
Intrinsic approaches to
learning and computing on curved surfaces

Dissertation

for the purpose of obtaining the degree of doctor

at Delft University of Technology

by the authority of the Rector Magnificus prof. dr. ir. T.H.J.J. van der Hagen

chair of the Board for Doctorates

to be defended publicly on Tuesday 15 October 2024 at 12:30.

by

Ruben Timotheüs WIERSMA

Master of Science in Computer Science, Delft University of Technology, the Netherlands

born in Leiden, the Netherlands.



This dissertation has been approved by the promotors.

Composition of the doctoral committee:

Rector Magnificus, chairperson

Prof. dr. E. Eisemann, Technische Universiteit Delft, promotor

Prof. dr. J. Dik, Technische Universiteit Delft, promotor

Independent members:
Prof. dr. O. Sorkine-Hornung, Eidgenössische Technische Hochschule Zürich

Prof. dr. M.T.J. Spaan, Technische Universiteit Delft

Prof. dr. ir. C. Vuik, Technische Universiteit Delft

Prof. dr. T. Weyrich, Friedrich-Alexander-Unversität Erlangen-Nürnberg

Other members:
Dr. K.A. Hildebrandt, Technische Universiteit Delft

Dr. K.A. Hildebrandt has contributed greatly to the preparation of this dissertation.

Keywords: Computer Graphics, Geometry Processing, Machine Learning, Geometric

Deep Learning, Appearance capture

Printed by: Hetuitgeefhuis

Copyright © 2024 by R.T. Wiersma

An electronic version of this dissertation is available at

https://repository.tudelft.nl/.

https://repository.tudelft.nl/


Summary

This dissertation develops intrinsic approaches to learning and computing on curved surfaces.

Specifically, we work on three tasks: analyzing 3D shapes using convolutional neural networks

(CNNs), solving linear systems on curved surfaces, and recovering appearance properties from

curved surfaces using multi-view capture. We argue that we can find more efficient and better

performing algorithms for these tasks by using intrinsic geometry.

Chapter two and three consider CNNs on curved surfaces. We would like to find patterns with

meaningful directional information, such as edges or corners. On images, it is straightforward to

define a convolution operator that encodes directional information, as the pixel grid provides

a global reference for directions. Such a global coordinate system is not available for curved

surfaces. Chapter two presents Harmonic Surface Networks. We apply a 2D kernel to the surface by

using local coordinate systems. These local coordinate systems could be rotated in any direction

around the normal, which is a problem for consistent pattern recognition. We overcome this

ambiguity by computing complex-valued, rotation-equivariant features and transporting these

features between coordinate systems with parallel transport along shortest geodesics.

Chapter three presents DeltaConv. DeltaConv is a convolution operator based on geometric

operators from vector calculus, such as the Laplacian. A benefit of the Laplacian is that it is

invariant to local coordinate systems. This solves the problem of a missing global coordinate

system. However, the Laplacian operator is also isotropic. That means it cannot pick up on

directional information. DeltaConv constructs anisotropic operators by splitting the Laplacian

into gradient and divergence and applying a non-linearity in between. The resulting convolution

operators are demonstrated on learning tasks for point clouds and achieve state-of-the-art results

with a relatively simple architecture.

Chapter four considers solving linear systems on curved surfaces. This is relevant for many

applications in geometry processing: smoothing data, simulating or animating 3D shapes, or

machine learning on surfaces. A common way to solve large systems on grid-based data is a

multigrid method. Multigrid methods require a hierarchy of grids and the operators that map

between the levels in the hierarchy. We show that these components can be defined for curved

surfaces with irregularly spaced samples using a hierarchy of graph Voronoi diagrams. The

resulting approach, Gravo Multigrid, achieves solving times comparable to the state-of-the-art,

while taking an order of magnitude less time for pre-processing: from minutes to seconds for

meshes with over a million vertices.

Chapter five demonstrates the use of intrinsic geometry in the setting of appearance modeling,

specifically capturing spatially-varying bidirectional reflectance distribution functions (SVBRDF).

A low-cost setup to recover SVBRDFs is to capture photographs from multiple viewpoints. A

challenge here, is that some reflectance behavior only shows up under certain viewing positions

and lighting conditions, which means that we might not be able to tell one material type from

another. We frame this as a question of (un)certainty: how certain are we, based on the input

data? We build on previous work that shows that the reflection function can be modeled as a

convolution of the BRDF with the incoming light. We propose improvements to the convolution

model and develop algorithms for uncertainty analysis fully contained in the frequency domain.

The result is a fast and uncertainty-aware SVBRDF recovery on curved surfaces.



Samenvatting

Dit proefschrift ontwikkelt intrinsieke methoden voor algoritmes op gekromde oppervlakken.

We behandelen drie taken: analyse van 3D-vormen met convolutionele neurale netwerken

(CNN’s), stelsels van lineaire vergelĳkingen op gekromde oppervlakken en de reconstructie van

materiaaleigenschappen op basis van foto’s uit verschillende kĳkhoeken. We betogen dat gebruik

van intrinsieke geometrie efficiëntere en beter presterende algoritmes mogelĳk maakt.

Hoofdstuk twee en drie behandelen CNN’s op gekromde oppervlakken. We willen patronen

herkennen met een richting, zoals randen en hoeken. Voor afbeeldingen is dit eenvoudig, omdat

het pixelraster een globaal referentiekader geeft voor richtingen. Zo’n globaal coördinatenstelsel is

niet aanwezig op gekromde oppervlakken. Hoofdstuk twee presenteert Harmonic Surface Networks.
We plaatsen een 2D-kernel op het oppervlak door gebruik te maken van lokale coördinatenstelsels.

Deze lokale coördinatenstelsels zouden in elke richting rond de normaal kunnen worden gedraaid,

wat een probleem is voor consistente patroonherkenning. We lossen deze ambiguïteit op door

features te berekenen die equivariant zĳn voor draaiingen en als complexe getallen worden

opgeslagen. Deze features worden tussen coördinatenstelsels verplaatst met behulp van parallel

transport langs de kortste geodeten.

Hoofdstuk drie presenteert DeltaConv. DeltaConv is een convolutie-operator op basis van

geometrische operatoren uit de vectoranalyse, zoals de Laplace-operator. De Laplace-operator

verandert niet als lokale coördinatenstelsels veranderen. Dit lost het probleem op van een

ontbrekend globaal coördinatenstelsel. Een nadeel hiervan is dat de Laplace-operator isotroop is,

wat betekent dat deze geen patronen met richting kan oppikken. DeltaConv splitst de Laplace-

operator op in de gradiënt en divergentie en past een non-lineariteit toe tussen beide, waardoor

een anisotrope operator wordt verkregen. De methode is getest op de analyse van 3D puntwolken

en behaalt competitieve resultaten met een relatief eenvoudige architectuur.

Hoofdstuk vier behandelt stelsels van lineaire vergelĳkingen op gekromde oppervlakken. Deze

zĳn relevant voor vele toepassingen: smoothing van data, simuleren en animeren van 3D-vormen,

en machine learning. De multigrid-methode is een veelvoorkomende manier om grote stelsels

van lineaire vergelĳkingen op te lossen. Multigrid-methoden vereisen een hiërarchie van rasters

en een manier om tussen niveaus te communiceren. We laten zien dat dit mogelĳk is voor

gekromde oppervlakken met onregelmatig verdeelde punten via een hiërarchie van Voronoi-

diagrammen op grafen. Onze methode, Gravo Multigrid, behaalt oplostĳden die vergelĳkbaar zĳn

met de competitie, terwĳl het een ordegrootte minder tĳd nodig heeft voor de voorbereidende

berekeningen: van minuten naar seconden voor meshes met meer dan een miljoen knooppunten.

Hoofdstuk vĳf demonstreert het gebruik van intrinsieke geometrie in de context van materi-

aaleigenschappen, het vastleggen van spatially-varying bidirectional reflectance distribution functions
(SVBRDF). Een laagdrempelige manier om SVBRDF’s te meten is met foto’s uit verschillende

kĳkhoeken. Sommige reflecties zĳn echter alleen te zien onder bepaalde kĳkhoeken en lich-

tomstandigheden, waardoor we sommige materialen moeilĳk kunnen onderscheiden onder

bepaalde omstandigheden. We formuleren dit als een kwestie van (on)zekerheid: hoe zeker zĳn

we op basis van de data? Eerder werk toont aan dat de reflectiefunctie kan worden gezien als

een convolutie van de BRDF met het inkomende licht. We stellen verbeteringen voor aan dit

model en ontwikkelen algoritmen voor onzekerheidsanalyse die volledig in het frequentiedomein

plaatsvinden. Het resultaat is een snelle SVBRDF-reconstructie met informatie over onzekerheid.
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Introduction 1

Figure 1.1:Triangles covering a curved
landscape. Original: � Blick von Warm-
brunn auf die Kleine Sturmhaube� by Cas-
par David Friedrich (1810).

Of all the topics he could have picked, Professor Gauss chose
geometry. Bernhard Riemann was preparing for his habilitation
dissertation, the �nal examination for the quali�cation to teach at the
university of Göttingen. It was tradition for the candidate to propose
three potential topics for this important talk. Riemann had chosen
two topics he had already worked on and, as a third topic, geometry.
It was expected that the advisor would pick the �rst, familiar,
topic. It must have been a remarkable pick for Gauss to choose the
third one. Riemann was said to have had a minor breakdown, but
quickly recouped, presenting his habilitation dissertation `Über die
Hypothesen, welche der Geometrie zu Grunde liegen'(On the Hypotheses
which lie at the Foundations of Geometry) on June 10, 1854. Even
more remarkable is that the impact of the habilitation dissertation
would stretch far beyond the lecture rooms of Göttingen, directly
in�uencing Albert Einstein's general theory of relativity.

It comes as no surprise that Gauss had an interest in geometry.
Gauss had been involved in a number of geodesy surveys years
before. The surveyors would measure distances and angles between
key points on the landscape, tracing out triangles across the map.
These triangles then form a web of key points, distances, and angles,
straddling the surface of the land (Figure 1.1). It was of interest
to understand the curvature of these triangles. For example, the
triangles on a mountain peak form a sharp cone. A �at stretch of
farmland has the triangles laying in a planar disc. Gauss had studied
ways to measure such curvature in his landmark 1827 paper, titled
`General Investigations of Curved Surfaces.' In this paper, Gauss
describes a way to measure curvature (Gaussian curvature) and
derives the Theorema Egregium, the remarkable theorem.



2 1 Introduction

The Theorema Egregiumstates that the Gaussian curvature of a
surface can be derived from measurements taken from within the
surface, intrinsic measurements: distances and angles and how they
change on the surface. This is remarkable, because he did not expect
to get such rich information from only intrinsic measurements.
Going back to the geodesy survey, this means that one can use the
distances and angles between key points to know the curvature of
the land. Gauss himself connects the dots in his 1827 paper and
provides some example computations based on a geodesy survey
he had performed himself. On a larger scale, it means that you
could conclude that the earth is round, without ever leaving the
surface of the earth. You could simply take measurements of angles
and distances on a curved triangle drawn over the surface of the
earth. One step further, on a more abstract level, Gauss' theory
allows us to study surfaces that are impossible to realize in physical,
three-dimensional space, such as hyperbolic surfaces and, as we will
see later, four-dimensional spacetime. Truly remarkable, indeed.

In the abstract of his paper on curvature, Gauss drew the following
consequence regarding relations (e.g., distances between points) on
surfaces, relevant to this dissertation:

We see that two essentially di�erent relations must be distin-
guished, namely, on the one hand, those that presuppose a
de�nite form of the surface in space; on the other hand, those
that are independent of the various forms which the surface
may assume.

In other words, some relationships depend on how a shape sits
in space, such as the coordinates in an external frame of reference.
If you transform the shape, the coordinates will transform as well.
In this dissertation, we will refer to this information as extrinsic
geometry. Other relationships do not change when the surface
is transformed without stretching it, such as distances or angles.
Imagine a piece of cloth that is folded and bent, but not stretched.
The distances along the cloth do not change as you manipulate it.
We will refer to this information as intrinsic geometry.

Let us return the story of Riemann, before continuing to the con-
tributions of the current dissertation. In his habilitation dissertation,
Riemann picked up where Gauss left o�. His �rst point of business
was to de�ne spaces and surfaces in higher dimensions. Gauss
had studied surfaces in 3D space, which makes sense, given our
experience of the space around us. But what if you wanted to add
other dimensions, such as colour? Surfaces with higher dimensions
would be named manifolds and curvature on these manifolds could
also be de�ned using intrinsic measurements, such as distances
and angles. The crucial question is how these distances should be
measured. What is the analog of a ruler that we can use to measure
distance in an abstract space, such as colour? Riemann describes
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how to do this with in�nitesimally short line-elements and we call
this measurement `device' the metric tensor. In short, Riemann gave
us the tools to study curvature of higher dimensional surfaces (man-
ifolds) intrinsically. Musing on the implications of these �ndings,
Riemann states that

this leads us into the domain of another science, of physics, of
which the object of this work does not allow us to go today.

Einstein took over the baton and applied Riemann's theory in
physics. He realized that the dimension of time is linked with the
three dimensions of space, resulting in a four-dimensional space-
time. Even though we are three-dimensional beings, we can study
the curvature of four-dimensional spacetime by taking intrinsic
measurements (Theorema Egregium). In this way, he was able to
predict veri�able measurements that show that spacetime is curved,
providing an explanation for gravity: the general theory of relativity.

The purpose of this history is to illustrate the power of using
intrinsic geometry to study the world around us. In this dissertation,
we seek to apply this perspective in learning and computing on
curved surfaces: the organic forms of human bodies and digital char-
acters, the slight bends and sharp corners of household appliances,
or a sphere representing lighting and viewing directions. We focus
on tasks where we require intrinsic geometric information and want
to be robust to changes in extrinsic geometry, such as varying human
poses. In the words of Gauss, we want to use �those [properties]
that are independent of the various forms which the surface may
assume.� By using intrinsic geometry, we can �nd more e�cient
and better performing algorithms for complex, real-world problems.
This is possible, because we ignore details that are irrelevant or
counterproductive to the problem at hand.

While intrinsic approaches could simplify our theoretical anal-
ysis, they are challenging to implement in practice. Typical signal-
processing algorithms work with signals discretized in grids: equally
spaced samples on a �at domain. For example, images are processed
on a pixel grid. In contrast, we need to deal with irregularly-spaced
samples on a curved domain to formulate intrinsic algorithms for
data on curved surfaces. The irregularity of the samples compli-
cate implementations of typical procedures like convolution, signal
reconstruction, and up- or down-sampling. Curvature means that
the metric (how distances and angles are measured) varies across
the surface and that we have no global coordinate system to work
with. This introduces a number of problems that we highlight in
this dissertation.



4 1 Introduction

1.1 CNNs on Curved Surfaces

In Chapter two and three, we consider convolutional neural networks
on curved surfaces. Convolutional neural networks (CNNs) are
used in machine learning to analyze and synthesize signals that
exhibit translation-invariant patterns. CNNs are used, for example,
to classify and segment images [127] and as a building block in
denoising di�usion models to generate images [ 94]. In a CNN, a
localized kernel with learned weights is convolved over the input
image. The bene�t of using convolution is that the weights are
shared across the input image. This requires fewer parameters
(more e�cient learning) and the operations are translation invariant
(better generalizability).

On images, it is straightforward to de�ne a convolution operator,
as we can assume that each pixel is laid out on a grid. This makes
it simple to implement convolution using 2D arrays and implies a
global coordinate system to align the kernel to. Consider a kernel
that detects edges. We can exploit the fact that each pixel is aligned
to the same pixel grid to �nd vertical and horizontal edges using
a vertical and horizontal edge-kernel. On surfaces, points are not
laid out on a pixel grid, but spaced irregularly. There is no global
coordinate system for tangential directions. Yet, we would like
to �nd patterns with meaningful directional information, such as
edges and corners. Chapter two and three present solutions to this
problem from two di�erent perspectives.

In chapter two, we present Harmonic Surface Networks. We apply a
2D kernel to the surface by using a local parametrization: features
on the curved surface are mapped to the tangent plane using the
exponential map. The exponential map tells us for each point on the
surface where it lands on the tangent plane by �attening a local patch
of surface. The lack of a global coordinate system for curved surfaces
shows up in this setting, because the kernel could be rotated in any
direction around the normal. Rather than choosing one direction
ad-hoc, we accept this ambiguity and locally resolve mismatches
in direction between di�erent points. This is achieved by using
rotation-equivariant kernels and transporting the resulting complex-
valued features between coordinate systems without changing their
direction (parallel transport) along shortest geodesics.

In Chapter three, we present DeltaConv. In this chapter, we in-
terpret convolution through the lens of geometric operators. An
example of the connection between convolution and operators is
the heat equation, %H• %C= � H–which describes the change of a
function Hover time Cto the Laplacian operator applied to H. For
any time C, this equation can be solved by convolving H with a
heat kernel. The Laplacian has been applied in neural networks
for surfaces and graphs, for example in GCN [ 112] and Di�usion-
Net [ 201]. A bene�t of the Laplacian to de�ne convolution, is that
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the Laplacian is invariant to local coordinate systems. This solves
the problem of a missing global coordinate system. However, the
Laplacian operator is also isotropic; it does not distinguish between
di�erent directions. That means it cannot pick up on directional
information. With DeltaConv, we show how to learn anisotropic
operators. We split the Laplacian into gradient and divergence and
apply a non-linearity in between. We demonstrate the resulting
convolution operators on learning tasks for point clouds and show
that we can achieve state-of-the-art results with a relatively simple
architecture.

1.2 Geometric Multigrid

In Chapter four, we shift our focus to solving linear systems on
curved surfaces. Such linear systems show up in many geometry-
processing tasks: smoothing data, simulating or animating 3D
shapes, or machine learning on surfaces. The size of these linear
systems depends on the resolution of the surface discretization,
which could run into millions of vertices or points. A common
way to solve such large systems on grid-based data is a multigrid
method, where the linear system is solved on multiple grids in a
hierarchy. The two main components of a multigrid method are the
hierarchy of grids and the operators that map between the levels in
the hierarchy. Our challenge lies in de�ning both these components
for a curved surface with irregularly spaced samples. We show that
this can be achieved with a hierarchy of graph Voronoi diagrams.
The resulting approach, called Gravo Multigrid, achieves solving
times comparable to the state-of-the-art, while taking an order of
magnitude less time for pre-processing: from minutes to seconds
for meshes with over a million vertices.

1.3 Material appearance capture

In the penultimate chapter of this dissertation, we transition out of
the geometry processing territory toward material- and appearance
capture. We show that the strategy of using intrinsic geometry for
solving complex real-world problems can also be applied in this
setting.

Object acquisition is the task of capturing the geometry and ap-
pearance of a physical object. The resulting digital copy of the object
can be used to render the objects in virtual settings, for example,
the original setting of a cultural-heritage object or a scene in an
animated movie. For many objects, it su�ces to model how light
interacts with the object at the surface. We can model how light
re�ects o� the surface using a bidirectional re�ectance distribu-
tion function (BRDF). When this function varies over the surface,
a spatially-varying BRDF (SVBRDF) is used. A low-cost setup to
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recover the SVBRDF is to capture a number of photographs from
multiple viewpoints and to capture the lighting environment. How-
ever, even with hundreds of photographs, one might not be able
to recover the parameters of the SVBRDF at every point. This is
because some re�ectance behavior only shows up under certain
viewing positions and lighting conditions. How can we know when
we have the right conditions for capture?

In Chapter �ve, we provide insight into these questions by transi-
tioning from the spatial domain to the frequency domain. We build
on previous work that shows that the re�ection function can be
modeled as a convolution of the BRDF with the incoming light [ 190].
If the incoming- and outgoing light are known, the task of �nding
the BRDF can be seen as a deconvolution. This signal processing
perspective can help us answer if we have the right signal available
for recovery. We propose improvements to the convolution model
and propose algorithms for uncertainty analysis fully contained in
the frequency domain. The result is a fast and uncertainty-aware
SVBRDF recovery on curved surfaces.

1.4 Curved surfaces, convolution, and least-squares

Even though the chapters in this dissertation span a wide range
of application domains, we soon get familiar with a recurring cast
of characters. Each of the chapters considers a problem de�ned on
a curved domain; we aim to use convolution on this domain; and
use least-squares as a way to map concepts de�ned in a continuous
setting to the discrete setting. The reason for this recurrence is the
underlying strategy to use the intrinsic geometry of a problem to
generate simpler and better algorithms. For CNNs on surfaces and
geometric multigrid methods, the problem can be reduced to a 2D
curved surface embedded in 3D space. For re�ectance, the problem
can be reduced to the sphere of incoming and outgoing directions.
Both are examples ofcurved surfaces. We simplify the problems by
using convolution: hereby, our solutions become invariant to trans-
lations and rotations. Finally, it is challenging to create algorithms
that work on irregular and sparse discretizations. We �nd this is the
case for meshes and point clouds, but also for samples of a radiance
�eld from a sparse set of viewpoints. Our algorithms are robust to
these sparse and irregular samples by using aleast-squaresapproach
and �tting regularization.

In the following chapters, we further detail these e�orts. Each
chapter provides a detailed introduction to the problem context
and related work, a description of the method, and experiments
demonstrating the claimed bene�ts. The dissertation is concluded
with chapter seven, where we re�ect on the lessons learned and
challenges for future work.



CNNs on Surfaces using
Rotation-Equivariant Features 2

This chapter* is concerned with a fundamental problem in geometric
deep learning that arises in the construction of convolutional neural
networks on surfaces. Due to curvature, the transport of �lter kernels
on surfaces results in a rotational ambiguity, which prevents a uniform
alignment of these kernels on the surface. We propose a network architecture
for surfaces that consists of vector-valued, rotation-equivariant features.
The equivariance property makes it possible to locally align features, which
were computed in arbitrary coordinate systems, when aggregating features
in a convolution layer. The resulting network is agnostic to the choices of
coordinate systems for the tangent spaces on the surface. We implement our
approach for triangle meshes. Based on circular harmonic functions, we
introduce convolution �lters for meshes that are rotation-equivariant at the
discrete level. We evaluate the resulting networks on shape correspondence
and shape classi�cations tasks and compare their performance to other
approaches.

Figure 2.1: We propose CNNs on sur-
faces that operate on vectors and sepa-
rate rotation-equivariant and rotation-
invariant features.

* This chapter is based on the paper �CNNs on Surfaces using Rotation-Equivariant
Features� published in ACM Transactions on Graphics (SIGGRAPH 2020) [244].
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