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1. Sampled Slab Normal PDF proof

The analytical Dwivedi free-flight distance and scattering direction
PDFs mentioned are conditioned on the slab normal used. In the
case of Point Of Entry (PoE) and Closest Point (CP), the slab nor-
mal is deterministic. Therefore, the scattering direction PDF results
in p(ωz) = pD(ωz|nD). However II, and our techniques rely on a
sampled slab normal, thus leading to a joint distribution:

p(ωz) =
∫

α

p(ωz,nD)dnD (1)

where α is the set of slab normals and nD is the slab normal. This
means the total density of some direction ωo is the integral of the
Dwivedi directional density over the set of slab normals. In other
words, a fixed scattering direction’s probability density depends on
the slab normals. The joint distribution expands to

p(ωz,nD) = p(ωo|nD) · p(nD) (2)

Where p(ωo|nD) is the polar angle Dwivedi pdf and p(nD) is
the density of selecting that particular slab normal. The probability
density of sampling the slab normal, in our case, is another joint
density - the probability mass of selecting the voxel and the prob-
ability mass of selecting the point, for BOPO, or the density of
sampling the incident illumination direction, for BILL.

p(nD) = p(nD|v) · p(v) (3)

The full identity for p(ωz) is:

p(ωz) =
j

∑
i=0

p(v j)
∫

N
p(ωz|nD) · p(nD|v j) ·dnD (4)

When a directional distribution is used for the sample space
of slab normals, the integral is intractable. To avoid evaluating
the integral, we propose approximating it using Stochastic MIS
(SMIS) [WGGH20] to compute an estimate. As shown in their pa-
per, the biased approximation of the density values will not intro-
duce bias to the volume random walk estimator. A 1-sample esti-
mator of p(ωo) is:
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Figure 1: We brute-force-computed fluence measurements against
area integration and a diffusion profile to compute the volume
transport term at decreasing depths in a half-infinite slab (top row).
We show that our profile maintains its accuracy as the fluence me-
ter goes deeper into the volume, whilst the Burley Diffusion Profile
significantly underestimates the fluence.

⟨p(ωz)⟩=
p(v j) · p(ωz|nD) · p(nD|v j)

p(v j) · p(nD|v j)
(5)

and due to the cancellation, we have:

⟨p(ωz)⟩= pD(ωz | nD) (6)

Note that what we have proven here is similarly applicable to
BOPO and also to Incident Illumination.

The same issues also hold for the free-flight distance sampling
PDF but are also handled equivalently.
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2. Evaluating the Burley Diffusion Profile

We evaluate the Burley Diffusion profile for computing CDF
weights by comparing it to a depth-aware tabulated diffusion pro-
file. The Burley diffusion profile is fitted using surface integration
only, neglecting transport between surface and volume points or
points on opposite sides of a volume boundary. It can inadequately
represent the energy transport between points that deviate from the
original geometric configuration. The tabulated diffusion profile
preserves the geometric assumptions of the semi-infinite medium
while introducing an additional depth parameter. Our profile is sim-
ulated through extensive Monte Carlo random walks, originating at
a fixed depth interval. The tables are parameterized by depth and
radial distance. This parameterization enables a more accurate ap-
proximation of the transport operator between surface and volu-
metric points. The evaluation is composed of two parts. The first is
a fluence measurement at various depths in the context of semi-
infinite and finite slabs. The measured values at various depths
showed that the Burley diffusion profile significantly underesti-
mated the fluence compared to the tabulated and reference profile,
which matched. The shapes of the curves, however, were very sim-
ilar which significantly impacts CDF construction. When used as
weight generators for normalized CDFs, two functions with com-
parable shapes yield similar CDFs despite magnitude differences,
as normalization preserves only relative distribution patterns. The
second experiment showed that when the CDFs were constructed
using either the Burley Profile or the Tabulated profile, the CDFs
were very similar.

However, we show that their shapes are similar While the semi-
infinite planar assumption remains a limitation for arbitrary geo-
metric setups, our approach substantially reduces error over the
Burley profile when approximating volume point fluence in such
scenarios.

2.1. Fluence Simulations

Figure 1 shows fluence measurements on a half-infinite slab and
a finite slab of 6 scene units . In both cases, fluence differs only
with increasing depth. The reference data was generated using
Monte Carlo path tracing initiated below the surface, with con-
tinual measurements down to -12.95 units for the half-infinite
slab. The volume parameters were σt = (0.772,1.05,1.41) and
α = (0.958,0.838,0.716).

We observe that the fluence diminishes with increasing depth
from the surface. The tabulated and Burley profile measurements
were obtained by sampling a surface point and estimating vol-
ume transport using the respective profiles, eliminating the need
for stochastic volume random walks. As expected, the Burley
profile consistently underestimates the fluence, whereas our pro-
posed method demonstrates closer correspondence with the refer-
ence data. The finite slab configuration, with identical volumetric
properties and uniform illumination from both surfaces, similarly
demonstrates the Burley diffusion profile’s tendency to underesti-
mate fluence values.

Figure 2: We show 3 pixels that are hand-picked and compare the
CDFs using different diffusion profiles for weight construction.

2.2. Guiding Distribution CDF comparison using different
profiles

In this section, we examine the CDFs generated using our tabulated
diffusion profile versus the Burley profile. Figure 1 reveals that
while the Burley profile consistently underestimates energy val-
ues, the shapes of both profiles exhibit some similarity. This shape
similarity significantly impacts CDF construction. When used as
weight generators for normalized CDFs, two functions with com-
parable shapes yield similar CDFs despite magnitude differences,
as normalization preserves only relative distribution patterns. Fig-
ure 2 compares constructed CDFs at the volume entry point for
hand-picked pixels using different weighting schemes and Figure 3
demonstrates this in equal-sample renders. In the rest of our results,
we use the Burley diffusion profile.

3. Guiding Cache CDF Sizes

The size of the CDFs is directly related to the resolution of the guid-
ing cache. Table 2 shows the number of fitted voxels, which in turn
reflects the size of the CDFs. Given the scene and cache resolution,
we list the CDF sizes. Without the CDF caching, constructing these
CDFs for each random walk would be prohibitively expensive.

We show that unless the cache is very coarse, such as in the EN-
VMAP BUDDHA with 5× 5× 5 cache, the boundary is adequately
covered with distributions, be it boundary points or directional dis-
tributions. Figure 4, 5, 6 and 7 exhibit this.

4. Combining ours with Classical using MIS

We include the results for some of the other scenes not included in
the main text in Figures 8 and 9.
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relMSE|SPP 0.13054 0.13071 0.13127

Reference Burley Diffusion Burley Diffusion + Tr Tabulated Diffusion

0.20079 0.0119 0.14816 0.19469 0.01209 0.15181 0.20042 0.01142 0.14905

Figure 3: Comparing the different weighting strategies for CDF construction, where we can see that the variance is not affected by the
weighting heuristic. Images were rendered using 32 samples per pixel, and render times were very similar.

5. Training and fitting timings

Our approach learns the radiance field at a volume boundary
through a two-stage process: a pre-training step using Classical
sampling followed by von Mises-Fisher (vMF) distribution fitting
for the BILL algorithm. In contrast, BONO eliminates the fitting
stage entirely while maintaining equivalent training render times.
VPG presents the most complex training pipeline, requiring both an
adjoint-driven rendering process for its guiding structure and an ad-
ditional rendering pass to generate reference images for its Guided
Russian Roulette. Given these fundamental differences in training
architectures, direct timing comparisons would be misleading and
provide little insight into algorithmic efficiency.
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relMSE|SPP 0.02379|21 0.02027|22 0.01866|22 0.01815|22 0.01767|22

Reference GCS 5x5x5 GCS 10x10x10 GCS 20x20x20 GCS 30x30x30 GCS 40x40x40

0.03646 0.07185 0.03447 0.06647 0.03487 0.06111 0.03385 0.061 0.03309 0.06665

Figure 4: ENVMAP BUDDHA Guiding cache size resolution comparison

relMSE|SPP 0.03641|64 0.03574|64 0.03618|63 0.03581|64 0.03536|63

Reference GCS 5x5x5 GCS 10x10x10 GCS 20x20x20 GCS 30x30x30 GCS 40x40x40

0.06239 0.05725 0.06015 0.05821 0.06154 0.06024 0.06031 0.05779 0.06267 0.05951

Figure 5: BACKLIT BUDDHA Guiding cache size resolution comparison

Guiding Cache Size
Scene 5x5x5 10x10x10 20x20x20 30x30x30 40x40x40
ENVMAP BUDDHA 94 445 2108 4949 9003
BACKLIT BUDDHA 5 38 139 327 488
DAVID 25 101 268 440 613
ORC 19 81 322 741 1253

Table 1: For each guiding cache configuration, we show the average size of the CDF (which is the number of fitted voxels).
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relMSE | SPP 0.24607 | 30 0.24583 | 30 0.24248 | 30 0.24348 | 30 0.24316 | 30

Reference GCS 5x5x5 GCS 10x10x10 GCS 20x20x20 GCS 30x30x30 GCS 40x40x40

0.64145 0.14297 0.38584 0.63677 0.14524 0.38294 0.64645 0.13946 0.37903 0.62169 0.14055 0.38479 0.63264 0.1383 0.38987

Figure 6: DAVID BUST Guiding cache size resolution comparison

relMSE|SPP 0.10692|52 0.10538|52 0.10421|53 0.10504|52 0.10552|51

Reference GCS 5x5x5 GCS 10x10x10 GCS 20x20x20 GCS 30x30x30 GCS 40x40x40

0.14241 0.00754 0.12531 0.14547 0.00769 0.10539 0.13994 0.00772 0.10121 0.14201 0.00775 0.10726 0.14113 0.00812 0.10565

Figure 7: ORC Guiding cache size resolution comparison

0.08835 0.07336 0.05748 0.05142 0.04786

Ours 25% Ours 50% Ours 75% Ours 90% Ours 100%

0.25732 0.18185 0.12043 0.09681 0.09022

Figure 8: Buddha MIS comparisons
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0.19464 0.17025 0.15197 0.14497 0.14246

Ours 25% Ours 50% Ours 75% Ours 90% Ours 100%

0.50728 0.09094 0.25725 0.46799 0.0769 0.23477 0.44581 0.06426 0.20583 0.44505 0.05866 0.19778 0.4504 0.05762 0.19365

Figure 9: David Bust MIS comparisons

Scene BTDF Mean Free Path (scene units) Single Scattering Albedo
Envmap Buddha Rough Dielectric(α = 0.3,η = 1.3) [0.005, 0.005, 0.005] [0.8, 0.2, 0.75]
Backlit Buddha Smooth Dielectric (n = 1.2) [0.13, 0.09, 0.0671] [0.959, 0.764, 0.678]
David Diffuse Transmitter (ρ= [0.8,0.8,0.8]) [0.0133, 0.011, 0.009] [0.983, 0.926, 0.878]
Orc Diffuse Transmitter (ρ= [0.7,0.9,0.7]) [0.009, 0.006, 0.005] [0.988, 0.958, 0.927]

Table 2: Material and volume parameters for the scenes we evaluated. Triplets are

Scene Envmap Buddha Backlit Buddha David Orc
Rendering 52.95 8.654 35.404 181.753
vMF Fitting 12.7 0.016 0.046 0.747
Total 65.65 8.67 35.45 182.5

Table 3: Training times for all the scenes, in seconds.
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