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Abstract
We present an interactive, physically-based, elastically deformable model using a particle system to model sur-
faces with interior volumes that can be haptically felt. Oriented particles used in existing surface-only models, and
unoriented particles used in volume-only simulations are combined to form a bag-of-particles. Multiple species
of surface and volume particles, coupled with prede£ned interspecies parameters, determine the elastic proper-
ties of a bag. Starting with an object represented as a 3D voxel bitmap of connected components, the gradient
of its distance map gives a vector £eld, or gradient map, that captures the static shape of an object and provides
shape-maintaining forces. The gradient map enables the user to de£ne the geometry of the simulated objects, and
provides feedback reaction forces allowing a user to feel the model. A bag-of-particles model can simulate several
objects in the same scene, as well as objects composed of different materials, such as organs with multiple tissue
types. We demonstrate the bag-of-particles approach using a number of different data sources, and apply it to
modeling myocardium dynamics.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling:Curve, surface, solid, and object representations, Physically based modeling

1. Introduction

For computermodelsof physicalobjectsto seem"real",both
the visual andbehavioral aspectsof the modelmustbe ad-
dressed:visualrealismaddressinghow themodellooks,be-
havioral realismaddressinghow it physically acts. In ad-
dition, if the model is to be manipulated,interactionspro-
vided by the haptic model shouldfeel as realistic as pos-
sible. Furthermore,in the ideal approach,all threeaspects
would be integratedin a single,uni£edmodel,andsupport
real-timeinteraction.Thecomputergraphicscommunityhas
historically focusedon thesethreeareasseparatelyand to
varyingdegrees,with extensiveresearchinto renderingtech-
niques,but scantresearchinto hapticmodeling.Overthelast
two decades,increasingattentionhasbeendirectedtoward
physically-baseddeformablemodels,with several different
fundamentalapproachesemerging, eachwith its strengths
andweaknesses.

In particular, physically-basedmodels using particles
have employed theseparticlesin a numberof specialized
ways. Particles have been used to createmodels of de-
formablesurfaceshapes,but thesesurfacesare devoid of
interior material.Alternatively, modelsrepresentingamor-
phous,bulk interiormatterhavebeendeveloped,but in these

modelsvariouspropertiesof theparticleensembleareof in-
terest,andsurfaceshapeis ignored.Particlesystemmodels
are limited in otheraspects,aswell. Somemodelsrequire
particlesto be £xed to polygon vertices,thus assuminga
polygonal representationexists. Furthermore,particle sys-
temsin generalhave dealtwith homogenousmaterialonly,
andthey have notaddressedtheissueof hapticmodeling.

In this context, a modelingapproachhasbeendeveloped
that speci£callyaddressesseveral of the limitations in ex-
isting particle systemmodelingtechniques.In the bag-of-
particles approach,certainusefulaspectsof different,pre-
vious approachesare combinedin a novel framework, re-
sulting in a physically-based,elasticallydeformablemodel
thatusesparticlesto modelbothsurfacesand their innervol-
umes.Theframework permitsobjectswith non-homogenous
materialto bemodeled,andallowsthemto behapticallyfelt,
andto undergo smallelasticdeformations,usingdirectma-
nipulation.Theapproachusesarepresentationfor shapethat
servesto integratebehavioral andinteractionmodels,while
allowing modelsto be constructedfrom several fundamen-
tally differenttypesof sourcedata.Theapproachis applied
to a modelinga humanheartventricle througha complete
cardiaccycle.

c
�

TheEurographicsAssociation2002.
141141

http://www.eg.org
http://diglib.eg.org


Stahl, Ezquerra and Turk / Bag of Particles

2. Previous Work

The various approachesto physically-baseddeformable
modelingcanbe groupedinto four categories:mass-spring
systems,£nite-element methods,approximate continuum
models, andparticle system methods.A brief review of these
approachesfollows.

A mass-springmodel idealizesthe physical composition
anddynamicbehavior of anobjectby treatingit asa lattice
of masspointsconnectedby springs.Mass-springsystems
have beensuccessfullyused,for example,in animationand
soft tissuemodeling 26,13, and a surfacecan easily be vi-
sualizedfrom a triangulationof the explicit meshof mass
points.However, this representationhasseveral limitations.
A small integrationtime-stepis requiredfor numericalsta-
bility whenmodelinghardobjects,resultingin slow simula-
tions.To deforma modelanaddedcomputationalcostmust
be incurredfor collision-detectionbetweenthe meshanda
deformingtool.Furthermore,desiredmaterialpropertiescan
only beapproximatedby tuningspringconstants.More sig-
ni£cant,the basicmass-springmodel representslinear dy-
namicsonly, precludingsomedesirabletypesof deforma-
tionssuchasthosecharacterizedby highdegreesof ¤exibil-
ity, elasticity, or othernon-linearbehaviors.

The £nite-elementmethod(FEM), on the otherhand,is
an accuratecontinuummodel that considerspropertiesof
massand energy distributed throughouta body, governed
by continuousdifferentialequations11. The FEM hasbeen
the subject of much interest over the past several years
within the graphicsdomain.For instance,FEM has been
usedfor shape£tting and recovery 6, to model the prop-
agation of brittle fracture18, for tissuemodeling28, and in
surgery simulations2. The FEM approachmore accurately
modelscontinuumbehavior, but it is computationallymore
complex, andconsequentlyis not interactive.

Somemodelsusesimplermathematicalformulationsde-
signedto producethe desiredbehavior at more interactive
speeds3,12,20,24. Though fasterthan full continuummod-
els, theseapproximatecontinuummodelshave limitations.
They mightmodelsurfacesor isotropicmaterialonly, ormay
requiresigni£cantoff-line pre-processing,which precludes
generaltopologicalchangesor dynamicmaterialfracture.

Modelsusingparticlestreatmattersimilar to the lumped
massesof mass-springsystems.Physically-basedparticle
systemsinvolvebehavior expressedin termsof potentialen-
ergy functions,force, and equilibrium. Someapplications,
suchascloth modeling,£x particleswithin a lattice struc-
ture5, or constrainthemto asurface27. Theparticlesystems
weareinterestedin, however, donot involvespringconnec-
tionsor holdparticlesin a£xedarrangement.Particle-based
simulationsof this typehavebeenusedin applicationsrang-
ing from the scaleof astrophysics, whereinparticlescap-
ture the formationandevolution of galaxies,to the atomic
level wherethey havemodeledelectron¤ow in semiconduc-
tors andplasma¤ow in magnetic£elds 10. At intermediate

scales,MD simulationsemploy aggregatesof particlesto in-
vestigatethebehavior of condensedmatterin variousstates
1,16. Both oriented14 andunorientedparticles9 have been
usedfor animation,while orientedparticleshave beenused
to form minimal-energy surfacesthat can be interactively
shaped23. As with other approaches,solving particle sys-
tem equationsof motion is parallelizable,andwith the use
of spatialpartitioning,modelswith reasonablylargeparticle
populationsare computationallyviable. However, because
surfaceshapeis ignoredin MD simulationsandinteriorvol-
umesareignoredin surfacemodelingsystems,thesetypesof
particlessystemsareincomplete.In addition,objectscom-
posedof particleensemblesarenot easilyvisualizedusing
polygonalsurfaces.

3. Particle model dynamics

Both orientedandunorientedparticlesareusedin a bag-of-
particlessimulation.Both typeshave position p, but some
arede£nedwith anorientation,q. Orientedparticlesin this
systemare surface particlesforming a thin exterior mem-
brane,servingasa containingboundaryto hold unoriented
volume particlesin anobject’s interior. Themodelusesfour
potentialsthatcanbegroupedinto threecategories,accord-
ing to their effect:

(1) Onepotentialproducingvolumeforcesthatgatherparti-
clesinto ashapeless,space-£llingconglomeration,

(2) Two potentialsproducingsurfaceforcesandtorquesthat
arrangeparticlesinto locally planar surface con£gura-
tions,and

(3) Onepotentialproducingshapingforcesandtorquesthat
arrangestheseplanarsectionsinto aglobalobjectshape.

Theoveralleffectof thevariousforcesandtorquesproduced
by thesepotentialsis to form abag of particles - surfacepar-
ticlesarrangedin thesurfaceshapeof anobject,thatbound
andcontainspace-£llingvolumeparticles.

3.1. Volume particles

To producethe volume forcesaggregating someparticles
into a space-£llinginterior mass,we use a form of the
Lennard-Jones(LJ) potentialcommonlyusedin MD sim-
ulationsto modelcondensedmatter:

φ � ri j ��� 1� 5 1
ri j

3 � 1
ri j � (1)

whereri j is thedistancebetweentwo moleculesi and j, and
ε � 1 � 5 is theenergy requiredto overcomethecohesionof
molecules10. In this form theequilibriumparticlespacingr0
occursat ri j �
	 3 (Figure1). For computationalsimplicity
weassumeparticleshaveunity mass.To makethenumberof
LJ force computationsmore tractable,particle interactions
areignoredbeyondacutoff distance,rc � 3r0, wheretheLJ
forceis small.
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σ r0

φ � r �
f � r ��
���� φ � r �

r

ε

Figure 1: Lennard-Jones potential, φ � r � , and force, f � r � .

3.2. Surface particles

The space-£llingparticlesdescribedin section3.1 are not
suitable for creating surfaces. Instead, a mechanismis
neededto form a kind of membraneor boundingsurface
aroundinterior particles.For this purpose,we usethe co-
normal and co-planar potentials(φCN � φCP) and oriented
particles,in additionto theLJ potential,asis donein thesur-
facemodellingsystemof 23. Together, thesethreepotentials
producesurfaceforcesandtorquesthatact to arrangeparti-
cles into locally planarsurfacesections.To form arbitraily
shapedsurfacesandnot simply planes,however, the addi-
tional shaping forcesandtorquesdescribednext areneeded.

As describedin section3.1, we cancreateamorphousag-
gregatesof unorientedparticlesfrom volumeforces.Alter-
natively, with co-normal,coplanarandLJ surfaceforcesand
torquesonly, we canform a planarsurfaceof orientedpar-
ticles. In neithercase,however, canwe createany arbitrary
non-planarsurfaceshapewith its interior volume.To create
an arbitrarily shapedclosedsurface,a force is neededthat
will arrangelocally planarregionsof particlesinto the de-
siredglobal objectshape,anda torqueis alsoneededthat
will orienta surfaceparticleto theobject’s surfacenormal.
We obtaintheseshapingforcesandtorqueswith thefollow-
ing steps:

V
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V
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Figure 2: Object as a labelled bitmap.

3.3. Shape from distance maps

1. Representanobjectasa3D voxel bitmap. This is illus-
tratedin Figure2(a). The bitmap is simply a binary la-
belling of connectedcomponentsin a voxelization of
the object,V � V0 � V1, whereV0 � non-objectvoxels,
V1 � objectvoxels.

2. Identify theobjectsurface. Surface voxels separatein-
side voxels from outside voxels. We identify surface
voxels asobject voxels sharingcommonfaceswith (6-
connectedto) non-objectvoxels,V1 � Vin � Vsur f , V0 �
Vout . Integer labelsdistinguishoutside,surface,and in-
sidevoxels,asshown in Figure2(b).

3. Computethedistancemap. Given the set Vs ��� 3 of
pointson a closedsurface,thescalar, Euclideandistance
of apoint x to thenearestpointonVs is thedistance map
valueatx. The2D, 8-pointsequentialEuclideandistance
(8SED) algorithm 4 gives an approximationd � v� vs ������ ∆x � � � ∆y � � of thedistancemetric ∑ � v � vs � 2, usingin-
tegeroperationsonly, but thealgorithmcomputesanun-
signeddistance,asit doesnotdistinguishbetweeninside
andoutsidepixels.We extendthe8SEDalgorithmto 3D
andmodify it to computethegradientof the signed dis-
tance(producinga gradient map, GM), storingfor each
voxel v the signedvector componentsof the distance
d � v� vs ��� � ∆x � ∆y� ∆z � from thecenterof thevoxel to the
centerof thenearestsurfacevoxel vs.

Thegradientmapis subsequentlyusedto ensurethatsurface
andvolumeparticlesoccupy surfaceandvolumevoxels,re-
spectively. Speci£cally, thepre-computedgradientmapvec-
torsareusedasshown in Figure3: (a) for a surfaceparticle
occupying an outsideor an insidevoxel v, a gradientmap
force f GM � d � v� vs � will push the particle into the near-
est surfacevoxel vs, (b) within a surfacevoxel, the force
is f GM � rs

�
r, pushingthe surfaceparticleat position r

towardsthe voxel center, rs, and (c) by treatingthe gradi-
ent mapvectorasa surfacenormal, f GM � ns, the torque
τGM � ni � ns will orienta surfaceparticlenormalni to the
surfacenormal.Using orientedparticleforcesandtorques,
andgradientmapvectorsasdescribedabove, locally planar
regionsof particlesconformto anobject’s surfaceshape.It
is importantto note that gradientmap forcesand oriented
particleforcesareboth requiredfor forming a surfacefrom
particles.Without orientedparticleforces,surfaceparticles

inside voxel, v

outside voxel, v

s s
surface voxel, va

a

c

b
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in

n i

Figure 3: Oriented particle forces and torques.
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will notdistributethemselvesevenlyoverthesurface;rather,
groupsof particlesnearacommonsurfacevoxel will tendto
clump togetheras the gradientmap force attractsthem to
thatvoxel.

It is possiblefor asurfaceparticleto leaveasurfacevoxel
while seekingequilibriumafteranexternalforceis applied.
The gradientmap force acts,however, to return the parti-
cle to the nearestsurfacevoxel. Likewise, it is possiblefor
aninterior particlewithin anexpandingsurfaceto strayinto
a surfacevoxel (or even into an outsidevolumevoxel), but
thegradientmapforceis appliedto theseparticlesto return
themto the inner volume.Referringto Figure4: (a) when
an insidevolumeparticle is in an outsidevoxel, the gradi-
entmapforce f GM � d � v� vs � will pushtheparticleinto the
nearestsurfacevoxel, (b) whenaninsidevolumeparticleis
in a surfacevoxel, applicationof

�
f GM will pushthe vol-

umeparticletowardsthenearestinsidevoxel. Theexpected
behavior of thetwo differenttypesof particlesis established
in this manner:surfaceparticleswill occupy surfacevoxels,
andvolumeparticleswill occupy volumevoxels,at equilib-
rium.

ab

force

Figure 4: Gradient map force applied to volume particles.

3.4. Bag of particles

To form an elasticbagof particles,someparticlesmustar-
rangethemselvesinto surfaces,othersmust£ll theenclosed
volume,andthedesiredelasticbehavior of theentiresystem
mustbecapturedin theparticledynamics.In thismodel,the
elasticbehavior of asoft,squishy bag(asopposedto amore
rigid, £rmerbag)is notbasedonmechanicalpropertiessuch
as stressand strain,but resultsfrom a combinationof the
variousforcesand torquesactingon the different typesof
particles.

In the simplestcase,a bag is composedof two differ-
ent particle types: space-£lling(interior), unorientedvol-
ume particles that clump togetherunder the in¤uenceof
LJ forces,andorientedsurfaceparticlesforming anenclos-
ing surface,which aresubjectto LJ forces,co-normaland
co-planarforcesand torques,andgradientmap forcesand
torques.The gradientmap force actsto keepsurface(vol-
ume)particlesin surface(volume)voxels,andthe gradient
maptorquemaintainssurfaceparticlesorientedto the sur-
facenormal.
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Figure 5: Particles in a bag within a bag.

A morecomplex exampleis illustratedin Figure5, where
onebagcontainsa secondbagwith differentelasticbehav-
ior. To modelbagswith non-homogenousmaterialsuchas
this we de£nean additionalparticle attribute, its species.
This examplerequiresfour particlespecies:two composing
anouterbag(surfacespecies-1,volumespecies-2)thatsur-
roundan innerbagcomposedof two otherspecies(surface
species-3,volumespecies-4).We would like the species-1
surfaceto containonly species-1particles,except perhaps
while coming to equilibrium after an external force is ap-
plied, andsimilarly for thespecies-3surface.If we only la-
belledvoxels asoutside,surface,or inside,ascanbe done
for asinglebag,it is possiblefor gradientmapforcesto push
a species-1surfaceparticleonto the species-3surface(and
vice versa).To prevent this, a voxel is labelledwith both
theparticlespeciesthatshouldoccupy it atequilibrium,and
thespeciesof thenearestsurface.By orderingvoxel species
numbersin increasingorderfrom outerto innerandapplying
a negative gradientmap force in somesituations,particles
will alwaysmove towardsthe nearestsurfacelabelledwith
itsspeciesnumber, i.e.,they will alsoorderthemselvesby in-
creasingspeciesnumberfrom outerto inner, asin Figure5.

3.5. Behavior of a particle species

The dynamic behavior of a speciesis determinedby the
balancebetweengradientmapandorientedparticle forces
and torques.It is set such that gradientmap forces and
torques( f GM � τGM) haveagreatereffect thanorientedparti-
cle forcesandtorques( f OP � τOP), causingsurfaceparticles
which would otherwiseform smallplanarareasto form the
globalobjectshape:

fi � αOP
f f OP

i � αGM
f f GM

i � (2)

τi � αOP
τ τOP

i � αGM
τ τGM

i � (3)

The orientedparticle force (torque)on a species-i particle
is thesumof Lennard-Jones,co-normalandcoplanarforces
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(torques):

f OP
i � f LJ

i � fCN
i � fCP

i � (4)

τOP
i � τCN

i � τCP
i � (5)

wherethe orientedparticle force (torque)from a potential
is itself a weightedsumover all pairsof interactingspecies.
For example,theorientedparticleforcesfor a species-ipar-
ticle areweightedsumsof thepairwiseforcesbetweenthat
particleandall otherspecies(1,2, ...)with whichit interacts:

f LJ
i � αLJ

i1 ∑
1

f LJ
i1 � αLJ

i2 ∑
2

f LJ
i2 � ����� � (6)

fCN
i � αCN

i1 ∑
1

fCN
i1 � αCN

i2 ∑
2

fCN
i2 � ����� � (7)

fCP
i � αCP

i1 ∑
1

fCP
i1 � αCP

i2 ∑
2

fCP
i2 � ������� (8)

wherethesummationsareover all particlesin theindicated
species.Thecoef£cientsαφ

i j area setof (possiblyzero)in-
terspeciesweights,which determinethestrengthof interac-
tions betweenall speciespairs i and j. Typically, pairwise
interactionsarenot symmetric(αφ

i j  � αφ
ji � .

IncreasingtheweightsαCP
i j increasesthemagnitudeof co-

planarforcesandhastheeffect of ¤atteningregionsof sur-
faceparticles.Usinga globalvaluefor all species-i surface
particlesis acceptableif thesurfacecurvaturedoesnot vary
widely. For surfaceswherecurvaturedoesvarysigni£cantly,
however, a valuethatis adequatefor ¤atregionsis too large
for areaswith highcurvature,with particlestendingto ¤atten
ratherthanconformto the highly curved regions.To avoid
this, αCP

i j is weightedaccordingto the surfacecurvatureof
thestaticobject,computedfrom the3D voxel bitmap25.

Theparticlebehavior resultingfrom interspeciesweights
establishestheelasticityof thesurfaceandthebulk ‘matter’
it contains.Applying theseweightsto forcesandtorquesob-
tainedby integratingtheparticlesystemequationsof motion
determinesthe equilibrium shapeof a bagof particles,and
its time-varyingshapewhenexternalforcesareapplied.

3.6. Constructing a model

A bag is initially populatedwith particlesusing birth and
deathprocessesthat maintainapproximatelyconstantpar-
ticle density. The equilibrium, lowestenergy con£guration
for agroupof particlessubjectto anisotropicpotentialsuch
asthe LJ potentialis hexagonalclose-packed.Particlesare
addedvia birth in regionsof low density, andremoved via
deathif they aretoocloselyspaced.

Usingasimplemenuandbuttoninterfaceandafew input
device clicks, a bagcanbefully populatedin the following
manner. Thebagsurfaceis created£rst.Thesimulationvol-
umeis seededwith oneparticleof eachsurfacespeciesusing
amouseto selectthespeciesfrom amenu,thenclicking any-
wherein the simulationvolumewith a 3D input device, to
addaparticleof theselectedspecies.After gradientmapand

orientedparticleforces(torques)have attractedparticlesto
their propersurface,birth is enabledfor surfacespecies.In
a similar manner, bagsare £lled with volume particlesby
seedingavolumevoxel of eachspecieswith aparticleof the
samespecies,andenablingbirth for thosevolumespecies.
Figure6 shows severalbagswithin bagsduringcreationof
thesurfacesusingthis process.

Figure 6: Creating multiple surfaces.

4. Implementation

The following sectionsdiscussspeci£cimplementationde-
tails, includingthetypesof datausedto createa bagof par-
ticlesmodel,how amodelis visualizedanddeformedby the
user, the integrationmethodusedin theparticlesimulation,
andmeasurestakento reducecomputationalcomplexity.

4.1. Visualization

To visualizea bag of particlesmodel,a surfacetriangula-
tion computedfrom particlepositionscanberenderedwith
shadedor texturedpolygons,giving asnapshotof thesystem
at a speci£ctime step.However, sinceparticlescan move
freelyoverthesurfacein responseto forces,visualizingady-
namicallychangingsurfaceshapewith this techniquewould
requirea new surfacetriangulationat eachtime step,and
would not beinteractive.For this reason,we visualizea bag
of particlesusinga singleshadedpolygonfor eachsurface
particle,and shadedspheresfor particlescontainedin the
interior. Becausethesurfaceis visualizedonly whereparti-
clesarelocated,andnot coveredwith a completepolygonal
tesselation,thegapsbetweenparticlesaresometimesnotice-
ableasaholein thesurface.
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4.2. Data sources

The commonrepresentationfor all bag-of-particlesmodels
is the 3D voxel bitmap. A labelled gradientmap derived
from this bitmap is then usedto derive the shapeforces
arrangingparticlesinto an object’s speci£cshape.Models
createdfrom severalfundamentallydifferenttypesof source
dataareshown in Figure7. The birth processusedto pop-
ulate thesemodels,describedin section3.6, proved to be
robustover this wide rangeof shapesanddatasets.

The torus bitmap was createdfrom a polygonalmodel
scan-converted into voxels. The bitmap for the star-like
modelcamedirectlyfrom theimplicit functionfor asuperel-
lipsoid.Thesampleddatabitmapwascreatedby segmenting
PETimageslices.

(a)Polygonalmesh

(b) Implicit function

(c) Acquireddata(PETimages)

Figure 7: Example source data and bag of particles models.

4.3. Interaction

In thepresentsystem,ausercandeformmodelsby touching
themwith aprobewhoseendpointis modeledasasingleLJ
typeparticle.Theform of theLJ forcefunctionusedfor this
particleis

f probe
i � ri ��� k1 f LJ

i
ri

k0 � (9)

whereri is thespacingbetweentheprobeandparticlei. The
effect of the two coef£cientsk0 and k1 is a probeparticle

with an adjustableequilibrium spacing,and the ability to
strengthenor weaken theeffect of theprobeon otherparti-
cles.Highervaluesof k0, for example,resultin a probethat
interactsat longerranges(i.e., a largerprobe),while higher
valuesof k1 resultin strongerprobeforces.

A PHANToM 3D hapticinterfacedevice is usedto posi-
tion theprobeparticlein thesimulationvolume.ThePHAN-
ToM providessix degrees-of-freedompositionsensingand
three degrees-of-freedomforce feedbackfor a stylus-like
end-effector 15. With a probeparticle£xed to the tip of the
stylus,theusercanperformsmall elasticdeformationsto a
bagof particlesmodel(Figures8 and9). TheGHOSThaptic

Figure 8: Deforming a bag with a probe modeled as a single
particle.

programmingAPI 7 usedto interfacethePHANToM device
with the bag-of-particlessimulationis alsousedfor force-
feedbackmodeling.By treatinggradientmap vectorsas a
£eldof forcevectors,reactionforcesappliedto thePHAN-
ToM canbefelt whenabagis deformed.Themodeledeffect
is £ngertipinteractionwith elasticmaterial.An object’ssur-
facecanbefelt whentouched,but otherperceptionssuchas
weightandtexturehavenotbeenmodeled.

4.4. Time integration

The forcesandtorquesactingon a particleincludethe ori-
entedparticleandgradientmapforcesandtorquesdescribed
previously, aswell asexternaluser-appliedforces, fext , ap-
plied by the interactionprobe,andvelocity dependentvis-
cousdamping:

fi � αOP
f f OP

i � αGM
f f GM

i � fext

�
βvvi (10)

τi � αOP
τ τOP

i � αGM
τ τGM

i

�
βτωi (11)
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Figure 9: Sequence showing a planar sheet being deformed
(the single point probe particle is not shown).

Translational(βvvi) and rotational (βτωi) dampingact as
dragsopposingparticlemotionandimprovesnumericalsta-
bility. Giventheseexpressionsfor forceandtorque,we can
solve theequationsof motiongoverningparticlesystemdy-
namics,yieldinganupdatedpositionandorientationfor each
particle,ateachintegrationtime step.

Wedetermineparticlepositionandorientationusingclas-
sicNewtonianmechanics:

a � F ! m α � I " 1τ
¢v � a ¢ω � α
¢x � v ¢q � 1

2 # 0� ω $ q
(12)

The left column expressesNewton’s secondlaw for rigid
bodytranslationalmotionasasetof coupled£rstorderordi-
narydifferentialequations,andanalagouslyin theright col-
umn for rotationalmotion, wherethe inertia tensor, I, re-
latesa torque,τ, exertedon a particle,to rotationalmotion
expressedby angularacceleration,α. The relationshipbe-
tweena particle’s orientation,representedby a unit quater-
nion q, andits angularvelocity, ω, expressedasthequater-
nion # 0 � ω $ , is givenby 21.

The equationsof motion areintegratedat eachtime step
usingtheVelocityVerletmethod22. Otherintegrationmeth-
odssuchasRunge-Kutta or predictor-correctoralgorithms
offer greateraccuracy and permit larger time stepsat the
costof implementationcomplexity 17, but thechosenmethod
is easilyimplemented,numericallystable,andamenableto
quaternionrepresentationfor orientation19.

Becauseforce and torque calculationsdominatein the
overall simulation, several techniquesare used to reduce
computationalcomplexity.

4.5. Complexity

In a naive particlesystemimplementation,calculatingpair-
wiseinterparticleforcesis O � N2 � in thenumberof particles,
N. However, spatialsubdivision canbeemployedto reduce
complexity. In our implementation,thesimulationvolumeis
partitionedinto cells with sizeequalto the LJ force cutoff
distancerc, eachcell containingalist of particleswithin that
cell subvolume.

Cell lists areupdatedat eachtime stepwhennew particle
positionshavebeendetermined.For eachparticlepi in acell
list, pairwiseforcecalculationsarecomputedatthenext time
steponly for otherparticlesp j in that cell andin (at most)
the adjacent26 cells, if the particleseparation% ri j % is less
thanthe force cutoff distance.Assumingparticledensityis
constant- a reasonableassumptionfor particlessubjectto a
LJ potential- sucha spatialsubdivision reducescomplexity
to O � N � in thenumberof particles.

Thenumberof particlesneededto fully populateamodel,
and thereforethe numberof pairwiseforce calculationsto
be performed,can be adjustedby varying the ratio of the
gradientmap resolutionto the force scale(voxel size! r0).
At a one-to-oneratio whereeachgradientmapvoxel is one
equilibrium particlespacingwide, a fully populatedobject
occupying N voxels requiresaboutN particles.Increasing
the lengthof theequilibriumspacingwith respectto gradi-
entmapvoxel sizereducesthenumberof particlesrequired
to £ll a volumeor cover a surface.Largerspacingbetween
surfacesparticlesis equivalent to an undersamplingof the
surface,however, which resultsin a lossof surfacedetail.

To improve simulation interactivity, the rendering,in-
teractionand dynamicstasksare performedseparatelyon
two hostscommunicatingvia sockets. Force calculations
and stateupdatesare performedon an SGI Origin 2000
multiprocessorwith up to sixteen195 MHz MIPS R10000
CPU/MIPS R10010FPU and 256 Mb main memory per
CPUavailable.Visualizationis doneonanSGI Indigo2195
MHz MIPS R10000CPU/MIPSR10010FPU with 96 Mb
main memoryand Maximum Impact graphics.Interaction
is servedby a processon thevisualizationhost,driving the
PHANToM in a sensingloop cycle of about1000 Hz. At
eachtime stepthe PHANToM positionandthe stateof all
particlesarepassedacrossthenetwork betweenthedynam-
icsandgraphicshostsin UDP packets.

5. Results

Simulation runs were conducted using several bag-of-
particlesmodelsto assessits performanceasan elasticde-
formablemodel. In theseruns, the simulationuseda sin-
gle3D voxel bitmapfor eachmodel,anddeformationswere
madeinteractively usingtheprobeparticlediscussedin sec-
tion 4.3. A £nal simulationwas performedusing a series
of bitmapsto modela humanheartleft ventriclethrougha
full cardiaccycle. In this run, the modelwasnot deformed
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interactively, but by cycling througha sequenceof gradient
maps.In this scheme,thesetof shapeforceschangesfrom
gradientmap to gradientmap,causingsurfaceparticlesto
conformto thechangingshapeof theendocardialsurfaceas
it variesfrom bitmapto bitmap.Theimportanceof this latter
techniqueis demonstratedby obtaininga medicallyimpor-
tant, dynamic measuresuchas blood pressurethroughthe
cardiaccycle, from static imagedata.

5.1. Single Bitmap Models

Table1 givesperformanceresultsfor themodelsdescribed
in Section4.2. Valueswere recordedduring routine traf£c
load on the network connectingthe graphicsanddynamics
hosts.No attemptwasmadeto optimizethecode,however,
or to balancetheloadacrossCPUsonthedynamicshost.As
a result,althoughcomputationsaredistributedacrossCPUs
by assigningsimulationsubvolumesto speci£cprocessors,
thespeedof thedynamicssimulationis bottleneckedby the
CPUhandlingthesubvolumewith thelargestnumberof par-
ticles.Furthermore,the frameratevaluesin Table1 do not
re¤ecta possibleoptimization.Since pair potentialssuch
asthe LJ potentialproducesymmetricforces,the LJ force
needsto be computedonly oncefor eachpair of particles.
With this optimizationin place,frameratesareexpectedto
approximatelydouble.

Torus Star Ventricle

voxel size
r0

2 1.4 2 1.4 2

Surface 191 386 158 302 780
Volume 169 614 242 698 651
Total 360 1000 400 1000 1431

fps 15.2 8.4 14.0 8.8 6.5

Table 1: Simulation performance for 12 CPU, for the models
shown in Figure 7.

5.2. Application: Myocardium Dynamics

Thebag-of-particlesmodelsdescribedin section5.1arede-
rived from a single 3D voxel bitmap,and the behavior of
surfaceparticlesin thesemodelsis determinedby theforces
andtorquesdescribedin sections3.2and3.3. In thissection
anapplicationof thebag-of-particlesapproachis described
thatusesanadditionalmechanismfor dynamicallychanging
theshapeof anobject.

The imagesin Figure10 are3D texture volumerender-
ingsof theleft ventricle(LV) of ahumanmyocardium(heart
muscle),obtainedfrom a sequenceof positron emission
tomography (PET) image slices,acquiredat eight evenly

spacedtemporalintervals (gatedPET)duringonecomplete
cardiaccycle. The image slices in eachframe were seg-
mentedto extracttheinner(endocardial)surfaceof theven-
tricle, anda 3D voxel bitmapwascreatedfrom eachsetof
thesesegmentedslices.Distancegradientmapswere then
createdfrom eachof thesebitmaps,asdescribedin section
3.3.

Figure 10: Eight frames of a gated PET acquisition of a
human heart left ventricle during one cardiac cycle, volume
rendered using 3D texture.

By loopingthroughthis setof gradientmapsasthesimu-
lationprogresses,in thesamemanneraskey framesin anan-
imationsequence,surfaceparticlescomprisingtheventricle
surfaceconformto thechangingshapeof theendocardium,
compressingtheinterior bloodvolumeparticlesduringsys-
tole.Figure11depictsthisLV bag-of-particlesmodel.

Theexpectedbloodpressureresponseof abeatingventri-
cle canbe quanti£edin a bag-of-particlesmodel,asshown
in thepressurevs.timeplot of Figure12. Pressureis de£ned
in termsof theaveragetemperature,T , of theN bloodparti-
cles,andthevirial function8,

T � 1
3

Nkb ∑
i

miv
2
i � (13)

wheretemperatureis afunctionof particlemassandvelocity
(mi � vi) andtheBoltzmanconstant(kb), andthevirial func-
tion is givenby &

� ∑
i ' j

ri j ( fi j � (14)

Theseexpressionssimplify by using unity particle mass
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SystoleDiastole

Figure 11: Left ventricle bag-of-particles model through one
cardiac cycle.

(mi � 1),andby scalingtemperaturewith anassumedBoltz-
manconstantvalue,kb � 1, giving

P � 1
3V ∑

i
v2

i � 1
N ∑

i ' j
ri j ( fi j � (15)

Volume,V , is approximatedby thenumberof volumevoxels
in thecurrentlyselectedgradientmap.

PressurevaluescalculatedusingEquation15 wereaver-
agedover ten simulationtime stepintervals and recorded.
To obtaintheplot in Figure12, a curve was£ttedto theav-
eragedpressuredatausingcubic spline interpolation,then
scaledto giveapeakpressureequalto nominalpeaksystolic
pressureof 120mm Hg. Figure12 .

Superimposedon thebag-of-particlespressurecurve is a
plot representingthe typical shapeof thepressureexpected
in a LV. Thedifferencein theshapeof thetwo curvesis due
to anatomicinaccuracy in the bag-of-particlesmodel.The
LV PETdatadoesnot includeanaorticvalve.Hence,in the
bag-of-particlesmodel,bloodparticlesremainwithin theLV
endocardium,preventingpressurefrom droppingfurther as
would occur if blood wasejectedfrom the LV throughthe
aorticvalve.

6. Conclusions

A physically-based,elasticallydeformableparticle system
model with several advantagesover other particle system
modeling techniqueshas beendescribed.Unlike systems

closes
valve
mitral

diastole

typical

systole

bag−of−particles

diastole

aortic valve closes

80

60

40

(mm Hg)

100

120

Pressure

20

1 2 3 4 5 6

0

0
Time

87

Figure 12: Shape of ventricle pressure vs. time through one
cardiac cycle, for a bag-of-particles model and a typical left
ventricle (scaled to give peak systolic pressure of 120 mm
Hg).

that model surfacesonly, or usea single type of particle,
this methodmodelsboth surfacesandinterior volumesus-
ing multiple particle speciesin a bag of particles. Since
volumeparticledynamicsis governedby theinter-molecule
potentialsemployed in MD simulations,inner materialcan
exhibit the behavior of gaseous,liquid, or semi-solidcon-
densedmatter. A distancegradientmapthatcapturesobject
shapeprovidesforcesandtorqueswhich elasticallyrestore
the shapeafter deformation,but also can be usedas reac-
tion forcesto external, userapplieddeformations,provid-
ing a simplemeansof hapticfeedback.In addition,species
labels associatedwith the gradientmap, and a set of in-
terspeciesparametersallows bags-within-bagsto represent
objectscomposedof non-homogenousmaterial,whereeach
bagmodelsadifferentelasticbehavior. By couplingagradi-
entmapthatcapturesshape,with aphysically-basedparticle
systemthat modelsbehavior, any shapethat canbe repre-
sentedasabitmapof connectedcomponentscanbecomean
elasticallydeformablebagof particles.

The applicability of this approachfor objectsof widely
differentshapes,with differentsourcedatarepresentations
wasdemonstrated.A simple,point-probeinteractionmecha-
nismwasalsoillustrated.Becausephysicalbehavior is based
on interactingparticles,aseparatecollision-detectionmech-
anismfor tool-objectinteractionsis notneeded.

Theapproachwasappliedto modelingahumanheartleft
ventricle througha completecardiaccycle, demonstrating
theability to measuretime-varyingquantitiesof medicalin-
terest,suchasbloodpressureandcardiacejectionfraction,
usingonly staticmedicalimages.

Areasfor further work aresuggested.Sincethe gradient
mapis precomputed,abagof particlesis presentlyanelastic
modelonly. Also, the speci£celasticdynamicsof a model
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is not basedon mechanicalmaterialproperties,but results
from valuesfor theinterspeciesparametersthatmustbede-
terminedempirically. With severedeformationswherema-
terial fractureis expected,themodelbreaksdown, allowing
volumeparticlesto escapeoutsidethesurface.
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