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Abstract

This thesis explores and investigates scalable solutions, grounded on geometry pro-
cessing and di Lerkntial geometry concepts, to di Lerent computer graphics tasks. My
Ph.D. path gave me the opportunity to probe many research topics in the field of
computer graphics, as well as delve into mathematical and computational problems.
As a summary of my research activity, this thesis echoes my exploration, collect-
ing results from diLerknt areas of computer graphics and computational geometry.
From novel unified frameworks in spectral geometry to procedural texturing tech-
niques, simulations, and matrix multiplication algorithms, all the discussed topics
find their communion in the idea of providing geometry processing solutions made
to scale for large volumes of data.
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Introduction to the Thesis

This thesis is divided into three parts, each representing a research eld that |
spanned through my Ph.D. path. The common ground for my research has been the
area of computational and Riemannian geometry in computer graphics applications,
for which an introduction is provided in the following chapters.

Part | is devoted to the eld of spectral geometry processing, which denoted the
beginning of my Ph.D. career. When | started studying the notion of Laplacian
eigenproducts[154] and their application in geometry processing [193], | immedi-
ately recognized the potential for speeding up many tasks in applied spectral ge-
ometry, like approximation and transfer of functions. Extending an eigenbasis with
point-wise products of its elements is dramatically more e cient than computing a
larger basis, and in Chapter 1 we present theoretical studies that show how they
also provide a massive increase in the descriptive power. However, working with a
non-orthogonal basis introduces numerical stability issues, and makes it di cult to
extend the method and integrating it into other pipelines that intrinsically require
an orthogonal setting (e.g., ZoomQut [176]). So, in the chapter we also provide
a groundwork for the orthogonalization of the eigenproducts and the extension of
the functional map framework [202] to integrate this new basis, proving its e -
ciency and e ectiveness in multiple tasks, from the approximation and transfer of
functions, to the ltering of details [161]. Working in the setting of non-rigid and
non-isometric correspondences deepened my interest in spectral geometry, and led
me supporting my colleagues in related projects. We started searching for spec-
tral correlations between manifolds and submanifolds, with the idea that non-rigid
puzzles [145] could have a solution in a spectral fashion. The results presented in
Chapter 2 prove that, despite being hidden behind a neural network, this correlation
does exist, and that it can be exploited to compute non-rigid and non-isometric set
operations between partial shapes [185]. Since the method rely on a data-driven
optimization, | collaborated to the generation of a large dataset of partial shapes
labeled with spectral data, and to the strengthening of the theoretical foundations
by de ning a mathematical background and a symmetry between the problem in
the spectral setting and the problem in the latent space.

When studying Riemannian geometry, | started having an interest in general-
izing problems to non-Euclidean metric spaces. Part Il of this thesis is centered
around this idea. Discovering the complexity and visually interesting animations
arising from the simulation of slime mold organisms [114] led me to the idea of
bringing this problem on surfaces for procedural texturing tasks. In Chapter 3 we
show how, by using the notion of motion on surfaces and carefully adapting the
movement to the metric space of a mesh, this kind of simulation can be generalized
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to produce complex animated textures in real-time [160]. My work on the area of
simulations got me in touch with researchers from theKing Abdullah University of
Science and Technology(KAUST), where | spent a three months visiting period
working on a di usion model on graphs to simulate the water ow inside plants.
The results from Chapter 4 show how this model can be integrated with solvers
for the dynamics of non-rigid bodies to produce interactive and visually convincing
simulations of the wilting process of crop plants [159]. My studies on non-Euclidean
geometries also led to an interest in the idea of curves and connectivities in curved
domains. The seminal results presented in Chapter 5 show that it is possible to
obtain an high-quality remeshing by computing a geodesic farthest point sampling
and the corresponding geodesic Delaunay triangulation. In the same chapter we also
prove that this result can be obtained e ciently by avoiding multiple traversals of
the entire mesh [158]. Without the convenient structure of the Euclidean metric
spaces, even problems with well-established solutions could become very though,
and this is the case for the task of curve registration. After discovering the recent
community interest in designing curves on surfaces [162], | started working on an
algorithm for reconstructing curves from sparse samples in non-Euclidean metric
spaces. In Chapter 6 we discuss an algorithm that solves this task by adapting
known techniques for the traveling salesman problem to triangular mesh domains.

Searching for e cient solutions often brought me to questioning about parallel
solutions for usually though problems. Part Il collects my research results in this
direction. Procedural texturing tasks are historically addressed by de ning multidi-
mensional noise functions and projecting them onto a surface [101], a result that can
be achieved with real-time performance by taking advantage of GPU computing. In
Chapter 7 we present a new technique in this fashion, that exploits pixel shaders to
generate fractal patterns on surfaces. Another direction that | investigated is the
improvement of matrix multiplication algorithms. Many applications in computa-
tional and spectral geometry deals with large collections of shapes [228, ], and
handling of large matrices is often involved, eventually in the setting of a distributed
system. In Chapter 8 we discuss a Strassen-like algorithm that e ciently deals with
the multiplication of a matrix by its transpose, and that can be easily parallelized
in both shared and distributed memory environments.



Overview of Published Results

This thesis is organized so that every chapter collects independent results and de nes
its own context. Each chapter is dedicated to present the results of a single research
project.

Chapter 1: the results presented in this chapter have been published in the
proceedings of the42nd Annual Conference of the European Association for
Computer Graphics (EUROGRAPHICS 2021) [161].

Chapter 2 : the results presented in this chapter have been published in the
proceedings of the43rd Annual Conference of the European Association for
Computer Graphics (EUROGRAPHICS 2022) [185].

Chapter 3 : the results presented in this chapter have been published in the
proceedings of the30th Paci c Conference on Computer Graphics and Appli-
cations (Paci ¢ Graphics 2022) [160].

Chapter 4 : the results presented in this chapter have been published in the
proceedings of thel16th ACM SIGGRAPH Conference and Exhibition on
Computer Graphics and Interactive Techniques in Asia (SIGGRAPH Asia
2023) [159].

Chapter 5 : the results presented in this chapter have been published as a pre-
print on arXiv [158]. The seminal results about the preservation of spectral
properties are not yet part of the pre-print.

Chapter 6 : the seminal results presented in this chapter have not yet been pub-
lished.

Chapter 7 : the results presented in this chapter have been published in the
poster proceedings of the49th Special Interest Group on Computer Graphics
and Interactive Techniques(SIGGRAPH 2022) [157].

Chapter 8 : the results presented in this chapter have been published at th&0th
International Conference on Parallel Processing(ICPP 2021) [12].



Motivations

Since its advent in the "50s, modern computer graphics has asserted its importance
in major research elds and applications, such as scienti ¢ visualization, computer-
aided engineering, and entertainment. Over the years, the research community in
the area vastly increased, alongside the number of applications, now ranging from
graphics design to computational biology, covering simulation, photography, and
virtual reality.

In this massive research area, geometry processing takes a large spot. Geometry
processing is a eld where concepts from mathematics and geometry are used to
e ciently deal with 3D data, addressing tasks such as analysis, deformation, and
reconstruction, among others. Many successful geometry processing algorithms ex-
ploit notions and solutions from di erential geometry to handle and process complex
surfaces in 3D, taking advantage of the formulation via their intrinsic properties,
like metric, curvature, and di erential operators.

For instance, simulations and optimization problems on the surface domain can
produce complex textures and patterns programmatically [124, , ]. Again,
intrinsic properties like the curvature, or features of di erential operators like the
Laplacian, can be used as powerful descriptors for nding non-rigid correspondences
between shapes [179, ]. Moreover, the metric of the surface induces the de nition
of distances over a mesh, allowing for the design of curves, patterns, and boolean
operations directly on the shape [162, : 1.

The noticeable achievements of di erential geometry algorithms are quickly
downsized when it comes to industrial applications, especially in the entertainment
industry. Movies usually deal with meshes composed of millions of polygons; in
video games, moderately sized shapes must be processed in a matter of milliseconds
and with low memory consumption to achieve real-time performance on most home
systems. The di erential geometry component of the algorithm does not scale to
this volume of data: an optimization problem with 20k variables is unsuitable for
real-time applications, and the spectral decomposition of a matrix with 3M 3M
entries is an unfeasible task.

This thesis spans a variety of applications in computer graphics, ranging from
shape matching and procedural texturing to simulations and curve design. The goal
is to provide e cient and easily parallelizable algorithms that, while still relying on
concepts of di erential geometry, explore new directions and ideas and deep dive into
the mathematical framework to produce accurate or visually convincing solutions
that can scale to industry-standard data volumes.
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Background in Riemannian
Geometry

In this thesis, we extensively make use of notions about di erential geometry, spec-
tral geometry and metric spaces. This chapter serves as an introductory background
for all the mathematical tools we refer and use throughout the thesis.

We introduce the notion of Riemannian manifolds, local parametrizations and
tangent spaces, de ning the notion of curves and distances on smooth surfaces.
Then, we provide an introductory presentation on the generalization of di erential
operator and the properties of the Laplacian eigendecomposition, with an overview
of the functional maps framework and its use in correspondence and shape matching
applications.

Riemannian Manifolds

Informally speaking, a d-dimensional smooth manifold embedded irR" is composed
by gluing together deformed slices ofi-dimensional hyper-planes in an-dimensional
space.

The basic building block for de ning the structure of a Riemannian manifold is
the notion of chart.

De nition 1.  Given a topological spaceM R", a chart (;U ) of M is a couple
formed by an open subset/ M and an homeomorphism' : U ! R,

Linking back to our informal de nition, a chart determines a slice of the d-
dimensional hyper-plane and the rule for deforming it. The collection of all the
slices is calledatlas.

De nition 2.  Given a topological spa,gel\/l R", an atlas is a collection of charts
Av =f(" ;U) : 2Ag,suchthat ,,U =M.

For determining how to glue the pieces together, we need to capture the idea of
consistently overlapping the charts.

De nition 3.  Given a topological spaceM R" and two charts (* ;U ) and
(" ;U)of M such thatU \ U 6 ;, the composition . =" " 1is called
transition map.

Informally speaking, the transition map is the operation of deforming a slice
of the hyper-plane according to a chart, taking the piece of that slice belonging
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Figure i. Regions of the plane (left panel) are deformed according to di erent charts
(middle plane). The deformation of multiple regions of the plane according to an atlas
with smooth transition maps produces a smooth manifold (right panel). In this example,
the manifold is 2-dimensional (.e., d = 2) and the embedding is 3-dimensional ie.,
n=3).

to second chart, and relaxing it back to the original hyper-plane according to the
second chart.

De nition 4.  Given a topological spaceM R" and an atlasAy = f(" :U !
RY:U ) 2 Ag, we callM a smooth manifold if, for every ; 2 A such that
U \ U 6 ;, the transition map . is a smooth map.

The example in Figure i shows how an atlas de nes a smooth surface. Each
piece of the plane is deformed according to a corresponding chart. Then, if the
charts are compatible in the overlapping regions, the resulting manifold is smooth.

While there would be much more to cover for properly de ning a manifold,
describing all the advanced theory goes beyond the scope of this thesis, and for
further details we refer to the books from Do Carmo and Morita [73, 1.

At every point x 2 M , we can de ne a linear approximation of the surface
around X, using the d-dimensional hyper-plane tangent toM at point x. We denote
this tangent plane asTx (M ). The disjoint union of@ll the tangent spaces is called
tangent bundle ofM , and is denoted asT(M ) = ,ou Tx (M ). Introducing the
notion of tangent space allows us to de ne an inner product between vectors on
the surfaceM . Given a local chart ('; U ) such that for somep 2 ' (U) it holds
' 1(p) = x, and by recalling that the tangent spaceT, (M ) lies in R", we can map
d-dimensional vectors toTx (M ) by using the Jacobian matrix J. 1. Thus, given
two vectors u;v 2 RY, we can de ne their inner product on Ty (M ) as gy (u;v) =
u>J.” ;J. 1v. The products of the Jacobian matrices is usually calledmetric
tensor, and it is denoted as thed d symmetric matrix gy = J.> ;J. 1. So,
the metric tensor encodes the distortion induced by mapping the vectors to the
surfaceM . Given a vector v 2 RY we can de ne its length in T, (M) just as
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Figure ii. Left: the tangent plane to a point on the surface. Right: an arbitrary curve on
the surface connecting two points (red) and the corresponding geodesic path (green).

T . . .
kvkgx _P ox(v;v) = v>gv. Dening a metric g at every point x 2 M , allows
us to de ne an overall metric g over the entire manifold M .

De nition 5. A d-dimensional Riemannian manifold embedded inR" is a couple
(M ;9), where M is a d-dimensional smooth manifold embedded irR", and g is a
metric over M . The manifold M is said to be equippedwith the metric g.

Figure ii depicts an example of tangent plane to a point of the surface, with a
corresponding local coordinate system.

Curves and Distances

A curve on a manifold M consists of a di eomorphism :(a;bh R!M | and
it is itself a 1-dimensional manifold embedded in the same space dd . Given a
local chart ' for M at the point x, we can de ne the di erential of the curve at
() = x as é’—t (' ). This di erential represents the in nitesimal movement of a
point along the curve, and the directional vector lies in the tangent spaceTy (M ).
It can be proved that, independently of the chosen parametrization for the local
chart, the resulting embedding of the tangent vector is the same [73, ]. M is
a Riemannian manifold and g is the equipped metric, then we can use the tangent
vectors to compute the length of the curve as
Z bq
()= . g At); qb) dt: (i)

Determining the length of a curve allows us to de ne the notion of shortest path,
and hence to generalize the idea of distance over surfaces.

De nition 6. Let (M ;g) be ad-dimensional Riemannian manifold embedded in
R", and letx;y 2 M be two points overM . Said yy =f :(a;b!M (9=
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x; (b)) = yg the set of curves onM having x and y as end-points, the geodesic
path connectingx to y is a curve ,, =argmin , (). The geodesic distance
betweenx andy is the function u (X;y)=min > . ().

So, intuitively, the geodesic path is the shortest walk on the surface connecting
x and y, whereas the geodesic distance is the length of the geodesic path.

The example in Figure ii shows the di erence between an arbitrary curve (high-
lighted in red) on the surface and the geodesic path (in green) connecting two
points.

Di erential and Spectral Geometry

De ning a metric induces the de nition of distances over surfaces, but it also comes
in handy for generalizing di erential calculus.

Gradient  Given some scalar eldf : M ! R over the surfaceM , we want
to generalize the notion of gradient off . At any point p 2 M , we consider the
basisf @ = @@'—xlg for the tangent spaceT, (M ) induced by the local chart' . The
directional derivative df ,(@) of f at point p along the basis vector@ is given by
the chain rule df ,(@) = dfp(@@'—;) = &¢ * = Z wheref-=f ' lis
the local parametrization of f according to the chart' . Said r f~ the Euclidean
gradient of f~ the directional derivative df ,(v) of f at point p along the direction
vector v 2 Ty (M) can be obtained by linearity asdf,(v) = v>r f= By recalling
that the directional derivative can also be expressed as the inner product between
the gradient and v, and since the gradient off must lie in the tangent spaceT, (M ),
the conversion to the Riemannian metric givesdf(v) = gp(grad(f );v), which we
can use to solve for the gradient

gp(grad(f );v) = v7gpgrad(f ) =d fp(v) = v7r 3 8v2Ty(M);

grad(f)= g r f= W

Divergence  For the generalization of the divergence, we rely on one of its alter-
nate de nitions. For any vector eld V : T(M) ! RY and for any scalar eld

f :M! R with compact support, the divergence is the adjoint of the gradient.

That is

M div(V)iy = horad(f); iz

fdiv(V)dS=  g(grad(f);V)dS = grad(f)” g«VdS:
M M M

z (iii)

Here,dS = P detgdx is the surface di erential. By recalling that grad(f) = g, r
that gx is symmetric and that Equation (iii) must hold for all f, an integration by
parts leaves us with

. _ 1 P—— . ,
div(V) = pmr (' detgyxV); (iv)

wherer is the divergence operator in Euclidean space.



XV

Laplace-Beltrami Operator Generalizing the Laplacian operator to surfaces
comes straightforwardly from its de nition as the divergence of the gradient. Given
some scalar eldf : M! R, the Laplace-Beltrami operator on f is de ned by

means of Equations (i) and (iv) as

f =divigrad(f))=  p—=—r (" detgegy’r ); v)
det gy
beingf~= f ' ! the local parametrization of f .

The Laplacian is a linear operator from the spaceF (M ;R) of scalar elds over
M into itself, and hence it does make sense searching for eigenvalues and eigenvec-
tors. Namely, we want to nd all the non-trivial solutions  to the problem

( x)= (%)
(@)=0

where is a scalar constant depending only on and @/ denotes the boundary of
the manifold M . This speci ¢ eigenproblem imposes Dirichlet boundary conditions,
constraining the function to be zero-valued at the boundary, if there is one. There
are other possibilities for constraining , but in this thesis we will only refer to the
Dirichlet eigenproblem.

For an extensive dissertation on di erential geometry and specral properties of
di erential operators on manifolds we remand to the books from Morita and Chavel
about this topic [184, 50, 51]. Here we summarize the properties we will mostly use
throughout this thesis:

(Vi)

the solution to the Laplacian eigenproblem is a countably in nite family
( k; «), where  is a real function and  is a non-negative real value (thus
forming a non-decreasing sequence);

the Laplacian eigenfunctions forms an orthogonal basis for the set of square
integrable scalar elds onM ;

if M has no boundary, there is exactly a constant eigenfunction o, associated
with a null eigenvalue ¢ =0;

if M is composed by multiple connected component 1; ;M 4, the solu-
tion to the eigenproblem onM is the union of the solutions to the eigenprob-
lems on every componeniM ;.

The Laplace-Beltrami eigenfunctions are a generalization to manifold domains
of the Fourier basis in Euclidean space, meaning that the Laplacian eigenvalues
generalizes the notion of base frequencies. When studying functions on Riemannian
surfaces, an important quantity that encodes information about frequency is the
Dirichlet energy.

De nition 7.  Given a Riemannian manifold (M ; g) and a real functionf : M! R
on M, said u = f=xfk, the normalized version off , the Dirichlet energy of f is

E(f) = hgrad(u); grad(u)iT(M): hu;  uiy (vii)
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Figure iii. Example of isometric correspondence. Pairs of corresponding points are asso-
ciated by the same color.

Correspondences and Functional Maps

Given two Riemannian manifolds (M ;gv ) and (N ; gy ) with induced geodesic dis-
tances, respectively, y and y, we can relateM and N by de ning a correspon-
dence which is a bijective function c : M ! N . Clearly, there exist in nitely
many correspondences between the two manifolds, but we are usually interested in
a particular type of correspondence, which we callsometric.

Denition 8. Let M and N be Riemannian manifolds, respectively equipped with
metrics gv ;v and induced geodesic distancesy ; n, and let cM ! N be a
correspondence.c is said isometric correspondencgor isometry) if it holds

8y2M;  wm(xy)= n~(c(x);c(y): (viii)

If there exists an isometric correspondence, thetM and N are said isometric man-
ifolds.

Intuitively, an isometric correspondence encodes the idea of having the same
shape in di erent poses, as in the example depicted in Figure iii. Sometimes, we
are interested to be invariant to the scale of the manifolds, thus we can relax the
condition by saying that there exists some constant such that

8;y2M;  m(xy)=  ~(e(x);ey)): (ix)

While we generally refer to this as an isometry, it is sometimes useful to distinguish
it from strict isometries and refer to it as -isometry.

It is worth to mention that it is not always guaranteed that an isometry does
exist. If that is the case, we could be anyway interested in nding some kind of
meaningful correspondence, by relaxing the condition from Equation (ix) and asking
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Figure iv. Two non-isometric, but semantically similar shapes and their Laplacian spectra.

for an approximated isometry or for a correspondence that minimizes the overall
error Z Z

LG DY (c(x); o(y))) “dxdy : (x)

Since the notion of distance is induced by the metric tensor, which also deter-
mines the Laplacian, two isometric manifolds have the same Laplacian eigenvalues.
Speci cally, said ( k; ) the family of solutions to the Laplacian eigenproblem on
a manifold M and ( g; ) their analogue on a manifoldN, if M and N are -
isometric under a correspondence: M !N , then

8x2M k2 N; k(X)= k(c(x)); :
) (xi)

k = k -

The example in Figure iv shows that the Laplacian spectrum is robust even when
the isometry does not exist. If the shapes are similar enoughe(g., two humans, in
the example), the Laplacian eigenfunctions concentrate their energy on areas that
have the same semantics.

This relation between isometries and Laplacian leads to the idea ofunctional
maps [202]. Given a correspondence : M ! N , a functional map is a linear
operator T : L3(M) ! L2(N) that maps functions on M to functions on N,
de ned via the composition Te(f) = f c¢. Given the Laplacian eigenbases g
for L2(M ) and f g for L2(N) (this works for any choice of bases, and it is not
restricted to the Laplacian eigenfunctions), we can represent the mapping of any
eigenfunction ; to N as

X
Te( )= hi ¢ ji (xii)

Since any functionf 2 L?(M ) can be expressed as a linear combination df g,
and by recalling that T is linear, the mapping off onto N can be computed as
X X
Te(f) = hi; fiy Te( )= hi; fiy Cij s (xiii)
i i5j
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