triangles

with a neural network to determine which triangles should exist in the output mesh, and

repeating this process. PointTriNet [220] has a classi�cation network to classify whether a

given candidate triangle should exist in the output mesh, and a proposal network to suggest

likely neighbor triangles for a given existing triangle. [197] �rst estimates local neighbor-

hoods around each point, and then perform a 2D projection of these neighborhoods so that

a 2D Delaunay triangulation is computed to provide candidate triangles, and �nally those
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candidate triangles are aggregated to maximize the manifoldness of the reconstructed mesh.

Delaunay triangulation based surface reconstruction methods can guarantee to generate a

closed mesh because they �rst perform 3D Delaunay triangulation on the input points to

obtain a tessellation of the 3D space with tetrahedrons, and then classify which tetrahedrons

are inside the shape and which are outside. After the inside-outside labels are assigned, a

surface can be reconstructed by extracting triangle faces between tetrahedrons of di�er-

ent labels. DeepDT [158] uses a graph neural network on the dual graph of the Delaunay

triangulation to predict the label of each tetrahedron.

Generate and connect vertices. This representation �rst generates a set of mesh

vertices with a neural network, and then selectively connects those vertices to form mesh

faces with another neural network. The representation can directly generate a 3D mesh as an

indexed face set, however, it is rarely used due to its extremely high complexity. Scan2Mesh

[50] uses a point cloud generator (MLP) to generate a set of points. Then it constructs a

fully connected graph on these points, and uses a graph neural network to predict which

mesh edges should exist in the output mesh. Finally, it considers all possible triangle faces

that can be formed from the predicted edges, constructs a dual graph on the faces, and

uses a graph neural network to predict which mesh faces should exist in the output mesh.

Due to the construction of a complete graph on the predicted points and the subsequent

graph neural networks, this method can only predict a limited number of vertices (100 in

the experiments). PolyGen [174] �rst generates mesh vertices sequentially from lowest to

highest on the vertical axis. The continuous vertex positions are quantized to form discrete

bins for likelihood calculation. The next vertex is generated by a vertex Transformer, which

takes the current sequence of vertex positions as input, and outputs a distribution over

discretized vertex positions. Then it generates polygon faces, also sequentially from lowest

to highest on vertex indices. The next face is generated by a face Transformer, which takes

the generated vertices and the current sequence of face indices as input, and outputs a

distribution over vertex indices.

Sequence of edits. �Modeling 3D Shapes by Reinforcement Learning� [142] models

3D shapes with a sequence of editing operations. The method contains two neural networks,

a Prim-Agent that approximates the shape using primitives, and a Mesh-Agent that edits

the mesh to create detailed geometry. Given a depth image as shape reference and a set of

pre-de�ned primitives, the Prim-Agent predicts a sequence of actions on primitives (drag

primitive corner points or delete primitive) to approximate the target shape. Then the edge

loops are added to the output primitives to subdivide each primitive into segments for

�ner editing control. Finally, the Mesh-Agent takes as input the shape reference and the

primitive-based representation, and predicts actions on edge loops (drag edge loop corner

points) to create detailed geometry.
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2.2 Reconstruction from Voxels

In this section, we review works that reconstruct shapes from a grid of occupancies or signed

distances. Based on the motivations, we divide the collection of works into two categories:

shape super-resolution and shape parsing, where shape super-resolution reconstructs a more

detailed and visually pleasing shape from the input voxels, and shape parsing decomposes

the input voxels into primitives and CSG sequences for reverse engineering a CAD shape.

2.2.1 Shape super-resolution

Shape super-resolution strives to recover and even enhance geometric features from voxel

inputs. Methods such as OccNet [163] and IM-Net [38] can convert input voxels into neural

implicit representation, which can be sampled at arbitrarily high resolution. Although one

can argue that the outputs of those methods indeed have higher resolution compared to

the input voxels, they do not properly recover shape details; in fact, the reconstructed

outputs often lose details presented in the input voxels, due to the usage of a global shape

latent code. Therefore, works that perform voxel super-resolution mostly adopt local neural

networks which take into account both local and global shape features.

Our works, Neural Marching Cubes (NMC) [39] and Neural Dual Contouring (NDC)

[35], are data-driven iso-surfacing algorithms. They reconstruct meshes from input voxels

and they are able to recover geometric features such as sharp corners and edges. They adopt

and modify the mesh tessellations in classic iso-surfacing algorithms Marching Cubes (MC)

[157] and Dual Contouring (DC) [110], and use neural networks to predict the tessellation

case and the vertex positions in each voxel to directly output a polygonal mesh. Their neural

network backbones have limited receptive �elds, meaning that they can only infer geometric

features from local regions and they do not have access to global shape information. Thus,

the methods focus more on the mesh reconstruction side than the shape super-resolution

side.

Similarly, methods such as Convolutional occupancy networks (ConvONet) [193] and

�Implicit Functions in feature space� (IF-Nets) [41] can reconstruct shapes as neural implicit

from input voxels. ConvONet adopts convolutional encoders to process the input voxels,

and predict either a 3D grid of deep features (grid setting) or three 2D grids of deep features

on three orthogonal planes (tri-plane setting). Then for each query point, the deep features

are retrieved from the grid or the planes via trilinear or bilinear interpolation, and the deep

features are concatenated with the query point coordinates to be fed into an MLP to predict

the inside/outside status of the query point. IF-Nets also adopts convolutional encoders to

compute multi-scale 3D grids encoding global and local features. Note that the backbone

networks in these works are su�ciently large to produce global shape features, yet they

also utilize local features. They are adept at recovering geometric features from reasonably
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dense input voxels. However, they do not perform well on coarse inputs, since they only

recover details and do not create more details on the coarse shape.

Therefore, methods have been proposed to generate new details on the coarse shape,

mostly with the help of a local patch discriminator[82] (PatchGAN[104]). DECOR-GAN [34]

performs shape detailization and is able to re�ne a coarse shape into a variety of detailed

shapes with di�erent styles. DECOR-GAN utilizes a 3D CNN generator for upsampling

coarse voxels and a 3D PatchGAN discriminator to enforce local patches of the generated

shape to be similar to those in the training detailed shapes. DMTET [222] also applies a 3D

PatchGAN discriminator on the signed distance �eld computed from the predicted mesh to

improve the local details.

Another approach to generating new details on the coarse shape is to retrieve high-

resolution local patches from a database and combine them into a new shape with respect

to the structure and context of the input coarse voxels. RetrievalFuse [224] creates a shared

embedding space between coarse voxel chunks and a database of high-quality voxel chunks

from indoor scene data. For a given coarse voxel input, multiple approximate reconstructions

are created with retrieved chunks from the database, and the reconstructed scenes are then

fused together with an attention-based blending to produce the �nal reconstruction.

2.2.2 Shape parsing

Parsing an input voxel grid into primitives and a sequence of operations requires speci�c

output representations, namely, �set of primitives� (Section 2.1.2), �constructive solid ge-

ometry� (Section 2.1.3), and �sketch and extrude� (Section 2.1.4). One can refer to those

sections for related works. Note that most methods in those sections use global shape latent

codes, meaning that the methods can convert any input (point clouds, voxels, images, etc)

into parsed shapes, as long as the input can be encoded into global latent codes.

2.3 Reconstruction from Point Clouds

In this section, we review works that reconstruct objects and scenes from point clouds,

with or without point normals. We divide the methods into two categories: one based on

explicit representations, and the other on implicit representations. Methods with explicit

representations can directly output a mesh, but it usually does not guarantee the surface

quality, for example, they may not be watertight and may contain no-manifoldness and

self-intersections. Methods with implicit representations do guarantee to produce a water-

tight, manifold mesh without self-intersections, but they require an iso-surfacing algorithm

to extract the mesh from the implicit �eld. Methods with state-of-the-art reconstruction

accuracy are mostly using implicit representations.

Note that a signi�cant amount of works in 3D deep learning use a global shape la-

tent code to encode the shape, such as ShapeFlow [106], AtlasNet [86], OccNet [163],
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DeepSDF[185], Structured Implicit Functions [78], OctField [233], CSG-Stump [202], and

DeepCAD [267]. As mentioned in previous sections, global shape latent codes cannot rep-

resent detailed shape geometries and they often lead to over�tting on a speci�c dataset or

category of shapes. Therefore, in this section, we will only discuss works that take local

features into account.

2.3.1 Explicit representation

Given a clean and mostly uniform point cloud, a straightforward solution to reconstruct

a mesh is to create triangles from the given points. Example classic algorithms include

Delaunay triangulation based surface reconstruction methods and ball-pivoting [15]. Various

methods employ deep learning to improve the performance of such approaches. They are

detailed in Section 2.1.9.

If the shape is a single object and has simple topology, it is possible to deform a coarse

initial mesh to �t the point cloud in order to reconstruct a mesh. Point2Mesh [94] obtains

the initial mesh as the convex hull of the input point cloud, and then deforms the initial

mesh to shrink-wrap the point cloud.

For more complex shapes, one could split the input point cloud into overlapping patches,

and �t each patch with a deformable 2D square surface. Deep Geometric Prior [260] and

Meshlet Priors [8] took inspiration from AtlasNet [86], to over�t each local patch from the

input point cloud with a neural network (MLP) deforming a square patch. The resulting set

of over�tted local patches can be further sampled and reconstructed to produce a manifold

mesh.

The unsigned version (UNDC) in our work Neural Dual Contouring [35] discretizes the

space into a 3D grid, and from the input point cloud it predicts for each grid edge whether

the edge will be intersected by the output mesh or not. It also predicts an interior vertex for

each grid cell, so that if an edge is predicted to have intersected by the mesh, a quad face

will be created to connect the four vertices of the four adjacent cells of that edge. Therefore,

UNDC can directly reconstruct a quad mesh from input points without the need for point

normals.

Methods introduced in Section 2.1.5 �primitive detection� can produce a more structured

output: a collection of primitives represented as parametric surfaces. Those methods �rst

use a neural network to extract per-point features from the input point clouds, and then

apply a clustering module to segment the point cloud into patches belonging to di�erent

primitives, and �nally classify the primitive type and regress the primitive parameters for

each patch.

Some methods in Section 2.1.3 �Constructive Solid Geometry� and Section 2.1.4 �Sketch

and extrude� can reconstruct structured representations (CSG-trees) from point clouds, such

as CAPRI-Net [289] and Point2Cyl [241].

21



2.3.2 Implicit representation

The majority of the deep learning methods adopt implicit representations for shape re-

construction from point clouds. However, the boundary between the two representations

�voxels� and �neural implicit� has become blurry since a great number of works use 3D

CNNs to predict a grid structure and then use interpolation techniques to obtain the fea-

tures of continuous query points, which will be used to regress the implicit �eld values of

the query points.

Over�t a single shape. �Sign Agnostic Learning� (SAL) [5], �Implicit Geometric

Regularization� (IGR) [85], and �SAL with Derivatives� (SALD) [6] all over�t an MLP

representing neural implicit from a point cloud without normals. SAL [5] only assumes

the input point cloud is su�ciently dense to produce a good unsigned distance �eld. It

proposed an unsigned similarity function and a geometric network initialization to learn a

neural signed distance �eld from the unsigned distance �eld. IGR [85] proposed di�erent

training objectives and regularization terms to supervise the learned implicit �eld. SALD

[6] improved SAL [5] by including regularizations on the derivatives of the predicted signed

distance �eld. SIREN [227] improves the representation capability of MLPs by using periodic

activation functions in MLPs. It can quickly over�t a neural implicit from an oriented point

cloud.

Divide space into local cube patches. �Local Implicit Grid� (LIG) [107] and �Deep

Local Shapes� (DeepLS) [26] both pointed out that global shape latent codes in early neu-

ral implicit methods are not generalizable, therefore they divide the space into a grid of

overlapping cube patches, and �t an MLP for each patch. The MLP is pre-trained on a

collection of shape patches to learn a low dimensional latent space of plausible (or �real�)

shape patches. During inference, the MLP is �xed, but a latent code is optimized indepen-

dently for each patch of the input point cloud to match the MLP's isosurface to the input

points in that patch. They both require point normals to help this optimization. Finally,

the reconstructed patches are stitched together to give the reconstructed shape or scene.

SAIL-S3 [300] has the same idea but it can reconstruct a shape from point clouds without

normals, by adopting Sign Agnostic Learning [5].

3D CNN then local neural implicit. ConvONet [193] and IF-Nets [41] are also

covered in Section 2.2.1 for voxel super-resolution. They can also reconstruct shapes from

point clouds without normals. ConvONet [193] �rst uses a point cloud encoder to process

the input points, and the per-point features are pooled into grids to be processed by CNNs

for further feature extraction. IF-Nets [41] discretizes input points into a 3D grid and then

adopts CNN encoders to compute multi-scale 3D feature grids. SA-ConvONet [235] is a

follow-up of SAL [5] and ConvONet [193] to apply sign agnostic learning proposed in SAL

as a post-processing step to improve the reconstruction quality of ConvONet. GIFS [284]

does not predict the inside/outside status of each query point, but rather predicts whether
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two query points are separated by any surface. The concept is similar to Unsigned Neural

Dual Contouring (UNDC) [35], but UNDC's meshing is based on Dual Contouring [110],

and this work on a modi�ed version of Marching Cubes [157]. It can represent general shapes

including non-watertight shapes and shapes with multi-layer surfaces.

Point cloud encoder then local neural implicit. Points2Surf [62] is purely based on

point cloud encoders without any CNN. For a query point in space, it adopts one PointNet

[195] to encode points sampled at the neighborhood of the query point into a local feature

code, and another PointNet to encode the points sampled at the entire input point cloud

into a global feature code. The decoder takes both features to predict the signed distance

of the query point. POCO [21] proposed to use point cloud convolutions and compute

latent vectors at each input point. Then for each query point, it performs a learning-based

interpolation on nearest neighbors in input points to retrieve a weighted-averaged feature

vector, and the feature vector is processed by an MLP to predict the occupancy of the query

point.

Implicit �eld de�ned by points. These methods use points (either input points or

predicted points) and their properties (such as normals) to directly compute the implicit

�eld value of any query point, similar to classic Radial Basis Function (RBF) surface re-

construction methods. The inference from these points to an implicit �eld does not involve

any deep learning or neural networks. Therefore, the backbone networks that produce these

points are the trainable parts in those methods, and they possess learned priors from the

training datasets. Neural Splines [261] is a kernel method for surface reconstruction based

on kernels arising from in�nitely-wide shallow ReLU networks. It can reconstruct an implicit

�eld from a set of points and their normals and it does not involve any neural networks.

A follow-up work �Neural Kernel Fields� (NKF) [259] proposed to replace the �xed point

properties (normals) with a learned feature vector, so as to have data-dependent kernels.

�Shape As Points� (SAP) [192] proposed a di�erentiable point-to-mesh layer using a di�er-

entiable formulation of Poisson Surface Reconstruction (PSR) [117, 118], so that a shape

can be represented as a set of points with normals. �Deep Implicit Moving Least-Squares�

(Deep IMLS) [151] takes a sparse and un-oriented point cloud as input, and uses a U-Net-like

O-CNN autoencoder [251] to predict an octree structure where each octree node contains

a �xed number of predicted points with normals. Those predicted points with normals are

then used to construct an implicit �eld by implicit moving least-squares (IMLS) surface

formulation [123].

Octrees. The O(N 3) space complexity of regular 3D grids makes methods based on

regular grids hard to scale up. Therefore, some methods have been proposed to include

adaptive spatial structures such as octrees in the neural networks to improve both e�ciency

and quality. AdaConv [240] proposed multiscale convolutional kernels that can be applied

to adaptive grids as generated with octrees. Dual OCNN [253] designed graph convolutions
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over the dual graph of octree nodes. Both methods build the octree from the input point

cloud and process the input using the proposed convolutional kernels.

2.4 Reconstruction from Single Images

Methods that reconstruct a shape from a single image can be divided into two categories

based on the supervision they receive during training. One category is trained with ground

truth 3D shapes as supervision. The methods in this category are typically trained on

ShapeNet [28]. Another category is trained with only single-view images as supervision.

Single-view images mean that there is only one image for each object for training, in contrast

to multi-view images where each object has multiple images from di�erent viewpoints. The

methods in this category typically train on image datasets of birds, cars, horses, and faces,

with shapes of sphere or disk topology.

2.4.1 With 3D supervision

Similar to Section 2.3, a signi�cant amount of works in 3D deep learning use a global shape

latent code to encode the shape, such as SurfNet [226], 3D-R2N2 [43], OGN [236], HSP

[92], ShapeHD [265], AtlasNet [86], Im2Struct [180], Matryoshka Networks [204], Skeleton-

Net [234], IM-Net [38], OccNet [163], Deep Level Sets [165], Deep Meta Functionals [146],

topology-modifying AtlasNet [184], Pix2Vox [274], PQ-NET [268], BSP-Net [36], Cvxnet

[57], LDIF [77], Neural Template [102], AutoSDF [168]. Global shape latent codes cannot

represent detailed shape geometries, and they often lead to learning shape recognition rather

than shape reconstruction, as pointed out by �What do single-view 3d reconstruction net-

works learn?� [237] in 2019. That is, an encoder-decoder structured neural network with a

global shape latent code is likely to simply memorize the shapes in the training set during

training, and �retrieve� a shape from the memory bank as output during testing. Therefore,

in the following, we will only discuss works that take local features into account.

Pixel2Mesh [249] progressively deforms and subdivides a sphere mesh via graph convolu-

tional networks. It extracts image features with a CNN, and then pools image features into

the vertices of the mesh to enrich the vertex features, so that the graph convolutional net-

works can learn local-feature-aware deformations. Geometric Granularity Aware Pixel2Mesh

[223] is a follow-up that can edit the topology of the mesh by utilizing an error estimator

network to identify faces to prone or repair.

GenRe [298] uses a 2D CNN to predict a depth map from the input image, projects the

depth map into a partial spherical map, inpaints the spherical map, projects the complete

spherical map and the previous depth map into voxels, and �nally processes the voxels by

a voxel re�nement network to produce the �nal output. The method shows strong general-

izability that it can reconstruct objects from categories not seen during training.
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Front2Back [281] �rst predicts depth, normal, and silhouette maps from the input image.

It then detects global re�ective symmetries from these maps, and re�ects the front depth

and normal maps to create partial back depth and normal maps. The partial back depth

and normal maps are fed into a network to predict the complete back depth and normal

maps. Finally, a 3D mesh can be reconstructed from the Front&back normal and depth

maps using Screened Poisson [118].

DISN [276] and PIFu [210] are the two pioneers to �rst incorporate local features from

the input image for single-view 3D reconstruction with neural implicit representation. They

learn image feature maps with a CNN, and use the projected location for each 3D query

point on the 2D image to extract local features from the image feature maps. The local

features are used by MLPs to produce the signed distance or occupancy of the query point.

PIFuHD [211] is a follow-up of PIFu that consists of a coarse PIFu network and a �ne

PIFu network, focusing on global geometry and local details, respectively. Ladybird [278]

exploits shape symmetric to predict the signed distance of a query 3D point by using both

the query point and its mirrored point with respect to the symmetry plane to extract local

features from the image feature maps. D2IM-Net [136] trains the network to learn a detail

disentangled reconstruction consisting of a 3D implicit �eld representing the coarse 3D

shape, and two 2D displacement maps capturing the front and back details of the object.

2.4.2 With 2D supervision

Methods often employ a global shape latent code for this task since the task is very di�cult

and the methods must learn category-speci�c priors. Most methods adopt a spherical mesh

as the template and deform it into the target shape, often with textures. This representation

and some related works are covered in Section 2.1.1. Methods that use neural implicit

representation for this task often require ground-truth camera pose for each image and

multi-view images of the same object. Table 1 in �Share With Thy Neighbors: Single-View

Reconstruction by Cross-Instance Consistency� (UNICORN) [171] and Table 1 in �2D GANs

Meet Unsupervised Single-view 3D Reconstruction� (GANSVR) [147] are great summaries

of recent works on this topic. We recommend interested readers to take a look.

2.5 Reconstruction from Multi-View Images

Only a few works follow the path of single image reconstruction methods in Section 2.4

to learn priors from a collection of training shapes. They can aggregate the global shape

latent codes from multiple input images using recurrent neural networks as in 3D-R2N2

[43], aggregate spatial features decoded from global shape latent codes as in Pix2Vox [274],

aggregate image features from multiple input images as in Pixel2Mesh++ [258], or aggregate

image features from multiple input images and 3D embeddings of spatial locations using a

Transformer as in EVolT [248].
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Most methods are over�tting a single shape or scene with respect to the multiple input

images using methods based on the di�erentiable rendering algorithms on meshes or neural

implicit, or based on the ray marching volume rendering formula of NeRF [167].

2.5.1 Di�erentiable rendering on explicit representation

Only a few methods adopt explicit mesh representations. NeRS [292], Di�erentiable Stere-

opsis (DS) [80], and Neural Deferred Shading (NDS) [263] deform a sphere mesh into the

target shape. DEFTET [71], Nvdi�rec [173], and our work MobileNeRF [33] use the �grid

mesh� representation. Following di�erentiable mesh rendering algorithms such as Soft Ras-

terizer [152], for each pixel, the methods record all or the �rst k intersected points between

the mesh and the ray from the pixel, and aggregate the colors via alpha-compositing dur-

ing training. DS and DEFTET assume the texture colors are di�use-only, while NDS and

MobileNeRF use MLP neural shader to capture view-dependent e�ects, and NeRS and

Nvdi�rec recover spatially-varying materials and environment map lighting from the input

images.

2.5.2 Surface rendering on implicit representation

Most methods in this section have a di�erentiable rendering formula that assumes the object

segmentation mask is given for each input image, and each ray intersects the surface at most

once (only one intersection point per ray for the gradient to propagate).

SDFDi� [108], DVR [179], and IDR [283] are pioneers that propose di�erent formulations

of di�erentiable rendering on implicit surfaces, while SDFDi� [108] uses regular grid SDF

and others use neural implicit. To model colors, SDFDi� assumes the target shape does not

have textures and it does not predict textures for the reconstructed shape; DVR adopts

Texture �elds [181], using an MLP to predict the RGB color of each surface point, thus it

cannot model view-dependent e�ects; IDR uses an MLP to approximate the bidirectional

re�ectance distribution function (BRDF) of each surface point.

Neural Lumigraph Rendering (NLR) [119] shows that the extracted mesh can be com-

bined with unstructured lumigraph rendering [23] to achieve real-time rendering. MVSDF

[294] leverages stereo matching and feature consistency to optimize the implicit surface

representation. RegSDF [293] uses reconstructed point clouds from the input images to su-

pervise and regularize the learning of the neural �eld. Reparameterization SDF renderer

[9] presents a method to compute correct gradients with respect to network parameters in

neural SDF renderers.

2.5.3 Volume rendering on implicit representation

The methods in this section adopt a NeRF-style ray marching volume rendering algorithm.

For each pixel, the camera shoots a ray crossing it. A number of points are sampled along
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the ray. Each sampled point carries density (�opacity�) and radiance (view-dependent RGB

color), predicted by an MLP. The �nal pixel color is the accumulated radiance of all the

sampled points with respect to their density, similar to alpha-compositing. Those methods

usually do not need object segmentation masks, and they somehow represent the point

density with well-de�ned neural implicit �elds, so that the surface of the shape can be

extracted via iso-surfacing.

UNISURF [182], NeuS [250], and VolSDF [282] are pioneers that propose di�erent for-

mulations of volume rendering on implicit surfaces.

�Neural RGB-D Surface Reconstruction� [7] proposes to incorporate depth measure-

ments into the optimization of a NeRF model. NeuralWarp [52] proposes to add a direct

photo-consistency term across the di�erent views during optimization to ensure the cor-

rectness of the implicit geometry. ManhattanSDF [89] incorporates planer constraints to

regularize the geometry in �oor and wall regions. Geo-Neus [67] explicitly performs multi-

view geometry optimization by leveraging the sparse geometry from structure from motion

(SFM) and photometric consistency in multi-view stereo. �Neural 3D Reconstruction in

the Wild� [231] follows NeuS [250] and �NeRF in the Wild� (NeRF-W) [161] to recon-

struct scenes from Internet photo collections in the presence of varying illumination. SNeS

[103] targets 3D reconstruction of partly-symmetric objects, by applying a soft symme-

try constraint to the 3D geometry and material properties. SparseNeuS [155] targets 3D

reconstruction from sparse images by learning generalizable priors across scenes by intro-

ducing geometry encoding volumes for generic surface prediction. MonoSDF [291] utilizes

the depth and normal maps predicted by pretrained general-purpose monocular estimator

networks for 2D images to improve reconstruction quality and optimization time. HF-NeuS

[63] proposes to decompose the SDF into a base function and a displacement function with

a coarse-to-�ne strategy to gradually increase the high-frequency details.
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Chapter 3

BSP-Net: Generating Compact
Meshes via Binary Space
Partitioning

3.1 Introduction

Recently, there has been an increasing interest in representation learning and generative

modeling for 3D shapes. Up to now, deep neural networks for shape analysis and syn-

thesis have been developed mainly for voxel grids [79, 92, 264, 272], point clouds [1, 195,

196, 286, 287], and implicit functions [38, 78, 109, 163, 276]. As the dominant 3D shape

representation for modeling, display, and animation, polygonal meshes have not �gured

prominently amid these developments. One of the main reasons is that the non-uniformity

and irregularity of triangle tessellations do not naturally support conventional convolution

and pooling operations [93]. However, compared to voxels and point clouds, meshes can

provide a more seamless and coherent surface representation; they are more controllable,

easier to manipulate, and are morecompact, attaining higher visual quality using fewer

primitives; see Figure 3.1.

For visualization purposes, the generated voxels, point clouds, and implicits are typi-

cally converted into meshes in post-processing, e.g., via iso-surface extraction by Marching

Cubes [157]. Few deep networks can generate polygonal meshes directly, and such methods

are limited to genus-zero meshes [91, 159, 249], piece-wise genus-zero [74] meshes, meshes

sharing the same connectivity [72, 232], or meshes with very low number of vertices [50].

Patch-based approaches can generate results which cover a 3D shape with planar poly-

gons [254] or curved [86] mesh patches, but their visual quality is often tampered by visible

seams, incoherent patch connections, and rough surface appearance. It is di�cult to texture

or manipulate such mesh outputs.

In this paper, we develop a generative neural network which outputs polygonal meshes

natively. Speci�cally, parameters or weights that are learned by the network can predict

multiple planes which �t the surfaces of a 3D shape, resulting in acompact and watertight
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Figure 3.1: (a) 3D shape auto-encoding by BSP-Net quickly reconstructs acompact, i.e.,
low-poly, mesh, which can be easily textured. The mesh edges reproducesharp details in
the input (e.g., edges of the legs), yet still approximate smooth geometry (e.g., circular
table-top). (b) State-of-the-art methods regress an indicator function, which needs to be
iso-surfaced, resulting in over-tessellated meshes which onlyapproximate sharp details with
smooth surfaces.

Figure 3.2: An illustration of �neural� BSP-tree.

polygonal mesh; see Figure 3.1. We name our networkBSP-Net, since each facet is associated

with a binary space partitioning (BSP), and the shape is composed by combining these

partitions.

BSP-Net learns an implicit �eld : given n point coordinates and a shape feature vector

as input, the network outputs values indicating whether the points are inside or outside the

shape. The construction of this implicit function is illustrated in Figure 3.2, and consists of

three steps: 1
 a collection of plane equations implies a collection ofp binary partitions of
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space; see Figure 3.2-top;2
 an operator T p� c groups these partitions to create a collection

of c convex shape primitives/parts; 3
 �nally, the part collection is merged to produce the

implicit �eld of the output shape.

Figure 3.3 shows the network architecture of BSP-Net corresponding to these three

steps: 1
 given the feature code, an MLP produces in layerL 0 a matrix Pp� 4 of canonical

parameters that de�ne the implicit equations of p planes: ax + by + cz + d = 0 ; these

implicit functions are evaluated on a collection ofn point coordinates xn� 4 in layer L 1; 2


the operator T p� c is a binary matrix that enforces a selectiveneuron feed fromL 1 to the

next network layer L 2, forming convex parts; 3
 �nally, layer L 3 assembles the parts into a

shape via either sum ormin-pooling.

At inference time, we feed the input to the network to obtain components of the BSP-

tree, i.e., leaf nodes (planesP) and connections (binary weightsT ). We then apply classic

Constructive Solid Geometry (CSG) to extract the explicit polygonal surfaces of the shapes.

The mesh is typically compact, formed by a subset of thep planes directly from the net-

work, leading to a signi�cant speed-up over the previous networks during inference, and

without the need for expensive iso-surfacing � current inference time is about 0.5 seconds

per generated mesh. Furthermore, meshes generated by the network are guaranteed to be

watertight, possibly with sharp features, in contrast to smooth shapes produced by previous

implicit decoders [38, 109, 163].

BSP-Net is trainable and characterized byinterpretable network parameters de�ning the

hyper-planes and their formation into the reconstructed surface. Importantly, the network

training is self-supervisedas no ground truth convex shape decompositions are needed.

BSP-Net is trained to reconstruct all shapes from the training set using thesame set of

convexes constructed in layerL 2 of the network. As a result, our network provides anatural

correspondencebetween all the shapes at the level of the convexes. BSP-Net does not

yet learn semantic parts. Grouping of the convexes into semantic parts can be obtained

manually, or learned otherwise as semantic shape segmentation is a well-studied problem.

Such a grouping only need to be done on each convex once to propagate the semantic

understanding to all shapes containing the same semantic parts.

Contributions

ˆ BSP-Net is the �rst deep generative network which directly outputs compact and

watertight polygonal meshes with arbitrary topology and structure variety.

ˆ The learned BSP-tree allows us to infer both shape segmentation and part correspon-

dence.

ˆ By adjusting the encoder of our network, BSP-Net can also be adapted for shape

auto-encoding and single-view 3D reconstruction (SVR).
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Figure 3.3: The network corresponding to Figure 3.2.

ˆ To the best of our knowledge, BSP-Net is among the �rst to achievestructured SVR,

reconstructing a segmented3D shape from a single unstructured object image.

ˆ Last but not the least, our network is also the �rst which can reconstruct and recover

sharp geometric features.

Through extensive experiments on shape auto-encoding, segmentation, part correspondence,

and single-view reconstruction, we demonstrate state-of-the-art performances by BSP-Net.

Comparisons are made to leading methods on shape decomposition and 3D reconstruction,

using conventional distortion metrics, visual similarity, as well as a new metric assessing the

capacity of a model in representing sharp features. In particular, we highlight the favorable

�delity-complexity trade-o� exhibited by our network.

3.2 Related work

Large shape collections such as ShapeNet [28] and PartNet [170] have spurred the develop-

ment of learning techniques for 3D data processing. In this section, we cover representative

approaches based on the underlying shape representation learned, with a focus on generative

models.

Grid models Early approaches generalized 2D convolutions to 3D [43, 79, 139, 264, 265],

and employed volumetric grids to represent shapes in terms of coarse occupancy functions,

where a voxel evaluates to zero if it is outside and one otherwise. Unfortunately, these
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methods are typically limited to low resolutions of at most 643 due to the cubic growth

in memory requirements. To generate �ner results, di�erentiable marching cubes opera-

tions have been proposed [157], as well as hierarchical strategies [92, 205, 236, 251, 254]

that alleviate the curse of dimensionality a�ecting dense volumetric grids. Another alter-

native is to use multi-view images [140, 229] and geometry images [225, 226], which allow

standard 2D convolution, but such methods are only suitable on theencoder side of a net-

work architecture, while we focus on decoders. Finally, recent methods that perform sparse

convolutions [84] on voxel grids are similarly limited to encoders.

Surface models As much of the semantics of 3D models is captured by theirsurface,

the boundary between inside/outside space, a variety of methods have been proposed to

represent shape surfaces in a di�erentiable way. Amongst these we �nd a category of tech-

niques pioneered by PointNet [195] that express surfaces as point clouds [1, 65, 70, 195,

196, 280, 287], and techniques pioneered by AtlasNet [86] that adopt a 2D-to-3D mapping

process [260, 226, 249, 280]. An interesting alternative is to consider mesh generation as

the process of estimating vertices and their connectivity [50], but these methods do not

guarantee watertight results, and hardly scale beyond a hundred vertices.

Implicit models A very recent trend has been the modeling of shapes as a learnable

indicator function [38, 109, 163], rather than a sampling of it, as in the case of voxel

methods. The resulting networks treat reconstruction as aclassi�cation problem, and are

universal approximators [100] whose reconstruction precision is proportional to the network

complexity. However, at inference time, generating a 3D model still requires the execution

of an expensive iso-surfacing operation whose performance scales cubically in the desired

resolution. In contrast, our network directly outputs a low-poly approximation of the shape

surface.

Shape decomposition BSP-Net generates meshes using a part-based approach, hence

techniques that learn shape decompositions are of particular relevance. There are methods

that decompose shapes as oriented boxes [239, 180], axis aligned gaussians [78], super-

quadrics [187], or a union of indicator functions, in BAE-NET [37]. The architecture of

our network draws inspiration from BAE-NET, which is designed to segment a shape by

reconstructing its parts in di�erent branches of the network. For each shape part, BAE-

NET learns an implicit �eld by means of a binary classi�er. In contrast, BSP-Net explicitly

learns a tree structure built on plane subdivisions for bottom-up part assembly.

Another similar work is CvxNet [57], which decomposes shapes as a collection of convex

primitives. However, BSP-Net di�ers from CvxNet in several signi�cant ways: 1
 we target

low-poly reconstruction with sharp features, while they target smooth reconstruction; 2


their network always outputs K convexes, while the �right� number of primitives is learnt
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automatically in our method; 3
 our optimization routine is completely di�erent from theirs,

as their compositional tree structure is hard-coded.

Structured models There have been recent works on learning structured 3D models,

in particular, linear [305] or hierarchical [134, 304, 169, 180] organization of part bounding

boxes. While some methods learn part geometries separately [134, 169], others jointly em-

bed/encode structure and geometry [271, 74]. What is common about all of these methods

is that they are supervised, and were trained on shape collections with part segmentations

and labels. In contrast, BSP-Net is unsupervised. On the other hand, our network is not

designed to infer shape semantics; it is trained to learn convex decompositions. To the best

of our knowledge, there is only one prior work, Im2Struct [180], which infers part structures

from a single-view image. However, this work only produces a box arrangement; it does not

reconstruct a structured shapelike BSP-Net.

Binary and capsule networks The discrete optimization for the tree structures in BSP-

Net bears some resemblance to binary [101] and XNOR [198] neural networks. However,

only one layer of BSP-Net employs binary weights, and our training method di�ers, as we

use a continuous relaxation of the weights in early training. Further, as our network can

be thought of as a simpli�ed scene graph, it holds striking similarities to the principles

of capsule networks [209], where low-level capsules (hyperplanes) are aggregated in higher

(convexes) and higher (shapes) capsule representations. Nonetheless, while [209] addresses

discriminative tasks (encoder), we focus on generative tasks (decoder).

3.3 Method

We seek a deep representation of geometry that is simultaneously trainable and inter-

pretable. We achieve this task by devising a network architecture that provides a di�er-

entiable Binary Space Partitioning tree (BSP-tree) representation1 [217, 68]. This represen-

tation is easily trainable as it encodes geometry via implicit functions, andinterpretable since

its outputs are a collection of convex polytopes. While we generally target 3D geometry, we

employ 2D examples to explain the technique without loss of generality.

We achieve our goal via a network containing three main modules, which act on feature

vectors extracted by an encoder corresponding to the type of input data (e.g. the features

produced by ResNet for images or 3D CNN for voxels). In more details, a �rst layer that

extracts hyperplanes conditional on the input data, a second layer thatgroups hyperplanes

in the form of half-spaces to create parts (convexes), and a third layerassemblesparts

together to reconstruct the overall object; see Figure 3.3.

1While typical BSP-trees are binary, we focus on n-ary trees, with the �B� in BSP referring to binary
space partitioning, not the tree structure.
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Layer 1: hyperplane extraction Given a feature vector f , we apply a multi-layer

perceptron P to obtain plane parameters Pp� 4, where p is the number of planes � i.e.

P = P! (f ). For any point x = ( x; y; z; 1), the product D = xP T is a vector of signed

distances to each plane � the i th distance is negative if x is inside, and positive if it is

outside, the i th plane, with respect to the plane normal.

Layer 2: hyperplane grouping To group hyperplanes into geometric primitives we

employ a binary matrix Tp� c. Via a max-pooling operation we aggregate input planes to

form a set of c convex primitives:

C �
j (x ) = max

i
(D i Tij )

8
<

:

< 0 inside

> 0 outside:
(3.1)

Note that during training the gradients would �ow through only one (max) of the planes.

Hence, to ease training, we employ a version that replaces max with summation:

C+
j (x ) =

X

i

relu(D i )Tij

8
<

:

= 0 inside

> 0 outside:
(3.2)

Layer 3: shape assembly This layer groups convexes to create a possibly non-convex

output shape via min-pooling:

S� (x ) = min
j

(C+
j (x ))

8
<

:

= 0 inside

> 0 outside:
(3.3)

Note that the use of C+ in the expression above isintentional . We avoid using C � due to

the lack of a memory e�cient implementation of the operator in TensorFlow 1.

Again, to facilitate learning, we distribute gradients to all convexes by resorting to a

(weighted) summation:

S+ (x )=

2

4
X

j

Wj

h
1 � C+

j (x )
i

[0;1]

3

5

[0;1]

8
<

:

= 1 � in

[0; 1) � out;
(3.4)

whereW c� 1 is a weight vector, and[�][0;1] performs clipping. During training we will enforce

W � 1. Note that the inside/outside status here is only approximate. For example, when

W = 1, and all C+
j =0 :5, one is outside of all convexes, but inside their composition.

Two-stage training Losses evaluated on (3.4) will be approximate, but have better gra-

dient than (3.3). Hence, we develope a two-stage training scheme where:1
 in the continuous

phase, we try to keep all weights continuous and compute an approximate solution viaS+ (x )
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Figure 3.4: Evaluation in 2D � auto-encoder trained on the synthetic 2D dataset. We
show auto-encoding results and highlight mistakes made in Stage 1 with red circles, which
are resolved in Stage 2. We further show the e�ect of enabling the (optional) overlap loss.
Notice that in the visualization we use di�erent (possibly repeating) colors to indicate
di�erent convexes.

� this would generate an approximate result as can be observed in Figure 3.4 (b);2
 in the

next discrete phase, we quantize the weights and use a perfect union to generate accurate

results by �ne-tuning on S� (x ) � this creates a much �ner reconstruction as illustrated

in Figure 3.4 (c,d).

Our two-stage training strategy is inspired by classical optimization, where smooth

relaxation of integer problems is widely accepted, and mathematically principled.

3.3.1 Training Stage 1 � Continuous

We initialize T and W with random zero-mean Gaussian noise having� =0 :02, and optimize

the network via:

arg min
!; T ;W

L +
rec + L +

T + L +
W : (3.5)

Given query points x , our network is trained to match S(x) to the ground truth indicator

function, denoted by F(x jG), in a least-squares sense:

L +
rec = Ex � G

h
(S+ (x ) � F(x jG))2

i
; (3.6)

wherex � G indicates a sampling that is speci�c to the training shapeG � including random

samples in the unit box as well as samples near the boundary@G; see [38]. An edge between

plane i and convexj is represented byT ij =1 , and the entry is zero otherwise. We perform

a continuous relaxation of a graph adjacency matrixT , where we require its values to be

bounded in the [0; 1] range:

L +
T =

X

t2 T

max(� t; 0) +
X

t2 T

max(t � 1; 0): (3.7)
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Figure 3.5: Examples of L 2 output � a few convexes from the �rst shape in Figure 3.4,
and the planes to construct them. Note how many planes are unused.

Note that this is more e�ective than using a sigmoid activation, as its gradients do not

vanish. Further, we would like W to be close to1 so that the merge operation is a sum:

L +
W =

X

j

jWj � 1j: (3.8)

However, we remind the reader that we initialize with W � 0 to avoid vanishing gradients

in early training.

3.3.2 Training Stage 2 � Discrete

In the second stage, we �rst quantizeT by picking a threshold � = 0 :01and assignt=( t>� )?1:0.

Experimentally, we found the values learnt for T to be small, which led to our choice of a

small threshold value. With the quantized T , we �ne-tune the network by:

arg min
!

L �
recon + L �

overlap ; (3.9)

where we ensure that the shape is well reconstructed via:

L �
recon = Ex � G [F(x jG) � max(S� (x ); 0)] (3.10)

+ Ex � G [(1 � F(x jG)) � (1 � min(S� (x ); 1))] : (3.11)

The above loss function pullsS� (x ) towards 0 if x should be inside the shape; it pushes

S� (x ) beyond1 otherwise. Optionally, we can also discourage overlaps between the convexes.

We �rst compute a mask M such that M (x; j )=1 if x is in convex j and x is contained in

more than one convex, and then evaluate:

L �
overlap = � Ex � G

h
Ej

h
M (x; j )C+

j (x )
ii

: (3.12)

3.3.3 Algorithmic and training details

In our 2D experiments, we usep=256 planes andc=64 convexes. We use a simple 2D convo-

lutional encoder where each layer downsamples the image by half, and doubles the number
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of feature channels. We use the centers of all pixels as samples. In our 3D experiments,

we usep=4 ; 096 planes andc=256 convexes. The encoder forvoxels is a 3D CNN encoder

where each layer downsamples the grid by half, and doubles the number of feature chan-

nels. It takes a volume of size643 as input. The encoder for images is ResNet-18 without

pooling layers that receives images of size1282 as input. All encoders produce feature codes

jf j=256. The dense networkP! has widths f 512; 1024; 2048; 4pg where the last layer outputs

the plane parameters.

When training the auto-encoder for 3D shapes, we adopt the progressive training from [38],

on points sampled from grids that are increasingly denser (163, 323, 643). Note that the hi-

erarchical training is not necessary for convergence, but results in an� 3� speedup in

convergence. In Stage 1, we train the network on163 grids for 8 million iterations with

batch size 36, then 323 for 8 million iterations with batch size 36, then 643 for 8 million

iterations with batch size 12. In Stage 2, we train the network on 643 grids for 8 million

iterations with batch size 12.

For single-view reconstruction, we also adopt the training scheme in [38], i.e., train

an auto-encoder �rst, then only train the image encoder of the SVR model to predict

latent codes instead of directly predicting the output shapes. We train the image encoder

for 1,000 epochs with batch size64. We run our experiments on a workstation with an

Nvidia GeForce RTX 2080 Ti GPU. When training the auto-encoder (one model on the 13

ShapeNet categories), Stage 1 takes about� 3 days and Stage 2 takes� 2 days; training the

image-encoder requires� 1 day.

3.4 Results and evaluation

We study the behavior of BSP-Net on a synthetic 2D shape dataset (Section 3.4.1), and eval-

uate our auto-encoder (Section 3.4.2), as well as single view reconstruction (Section 3.4.3)

compared to other state-of-the-art methods.

3.4.1 Auto-encoding 2D shapes

To illustrate how our network works, we created a synthetic 2D dataset. We place a diamond,

a cross, and a hollow diamond with varying sizes over64� 64 images; see Figure 3.4(a). The

order of the three shapes issorted so that the diamond is always on the left and the hollow

diamond is always on the right � this is to mimic the structure of shape datasets such as

ShapeNet [28]. After training Stage 1, our network has already achieved a good approximate

S+ reconstruction, however, by inspectingS� , the output of our inference, we can see there

are several imperfections. After the �ne-tuning in Stage 2, our network achieves near perfect

reconstructions. Finally, the use of overlap losses signi�cantly improves the compactness of

representation, reducing the number of convexes per part; see Figure 3.4(d).
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Figure 3.6: Segmentation and correspondence � semantics implied from autoencoding
by BSP-Net. Colors shown here are the result of amanual grouping of learned convexes.
The color assignment was performed on a few shapes: once a convex is colored in one shape,
we can propagate the color to the other shapes by using the learnt convex id.

CD NC LFD

VP [239] 2.259 0.683 6132.74
SQ [187] 1.656 0.719 5451.44
BAE [37] 1.592 0.777 4587.34
Ours 0.447 0.858 2019.26
Ours + L �

overlap 0.448 0.858 2030.35

Table 3.1: Surface reconstruction quality and comparison for 3D shape autoencoding.
Best results are marked in bold.

plane car chair lamp table mean

VP [239] 37.6 41.9 64.7 62.2 62.1 56.9
SQ [187] 48.9 49.5 65.6 68.3 77.7 66.2
BAE [37] 40.6 46.9 72.3 41.6 68.2 59.8
Ours 74.2 69.5 80.9 52.3 90.3 79.3
Ours + L �

overlap 74.5 69.7 82.1 53.4 90.3 79.8
BAE* [37] 75.4 73.5 85.2 73.9 86.4 81.8

Table 3.2: Segmentation : comparison in per-label IoU.
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Figure 3.7: Segmentation and reconstruction / Qualitative .

Figure 3.5 visualizes the planes used to construct the individual convexes � we visualize

planes i in convex j so that Tij =1 and P2
i 1 + P2

i 2 + P2
i 3>" for a small threshold " (to

ignore planes with near-zero gradients). Note how BSP-Net creates a naturalsemantic

correspondence across inferred convexes. For example, the hollow diamond in Figure 3.4(d)

is always made of the same four convexes in the same relative positions � this is mainly due

to the static structure in T : di�erent shapes need to share the same set of convexes and

their associated hyper-planes.

3.4.2 Auto-encoding 3D shapes

For 3D shape autoencoding, we compare BSP-Net to a few other shape decomposition

networks: Volumetric Primitives (VP) [239], Super Quadrics (SQ) [187], and Branched Auto

Encoders (BAE) [37]. Note that for the segmentation task, we also evaluate on BAE*, the

version of BAE that uses the values of the predicted implicit function, and not just the

classi�cation boundaries � please note that the surfacereconstructed by BAE and BAE*

are identical.

Since all these methods targetshape decompositiontasks, we train single class networks,

and evaluate segmentation as well as reconstruction performance. We use the ShapeNet

(Part) Dataset [285], and focus on �ve classes: airplane, car, chair, lamp and table. For the
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car class, since none of the networks separates surfaces (as we performvolumetric modeling),

we reduce the parts from (wheel, body, hood, roof)! (wheel, body); and analogously for

lamps (base, pole, lampshade, canopy)! (base, pole, lampshade) and tables (top, leg,

support) ! (top, leg).

As quantitative metrics for reconstruction tasks, we report symmetric Chamfer Distance

(CD , scaled by � 1000) and Normal Consistency (NC ) computed on 4k surface sampled

points. We also report the Light Field Distance (LFD ) [30] � the best-known visual simi-

larity metric from computer graphics. For segmentation tasks, we report the typical mean

per-label Intersection Over Union (IOU).

Segmentation Table 3.2 shows the per category segmentation results. As we have ground

truth part labels for the point clouds in the dataset, after training each network, we obtain

the part label for each primitive/convex by voting: for each point we identify the nearest

primitive to it, and then the point will cast a vote for that primitive on the corresponding

part label. Afterwards, for each primitive, we assign to it the part label that has the highest

number of votes. We use 20% of the dataset for assigning part labels, and we use all the

shapes for testing. At test time, for each point in the point cloud, we �nd its nearest primi-

tive, and assign the part label of the primitive to the point. In the comparison to BAE, we

employ their one-shot training scheme [37, Sec.3.1]. Note that BAE-NET* is specialized to

the segmentation task, while our work mostly targets part-based reconstruction; as such,

the IoU performance in Table 3.2 is anupper boundof segmentation performance.

Figure 3.6 showssemantic segmentation and part correspondenceimplied by BSP-Net

autoencoding, showing how individual parts (left/right arm/leg, etc.) are matched. In our

method, all shapes are corresponded at the primitive (convexes) level. To reveal shape

semantics, wemanually group convexes belonging to the same semantic part and assign

them the same color. Note that the color assignment is done on each convex once, and

propagated to all the shapes.

Reconstruction comparison BSP-Net achieves signi�cantly better reconstruction qual-

ity, while maintaining high segmentation accuracy; see Table 3.1 and Figure 3.7, where we

color eachprimitive based on its inferred part label. BAE-NET was designed for segmenta-

tion, thus produces poor-quality part-based 3D reconstructions. Note how BSP-Net is able

to represent complex parts such as legs of swivel chairs in Figure 3.7, while none of the

other methods can.

3.4.3 Single view reconstruction (SVR)

We compare our method with AtlasNet [86], IM-NET [38] and OccNet [163] on the task of

single view reconstruction. We report quantitative results in Table 3.3 and Table 3.4, and

qualitative results in Figure 3.8. We use the13 categories in ShapeNet [28] that have more
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Chamfer Distance (CD) Edge Chamfer Distance (ECD) Light Field Distance (LFD)
Atlas0 Atlas25 OccNet32 IM-NET 32 Ours Atlas0 Atlas25 OccNet32 IM-NET 32 Ours Atlas0 Atlas25 OccNet32 IM-NET 32 Ours

airplane 0.587 0.440 1.534 2.211 0.759 0.396 0.575 1.494 0.815 0.487 5129.36 4680.37 7760.42 7581.13 4496.91
bench 1.086 0.888 3.220 1.933 1.226 0.658 0.857 2.131 1.400 0.475 4387.28 4220.10 4922.89 4281.18 3380.46
cabinet 1.231 1.173 1.099 1.902 1.188 3.676 2.821 10.804 9.521 0.435 1369.90 1558.45 1187.08 1347.97 989.12
car 0.799 0.688 0.870 1.390 0.841 1.385 1.279 8.428 6.085 0.702 1870.42 1754.87 1790.00 1932.78 1694.81
chair 1.629 1.258 1.484 1.783 1.340 1.440 1.951 4.262 3.545 0.872 3993.94 3625.23 3354.00 3473.62 2961.20
display 1.516 1.285 2.171 2.370 1.856 2.267 2.911 6.059 5.509 0.697 2940.36 3004.44 2565.07 3232.06 2533.86
lamp 3.858 3.248 12.528 6.387 3.480 2.458 2.690 8.510 4.308 2.144 7566.25 7162.20 8038.98 6958.52 6726.92
speaker 2.328 1.957 2.662 3.120 2.616 9.199 5.324 11.271 9.889 1.075 2054.18 2075.69 2393.50 1955.40 1748.26
ri�e 1.001 0.715 2.015 2.052 0.888 0.288 0.318 1.463 1.882 0.231 6162.03 6124.89 6615.20 6070.86 4741.70
couch 1.471 1.233 1.246 2.344 1.645 2.253 3.817 10.179 8.531 0.869 2387.09 2343.11 1956.26 2184.28 1880.21
table 1.996 1.376 3.734 2.778 1.643 1.122 1.716 3.900 3.097 0.515 3598.59 3286.05 3371.20 3347.12 2627.82
phone 1.048 0.975 1.183 2.268 1.383 10.459 11.585 16.021 14.684 1.477 1817.61 1816.22 1995.98 1964.46 1555.47
vessel 1.179 0.966 1.691 2.385 1.585 0.782 0.889 12.375 3.253 0.588 4551.17 4430.04 5066.99 4494.14 3931.73
mean 1.487 1.170 2.538 2.361 1.432 1.866 2.069 6.245 4.617 0.743 3644.91 3436.14 3795.23 3700.22 2939.15

Table 3.3: Single view reconstruction � comparison to the state of the art. Atlas25 de-
notes AtlasNet with 25 square patches, whileAtlas0 uses a single spherical patch. Subscripts
to OccNet and IM-NET show sampling resolution. For fair comparisons, we use resolution
323 so that OccNet and IM-NET output meshes with comparable number of vertices and
faces.

CD ECD LFD #V #F

Atlas0 1.487 1.866 3644.91 7446 14888
Atlas25 1.170 2.069 3436.14 2500 4050
OccNet32 2.538 6.245 3795.23 1511 3017
OccNet64 1.950 6.654 3254.55 6756 13508
OccNet128 1.945 6.766 3224.33 27270 54538
IM-NET 32 2.361 4.617 3700.22 1204 2404
IM-NET 64 1.467 4.426 2940.56 5007 10009
IM-NET 128 1.387 1.971 2810.47 20504 41005
IM-NET 256 1.371 2.273 2804.77 82965 165929
Ours 1.432 0.743 2939.15 1191 1913

Table 3.4: Low-poly analysis � the dataset-averaged metrics in single view reconstruc-
tion. We highlight the number of vertices #V and triangles #F in the predicted meshes.

than 1,000 shapes each, and the rendered views from 3D-R2N2 [43]. We train one model

on all categories, using 80% of the shapes for training and 20% for testing, in a similar

fashion to AtlasNet [86]. For other methods, we download thepre-trained models released

by the authors. Since the pre-trained OccNet [163] model has a di�erent train-test split

than others, we evaluate it on the intersection of the test splits.

Edge Chamfer Distance (ECD) To measure the capacity of a model to representsharp

features, we introduce a new metric. We �rst compute an �edge sampling� of the surface

by generating 16k points S= f si g uniformly distributed on the surface of a model, and then

compute sharpness as:� (si ) = min j 2N " (si ) jn i � n j j; where N " (s) extracts the indices of the

samples inS within distance " from s, and n is the surface normal of a sample. We set"=0 :01,

and generate our edge sampling by retaining points such that� (si )< 0:1; see Figure 3.8.
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Figure 3.8: Single-view 3D reconstruction � comparison to AtlasNet [86], IM-NET [38],
and OccNet [163]. Middle column shows mesh tessellations of the reconstruction; last column
shows the edge sampling used in the ECD metric.
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Figure 3.9: Structured SVR by BSP-Net reconstructs each shape with corresponding
convexes. Convexes belonging to the same semantic parts are manually grouped and assigned
the same color, resulting in semantic part correspondence.

Given two shapes, the ECD between them is nothing but the Chamfer Distance between

the corresponding edge samplings.

Analysis Our method achievescomparableperformance to the state-of-the-art in terms of

Chamfer Distance. As for visual quality, our method alsooutperforms most other methods,

which is re�ected by the superior results in terms of Light Field Distance. Similarly to

Figure 3.6, we manually color each convex to show part correspondences in Figure 3.9. We

visualize the triangulations of the output meshes in Figure 3.8: our method outputs meshes

with a smaller number of polygons than state-of-the-art methods. Note that these methods

cannot generate low-poly meshes, and their vertices are always distributed quasi-uniformly.

Finally, note that our method is the only one amongst those tested capable of represent-

ing sharp edges � this can be observed quantitatively in terms of Edge Chamfer Distance,

where BSP-Net performs much better. Note that AtlasNet could also generate edges in

theory, but the shape is not watertight and the edges are irregular, as it can be seen in the

zoom-ins of Figure 3.8. We also analyze these metrics aggregated on the entire testing set

in Table 3.4. In this �nal analysis, we also include OccNet128 and IM-NET 256, which are

the original resolutions used by the authors. Note the average number ofpolygonsinferred

by our method is 655 (recall #polygons � #triangles in polygonal meshes).

3.5 Conclusions

We introduce BSP-Net, an unsupervised method which can generate compact and struc-

tured polygonal meshes in the form of convex decomposition. Our network learns a BSP-tree

built on the same set of planes, and in turn, the same set of convexes, to minimize a re-

construction loss for the training shapes. These planes and convexes are de�ned by weights

learned by the network. Compared to state-of-the-art methods, meshes generated by BSP-
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Net exhibit superior visual quality, in particular, sharp geometric details, when comparable

number of primitives are employed.

The main limitation of BSP-Net is that it can only decompose a shape as aunion

of convexes. Concave shapes, e.g., a teacup or ring, have to be decomposed into many

small convex pieces, which is unnatural and leads to wasting of a considerable amount of

representation budget (planes and convexes). A better way to represent such shapes is to do

a di�erence operation rather than union. How to generalize BSP-Net to express a variety

of CSG operations is an interesting direction for future work.

Current training times for BSP-Net are quite signi�cant: 6 days for 4; 096 planes and

256convexes for the SVR task trained across all categories; inference is fast however. While

most shapes only need a small number of planes to represent, we cannot reduce the total

number of planes as they are needed to well represent a largeset of shapes. It would be

ideal if the network can adapt the primitive count based on the complexity of the input

shapes; this may call for an architectural change to the network.

While its applicability to RGBD data could leverage the auto-decoder ideas explored

by [109], the generalization of our method beyond curated datasets [28], and the ability to

train from only RGB images are of critical importance.
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Chapter 4

Neural Marching Cubes

4.1 Introduction

The Marching Cubes (MC) algorithm [157] is the most prominent method for isosurface

extraction, and has been widely adopted in scienti�c visualization, shape reconstruction, and

by the recent emerging approaches for learning neural implicit representations [38, 163, 109].

MC takes as input a uniform grid of values representing a discretized implicit �eld, and

extracts a triangle mesh representing the zero-isosurface of the �eld. The classical MC

determines the local mesh topology and tessellation in each cube of the grid by examining

the signs at the eight cube corners and referring to a prede�ned look-up table indexed by

the sign con�gurations. If the isosurface intersects a cube edge, a new mesh vertex is added

to that edge with its position computed via linear interpolation.

With its popularity and wide adoption, MC has seen notable improvements over the

years. Marching Cubes 33 [40] is one of the �rst works to assume that the implicit �eld in

each cube followstrilinear interpolation with respect to the cube vertices, and the ensu-

ing meshing algorithm aims for topological correctness under the trilinearity assumption.

This increases the number of unique cases of mesh tessellations from 15 (in the original

MC [157]) to 33, hence the name. The algorithm itself requires many tests to determine

which topological case a cube belongs to, and the process can be error-prone. As a result,

many patch-ups and improvements have been made to MC 33 [133, 156, 64, 49]. Still, the

trilinearity assumption, which has persisted, can lead to poor estimates of the true implicit

�eld in general, and especially nearsharp featuresof a shape, as shown in Figure 4.1.

Indeed, while MC has been employed for decades, its inability to recover sharp features,

arguably its most long-standing issue, has not been fully resolved. Earlier tessellation tem-

plates [157, 273, 40] were quite coarse and designed for reconstructing soft and smooth

objects. Even with a re�ned tessellation to possibly represent sharp features in later follow-

ups, e.g., [156], there is insu�cient information in isolated cubes to disambiguate between

soft patches and sharp edges, and this issue is worsened when the inputs are binary occu-

pancies instead of signed distances. In general, a shape edge is not a �point-wise� feature,
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Figure 4.1: Our Neural Marching Cubes (NMC) is trained to reconstruct the zero-isosurface
of an implicit �eld, while preserving geometric features such as sharp edges and smooth
curves. We compare NMC (d), and a simpli�ed version (e), to the best-known MC variants
(a-b), as well as a trilinear interpolant (c), none of which could reconstruct the features.
The inputs to all methods are the same: a uniform grid of signed distances sampled from
the ground truth (f).

but a geometry property that reveals coherence or dependencies over neighboring cubes.

Hence, edge prediction should account for thatcontext, yet classical MC algorithms have

not used such neighbor information.

In this paper, we introduce Neural Marching Cubes (NMC), a data-driven approach

for isosurfacing from a discretized occupancy or signed distance �eld (SDF). The main

premise of our work is that there is su�cient predictability in the vertex positions and local

mesh topologies of �nice� mesh tessellations under the MC setting, in particular, when

they re�ect persistent features, such as sharp edges, over neighboring cubes. Hence, a well-

designed learning approach would be more e�ective than handcrafting all the templates

and making heuristic decisions such as trilinear interpolation. To this end, we re-design the

tessellation templates so that they are more apt at preserving geometric features including

sharp edges and corners, and develop a neural network to learn the vertex positions and

mesh topologies from a set of training meshes, so as to account forcontextual information

from nearby cubes.

To realize NMC, we must address several immediate challenges. First, we need a per-cube

parameterization that is compatible with neural processing, so that the output mesh can be

predicted by a network. Such a representation must contain all the information required to

perform our modi�ed MC algorithm, including mesh topology and vertex positions in each

cell, while minimizing redundancy for e�cient network training. Second, our recon�gured

mesh tessellation templates must bere�ned , complete in the sense of avoiding ambiguities
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Figure 4.2: Tessellation design (b) and parameterization (c) for NMC in 2D, in contrast to
classical MC (a). Four new (face) vertices are added inside each square (c), each associated to
a corner vertex (solid/hollow circle with +/- sign to indicate outside/inside), with matching
color. Meshing information is encoded by a vector with a �boolean part" revealing topology
and a ��oat part� storing all vertex positions; see Section 4.3.1 for more details.
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and covering all topological varieties, and be consistent with our de�ned representation.

Last but not least, we must obtain quality training meshes resembling ideal outputs of

NMC automatically from a collection of 3D shapes. These ground truth meshes should

use the designed tessellation templates in each cube, and be stored in the aforementioned

representation.

Figure 4.2 illustrates our tessellation design and per-cube representation in the 2D case.

In contrast to classical MC, we add new vertices to each cube, leading to more re�ned

tessellations that can better represent geometric features. By carefully designing the repre-

sentation (see Section 4.3), all topological cases that are applicable to our design, including

all cases in MC 33, as well as all vertex positions, can be compactly encoded in a vector

form for neural processing. Also, by associating the added vertices to their respective corner

vertices, the new tessellations can all be obtained naturally and e�ciently by following a

few design guidelines.

With the above representation, our network for NMC is simply a 3D variant of ResNet [95]

which inputs implicit �eld values. The network is trained with ground-truth meshes to set

up both the topological and geometric losses, which operate respectively on the binary and

�oat parts of the 3D version (see Figure 4.3) of the per-cube vector representation shown in

Figure 4.2(c). By limiting its receptive �eld, our network learns local features, rather than

from the entire shape, so that it generalizes well to new shapes and new datasets. Finally,

we devise an optimization-based approach (see Section 4.3.4) to obtain the ground truth

output meshes from raw 3D shapes based on our representation and tessellation design.

We evaluate NMC by qualitative and quantitative comparisons, in terms of reconstruc-

tion quality and feature preservation, to well-known MC variants, on both signed distance

and binary voxel inputs. We show that our method is the �rst MC-based approach that

is able to recover sharp features without requiring additional inputs other than a uniform

grid of implicit �eld values. In addition, our network can more faithfully reconstruct local

mesh topologies near thin shape structures and closeby surface sheets. We also provide a

simpli�ed version of NMC, which adopts the same mesh tessellation templates as [156], to

study the �delity-complexity trade-o�. We �nally show that our model can be trained to

reconstruct clean meshes from noisy inputs by adjusting the training data, thus o�ering a

useful tool for extracting 3D shapes from those shape representations designed for neural

networks.

4.2 Related work

Our work is inspired by and closely related to Marching Cubes [157] and its several vari-

ants. For completeness, we also discuss other algorithms for isosurfacing and emphasize the

strengths of our NMC approach. Also relevant are recent works from the rapidly advancing

�eld of neural geometry learning.
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4.2.1 Marching Cubes (MC) and Variants

The original MC algorithm [157] was proposed to reconstruct 3D structures from medi-

cal scan images, while a concurrent work [273] developed similar ideas for reconstructing

soft objects. However, these methods did not guarantee surface consistency due to am-

biguities of the tessellations in each cube; they may generate holes when tessellations in

adjacent cells produce di�erent corner connections on the common face [61]. Asymptotic

Decider [178] addressed the issue by assuming the implicit �eld within each face follows

bilinear interpolation with respect to the four face vertices, and proposed a solution to pro-

duce topologically correct tessellations under the bilinearity assumption. Several follow-up

works [162, 40, 176] further assumed the implicit �eld within each cube follows trilinear

interpolation with respect to the eight cube vertices. Speci�cally, [40] was the �rst work to

enumerate all possible topological cases with respect to the trilinear interpolant in the cube,

and proposed Marching Cubes 33, which contains 33 unique cases under cube rotational

and inversion symmetries (inverting all vertex signs), or 31 cases under rotation, mirroring,

and inversion; see Figure 4.4(a). In comparison, the original MC algorithm had 15 and 14

cases, respectively.

While correctly enumerating all the topological cases does resolve ambiguities of the

tessellations, the many tests required to identify speci�c topologies present a computational

challenge. Lewiner et al. [133] provided an e�cient implementation of MC 33 by utilizing an

extended look-up table, but left some unresolved issues [64] which were tackled by follow-up

work [49]. Van Gelder and Wilhelms [244] pointed out that to avoid non-manifold edges,

the triangles in the tessellation templates should not lie in the face of a cube, as in MC 33,

and this issue was addressed in later improvements [44, 156]. Speci�cally, [156] introduced

additional vertices on cube faces and interiors, but still followed the trilinearity assumption

to place vertices, leading to poor estimates of surface features; see Figure 4.1. To extract

sharp features from volume data, prior works typically required additional information, such

as the positions and normals of the intersection points between cube edges and the shape, for

vertex placement [121]. A key point of NMC is that feature recovery is alearnableproblem

from training meshes. Once trained, our network can accurately predict sharp features and

local mesh topologies without any additional input.

4.2.2 Other Isosurfacing Algorithms

Classic isosurfacing algorithms such as dual contouring [110] could preserve sharp features,

but it requires the gradients of the intersection points on the edges of the grid cells, which

could complicate the input setup. Dual contouring could also produce non-manifold edges,

which is an issue addressed later by [213]. In dual marching cubes [214], the implicit function

is required as input and queried during reconstruction. There have also been other extensions

to dual contouring [59, 216], including works [245, 296] which employ adaptive subdivision
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for simpli�cation and e�cient isosurfacing. Like dual contouring, all these methods require

additional inputs such as the gradient information or the function of the underlying implicit

�eld. By learning from training data, NMC can better preserve geometric features given only

a uniform grid of sampled scalar values as input.

Marching Tetrahedra (MT) [60] is another variant of MC: it splits each cube into tetra-

hedra to produce tessellations therein. The tessellation cases for MT are simpler than thoses

of MC, but they were also not designed to recover sharp features. Finally, in a recent work

called Analytic Marching [131], rather than taking a signed distance �eld to mesh, the in-

put is implemented as a trained multi-layer perceptron (MLP) with recti�ed linear units

(ReLU). The meshing is then performed by a marching over �analytic cells�, which corre-

spond to linear regions resulting from a partitioning by the MLP. Overall, none of the above

isosurfacing algorithms learn mesh tessellations from training data.

4.2.3 Neural Geometry Learning

With rapid advances in geometric deep learning, di�erent neural representations have been

proposed for 3D shapes. Voxels [43, 264, 92], point clouds [1, 65], and implicit models

[38, 163, 109] are among the most popular. But they all require a post processing step

to extract a mesh. Deformable meshes/patches [86, 249, 255] can directly output well-

tessellated meshes, but they rely heavily on the input mesh templates and are unable to

alter their topologies. There are only a handful of works [36, 74, 57, 50] that could output

polygonal meshes directly. In contrast, our method takes a discretized implicit �eld as input

and directly outputs a triangle mesh, and therefore could act as the post processing step

for many of the above representations.

NMC follows a recent trend in applying machine learning to classical low-level geometry

processing tasks including mesh denoising [252], shape transform [286], point cloud upsam-

pling [290], skeletonization [143], and subdivision [148], among many others. In particular,

in neural subdivision, Liu et al. [148] proposed a graph neural network to perform geometry-

aware subdivision on triangle meshes. It recursively subdivides an input mesh by applying

classic loop subdivision, while the positions of the newly added vertices are predicted by a

neural network conditioned on local geometry.

In terms of combining machine learning and MC, two notable works, Deep Marching

Cubes (DMC) [139] and MeshSDF [201], both aim to make MCdi�erentiable . Speci�cally,

DMC learns a di�erentiable approximation of MC by predicting probabilistic occupancies

and vertex displacements, while MeshSDF adopts a continuous model of how signed distance

function perturbations locally impact surface geometry to obtain a di�erentiable surface pa-

rameterization. Another work, DefTet[71], shares a similar spirit as DMC, as it reconstructs

tetrahedral meshes by predicting occupancies in an initial tetrahedral grid, and deforming

the vertices to approximate the output shape.
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Our work di�ers from DMC and MeshSDF in several major ways. First, our goals are

di�erent. The goal of DMC and MeshSDF is to directly obtain an explicit mesh repre-

sentation from discrete raw inputs, e.g., point clouds, voxels, or images, in an end-to-end

trainable manner, while NMC builds a framework to make MC learnable from training

meshes. The input to NMC is a discrete implicit �eld of distances or occupancies obtained

by any model, neurally or not. Second, the focus of DMC and MeshSDF is the end-to-end

di�erentiability, while our focus is on designing and training a re�ned neural MC model

to better reconstruct geometry and topology, in particular sharp features, unlike any other

previous MC variant or di�erential extension. Case in point, DMC only adopted 8 out of

the 15 mesh tessellation templates from the original MC [157] that have singly connected

topologies, falling far short of [156] and NMC in terms of topological granularity. Last but

not the least, DMC and MeshSDF rely on global features to predict the output shapes, not

aiming to generalize to other shape categories not present in the training set. In contrast,

our network employs a limited receptive �eld for each cube, leading to a more robust and

general isosurfacing algorithm.

4.3 Neural Marching Cubes

We detail our representation for performing Neural Marching Cubes (NMC). We �rst in-

troduce in a 2D example how the local topologies and tessellations in a square can be

represented with a �xed-length code of binary values and �oat numbers; see Figure 4.2.

Then we expand the representation into the 3D cube for NMC, as shown in Figure 4.3.

We show how to design the mesh tessellations with respect to our representation and how

our training data could be generated from raw meshes. Finally, we describe the network

architecture and objective functions we designed to train NMC.

4.3.1 2D NMC: representation in a 2D square

We follow the common assumption in MC that if the two vertices of an edge in a cube (or

a square) have di�erent signs, there will be one and only one intersection point between

the edge and the underlying zero-isosurface. As a result, all the situations in a square can

be enumerated as in Figure 4.2(a). However, the tessellation templates in the classic MC

algorithms are unable to represent geometric features such as sharp edges by design, hence

they must be re-designed. Simply adding one vertex on each generated edge (black line) of

the original templates could already solve the issue. But since we want a neural network to

fully predict the meshing in each square, including the added vertices, we need to design

a representation with a �xed format to store all the necessary information, so that the

representation could be directly parsed into an output mesh, while being compatible with

neural processing and training.
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First, we add four face vertices (vf1 � vf
4) on the face, each associated with one corner

vertex (v1 � v4), as shown in Figure 4.2(c) left. With the added vertices, new tessellations

that can better preserve geometric features can be easily derived; see Figure 4.2(b).

Next, we design a �xed-length vector to fully encode the output mesh (edges) in each

square; see Figure 4.2(c). The vector is split into aboolean or binary part to describe the

topological cases, and a�oat part to store �oating point numbers as vertex positions.

When the signs of the four corner vertices are given, there is only one ambiguity case,

when both ends of a diagonal line are with the same signs but the ends of an edge are

with di�erent signs; see top-right corner of Figure 4.2(b). This ambiguity can be resolved

by adding a face sign which is positive if the connected vertices are positive, and vice versa.

Hence, the boolean part has5 values storing the signs: one face sign and four signs for

the corner vertices. On the other hand, we need to store all vertex positions in the �oat

part, whether the vertices are being used or not. Since each edge vertex only has one degree

of freedom, four edge vertices take4 �oats to store. Adding the 8 numbers for the 2D

coordinates of the four face vertices, in total we have12 numbers in the �oat part.

However, note that the representation for each square is not the same as the represen-

tation we use to predict the entire 2D shape, because of the redundancy: an edge vertex

is shared by two adjacent squares, and a corner vertex is shared by four. Therefore, when

representing the squares of an entire shape, we only need to store the sign of one corner

vertex (v1) and the face sign in the boolean part, and two edge vertices (ve1 ,ve4 ) and all

four face vertices in the �oat part, leading to 2d and 10d vectors, respectively. Afterwards,

a 2D Convolutional Neural network (CNN) could be applied to take as input an M � N

array of implicit �eld values, and output an M � N � 12 array that is parsed into a 2D

mesh.

4.3.2 3D NMC: representation in a 3D cube

As shown in Figure 4.3, we design the NMC representation for a 3D cube in a similar manner

as its 2D counterpart shown in Figure 4.2. In addition to the edge vertices (ve1 � ve12 ), we

keep the four added face vertices for each of the six faces of the cube. We also add eight

interior vertices (v c
1 � vc

8) in the cube, each a�liated with one corner vertex (v 1 � v8)

of the cube. Details on how to properly tessellate the cube with these new vertices will be

discussed in Section 4.3.3. In this section, we focus on how to represent the topological cases

and the positions of the added vertices, using a boolean and a �oat part respectively, as

shown in Figure 4.3(c).

For the boolean part, we require at least eight signs at the corner vertices of the cube

and six face signs to describe or index the local mesh topology in each cube. However, these

are not su�cient to resolve all ambiguities. As already observed in MC 33 [40], when there

are two connected components with the same sign on the surface of a cube, the two could be

connected with a tunnel inside the cube. The real situations could be far more complicated
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Figure 4.3: Per-cube parameterization for our NMC in 3D, with 12 edge vertices (vei ),
6 � 4 = 24 new face vertices (vfkj ), along with 8 new interior vertices (vc

j ), as shown in (a).
Vertices with the same color correspond to the same cube vertex, as shown in (b), where
the grey lines in (a-b) are for ease of visualization only. The vector representation for local
mesh topology (the boolean part) and vertex positions (the �oat part) is given in (c), where
the number of �oats needed to represent a vertex depends on the degrees of freedom, e.g.,
one for an edge vertex, two for a face vertex, and three for an interior vertex.

than that. There could be more than two connected components on the surface of the cube,

and there could be more than one tunnel to connect the two components. To simplify the

situation, we draw inspiration from the topological cases in MC 33, which are shown in

Figure 4.4(a). Note that all the 33 cases have either zero or one tunnel, if there are exactly

two connected components with the same sign. Therefore, we assume that in the case of

two connected components, there could be one tunnel connecting the components, or none

at all. In other cases with just one or more than two connected components, we assume

zero tunnel. With such a simplifying assumption, we only need to add one binary value to

indicate whether a tunnel exists, leading to a total of 15 binary values in the boolean part.

For the �oat part, we need to store 44 added vertices:12 edge vertices,6 � 4 = 24 face

vertices, and 8 interior vertices, as shown in Figure 4.3(a-b). Since each edge vertex only

has one degree of freedom,12 edge vertices would only need12 �oats to store. Each face

vertex has two degrees of freedom, therefore24 face vertices take48 �oats to store. Plus

the 24 �oats for the 3D coordinates of the 8 interior vertices, in total we have 84 numbers

in the �oat part.

However, similar to the 2D cases, the representation for each cube is not the same as the

representation we use to predict the entire 3D shape, because of the redundancy: a corner

vertex is shared by eight cubes, an edge vertex is shared by four, and a face vertex is shared

by two. Therefore, when representing the cubes of an entire shape, we only need to store5

values in the boolean part (the sign of v1, f1, f3, f5; and the tunnel �ag), and 51 values in

the �oat part ( 3 edge vertices on edges e1, e4, e9; 12 face vertices on faces f1, f3, f5; and all

8 interior vertices). Afterwards, a 3D CNN can be applied to take as input an M � N � P

array of implicit �eld values, and output an M � N � P � 56 array that could be parsed

into a 3D mesh.
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4.3.3 3D NMC: tessellating a 3D cube

In this section, we elaborate how we tessellate the cube with respect to each topological

case. To facilitate the tessellation design, we developed a graphical user interface for inter-

active modelling, and employed the interface to design and render all the cases as shown in

Figures 4.4 and 4.5.

Generally, the tessellation design needs to comply with several basic principles. First, the

resulting mesh should contain only triangles. Second, the mesh should completely separate

vertices with di�erent signs, i.e., any path inside the cube that connects two vertices of

di�erent signs must intersect with the mesh. Third, there should be no non-manifold edges

or vertices. Speci�c to our method, there is a fourth principle to follow: we are only allowed

to use the vertices present in our cube representation as described in Section 4.3.2.

However, the very �rst step we need to take before designing the tessellations, is to

enumerate how many unique topological cases there are. In our cube representation, we

have 15 binary values to describe the cases, therefore we have a total of215 = 32; 768cases.

Yet, if we consider the presence of rotational symmetries, mirroring symmetries, inversion

symmetries (inverting all vertex and face signs in a cube), and remove all invalid cases with

respect to the tunnel �ag, we have a total of 37 unique cases.

We can directly use the face tessellations in Figure 4.2 to tessellate the six faces of a

cube, as shown in Figure 4.5(b). Afterwards, we follow several guidelines to create a mesh

inside the cube: a) If there is a tunnel, then the tunnel must contain the small center cube

made by the eight interior vertices; b) if there is no tunnel, then connect all available face

vertices to their corresponding interior vertices; c) avoid long triangles. See Figure 4.6 for

several examples.

The completed tessellations of our method can be found in Figure 4.5(a). The tessellation

design allows much freedom and does not necessarily have to follow our guidelines. For

example, we could simply take the tessellations in [156] into our framework, as show in

Figure 4.4(b). Since this tessellation design employs fewer vertices and triangles, we coin

our Neural Marching Cubes using this speci�c tessellation design asNMC-lite . Note that in

both cases, the training data will be prepared and the network will be trained with respect

to their own tessellation designs.

4.3.4 Data preparation

We now introduce data preparation for NMC, i.e., the preprocessing step to convert a

raw mesh into a form compatible with our cube representation in Figure 4.3 for neural

processing; it is anM � N � P � 5 array for the boolean part and anM � N � P � 51 array

for the �oat part, when the input grid is M � N � P. We divide a raw 3D mesh into small

cubes to process each separately, as in MC. For each cube, we �rst determine its topological

case. Then we put the corresponding tessellation template inside that cube, and optimize
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Figure 4.4: The 3D cube tessellations of Marching Cubes 33 [40] and [156]. Note that they
both present 31 cases, since Case 12.3 is equivalent to Case 12.2 and Case 14 is equivalent
to Case 11, with respect to rotational and mirroring symmetries. In (b), we also add our
extended topological cases to [156], indicated with a *, to form a simpli�ed version of our
NMC tessellations, denoted as NMC-lite.
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Figure 4.5: Our cube tessellations and face tessellations for all the 37 unique topological
cases considered by NMC, where vertices with the same color correspond. Note Case 0 in
the top-right corner which indexes the case where all signs on the cube vertices are the
same.
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Figure 4.6: Example tessellation steps for our NMC designs. The face tessellations in the
�rst column follow Figure 4.2, therefore they are considered as �given�, and we only need
to add new structures inside the cube.

Figure 4.7: Our preprocessing step to prepare the training mesh data for NMC. After deter-
mining the topological case for the cube, we optimize the vertex positions to approximate
the original mesh. The initial face vertices are mid-points or trisection points, while the
initial interior vertices in the cube are averages of connected edge vertices and face vertices.
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the vertices of the tessellation template to minimize the Chamfer Distance with respect to

the original mesh. An overview is given in Figure 4.7.

To determine the topological case in a cube, we compute a9 � 9 � 9 grid of signed

distances inside the cube, so that each face contains9� 9 signed distances. We then check the

connectivities between the vertices through the SDF grid, where adjacent grid points with

the same sign are considered connected, to determine the case for each of the six faces. After

the face cases are determined, we only need to test whether there is a tunnel to determine

the cube case, which can be done by checking the number of connected components inside

the cube. Note that in several situations, the cube cannot be represented with our templates,

e.g., when there are two or more intersections on a cube edge, or when there are complex

structures inside the cube that are unaccounted for.

We perform tests to validate whether an edge/face/cube can be represented using our

templates by checking the number of connected components, which are compared against

the templates in Figure 4.2 (for faces in the 2D case) or Figure 4.5 (for cubes in 3D).

The edges/faces/cubes that do not have matching numbers are deemed to be invalid. For

example, if the end vertices (grid points) of an edge are with di�erent signs, then the9 grid

points on the edge should contain exactly two connected components, one positive and one

negative. In a 3D cube, say Case 6.1.1, there are three connected components, one positive

and two negatives, while in Case 6.1.2, there are two connected components because of the

tunnel.

The removal of invalid edges/faces/cubes from the training meshes is critical to NMC

and this is accomplished by amasking process. Speci�cally, we generate masks during data

preparation to indicate valid values in our representation with 1's and invalid or irrelevant

values with 0's, where invalidity implies that the edge/face/cube cannot be represented by

our designed tessellation templates, and a value stored in our representation is irrelevant

if it does not a�ect the output mesh (e.g., the face sign in an unambiguous face, or the

tunnel �ag in a cube that cannot form a tunnel). For shape s, we denote the input array

as I s 2 RM � N � P , the array of the boolean part asBs 2 f 0; 1gM � N � P � 5, and the array of

the �oat part as Fs 2 [0; 1]M � N � P � 51. Therefore, the mask ofBs is M B s 2 f 0; 1gM � N � P � 5

and the mask ofFs is M Fs 2 f 0; 1gM � N � P � 51.

After the topological case is settled, we put the corresponding tessellation template inside

the cube and optimize its vertices to approximate the original mesh. However, since adjacent

cubes share edges and faces, we �rst determine the positions of all edge vertices, then all

face vertices, and �nally all interior vertices, to avoid repeated computations. Note that

only the edge vertices do not require optimization since we can �nd them by checking the

intersection points between the cube edges and the original mesh. Take the interior vertices

for example � while the face vertices can be optimized in a similar way, we densely sample

points on the mesh inside the cube to obtain a point cloudP. Denote the vertices, edges,

and triangles in the tessellation template asV , E , and T, respectively. Denote the point-
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triangle Euclidean distance asD(p; t), and the point-point Euclidean distance asd(v1; v2),

we have the objective function

L total = L P ! T + L T ! P + 
L reg ; with (4.1)

L P ! T =
1

jP j

X

p2 P

min
t2 T

D(p; t); (4.2)

L T ! P =
1

jT j

X

t2 T

min
p2 P

D(p; t); (4.3)

L reg =
1

jV j

X

v12 V

min
f v1 ;v2g2E

d(v1; v2); (4.4)

whereL P ! T is the point-to-triangle distance, L T ! P the triangle-to-point distance, and L reg

a regularization term to keep the surface as �tight� as possible by minimizing edge lengths,

and 
 is set to 0:1.

Note that it is possible to use the above objective function to train the network directly,

instead of using a mean squared error loss as we will describe in the next section. However,

to ensure the quality of the generated mesh, we usually sample a very dense point cloud to

peform the optimization. The computational time and memory cost make it intractable to

train the network directly with the optimization objectives.

4.3.5 NMC network and objective functions

The input to our network is an array of implicit �eld values I s, and the ground truth outputs

contain a boolean arrayBs and a �oat array Fs. The masksM B s and M Fs indicate which

values in Bs and Fs are valid. Since they are all 3D arrays (with feature channels), we

could directly apply 3D convolutional neural networks for the task. Speci�cally, we use a

3D variant of ResNet [95] as our backbone network, with receptive �elds of size73.

For the objective functions, we use a binary cross entropy (BCE) loss for the boolean

part and a mean squared error (MSE) loss for the �oat part. Denote the outputs of our

network as Ds = f B (I s) and Hs = f F (I s) for the boolean part and �oat part, respectively,

and denote the entire shape dataset asS. Let all multiplications in the following equations

be element-wise products, then we have

L bool = Es�S jj � M B s (Bs log(Ds) + (1 � Bs) log(1 � Ds)) jj1; (4.5)

L f loat = Es�S jjM Fs (Fs � Hs)jj2
2: (4.6)

We could directly sum L bool and L f loat with a weighting parameter to obtain the �nal

objective function. However, our experiments showed that it is tedious to �nd an appropriate

weight for the two terms. Therefore, we choose to use two distinct networks to predictDs
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Figure 4.8: Output meshes when our network is trained with vs. without the smoothness
term when the inputs are binary voxel/occupancy grids.

and Hs separately, so that one network is trained withL bool and another with L f loat without

any interference.

However, the above settings are not su�cient for binary voxel inputs, due to considerable

ambiguities of the possible shapes represented by the input voxels. Therefore, we use the

aforementioned settings for SDF grid inputs, and make a few adjustments when the inputs

are binary voxels. Speci�cally, we enlarge the receptive �elds of our backbone network from

73 to 153 to reduce ambiguity, and add a smoothness term to the loss function on the �oat

part,

L �
f loat = L f loat + 
L smooth ; with

L smooth = Es�S
X

(u;v )2 Es

jj1(jF u
s � F v

s j < � ) � (H u
s � H v

s )jj2
2; (4.7)

whereEs denotes the set of all edges(u; v) in the ground truth (GT) output mesh for shape

s, F u
s 2 R3 is the coordinates of vertexu in the GT mesh, and H u

s 2 R3 is the coordinates of

u in the predicted mesh. Note that the mesh tessellations of the GT mesh and the predicted

mesh are the same since the tessellations are determined solely by the boolean part, and

we use the GT boolean part when training the �oat part. In addition, 1(�) in the equation

converts true/false into 1/ 0, respectively, and the parameters� = 0 :0002 and 
 = 10 are

�xed throughout our experiments.

Overall, the smoothness term encourages the output surfaces to align with thecoordi-

nate axes, with the underlying assumption that the GT surfaces generally share the same

characteristic. We show the impact of L smooth in Figure 4.8 and explain this choice by

experimenting with di�erent smoothness terms in the experiments.

4.4 Results and evaluation

In this section, we show results and evaluate NMC both qualitatively and quantitatively,

on both SDF and binary voxel inputs. We compare NMC to well-known MC variants, and

demonstrate its generalizability and the ability to handle noisy input.
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Figure 4.9: Results of reconstructing 3D meshes from SDF grid inputs at643 resolution.
The shapes in the �rst two rows are from the ABC test set, and the last two rows from
Thingi10K.

Datasets. For our experiments, we mainly work with the �rst chunk of the ABC dataset [122],

which consists of triangle meshes of CAD shapes. Such CAD shapes are characterized by

their rich geometric features (e.g., sharp edges, corners, smooth curves, etc.) and topological

varieties. We split the set into 80% training (4,280 shapes) and 20% testing (1,071 shapes).

During data preparation, we obtain triangle meshes over323 and 643 grids to train our

network. Evaluation is conducted on the testing set. Later, to assess the generalizability

of NMC, we also test (not train) the same network on the Thingi10K dataset [302], which

contains a variety of 3D-printing models.

Evaluation metrics. To perform quantitative evaluation, we sample 100K points S =

f si g uniformly distributed over the surface of a shape, and then use Chamfer Distance

(CD) and F-score (F1) to evaluate the overall quality of a reconstructed mesh, and Normal

Consistency (NC) to evaluate the quality of its surface normals.

Inspired by BSP-Net [36], we employ Edge Chamfer Distance (ECD) and Edge F-score

(EF1) to evaluate the preservation of sharp edges. We use the same �sharpness� de�nition

in BSP-Net as � (si ) = min j 2N " (si ) jn i � n j j, whereN " (s) extracts the indices of the points in

S within distance " from s, and n i is the surface normal at point si . We compute an �edge

sampling� of the surface by retaining points for which � (si )< 0:2. Given two shapes, the

ECD and EF1 between them are simply the CD and F1 between the corresponding edge

samples. We also count the number of generated vertices (#V) and triangles (#T) to reveal

the �delity-complexity trade-o�.
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1283 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 4.143 0.870 0.972 4.063 0.193 22,048.41 44,107.11

643 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 4.850 0.788 0.950 5.736 0.105 5,472.51 10,953.67
Lopes2003 4.803 0.798 0.958 6.841 0.100 21,979.95 43,892.05
Trilinear 4.733 0.803 0.960 7.275 0.098 - -
NMC-lite 4.341 0.877 0.975 0.382 0.759 22,710.56 43,876.87
NMC 4.323 0.877 0.975 0.390 0.758 42,766.54 85,543.83

323 resolution CD(� 104)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 5.239 0.570 0.900 5.504 0.048 1,297.38 2,595.47
Lopes2003 5.343 0.577 0.911 6.213 0.047 5,215.12 10,397.68
Trilinear 5.161 0.585 0.915 7.217 0.045 - -
NMC-lite 3.922 0.823 0.950 0.532 0.631 5,464.48 10,389.43
NMC 3.919 0.824 0.949 0.598 0.634 9,728.20 19,460.09

Table 4.1: Quantitative comparison results on ABC test set with SDF input.

Figure 4.10: Reconstruction results on a brain model (in Thingi10K) with smooth features
by MC33 and NMC, from SDF inputs. NMC preserves the surface details (especially around
the valley areas) better.

1283 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 4.533 0.985 0.984 0.892 0.383 12,551.21 25,076.50
Lopes2003 4.487 0.985 0.986 0.858 0.409 50,649.41 100,417.26
NMC-lite 3.696 0.992 0.987 0.559 0.628 50,205.72 100,401.08
NMC 3.706 0.992 0.987 0.625 0.628 83,023.47 166,036.10

Table 4.2: Quantitative comparison on organic FAUST shapes with SDF input.
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Mesh extraction from SDF grids. We �rst compare the two versions of our method,

NMC and NMC-lite, with the two best-known MC variants to date, Marching Cubes 33

[133] (MC33) and [156] (Lopes2003), on the task of mesh extraction from grids of SDF

values. Quantitative comparison results are reported in Table 4.1, with two choices of input

resolutions: 643 and 323, on the ABC test set. The results show that, with the same SDF

inputs, our method outperforms MC33 and Lopes2003 on all the quantitative measures

considered.

We also add a row (top row in Table 4.1) for MC33 with the input resolution upscaled

to 1283. As we can see, even with8� the amount of input information as NMC and NMC-

lite, MC33 underperforms on all measures except for CD. In terms of edge preservation,

our method is superior. This is also veri�ed by the visual results in Figure 4.11, comparing

MC33 on 1283 input and NMC on 643 input.

Figure 4.9 shows qualitative comparisons between the various methods, on sample inputs

from the ABC test set and Thingi10K. We can observe that NMC, and to a lesser extent,

NMC-lite, are the only methods that can recover sharp edges and corners, while the smooth

curves are also well preserved. In fact, our method can reconstruct both sharp and soft edges

well, as demonstrated in the last row. Furthermore, examples in the �rst row and the third

row (at a smaller scale) exhibit thin structures in a shape, which causes both MC33 and

Lobes2003 to produce incorrect local topologies, due to the trilinear interpolant assumption.

On the other hand, our method infers the correct topological cases � the ambiguous Case

10.1.1 (see Figure 4.5), resulting in more faithful reconstructions.

In Figure 4.1(c), we show the isosurface of a trilinear interpolant, and in Table 4.1,

we report quantitative results associated with trilinear interpolation. The �ground truth�

trilinear interpolant could be considered as the upper bound of all methods that follow the

trilinearity assumption. Therefore, our method outperforming the trilinear interpolant fur-

ther proves that NMC is fundamentally superior at feature-preserving isosurface extraction.

Organic shapes. In Figure 4.10, we show that when the ground truth shape has smooth

undulations, our method is still able to reconstruct the surface details better than MC33.

For a more comprehensive test on organic shapes, we compare the various methods on 100

meshes of human body shapes from the FAUST dataset [19]. The quantitative results in

Table 4.2 show that NMC and its variant can learn to predict both smooth and sharp

features well, outperforming both MC33 and Lopes2003. Augmenting the training set with

more organic shapes should further improve performance on such inputs, since our method

is data-driven.

Varying input grid resolutions. In Figure 4.11, we show how MC33 and NMC perform

as the input SDF resolutions vary from 83 to 1283, where we recall that our network was

trained on meshes obtained at323 and 643 resolutions. It is clear that our method can easily
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Figure 4.11: Results of reconstructing 3D mesh shapes from SDF inputs as the input grid
resolutions vary. The holes in the MC33 results are due to incorrectly predicted topological
cases. NMC consistently outforms MC33 at all input resolutions, up to1283, but with a
�diminishing margin".

adapt to higher-resolution inputs, but degrades in reconstruction quality at the lower end.

This is expected since as the cube size grows relative to the shape, the geometric varieties

inside the cubes would surpass the set of topological cases covered by NMC. Nevertheless,

NMC appears to consistently outperform MC33 at all resolutions, up to at least1283. As the

resolution continues to grow however, the di�erence between NMC and MC33 will diminish

since the topological cases per cube would be much simpli�ed.

Mesh extraction from binary voxels. When the inputs are binary voxels instead of

signed distances, the isosurface extraction task becomes signi�cantly more di�cult, since

voxel occupancies possess considerably less information. Not only are the point-to-surface

distances lost in the occupancies, but the signs could also be inaccurate: a point outside

the shape in the SDF grid may become �inside� in the voxel grid. One can observe a

quality drop from the visual results shown in Figure 4.12. Even our method cannot always

produce faithful reconstructions due to the ambiguities, e.g., the rod in the �rst row could

be rectangular or circular, and the edges in the second row could be smooth or sharp - both

would yield identical voxel grids. However, our learning-based approach is able to narrow

down the possible geometries and topologies by observing local neighborhoods. As shown

by the quantitative results in Table 4.3, our method outperforms other MC variants and

the trilinear interpolant on all measures, except for NC, by a substantial margin.
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Figure 4.12: Results of reconstructing 3D meshes from binary voxel/occupancy inputs at
643 resolution. The shapes in the �rst two rows are from the ABC test set, and the last two
rows from Thingi10K.

643 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 26.860 0.085 0.921 11.196 0.018 5,826.08 11,655.52
Lopes2003 26.829 0.084 0.921 14.601 0.017 23,302.73 46,608.90
Trilinear 26.826 0.084 0.921 14.866 0.017 - -
NMC-lite 9.302 0.443 0.930 0.559 0.365 22,185.94 42,915.64
NMC 9.341 0.438 0.931 0.528 0.356 42,043.03 84,087.85

323 resolution CD(� 104)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 9.636 0.036 0.882 11.764 0.018 1,532.70 3,065.30
Lopes2003 9.632 0.036 0.883 14.723 0.017 6,130.84 12,261.58
Trilinear 9.641 0.035 0.884 14.820 0.017 - -
NMC-lite 5.909 0.237 0.871 0.901 0.112 5,236.79 9,975.67
NMC 6.029 0.232 0.871 0.910 0.109 9,469.84 18,933.65

Table 4.3: Quantitative comparisons on ABC test set with binary voxel input.
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643 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 3.195 0.795 0.945 3.763 0.099 5,517.51 11,044.35
Lopes2003 3.084 0.805 0.953 4.567 0.087 22,224.23 44,135.98
Trilinear 3.076 0.811 0.956 5.211 0.084 - -
NMC-lite 2.470 0.893 0.972 0.330 0.722 22,991.80 44,109.17
NMC 2.477 0.893 0.972 0.312 0.722 40,951.73 81,910.41

323 resolution CD(� 104)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 10.519 0.540 0.882 4.046 0.040 1,284.98 2,569.73
Lopes2003 10.473 0.547 0.893 4.596 0.038 5,163.28 10,281.15
Trilinear 10.431 0.555 0.897 5.180 0.037 - -
NMC-lite 8.425 0.807 0.935 0.600 0.542 5,423.92 10,263.13
NMC 8.454 0.808 0.933 0.596 0.539 9,161.94 18,327.88

Table 4.4: Quantitative comparison results on Thingi10K with SDF input.

Figure 4.13: Comparing NMC with MC33 and Deep Marching Cubes (DMC) [139] on feature
preservation.

Generalizability. To demonstrate generalizability of our networks, which were trained on

ABC, we test them on the �rst 2,000 valid shapes from Thingi10K, using exactly the same

network weights as those in the previous experiments. Tables 4.4 and 4.5 show quantitative

comparison results on SDF and binary voxel inputs, respectively. Some qualitative results

are given in Figures 4.9 and 4.12. We can observe a similar performance boost over the other

methods in comparison. Note however that in Table 4.5, our method does not signi�cantly

outperform other methods at the 323 input voxel resolution. This may be due to NMC being

over�t to the ABC training set, since the shape resolution (323) is getting close to the size

of the receptive �eld of our voxel processing network (153).

Comparison to DMC In Figure 4.13, we compare NMC with DMC [139] on feature-

preserving mesh reconstruction. Since the network architecture of DMC is not designed to

perform general isosurface extraction, we train their network to over�t on a single input

shape with 65,536 uniformly sampled points as supervision. As we can see, even with such

an over�tting, DMC is still unable to recover sharp features, which is mainly due to its

adoption of only few classical MC tessellations representing simple topologies. Related to

this, while DMC is trained to minimize point-to-triangle distances, it does not provide the

tessellations to support sharp edges. As a result, the reconstructed geometry near edges is

�bulging� in order to minimize distances to the training points.
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643 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 25.538 0.069 0.907 7.411 0.017 5,939.62 11,881.67
Lopes2003 25.526 0.068 0.908 11.948 0.015 23,757.44 47,517.48
Trilinear 25.510 0.068 0.909 12.598 0.015 - -
NMC-lite 6.055 0.495 0.923 0.606 0.328 22,540.88 43,272.05
NMC 6.108 0.493 0.923 0.602 0.314 40,430.06 80,861.75

323 resolution CD(� 104)# F1" NC" ECD(� 102)# EF1" #V #T

MC33 9.247 0.028 0.865 8.632 0.017 1,553.93 3,107.50
Lopes2003 9.246 0.028 0.867 12.344 0.015 6,215.99 12,431.69
Trilinear 9.256 0.028 0.867 12.709 0.015 - -
NMC-lite 9.998 0.258 0.852 0.946 0.096 5,261.82 9,971.62
NMC 10.177 0.256 0.852 0.957 0.093 9,043.78 18,083.90

Table 4.5: Quantitative comparisons on Thingi10K with binary voxel input.

Input and output complexities. When making comparisons, the input resolutions to

all methods are identical, but the output complexities do vary, as shown in Tables 4.1-4.5,

in terms of the average triangle and vertex counts. With the same tessellation templates,

hence comparable output complexities, NMC-lite outperforms Lopes2003 on all fronts, both

quantitatively and qualitatively, o�ering clear evidence for the e�ectiveness of our data-

driven approach for isosurfacing. The new tessellation templates designed for NMC are

more re�ned, resulting in higher triangle counts, but also improved reconstruction quality,

as shown in Figures 4.9 and 4.12.

NMC vs NMC-lite. Quantitatively, the performances of NMC and NMC-lite are quite

similar, proving the robustness of our representation design. However, the visual quality of

NMC results tends to be better than that of NMC-lite, at the expense of almost doubling

the triangle counts. Thus, if a lower output complexity is desired, one may choose NMC-lite

over NMC. But since NMC-lite employs simpler tessellation templates, it may not be able to

recover speci�c �ne shape features, such as the thin structures in the examples from the �rst

and third rows of Figure 4.9, where the cubes with Case 3.2 were not well reconstructed.

Also, we have observed that thetriangle quality resulting from NMC is generally better

than that from NMC-lite (e.g., see Figure 4.1), since the NMC tessellation templates were

designed to better avoid thin/sliver triangles.

Training and testing times. Network training takes about 3 days on one Nvidia RTX

2080 Ti GPU for SDF processing and 2 days for binary voxel inputs. We tested inference

time on the entire ABC test set with 643 inputs: the average is0:006 second per shape for

MC33 (implemented in scikit-image [243]), and0:762 second for NMC (with 0:719s spent

on network forwarding in PyTorch [188] and 0:042s for meshing in Cython [12]). Note that

currently, our network is still quite crude, as we prioritize accuracy over speed. Possible

speed-up could be achieved via neural architecture search and network pruning.
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643 resolution CD(� 105)# F1" NC" ECD(� 102)# EF1"

MC33 16.611 0.710 0.942 3.360 0.100
Lopes2003 16.545 0.714 0.947 3.692 0.093
NMC (trained on clean data) 15.340 0.769 0.941 0.574 0.502
NMC (trained on noisy data) 15.627 0.802 0.951 0.359 0.640

Table 4.6: Quantitative comparison on ABC test set with noisy SDF input.

Figure 4.14: Results of reconstructing 3D meshes from anoisy SDF grid input at 643

resolution.

Noisy inputs. Finally, we show that NMC can also learn to extract clean meshes from

noisy grid inputs when the network is trained on such data, such as those generated by

current neural implicit models [38, 109, 163]. To test this capability, we run a state-of-the-

art neural implicit model, SIREN [227], on the ABC dataset to �t each shape, but with

only 4,096 training points per shape. The sparsity of the training points makes the output

implicit �elds necessarily noisy, as can be observed from Figures 4.14(a-b).

In our previous experiments, we trained NMC on clean data from ABC and assumed

that the testing inputs were also clean. A model trained this way may fail when the input

is noisy, as shown in Figure 4.14(c). To remedy this, we divide the noisy inputs into 80%

training and 20% testing as before, and use the noisy inputs to train the NMC model from

scratch. The re-trained NMC improves signi�cantly on inputs from the noisy test set, as

shown in Figure 4.14, demonstrating that our method can adapt to di�erent inputs (such

as voxels and noisy data), if trained on them.

Table 4.6 shows a quantitative comparison involving NMC trained on clean vs. noisy

data. We note that Chamfer Distance (CD) is rather sensitive to outliers, e.g., SIREN may

generate blobs in the empty region that are far away from the shape, which can impact

CD heavily. In comparison, F1 is a more robust quality measure to outliers, as discussed in

[237].

Comparison of di�erent smoothness terms Due to considerable ambiguities in pos-

sible shapes represented by binary voxels, we need an extra smoothness term to regularize

the generated surfaces. We reuse notations from Section 4.3.5 forEs, F u
s , and H u

s , and

1(�). Further, let F uv
s = F v

s � F u
s , H uv

s = H v
s � H u

s , [F u
s ]x be the x coordinate of F u

s , and

[F uv
s ]yz =

q
[F uv

s ]2y + [ F uv
s ]2z. We have experimented with the following settings:
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