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Abstract

The generation of high-quality maps between surfaces of 3D shapes is a fun-

damental task with countless applications in geometry processing. There is a

particular demand for maps that offer strict validity properties such as continuity

and bijectivity, i. e. surface homeomorphisms. Such maps not only define a

geometric one-to-one correspondence between surface points, but also a matching

of topological features: an identification of handles and tunnels and how the map

wraps around them.

Finding a natural, low-distortion surface homeomorphism between a given pair

of shapes is a challenging design task that involves both combinatorial (topological)

and continuous (geometric) degrees of freedom. However, while powerful methods

exist to improve existing homeomorphisms through continuous modifications,

these are limited to merely geometric updates, and hence cannot alter map topology.

In this light, it is quite surprising that most existing techniques for the initial

construction of homeomorphisms do not systematically deal with questions of

map topology and instead relegate these issues to user input or ad-hoc solutions.

Unfortunately, this lack of reliable and automatic methods for the critically

important topological initialization has so far prevented a further automation

of homeomorphic surface map generation.

In this thesis, we aim to close this practical gap by devising new algorithms

that specifically address the map-topological issues underlying the construction of

surface homeomorphisms. Our theoretical foundation is the study of the mapping

class group, an algebraic structure which characterizes the entire topological
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design space. We approach the task of map topology generation from two different

angles, based on different mapping class representations:

We propose a robust method for the construction of maps from sparse landmark

correspondences, based on compatible layout embeddings. Our robust embedding

strategy systematically searches for short, natural embeddings and therefore

reliably avoids a range of sporadic topological initialization errors which can

occur with previous heuristic approaches.

Additionally, we introduce a novel algorithm to extract topological map descrip-

tions from approximate, non-homeomorphic input maps. Such a purely abstract

description of map topology may then be used to guide the construction of a proper

homeomorphism. As our inference method is highly robust to a wide range of

map defects and imperfect map representations, this effectively allows to delegate

the difficult task of finding a natural map topology to specialized shape matching

methods, which have grown increasingly capable.

These advancements promote the further automation of map generation tech-

niques in two regards: They vastly reduce the need for human supervision, and

make the results of automatic shape matching methods accessible for topological

initialization.
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Zusammenfassung

Die Erzeugung von Abbildungen zwischen Oberflächen von 3D-Objekten ist eine

wiederkehrende Aufgabe in der Geometrieverarbeitung. Dabei liegt ein besonderes

Augenmerk auf hochqualitativen Abbildungen, die besonderen Korrektheitsan-

forderungen hinsichtlich Stetigkeit oder Bijektivität genügen. Solche Homöo-

morphismen definieren nicht nur eine geometrische Korrespondenz zwischen

allen Oberflächenpunkten, sondern auch eine topologische Zuordnung globaler

Oberflächenmerkmale wie Löcher, Henkel oder Tunnel.

Die Konstruktion eines natürlichen, verzerrungsarmen Homöomorphismus zwi-

schen zwei gegebenen Oberflächen ist daher eine äußerst filigrane Aufgabe, welche

die Berücksichtigung sowohl kombinatorischer (topologischer), als auch kon-

tinuierlicher (geometrischer) Freiheitsgrade erfordert. Es gibt zwar automatische

Methoden zur Optimierung von bereits existierenden Homöomorphismen, jedoch

beschränken sich diese auf rein kontinuierliche geometrische Verbesserungen und

erlauben keine topologischen Korrekturen.

Es mag daher überraschen, dass viele bisherige Algorithmen zur Initialisierung

von Homöomorphismen sich wenig darum bemühen, die korrekte Abbildungs-

Topologie zu finden: Diese wichtige Aufgabe wird entweder bloß durch (unzuver-

lässige) Heuristiken gesteuert oder gänzlich der Eingabe der Nutzer:in überlassen.

Bislang steht dieser Mangel an topologisch robusten Initialisierungsmethoden

einer vollständigen Automatisierung der Erzeugung von Oberflächenabbildungen

im Weg.

Ziel dieser Arbeit ist daher die Beschreibung neuer Algorithmen, welche sich

explizit der topologischen Schwierigkeiten in der Konstruktion von Homöomor-
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phismen annehmen, um diese Automatisierungslücke zu schließen. Theoretische

Grundlage dafür ist die Betrachtung der Abbildungsklassengruppe (mapping class

group) von Oberflächen, welche eine systematische Beschreibung aller möglichen

Abbildungs-Topologien erlaubt. Ausgehend von verschiedenen Repräsentationen

dieser Gruppe wählen wir zwei unterschiedliche Herangehensweisen:

Wir präsentieren einerseits einen robusten Algorithmus zur Konstruktion von

Abbildungen aus vorgegebenen Punkt-Korrespondenzen, basierend auf Einbet-

tungen eines gemeinsamen Zellkomplexes. Unsere Methode sucht systematisch

nach natürlichen, möglichst kurzen Einbettungen und vermeidet so die typischen

sporadisch auftretenden Initialisierungsfehler vorheriger Methoden, welche bloß

heuristisch vorgehen.

Daneben beschreiben wir ein neues Verfahren zur Erstellung rein topologi-

scher Beschreibungen von bereits gegebenen Oberflächenabbildungen. Solche

rein abstrakten Beschreibungen können dann zur Festlegung der topologischen

Freiheitsgrade neuer Abbildungen herangezogen werden. Unser Analyseverfahren

unterstützt eine Reihe gängiger, insbesondere nicht-homöomorpher Abbildungs-

darstellungen und verarbeitet selbst fehler- oder lückenhafte Eingabedaten. Dies

ermöglicht erstmals die Nutzung spezialisierter Shape-Matching-Verfahren zur

vollautomatischen Bestimmung semantischer Korrespondenzen, deren topologi-

sche Struktur schließlich durch unser Verfahren zur Herstellung von Homöomor-

phismen nutzbar gemacht wird.

Diese Neuerungen bieten somit zuverlässige und automatische Alternativen zu

bisherigen Erzeugungsmethoden von Oberflächenabbildungen. Sie erfordern ein

wesentlich geringeres Maß an menschlicher Interaktion und Beaufsichtigung und

machen gleichzeitig die Ergebnisse vollautomatischer Korrespondenzverfahren

für topologische Konstruktionen nutzbar.
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1 Introduction

Geometry processing studies the digital representation and manipulation of three-

dimensional shapes. As the visually most defining part of a shape is its surface, a

wide range of geometry processing algorithms operate on purely surface-based

representations (typically discretized as polygon meshes). Common tasks are

the digitization of real-world objects, their editing and synthesis, and their prepa-

ration for applications such as visualization, animation, simulation, analysis, or

manufacturing.

In this setting, many algorithms do not just consider a single shape in isolation

but instead operate on pairs or collections of several shapes simultaneously to

synthesize or transfer information across surfaces. Such tasks invariably require

some notion of shape correspondence that identifies matching parts or regions

on different surfaces. Mathematically, such a correspondence is established by a

surface map, i. e. some function that maps between two shapes. With a vast range

of applications, surface maps are ubiquitous in geometry processing. Over the last

decades, a considerable amount of research has been dedicated specifically to their

generation, encoding, and optimization.

There is a particular demand for high-quality continuous map representations

such as surface homeomorphisms which offer strict validity properties and are

therefore suitable for the most sophisticated mapping tasks. However, the con-

struction of such maps is notoriously complicated as it must not only consider

geometrical aspects such as smoothness or distortion, but also aspects of map

topology, which call for global combinatorial decisions.
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1 Introduction

Meanwhile, many existing map construction methods mostly avoid a direct

engagement with topological questions, and instead rely on user input or ad-hoc

heuristics to settle these issues. As we will point out, this cursory treatment of

map topology has so far been a major hindrance towards a full automation of map

generation tasks. In this thesis, we seek to remedy these shortcomings and focus

on algorithmic solutions that properly handle topological degrees of freedom in

map construction automatically and reliably.

1.1 Maps Between Surfaces

Surface maps are an essential tool for many computer graphics techniques. Their

most common areas of application are the simultaneous analysis or processing of

different shapes, and inter-surface data transfer.

For the simultaneous processing of shape collections, surface maps establish

mutual surface-to-surface correspondences. One application is statistical co-

analysis [MDW08], e. g. the computation of average shapes or modes of vari-

ation [PSS01; HRM05]. Another task is compatible re-meshing [KS04; ZCZ+18;

YFC+18; YZL+20], i. e. the computation of a shared mesh connectivity with

different geometric embeddings that approximate instances of a shape collection

(e. g. different poses of an animated character).

Similarly, surface maps may be used for morphing [LDSS99; Ale00; ZSH00;

CFB16], i. e. the synthesis of continuous shape interpolation sequences. This

enables the recovery of animations from keyframe poses [TSSH15], or the recon-

struction of anatomical growth processes [ESD+22].

Probably the most fundamental operation associated with surface maps is

surface-to-surface data transfer, where pointwise information defined on some

source shape (e. g. color, material, temperature, etc.) is carried over to an-

other target shape through the action of a map. This kind of data transfer is

essential for any task where information is only available on a single object

2



1.1 Maps Between Surfaces

Figure 1.1: Typical applications for surface maps are shape co-analysis, e. g. the
computation of average shapes (top row, by [PSS01]), mesh morphing (center row,
by [CFB16]), the transfer of textures (bottom left, by [PBDS13]) or tessellation
patterns (bottom right, by [TDN+11]).

and needs to be propagated onto different instances, which may represent pose

variations or level-of-detail versions of the same shape, or entirely different

objects. Exemplary applications are the transfer of textures [SSGH01; DYT05],

geometric details [BMBZ02], parametrizations [ESCK16], or tessellation patterns

for example-based re-meshing [TDN+11; HPG+21].

With this broad range of tasks relying on surface maps as input, it is quite

natural to ask how to obtain such maps in the first place. This question of map

generation has attracted significant research interest and countless methods have

been proposed over the past years: In their most basic form, these are map

construction tools which heavily rely on human input (e. g. in the form of landmark

3



1 Introduction

annotations). At the other end of the spectrum are fully automatic shape matching

algorithms that infer a (full or partial) surface-to-surface correspondence without

any further user input [KZHC11; Sah20]. These are generally based on empirical

correspondence models and aim to find maps that align geometrically similar

surface regions or minimize some form of mapping distortion.

Such map generation approaches are of course heavily influenced by the un-

derlying map representation, i. e. the discrete encoding of the desired surface

map, which by itself has been a subject of extensive study: Motivated by different

practical and computational considerations, a variety of representations have been

suggested, which differ in their precision, compression, validity guarantees, and

their eligibility for editing, composition or optimization. These include e. g. sparse,

sample-based correspondences, extrinsic registrations, piecewise-linear continuous

mappings, or fuzzy matchings between coarse surface regions. We will review the

most relevant approaches for map generation and representation in greater detail

in Sections 4.1 and 5.1.

1.2 Surface Homeomorphisms

Despite this range of available practical map representations, many downstream

applications are necessarily restricted to a subset of input maps that fulfill certain

formal validity requirements. This is generally the case for mapping tasks that

must in some way preserve the structural integrity of the data being transmitted

from one surface to the other. One prototypical example is the transfer of texture

UV coordinates or 2D surface parametrizations.

A basic requirement for this task is map sharpness: An input map must

unambiguously send any point from the source surface to a single point on the

target surface, i. e. it must be a well-defined point-to-point map — a condition that

is violated by many fuzzy or distribution-based map representations.
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1.2 Surface Homeomorphisms

More importantly, maps for texture transfer must be dense and continuous: For

textures with seams, it does generally not suffice to map UV coordinates at a few

sampled positions and interpolate the results in between: A proper transfer of

texture seams (or chart boundaries) requires a fully continuous mapping of all

source points that allows a faithful reconstruction of seams on the target surface.

In this setting, continuity additionally prevents tearing, i. e. jumps or jarring cuts

in the mapped texture image.

Another essential prerequisite for valid data transfer is map injectivity, i. e. that

no two different source points map to the same target location. This condition alone

rules out many potential mapping artifacts such as local inversions and foldovers,

or global double-coverings. If the input map additionally covers the entire target

surface (i. e. is bijective), it becomes fully reversible: Such a map describes a

bidirectional one-to-one correspondence between surface points of the two shapes.

Information transfer may then be implemented equivalently by pushing data from

the source surface, or by pulling it onto the target surface through the inverse map,

whatever is more convenient.

Mathematically, the class of maps that subsumes all of the above favorable

properties is that of a surface homeomorphism: a point-to-point map between

two surfaces that is bijective and continuous in both directions (Fig. 1.2). In

Figure 1.2: A homeomorphism (a), generated by [SCBK20], defines a continuous
one-to-one correspondence between two surfaces. Homeomorphisms provide strict
correctness properties, e. g. for guaranteed bijective and inversion-free texture
transfer (b).
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1 Introduction

practice, only few surface map representations meet these strict requirements.

Those that do are typically more involved to construct: Examples are piecewise-

linear maps defined over mutual tessellations, or parametrizations onto some

common intermediate domain, e. g. the plane or some other constant-curvature

space. In return, such discrete homeomorphisms can handle the most intricate

mapping tasks with rigorous correctness guarantees: They ensure that no data is

lost or invalidated during transfer and are therefore indispensable for applications

that need to transmit delicate, high-frequency surface signals.

Unlike other non-continuous map representations, (discrete) homeomorphisms

fully and unambiguously describe a structural correspondence between two sur-

faces. Not only does such a mapping preserve local neighborhood relations, but it

also defines a global topological equiva-

lence: It uniquely identifies a matching be-

tween high-level topological features such

as handles or tunnels of the two objects.

By observing how paths that travel around

topological features of the source surface

are mapped to corresponding trajectories

around handles or tunnels on the target

surface, one obtains a purely abstract

description of the topological type or the mapping class of a homeomorphism.

This topological classification coincides with a notion of continuous equivalence

between maps, as we will examine in Chapter 3: Two homeomorphisms in the

same mapping class are merely geometric variations of each other, in the sense

that they can be transformed into one another through a continuous deformation (a

homotopy). Conversely, it is plainly impossible to alter the topological type of a

given map through only continuous modifications in the space of homeomorphisms.

The fact that this space cannot be continuously searched is indeed one of the major

obstacles that complicates the construction of homeomorphisms.
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1.3 Surface Homeomorphism Generation

1.3 Surface Homeomorphism Generation

Despite the practical advantages of discrete homeomorphisms, their automatic

generation between arbitrary input shapes remains a challenging problem. The

general objective remains the same: finding a map that optimizes some global

quality measure (typically: low map distortion) while optionally incorporating

constraints such as landmark correspondences. Map generation methods that

target homeomorphisms must additionally enforce the mandatory continuity and

bijectivity requirements. However, doing so invariably forces them to make clear-

cut decisions about map topology: Whether they deal with this aspect explicitly or

not, they must ultimately commit to a specific mapping class.

A proper optimization in this setting must therefore consider a solution space

with both discrete combinatorial (topological) and continuous (geometric) degrees

of freedom, which makes a systematic search extremely difficult: While already the

continuous optimization within a single mapping class is generally a challenging

non-convex problem, there is currently no viable method for a joint, simultaneous

optimization of map topology and geometry. Instead, the predominant strategies

in this area are two-phase algorithms that separate topological and geometric

concerns into different algorithm stages.

Topology-First Map Generation

The standard process for the generation of discrete homeomorphisms is to first

construct a rough but valid initial map which is then continuously optimized to

improve geometric quality in a second step.

The initial map construction is typically based on compatible surface decom-

positions where both source and target surface are partitioned into corresponding

collections of disk-like patches or cells [PSS01; KSG03; KS04]. Such decom-

positions are often defined as layout embeddings where the patches and patch

boundaries correspond to embedded faces and edges of an abstract cell complex

7
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or layout. A globally bijective and continuous map is then established through

canonical planar parametrizations of the individual patches.

The result of this first step is — by construction — a valid discrete homeo-

morphism, but its geometric quality can be extremely poor. Therefore, it is

subsequently improved by applying a homeomorphism-preserving map opti-

mization [KS04; APL14; APL15; AL16; AKL17], often driven by a distortion

objective that simultaneously acts as a barrier against discontinuities or local

inversions [SAPH04; SBCK19; SCBK20]. While these methods guarantee that

the map remains a valid homeomorphism throughout the entire process, this

necessarily restricts the optimization to homotopic map updates and thus strictly

prohibits any topological changes: It remains confined to the mapping class

selected by the initial map construction.

This restriction puts an immense responsibility on the primary homeomorphism

initialization phase: Without any way to alter the map topology afterwards, it must

select the correct mapping class right at the beginning, or the following continuous

optimization will never be able to reach the desired result.

In this light, it is somewhat surprising that existing methods for this stage are

typically not driven by a rigorous search for the most suitable mapping class,

but instead resort to greedy heuristic methods, where layout embeddings are

simply constructed by a best-first sequence of shortest-path insertions. Accidental

blocking of paths may force embeddings into detours, which can accumulate to

cause severely entangled and topologically unintended map initializations. Due to

such chaotic and unpredictable failure cases, this initial map construction phase

can require a significant degree of human attention and intervention: Often, this

involves several trial-and-error iterations of tweaking the landmark constraints

until a desired result is achieved. Due to their weak reliability, it is quite risky to

use these greedy initialization methods as part of automatic processing pipelines

where potential errors cannot be manually detected and corrected.

8
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We will address these issues in Chapter 4 where we propose a robust alternative

to purely heuristic-based map initialization schemes. Based on a branch-and-bound

optimization strategy, it can reliably find short, natural layout embeddings.

Geometry-First Map Generation

Current fully automatic shape matching methods generally do not directly pro-

duce valid homeomorphisms. However, a significant number of methods can

generate discrete shape correspondences that approximate or resemble a surface

homeomorphism reasonably well, albeit in a non-homeomorphic representation.

This suggests an alternative construction strategy: Given some non-homeomor-

phic input map, one could try to convert it to an actual homeomorphism through

local continuous extensions or corrections of non-injectivities.

The promise of this approach lies in its potential to leverage state-of-the-art

shape matching algorithms for map generation. These automatic methods have

grown increasingly capable at identifying natural, semantically meaningful shape

correspondences, e. g. based on learned features [Sah20]. However, these generally

operate on non-homeomorphic map representations, and produce merely geometric

(but not topologically well-defined) results, which are not suitable for mapping

tasks with strict input requirements.

Despite the obvious practical appeal, an automatic recovery of surface homeo-

morphisms from such low-quality maps is largely unexplored territory: While there

exist several methods to disentangle non-injective input maps [FL16; DAZ+20;

DKZ+21], these only pertain to surface-to-plane parametrizations. Before sim-

ilar methods can be applied for surface-to-surface maps, one must deal with

the topological issues that naturally arise in this setting: One must choose the

correct mapping class for the homeomorphic reconstruction, which requires an

identification of the intended or implied topology of the non-homeomorphic input

map.

9
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In practice, this identification turns out to be a rather difficult task, as the

topological information often cannot be simply “read off” from the input map:

Beyond the inherent restrictions of their map representation, such maps are often

further afflicted by numerous defects and inconsistencies, e. g. noise, gaps, outliers,

or non-injective overlaps. A proper map topology inference must therefore

gracefully handle these local imperfections and consolidate ambiguities to form a

unique, globally consistent description of the given map topology.

We propose such a topology inference algorithm for ambiguous input maps in

Chapter 5. As the first work to provide such a solution, this marks an essential step

towards connecting general shape matching methods to strictly homeomorphic

map applications.

1.4 Contributions

Our work covers both theoretical and practical aspects of map topology in homeo-

morphic surface map generation. We make the following major contributions:

• Map Topology. We provide a thorough theoretical analysis of the topological

aspects of surface map design: We identify the mapping class group as the

central object of study, a well-known structure from geometric topology

which has so far seen surprisingly little attention in geometry processing

literature. It offers a complete, canonical description of the topological

design space of surface homeomorphisms. We present a concise, accessible

exposition of the underlying foundational concepts from algebraic topology,

specifically targeted at geometry processing practitioners and applications.

• Map Topology Representations. We discuss several mapping class repre-

sentations and how they translate to practical map topology encodings.

In particular, we focus on descriptions in the form of discrete layout

embeddings, and the so-called symplectic representation, which set the

stage for our main algorithmic contributions:

10
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• Robust Layout Embedding. We propose a novel method for the computation

of landmark-constrained layout embeddings — an essential component for

the initialization of surface homeomorphisms. In contrast to previous

works, our algorithm systematically searches for short, natural embeddings

across different mapping classes and therefore reliably avoids the sporadic

topological initialization errors that can occur with previous heuristic-based

approaches.

• Robust Map Topology Inference. Towards the goal of homeomorphic map

completion, we introduce a new algorithm that infers the intended or implied

topological type from a given non-homeomorphic input map. The resulting

description may then serve to guide the construction of a topologically

unambiguous homeomorphism. In this setting, we leverage the symplectic

representation of the mapping class group to devise an extremely robust

inference formulation that supports a wide range of typical input map

formats and gracefully handles local defects and ambiguities.

Our contributions thus extend the current capabilities of surface map generation

techniques in two areas:

For the conventional ab-initio construction of homeomorphisms from landmark

correspondences, we eliminate the risk of topological initialization errors due

to heuristic mispredictions. This increased reliability significantly reduces the

required degree of human supervision and therefore enables applications in large-

scale automated settings.

On the other hand, we lay the groundwork for the automatic conversion of

non-homeomorphic input maps to true homeomorphisms; bridging the gap be-

tween automatic shape matching algorithms that produce imperfect maps, and

downstream applications that demand strict map validity. Such a conversion

fundamentally requires a reliable estimate of the desired map topology — which is

precisely what our inference algorithm provides.
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1.5 Overview

We begin our exposition with a review of basic topological properties and algebraic

structures related to surfaces and surface-embedded objects such as paths or

fields (Chapter 2).

These serve as foundation for our main theoretical focus: the topology of surface

homeomorphisms (Chapter 3), which is fully characterized by the mapping class

group (Section 3.2), an algebraic structure that encompasses and relates all poten-

tial map topologies. We investigate various potential representations of mapping

classes and their practical merits (Section 3.4), in particular compatible layout

embeddings (Section 3.4.1), and the symplectic representation (Section 3.4.4),

which are the respective settings of our following technical contributions to surface

map generation methods:

We then present our robust algorithm for the computation of short, landmark-con-

strained layout embeddings (Chapter 4), and our method to infer purely topological

descriptions from only approximately homeomorphic input maps (Chapter 5),

which were previously published in [BSK21] and [BSCK21]. We conclude our

work by reflecting on some remaining challenges and potential courses of action

towards fully automatic, high-quality homeomorphism generation (Chapter 6).
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2 Preliminaries

We begin with a review of some basic topological properties of surfaces, embedded

paths, and the algebraic structures that arise from them. While algebraic topologists

have studied these concepts in great generality, we focus on concrete instances

that are specifically relevant for the description and construction of surface maps,

with special attention to their algorithmic applications in geometry processing. We

will therefore provide most results without proof and refer to the literature [Bre93;

Sti93; Hat02; Lee11; LM18; Mun18] for a formal and generalized treatment.

2.1 Surfaces

In the following, we consider surfaces that represent the outer hull or shell of

objects. More precisely, by a surface (denoted by S) we always mean a compact,

connected, orientable two-manifold (with or without boundaries), typically em-

bedded into three-dimensional Euclidean space S ⊂ R3. While we are ultimately

interested in results for discrete surfaces (e. g. defined by triangle meshes), we will

state most concepts in terms that also apply to more general continuous surfaces.

We consider two surfaces S and S ′ to be topologically equivalent if they are

homeomorphic, i. e. if there exists a homeomorphism, a bijective map f : S → S ′

such that both f and and its inverse f−1 are continuous.

Up to homeomorphism, all closed surfaces can be classified by their genus

g ∈ N. Informally, g counts the number of handles of a surface, or the maximal

number of cuts one can make before it becomes disconnected. We write Sg to

denote a closed genus g surface. Examples are the sphere S0, or the torus S1. Two
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2 Preliminaries

Figure 2.1: A torus S1 is a surface with a single handle (left). The connected sum
S1#S1 of two tori (center) is a double torus S2 (right).

closed surfaces Sg1 and Sg2 are homeomorphic if and only if they have identical

genus g1 = g2 [Lee11, Thm. 10.22]. Surfaces of arbitrary genus can be generated

by successively attaching handles: Given two surfaces S and S ′, we obtain the

connected sum S#S ′ by cutting some disk-shaped region out of S and S ′ and

gluing them together along the resulting boundaries (Fig. 2.1). With this operation,

a surface of genus g is constructed as the connected sum of a sphere and g tori:

Sg = S0#S1# · · ·#S1.

A related way to create surfaces of arbitrary genus is by gluing a single

planar fundamental polygon to itself in a certain way [Lee11, Prop. 6.14]. To

generate a surface of genus g ≥ 1, take a 4g-sided polygon and label the

sides in a counterclockwise sense with oriented arrows according to the pattern

a1b1a1b1 · · · agbgagbg , where bars indicate arrows with reversed orientation

(Fig. 2.2 left). Then, glue the polygon together by identifying each pair of sides

with the same label, such that the arrows have matching orientations. The resulting

surface is homeomorphic to Sg [Bre93, Ch. 9]. All vertices of the fundamental

polygon coincide at a common point and each group of sides aibiaibi is glued to

a pair of loops that surround one handle and corresponding tunnel of the surface

(Fig. 2.2 right).

2.2 Combinatorial Surfaces

For many computational tasks, we deal more concretely with surfaces based on

finite, discrete representations, most importantly: polygon meshes. A polygon
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Figure 2.2: Gluing the sides of a 4g-sided fundamental polygon (left) according
to a specific pattern (oriented arrows) yields a closed surface Sg (right), here
illustrated for g = 2.

mesh separately describes two different aspects of a surface: First, it establishes

a purely combinatorial description of the surface’s topology in the form of an

abstract cell complex. Second, it defines the surface’s geometry by providing an

embedding of the cell complex into an embedding space, typically R3.

An abstract cell complex describes the combinatorial structure of a manifold

polygon mesh: a collection of cells (vertices V , edges E, faces F ) and their

connectivity. This entire structure can be constructed from a finite set of halfedges

H , related by a rotation system (ρ, ν) describing two operations [LM18, Ch. 3.2]:

• Opposite halfedge. ρ : H → H maps each halfedge h to its counterpart

with reversed orientation. It is an involution (i. e. ρ(ρ(h)) = h) without

fixed points (ρ(h) 6= h for all h).

• Next halfedge. ν : H → H maps each halfedge to the next halfedge within

the same face, in a counterclockwise sense. ν is a permutation.

These operations allow to navigate a set of halfedges H , as illustrated in Fig. 2.3,

and are found in many software implementations of halfedge data structures, such

as [BSBK02]. More fundamentally, the combinatorial structure of the rotation

system fully defines the cells of the complex, which can be discovered through

repeated applications of the navigation operations. For a given halfedge h ∈ H ,
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2 Preliminaries

Figure 2.3: An abstract cell complex is defined by a rotation system (ρ, ν) acting
on halfedges (arrows). Faces (left), edges (center), and vertices (right) arise from
different orbits of these rotation operations.

we define the orbit g∗(h) of an operation g as the set of all halfedges reachable

from h by repeated applications of g. We obtain the cells as follows:

• Faces F . Repeated applications of ν circulate a halfedge h ∈ H coun-

terclockwise along the boundary of a single face (Fig. 2.3 left). We thus

identify a face with an orbit f = ν∗(h). We define the set of all faces F as

the distinct orbits of ν.

• Edges E. For any h ∈ H , the orbit e = ρ∗(h) consists of exactly two

elements: two opposite halfedges (Fig. 2.3 center). We identify e as an edge

and define the set of all edges E as the distinct orbits of ρ.

• Vertices V . The combined operation ν ◦ ρ rotates some halfedge h ∈ H
clockwise around its source vertex (Fig. 2.3 right). As before, we therefore

identify the orbit v = (ν ◦ ρ)∗(h) as a vertex, and define the set of all

vertices V as the distinct orbits of ν ◦ ρ.

The halfedges H and the rotation system (ρ, ν) thus fully define the cells of an

abstract cell complex K = V ∪ E ∪ F and their connectivity.

Some additional terminology: We associate every cell σ ∈ K with a dimension

dimσ, and refer to a cell with dimσ = k as a k-cell: 0 for vertices, 1 for edges,

and 2 for faces. A cell σ contains a halfedge h ∈ H if h ∈ σ. The valence of
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a cell σ is the number of its contained halfedges |σ|. We say that two cells σ1,

σ2 are incident if they contain some common halfedge, i. e. if σ1 ∩ σ2 6= ∅. If

additionally dimσ1 < dimσ2, we say that σ1 is on the boundary of σ2 and write

σ1 ≺ σ2. The source vertex of a halfedge h is the unique vertex v ∈ V that

contains h, denoted by srch. Its target vertex is the source vertex of the opposite

halfedge: tarh = src ρ(h).

The purely combinatorial structure defined by an abstract cell complexK can be

realized geometrically by an embedding, a function that maps each k-cell of K to

some k-dimensional subregion of an embedding space X . This embedding space

can be e. g. the Euclidean space R3 or some surface S. The following definition

ensures that the individual cells are properly glued together to form a continuous

embedding.

• For every k-cell σ of K, we choose some k-dimensional parameter domain

Pσ (e. g. [0, 1]k) and define a cell embedding Mσ : Pσ → X , a continuous,

injective map. We call its image ImMσ the embedded cell.

• Embedded cells can only mutually intersect on their boundaries, never on

their interior: For any pair of cells σ1 6= σ2, we require that

ImMσ1 ∩ ImMσ2 = ∂ ImMσ1 ∩ ∂ ImMσ2 .

• The boundary of each embedded cell σ is the union of all embedded cells

on its boundary:

ImMσ|∂Pσ =
⋃
σ′≺σ

ImMσ′ .

By combining all cell embeddings Mσ to a single, globally injective map, we

obtain an embedding of the entire cell complex, denoted by M : K → X .

A common special case of a combinatorial surface is a triangle mesh, an abstract

cell complex where all faces have valence 3. Triangle meshes typically come with

an embedding into R3 where all cell maps are affine functions. In this case,
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Figure 2.4: Two geometric realizations of the same abstract cell complex, a
triangle mesh. The left embedding into R3 uses curved elements while the right
one is piecewise linear.

the embeddings of edges and faces are fully defined via linear and barycentric

interpolation of the vertex positions (Fig. 2.4 right).

Given some abstract cell complex K with an embedding M into R3, its image

ImM defines a geometric realization of K, which is a surface (in the sense

of Section 2.1). Conversely, all surfaces can be represented by a cell complex

via triangulation: For any surface S, there exists some cell complex K with

an embedding such that its geometric realization is homeomorphic to S [Lee11,

Thm. 5.36].

2.3 Homotopy

Homotopy formalizes a different notion of topological equivalence from a homeo-

morphism. While a homeomorphism describes a static one-to-one correspondence,

homotopy formalizes the intuitive notion that two objects can be transformed into

the other through a continuous deformation process without cutting or tearing,

which may be sensitive to the topology of the surrounding space. For now, we will

focus on the homotopy of curves embedded in a surface, specifically: loops that

are anchored at a common base point. Homotopy classes of such loops form the

homotopy group, an important topological invariant of a surface.

Let p ∈ S denote a fixed base point on a surface S. Then, a loop is any

continuous function γ : [0, 1]→ S describing a parametric curve on S that starts
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Figure 2.5: Left: Two loops γ0 and γ1 with base point p are connected by a
homotopy γt, a continuous deformation. Right: No such homotopy exists between
the loops β0 and β1 as they are separated by topological obstacles. They are
non-homotopic.

and ends in in the base point, i. e. γ(0) = γ(1) = p. A loop γ is called simple if it

does not self-intersect, i. e. if γ is injective.

We say that two loops γ0, γ1 are homotopic (and write γ0 ' γ1) iff there

exists a homotopy, i. e. a continuous family of loops γt : [0, 1]→ S for the range

t ∈ [0, 1] that interpolate between γ0 and γ1, again with the requirement that

γt(0) = γt(1) = p for any t ∈ [0, 1]. This homotopy γt can be understood as a

deformation of γ0 into γ1, which must be continuous in the following sense:

• For any fixed interpolation parameter t ∈ [0, 1], the curve γt must itself be

continuous (i. e., γt never “breaks apart” at any time during the deformation).

• For any fixed curve parameter u ∈ [0, 1], the point γt(u) moves continu-

ously over S as t varies over [0, 1] (i. e. the function γt makes no “sudden

jumps” in its deformation process).

This strong notion of continuity makes the homotopy relation sensitive to topo-

logical obstacles in S: Homotopies cannot push a loop over handles or holes in

S (or avoid them by temporarily breaking and reconnecting it). Figure 2.5 shows

examples of homotopic and non-homotopic loops on a surface.

Homotopy is an equivalence relation on loops [Hat02, Prop. 1.2] and hence

defines equivalence classes: Given some loop γ, we write [γ] to denote its

homotopy class, i. e. the set of all loops that are homotopic to γ (examples shown
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Figure 2.6: Examples of mutually homotopic loops in different homotopy classes
[γ], [η], and [ε]. The loops in [ε] are contractible: They can shrink together to the
base point.

in Fig. 2.6). Intuitively, different homotopy classes of loops represent topologically

distinct ways in which loops can wind around handles or tunnels of a surface S.

The constant loop ε : [0, 1] → S just remains at the base point, ε(u) = p for

all u ∈ [0, 1]. Its homotopy class [ε] is the set of all contractible loops, i. e. those

that do not enclose any topological features and hence can be pulled together at

the base point (Fig. 2.6 right).

2.3.1 Homotopy Group

The set of loops with a common base point p on a surface S is closed under the

following operations:

• Concatenation (Fig. 2.7 left). Given two loops γ, η, we define their

concatenation (written as γ · η) as the loop that travels first along γ and then

along η, i. e.

(γ · η)(u) =

γ(2u) u ∈ [0, 1
2
],

η(2u− 1) u ∈ [ 1
2
, 1].

• Reversal (Fig. 2.7 right). For any loop γ, there is a corresponding reverse

loop γ with γ(u) = γ(1− u).
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Figure 2.7: Left: Concatenation of two loops γ and η. Right: Loop reversal.

These operations are compatible with homotopies between loops in the following

sense: Given two pairs of homotopic loops γ0 ' γ1 and η0 ' η1, their concatena-

tions are homotopic as well, i. e. γ0 · η0 ' γ1 · η1. In other words, the homotopy

class of a concatenated loop γ · η only depends on the homotopy classes of γ and

η. Analogously, if two loops γ0 ' γ1 are homotopic, then so are the reversed

loops γ0 ' γ1.

This independence from homotopic variations allows us to abstract away from

the particular shapes of loops and instead consider loop concatenation and reversal

directly as operations on homotopy classes: We define [γ] · [η] = [γ · η] and

[γ] = [γ]. We can now observe that the set of all homotopy classes of loops

with base point p on S forms a group under this concatenation operation [Hat02,

Prop. 1.3]:

• Concatenation is associative, i. e. [α] · ([β] · [γ]) = ([α] · [β]) · [γ]. This

follows from the observation that α · (β · γ) ' (α · β) · γ, where the

homotopy is just a continuous re-parametrization of the same loop.

• The class of contractible loops [ε] is the neutral element w. r. t. concatena-

tion. Concatenating some loop γ with the constant loop ε just extends it

by a constant segment which is again homotopic via re-parametrization.

Therefore, [ε] · [γ] = [γ] · [ε] = [γ].

• For every homotopy class [γ], there exists an inverse element [γ] = [γ],

corresponding to the homotopy class with reversed loop orientation. Indeed,

concatenating any loop γ with its reversal γ yields a loop γ · γ that travels

back and forth along the same path and is hence contractible: γ · γ ' ε (and

analogously, γ · γ ' ε). Therefore, [γ] · [γ] = [γ] · [γ] = [ε].
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Figure 2.8: Composition of homotopy classes is non-commutative: The homotopy
classes [γ] · [η] (center) and [η] · [γ] (right) are distinct.

We call this group π1(S, p), the homotopy group of S at p (other names in the

literature are fundamental group or first homotopy group). Its elements are the

different homotopy classes of loops on S with base point p. The group operation

describes the effect of loop composition up to homotopy.

Strictly speaking, different base points p0 6= p1 on the same surface S define

different homotopy groups π1(S, p0) 6= π1(S, p1). This is due to the fact that

the homotopy classes in π1(S, p0) and π1(S, p1) are sets of loops with different

base points and therefore necessarily distinct. However, if S is path-connected, the

choice of base point does not affect the purely algebraic structure of the homotopy

group: Imagine some curve µ connecting p0 with p1 on S, then any loop γ at p0

corresponds to a loop µ · γ · µ at p1. As it turns out, this correspondence yields an

isomorphism between π1(S, p0) and π1(S, p1) for any p0, p1 [Hat02, Prop. 1.5].

Therefore, we often omit the specification of a particular base point and simply

speak of the homotopy group of a surface π1(S).

In general, the homotopy group is non-abelian, i. e. its group operation is non-

commutative: Consider a double torus S2 and two homotopy classes [γ], [η] that

surround different handles (Fig. 2.8 left). The concatenations [γ] · [η] 6= [η] · [γ]

describe different homotopy classes (Fig. 2.8 center and right): They contain loops

that wind around the two handles in a different order.

Certain surfaces have a trivial homotopy group, for example the sphere S0

and the disk S0,1. On those so-called simply-connected surfaces, any loop is
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contractible, hence there exists only a single homotopy class [ε] (the contractible

loops). Otherwise, all surfaces that we consider have homotopy groups of infinite

order: As soon as there is some non-trivial homotopy class [γ] 6= [ε] in π1(S),

then immediately all repetitions [γ]n (for any n ∈ N) are distinct and part of π1(S)

as well.

2.3.2 Homotopy Basis

While the homotopy group π1(S) of a surface generally consists of an infinite

number of homotopy classes, it is still finitely generated. That means, one can

find some finite set of loops S = {γ1, . . . , γn} such that any element of π1(S)

corresponds to a loop generated by concatenating items from S (potentially with

repetitions or reversals). A minimal generating set S is called a homotopy basis

of S. For a given basis S, any homotopy class of π1(S) can be encoded by a

word (or string) of symbols over the alphabet of basis elements γi ∈ S and their

reversals γi. An exemplary homotopy basis of loops S = {γ1, γ2, γ3, γ4} on a

double torus S2 is shown in Fig. 2.9 (top left).

For a general genus g surface, the homotopy basis has exactly 2g elements,

which may be constructed as follows: Each of the g handles can be associated with

two loops: one that circles around it, and one that

goes through it. Recall that any closed surface

Sg of genus g ≥ 1 can be constructed by gluing

together a 4g-sided fundamental polygon (see Sec-

tion 2.1). The seams of this gluing process then

form a system of loops S = {a1, b1, . . . , ag, bg},
a set of 2g non-intersecting loops on Sg with

a common base point (where all corners of the

fundamental polygon are joined together). Such a system of loops S then

constitutes a homotopy basis of Sg [EW05]. Furthermore, this construction

reveals an important relation between homotopy classes of π1(Sg): The sequence

23



2 Preliminaries

Figure 2.9: The set of loops {γ1, γ2, γ3, γ4} forms a homotopy basis (top left) for
the surface S2. Any homotopy class is uniquely represented by a sequence of these
basis elements or their reversals, as exemplified by representative cycles (purple).

a1b1a1b1 · · · agbgagbg describes a loop that travels once along the boundary of

the fundamental polygon (cf. Fig. 2.2 right). Since the fundamental polygon is

simply-connected, this loop is contractible and hence

[a1b1a1b1 · · · agbgagbg] = [ε], (2.1)

which is the defining relation for the presentation of the homotopy group π1(Sg).

Note that the edges of a fundamental polygon are only one possible choice for a

homotopy basis: Generally, one can find many other sets of loops which generate

the homotopy group but do not adhere to the standard gluing pattern (such as

Fig. 2.9 top left), or even contain mutual intersections.

2.3.3 Discrete Representation

The previously introduced notions of the homotopy group are defined for general

continuous surfaces and loops. We now describe analogous concepts for combina-

torial surfaces (Section 2.2) where paths are represented by sequences of edges
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in a cell complex and continuous homotopies are replaced by equivalent discrete

operations. Similar representations have been described e. g. in [Rot73] or [LM18,

Ch. 3.2].

Given an abstract cell complex K = V ∪ E ∪ F
with halfedges H , we choose some fixed base vertex

v ∈ V . We define an edge path p as a connected

sequence of halfedges starting at v. It is represented

by a word p = h0 · · ·hn over the alphabet H

with the condition that the first halfedge starts at

v (srch0 = v), and every pair of successive halfedges hi, hi+1 is connected

through a common vertex tarhi = srchi+1. We define the target of a nonempty

path p as the target of the last halfedge tar p = tarhn. An edge loop is an edge

path p which returns to the base vertex, i. e. with tar p = v. The empty word ε

represents an empty loop with tar ε = v.

Homotopies between continuous loops are defined via continuous deformations.

Their discrete analogon are sequences of elementary moves: modifications of an

edge loop which are consistent with homotopies on a geometric embedding of the

surface. There are two operations:

Figure 2.10: Discrete path homotopies are generated by elementary moves: An
edge move (a–b) pulls the path p over an incident halfedge h. A face move (c–d)
pushes the path over an incident face f .
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• Edge move. This operation extends or shrinks an edge loop p by pulling

a piece of it over a single edge (Fig. 2.10 (a–b)). For any decomposition

of p into two parts p = p0 · p1, let v0 = tar p0 denote the vertex at which

the split occurs. We can now extend p at the split vertex by inserting or

removing a back-and-forth movement over any edge incident to v0: For any

halfedge h ∈ H with srch = v0, we define an edge move as a replacement

of p0 · p1 by p0 · h · ρ(h) · p1, or vice-versa.

• Face move. This operation corresponds to a deformation that pulls a halfedge

of a loop p over one of its incident faces (Fig. 2.10 (c–d)). For any halfedge

h0 contained in a face f ∈ F , let h1 · · ·hn be the sequence of the other

halfedges along the boundary of f . Whenever the element h0 appears

in an edge loop p, we may apply a face move, a replacement of h0 by

ρ(hn) · · · ρ(h1), or vice-versa.

Any two edge loops p1, p2 are homotopic p1 ' p2 if one can be transformed into

the other through a finite sequence of elementary moves. This gives rise to the

familiar notion of homotopy classes of edge loops.

Just as in the continuous setting (Section 2.3.1), the set of edge loops with a

fixed base vertex v is closed under the following operations:

• Concatenation. Given two edge loops p1, p2, the concatenation p1 · p2 is

again an edge loop that first traverses p1 and then p2.

• Reversal. An edge loop p = h0 · · ·hn can be reversed by inverting the

order and orientation of the halfedges, i. e. p = ρ(hn) · · · ρ(h0).

Again, we can take these operations to act directly on homotopy classes. Under

concatenation, the set of homotopy classes of edge loops based at v forms a discrete

version of the homotopy group π1(K, v), or π1(K) if we neglect the choice of

base vertex. Given some embedding M of K defining a geometric realization

S, the discrete homotopy group π1(K) of the abstract cell complex is indeed

isomorphic to its continuous counterpart π1(S) [LM18, Thm. 3.4.7].
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2.3.4 Computing Homotopy Bases

The combinatorial representations from Section 2.2 and Section 2.3.3 enable the

algorithmic analysis of loops on surfaces and their homotopy.

One task with significant practical utility is the computation of a homotopy basis

(in the sense of Section 2.3.2) for a given combinatorial surface. In this context, a

homotopy basis of a cell complex K is a set B of edge loops with common base

vertex v that generate the homotopy group π1(K). A general approach is to find

B as a system of loops that cuts K to a single polygonal region, i. e. a fundamental

polygon bounded by 2g edges corresponding to the homotopy generators. One

simple way to achieve this is to decimate K down to a minimal cell complex with

a single vertex v and a single face by successively contracting edges and merging

adjacent faces [LM18, Ch. 3.2]. By marking the remaining 2g edges and reversing

the decimation process, one obtains a homotopy basisB represented by edge loops

in the original complex K.

Other approaches avoid decimation and instead compute loops directly on K.

Given some notion of edge lengths (e. g. through a geometric embedding of K),

it is especially desirable to find the overall shortest system of loops at some base

vertex v. While similar optimal surface decomposition problems are known to be

computationally difficult, e. g. for shortest cut graphs [EH04], it can be shown that

a simple greedy strategy suffices for this task: By successively cutting K along 2g

locally shortest non-separating edge loops, one indeed obtains a globally shortest

system of loops [EW05]. Moreover, these 2g cuts can be computed simultaneously

using a tree-cotree decomposition algorithm [Epp03], as follows: Starting from

the base vertex v ∈ V , compute a primal spanning tree T ⊆ E of shortest edge

paths to all vertices V of K using Dijkstra’s algorithm (Fig. 2.11 (a)). Then, every

edge e ∈ E not contained in T closes a cycle in T , corresponding to a shortest

edge loop from v that passes through e. It remains to select a set of suitable

bridge edges whose associated loops in T cut the surface into a single disk. This

is achieved by constructing a second dual spanning tree T ∗ over the faces F
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without crossing any primal edges of T (Fig. 2.11 (b)). As a result, there will be

exactly 2g bridge edges which are neither contained in T nor in T ∗, corresponding

to homotopically different ways to close loops in T (Fig. 2.11 (c)). If T ∗ is

additionally computed as a maximal spanning tree (e. g. using Kruskal’s algorithm)

with weights chosen according to the length of the associated loops, the result is a

globally shortest system of loops at v. It is simultaneously a shortest homotopy

basis of the combinatorial surface [EW05]. A similar method for the construction

of loop systems is described in [DS95].

While any system of loops cuts K into a single polygon, the sequence and

orientation of the 2g loops along its boundary will not necessarily correspond

to the standard pattern a1b1a1b1 · · · agbgagbg (as in Eq. (2.1)). Such canonical

systems of loops, required for certain mapping or homotopy detection tasks, may

be generated by more specialized algorithms [VY90; LPVV01].

Note that different edge loops of a shortest homotopy basis never cross, but

they may merge and run along the same edges in parallel, especially near the base

vertex. If a fully disjoint set of edge loops is desired, it is possible to apply a

Figure 2.11: Computing a homotopy basis of a cell complex via tree-cotree
decomposition. (a): Primal spanning tree T (blue) rooted at a base vertex v.
(b): Dual spanning tree T ∗ (green) which crosses no edges of T . Edges that are
neither on T nor crossed by T ∗ are classified as bridge edges (red; a second one
is occluded behind the torus). (c): Each bridge edge closes a loop bi in T , which
together form a homotopy basis.
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post-process that incrementally pulls loops apart via local refinement of the cell

complex [LBG+08; Liv20].

2.4 Homology

As introduced in the previous section, homotopy relates loops on a surface

and considers them equivalent if they can be deformed into one another. In

the following, we describe a similar relation, homology, which is not based on

continuous deformation. Instead, it derives from the concept of cycle addition, i. e.

the operation of adding or superimposing oriented loops, which is commutative.

As we will see, homology defines a coarser relation than homotopy: Certain

loops can be distinguished by homotopy but not by homology. The benefit of this

somewhat coarser classification is a much simpler algebraic representation: Due

to the commutativity of cycle addition, structures from homology are generally

isomorphic to vector spaces and can hence be represented and manipulated using

standard tools from linear algebra.

In the previous section, it was convenient to first define homotopy on general

continuous surfaces (Section 2.3) and then transfer it to the discrete setting

(Section 2.3.3). For the following introduction to homology, we will work the

other way around and rely on a discrete, combinatorial surface representation right

from the start.

2.4.1 Homology Group

Consider a combinatorial surface without boundary, represented by an abstract

cell complex K (see Section 2.2). We assume that each cell of K is (arbitrarily)

assigned a fixed orientation (i. e. a direction for each edge, and a winding direction

for each face).
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Figure 2.12: Two 1-chains c and d on a triangular cell complex K. Coefficients
are indicated by oriented arrows on edges. The sum c+ d superimposes the two
chains by adding their coefficients.

The basic elements of the following constructions are chains: collections of

oriented cells of a certain dimension. Formally, a k-chain c is a linear combination

of k-cells

c =
∑
σi∈Kk

ciσi

with coefficients ci ∈ Z. Each coefficient ci indicates how often the cell σi occurs

in c, and with which orientation: For positive ci, the orientation of σi in c agrees

with the predefined orientation of σi. For negative ci, it is the opposite. The

magnitude of ci counts the multiplicity, i. e. the number of occurrences. Cells with

coefficient ci = 0 are not part of the chain c.

Chains can be added by simply adding their coefficients: Given two k-chains c

and d, their sum c+ d is again a k-chain where each cell σi has coefficient ci + di.

Cells with opposite coefficients in c and d cancel (as in Fig. 2.12). A chain c can

be reversed as −c by negating all coefficients. We denote the set of all k-chains by

Ck. It forms a free abelian group under addition, called the k-th chain group.

For a single k-cell σi, we define its oriented boundary ∂kσi as a chain of (k−1)-

cells along the boundary of σi, with coefficients +1 or −1, depending on whether
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Figure 2.13: Left: 1-chains (a, b ∈ C1) on a cell complex. Center: 1-cycles
(c, d, e ∈ Z1) are 1-chains without boundary i. e. closed chains with no endpoints.
Right: 1-boundaries (f, g ∈ B1) are 1-chains which are themselves boundaries of
2-chains (shaded regions).

their predefined orientations coincide with that of σi or not. Based on this, we

define the boundary map ∂k : Ck → Ck−1 on k-chains as

∂k(c) =
∑
σi∈Kk

ci∂kσi.

We only consider combinatorial surfaces with cells of dimension

k ∈ {0, 1, 2}. Hence, there are only two relevant boundary maps: For

a 2-chain c ∈ C2 representing a region of the surface as a collection

of faces, the boundary map ∂2 : C2 → C1 yields the 1-chain ∂2c

consisting of edges that run along the contour of the region. For a

1-chain d ∈ C1, representing a path (or set of paths) as a collection

of edges, the boundary map ∂1 : C1 → C0 yields the 0-chain ∂1d which is a

collection of signed vertices at the endpoints, with negative / positive sign at the

source / target points of paths, respectively.

A k-chain c is called a k-cycle if its boundary is empty, i. e. ∂kc = 0. We

denote the set of all k-cycles by Zk. It is closed under addition (if ∂kc = 0 and

∂kd = 0, then ∂k(c+ d) = 0). We are primarily interested in 1-cycles: Similar to

edge loops (as introduced in Section 2.3.3), 1-cycles represent closed chains of

edges (e. g. Fig. 2.13 center). However, 1-cycles neither encode a base vertex nor

a sequence of traversal, nor are they necessarily connected.
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Figure 2.14: The two 1-cycles c and d are homologous: Their difference c− d is
a 1-boundary (the boundary of the shaded region).

A k-chain b is called a k-boundary if it is the boundary of some (k + 1)-chain,

i. e. if there exists some c ∈ Ck+1 such that ∂k+1c = b. By this definition, any

1-cycle of edges surrounding a face or a collection of faces of K is a 1-boundary

(e. g. f and g in Fig. 2.13). The set of all k-boundaries is denoted by Bk, which is

again closed under addition. Every k-boundary is a k-cycle, i. e. Bk ⊆ Zk, but

the reverse is generally not true: For example, a 1-cycle that goes around a handle

of a torus (e. g. c or d in Fig. 2.13) is not the boundary of any 2-cycle. In fact,

homology studies precisely this difference and centers on the question: Which are

the cycles that are not boundaries, and how can we classify them?

Homology is thus defined as a relation on cycles that ignores boundary variations.

Formally, two k-cycles c, d ∈ Zk are homologous, c ∼ d, if they only differ by

a k-boundary, i. e. if there exists some b ∈ Bk such that c− d = b. Figure 2.14

shows an example of two homologous 1-cycles. Their difference is a 1-boundary.

Homology is an equivalence relation and hence partitions the set of cycles Zk
into equivalence classes: Each cycle c ∈ Zk belongs to a unique homology class

[c] = {c+ b | b ∈ Bk}. The homology class [0] of an empty cycle is the class of

all boundary cycles Bk.

Cycle addition is compatible with homology, i. e. if c0 ∼ c1 and d0 ∼ d1,

then (c0 + d0) ∼ (c1 + d1). Therefore, the operation [c] + [d] = [c + d] is

also a well-defined operation on homology classes, with [0] acting as a neutral

element. Together with this addition operation, the set of all homology classes of k-
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cycles forms a group Hk(K), called the k-th homology group of the combinatorial

surface K. In the following, we will focus on the first homology group H1(K),

which describes homology classes of edge cycles.

2.4.2 Homology vs. Homotopy

Note the conceptual similarities between the homology group H1(K) and the

homotopy group π1(K) (as defined in Section 2.3.3): Both describe equivalence

classes of edge collections on a cell complex; cycles in the case of H1(K) and

loops in the case of π1(K). Elements of both groups correspond to topological

classifications of loops or cycles according to how they wind around handles

and tunnels of the surface. The important distinction lies in the fact that π1(K)

considers paths as ordered sequences while H1(K) ignores order, which is also

reflected in the commutativity of the composition operators: Cycle addition

commutes (c+ d = d+ c) while loop concatenation does not (p1 · p2 6= p2 · p1

in general). The commutativity of cycle composition extends to the addition of

homology classes. Thus, an element of H1(K) merely describes how often a cycle

surrounds certain handles, while an element of π1(K) additionally encodes in

what sequence they are traversed.

We can state the relationship between these two groups more explicitly: H1(K)

can be derived from π1(K) through a deliberate linearization of its elements

and operations. Any edge loop p = h1 · · ·hn may be considered as a cycle by

forgetting the order of elements and just taking them as a linear combination

of oriented edges p = h1 + · · · + hn. In this light, cycle addition can be seen

as a linearized version of loop concatenation: Due to the representation of its

operands as unordered linear combinations, it has no sense of sequence and is

thus commutative. Algebraically, this process is equivalent to an enforcement

of commutativity on the operation level: The group H1(K) is precisely the

abelianization of π1(K), which is obtained by forcing the group operation to

commute [Lee11, Thm. 13.14].
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Figure 2.15: The two edge loops p1 and p2 are non-homotopic (p1 6' p2): The
twist around the waist of the double torus cannot be undone by elementary moves.
However, when considered as cycles, p1 and p2 are homologous (p1 ∼ p2): The
different central segment can be simply removed and replaced through the addition
of boundary cycles.

By considering loops as cycles, we obtain the following relation between

homology and homotopy: Any pair of homotopic edge loops p1 ' p2 is also

homologous: p1 ∼ p2 [Bre93, Ch. 5, Lem. 3.3]. However, the reverse implication

generally does not hold: There are homologous paths that are not homotopic; see

Fig. 2.15 for an example. Homology is hence a coarser relation than homotopy.

2.4.3 Homology Basis

The fact that H1(K) is the abelianization of π1(K) implies that generators of

π1(K) are also generators of H1(K). In other words, any homotopy basis may

also serve as a homology basis, when considered as a set of cycles. Therefore, the

tree-cotree-algorithm described in Section 2.3.4 also suffices for the computation

of a homology basis. More generally, one can also choose homology bases that

are not homotopy bases, i. e. not necessarily rooted in a single common base point

(as e. g. in Fig. 2.17 left).

For a closed combinatorial surface K of genus g, the homology group H1(K)

is a finitely-generated free abelian group [Sti93, Ch. 5.3.3] and thus isomorphic

to Z2g . This enables a particularly simple way to represent and manipulate its

elements: Let BK = {b1, . . . , b2g} be a given homology basis for K. Then, any
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homology class [c] ∈ H1(K) is uniquely represented by a finite linear combination

of those basis cycles, i. e.

[c] =

2g∑
i=1

hi[bi]

where h ∈ Z2g is a vector of integer coefficients. We also use the shorthand

[c] = [BKh] to denote this linear combination. In this encoding, any vector

h ∈ Z2g represents a homology class. Addition and reversal of homology classes

directly correspond to vector addition and negation.

2.4.4 Algebraic Intersection Numbers

Consider two 1-cycles c, d on a cell complex. We define their algebraic in-

tersection number ω(c, d) by counting their oriented transversal intersections:

Following c, we count +1 whenever c crosses d left-to-right (Fig. 2.16 (a)) and

−1 if c crosses d right-to-left (Fig. 2.16 (b)). Where c and d only merge or diverge

without crossing, we instead count + 1
2

or − 1
2

(Fig. 2.16 (c–d)). The algebraic

intersection number is always an integer ω(c, d) ∈ Z. It is linear in both arguments

(w. r. t. cycle addition) and anti-symmetric, i. e. ω(c, d) = −ω(d, c). Moreover,

it is invariant w. r. t. homologous arguments [FM11, Ch. 1.2.3]: For pairs of

homologous cycles c1 ∼ c2 and d1 ∼ d2, it is ω(c1, d1) = ω(c2, d2). Therefore

Figure 2.16: The algebraic intersection number ω(c, d) counts the number of
oriented intersections between a pair of cycles c and d, distinguishing between
left-handed (a) and right-handed crossings (b). Merging (c) and diverging (d)
paths only count as half.
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Figure 2.17: Left: Homology basis of cycles BK = {b1, b2, b3, b4}. Right: The
matrix ΩK with entries (ΩK)ij = ω(bi, bj) encodes the algebraic intersection
form of homology classes (represented as linear combinations of BK ).

ω([c], [d]) = ω(c, d) also defines a bilinear form H1(K)×H1(K)→ Z directly

on homology classes.

Choosing a fixed homology basis BK = {b1, . . . , b2g} for H1(K) as in

Section 2.4.3 allows an explicit representation of the algebraic intersection form

ω as an inner product: For two homology classes given by coefficient vectors

[c] = [BKhc] and [d] = [BKhd], one can compute the intersection number as

ω([c], [d]) = ω([BKhc], [BKhd]) = 〈hc, hd〉ΩK = hT
cΩKhd (2.2)

where ΩK ∈ Z2g×2g with entries (ΩK)ij = ω(bi, bj) is the Gram matrix of the

intersection form ω (see Fig. 2.17 for an example). The matrix ΩK is non-singular

and anti-symmetric.

2.4.5 Continuous Representation

The previous definition of homology in terms of combinatorial surfaces is also

known as cellular homology. It only represents discrete chains on a given

abstract cell complex K. With an embedding M : K → S, those chains also

obtain geometric realizations: Formally, each chain c =
∑
i ciσi is realized

as an embedded chain, defined as the linear combination of the associated cell

embeddings
∑
i ciMσi (see Section 2.2). For a 1-chain, this corresponds to a

collection of curves [0, 1]→ S.
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Figure 2.18: Cellular homology considers chains and cycles defined as linear
combinations over elements of a given cell complex K (left). In singular homology,
the domain is instead a continuous surface S, where chains and cycles may take
arbitrary (in particular smooth) shapes (right).

A given geometric embedding M of K prescribes a discrete set of possible

embedded chains on S. This restriction is lifted by singular homology [Hat02,

Ch. 2.1] which considers embedded chains as linear combinations over all possible

cell embeddings. Thus, cycles may take arbitrary continuous shapes on S. In this

context, one can define a homology group H1(S) for general surfaces which is

independent of any discrete representation: For any cellular decomposition K

of S, the group H1(S) is isomorphic to H1(K) and thus inherits all algebraic

properties discussed in this section. For the most part, we will therefore directly

refer toH1(S) as the homology group of S , as it does not presume or depend on an

underlying cell complex. While singular homology has therefore broader theoreti-

cal applications, cellular homology still remains relevant from an implementation

perspective as it naturally applies to polygon mesh data structures.

2.5 Cohomology

The theory of cohomology is the dual counterpart to homology. While the objects

of homology are cycles, the objects of cohomology are cocycles, i. e. functions

that can be measured along cycles. In the following, we describe a cohomology

group (specifically: the first de Rham cohomology group, see e. g. [Lee13, Ch. 17]
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for more details), where cocycles are similar to tangent vector fields that can be

integrated along curves on the surface.

Homology arises from the notion of a boundary operator on cycles. The

corresponding operator in cohomology is the exterior derivative which acts on

cocycles. Apart from that, the remaining definitions closely mirror those from

homology and most concepts have directly corresponding counterparts.

2.5.1 Cohomology Group

Consider a surface S . A cochain is a continuous 1-form on S , given by a function

x : TS → R, where TS denotes the tangent bundle of S. For every point p ∈ S
of the surface, it locally defines a linear map xp : TpS → R that measures vectors

from the tangent space around p. Cochains can be visualized as tangent vector

fields where each vector indicates the local gradient of the 1-form (Fig. 2.19 (a)).

We illustrate them as black dashes in our figures. Cochains can be composed

via addition and negation, which act pointwise on the local linear maps: Given

cochains x and y, their sum x+ y at any point p ∈ S is just (x+ y)p = xp + yp,

and likewise (−x)p = −xp.

Figure 2.19: A cochain (a) can be visualized as a tangent vector field on a surface.
A cocycle (b) is a cochain with zero exterior derivative, corresponding to a curl-
free vector field. A coboundary (c) is a cochain that is itself the exterior derivative
of some scalar potential (blue).
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A cocycle is a cochain x with zero exterior derivative, i. e. dx = 0. Cocycles

can be pictured as curl-free vector fields on S (Fig. 2.19 (b)). Just like cochains,

they may be composed and are closed under addition and negation.

A coboundary is any cochain x that is itself the exterior derivative x = dφ of

some scalar field φ : S → R. Coboundaries correspond to gradient vector fields

of scalar potentials (Fig. 2.19 (c)). Any coboundary x is also a cocycle because

dx = ddφ = 0, but not vice-versa: Some cocycles are not derivatives of scalar

fields and instead flow around handles or tunnels of the surface S.

Cohomology defines the following equivalence relation: Two cocycles x and y

on a surface S are cohomologous, x ∼ y, if their difference x− y is a coboundary,

as in Fig. 2.20. This relation partitions the set of all cocycles of a surface S into

equivalence classes: Every cocycle x belongs to a cohomology class [x], i. e. a set

of mutually cohomologous cocycles. The elements of some cohomology class [x]

are all cocycles with the same global flow behavior around handles and tunnels

of the surface. Cocycle addition induces a well-defined operation on cohomology

classes: [x]+[y] = [x+y]. The neutral element [0] is the class of all coboundaries.

Under this operation, the set of all cohomology classes of a surface S forms the

cohomology group H1(S), which is a vector space [Bre93, Ch. 5, Def. 2.5].

Figure 2.20: Two cocycles x, y are cohomologous (x ∼ y) if and only if their
difference x − y is a coboundary, i. e. the exterior derivative of some scalar
potential (blue). Despite their local geometric variations, the global flow of x and
y around the hole of the torus is the same.
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2.5.2 Connection to Homology

Homology and cohomology can be connected through an operation that pairs

cycles with cocycles by taking integrals. Consider a surface S defined by a cell

complex K with a geometric embedding M : K → S. Cochains on S can then

be measured along embedded edges of K via integration: Let

σ be an edge of K with a smooth embedding Mσ : [0, 1]→ S
which defines a tangent vector M ′σ(t) for every point Mσ(t).

We can now measure a cochain x along σ by taking the line

integral of x along the curve Mσ , which is∫
σ

x =

∫ 1

0

x(Mσ(t))(M ′σ(t)) dt. (2.3)

Based on this, we can define integration of cochains along chains, i. e. linear

combinations of edges: Given a chain c =
∑
i ciσi with an embedding on S, we

define ∫
c

x =
∑
i

ci

∫
σi

x. (2.4)

Note that the above integral is linear both in its integration domain (the chain c)

and its integrand (the cochain x), i. e.∫
c+d

x =

∫
c

x+

∫
d

x, and
∫
c

x+ y =

∫
c

x+

∫
c

y. (2.5)

In the following, we mostly deal with integrals of cocycles along cycles, which

have further useful properties:

• Homology invariance. Integrals of a cocycle x along a boundary cycle b

(i. e. with b = ∂d for some chain d) are always zero:∫
c

x =

∫
∂d

x =

∫
d

dx = 0,

which uses Stokes’ theorem and the fact that x is a cocycle, i. e. dx = 0.

This implies that any two homologous cycles c1 ∼ c2 (which, by definition,

only differ by a boundary cycle) produce the same integral
∫
c1
x =

∫
c2
x
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Figure 2.21: Integration of cocycles along cycles is invariant under homology
and cohomology: Homologous cycles c1 ∼ c2 (left and center) have the same
integral over the cocycle x1, i. e.

∫
c1
x1 =

∫
c2
x1. Similarly, the cycle c2 has

the same integral along cohomologous cocycles x1 ∼ x2 (center and right), i. e.∫
c2
x1 =

∫
c2
x2.

(cf. Fig. 2.21 left and center). In other words: The value of an integral
∫
c
x

is invariant w. r. t. homologous variations of c. It is identical for any cycle in

the same homology class [c].

• Cohomology invariance. Similarly, a coboundary x (which is x = dφ for

some cochain φ) integrates to zero over any cycle c:∫
c

x =

∫
c

dφ =

∫
∂c

φ = 0,

which again relies on Stokes’ theorem and the fact that ∂c = 0. Therefore,

any two cohomologous cocycles x1 ∼ x2 (which only differ by a cobound-

ary) will have the same integral
∫
c
x1 =

∫
c
x2 (cf. Fig. 2.21 center and

right). Thus, the value of an integral
∫
c
x is identical for all cocycles in the

same cohomology class [x].

In light of the above two points, it makes sense to define integration directly as an

operation on homology and cohomology classes as
∫

[c]
[x] =

∫
c
x, see also [Lee13,

Thm. 18.12]. It enjoys the same bi-linearity properties as in Eq. (2.5).

We say that a cohomology class [x] is integral if the value of
∫

[c]
[x] = n is

an integer n ∈ Z for any homology class [c]. H1(S) remains a group if we

restrict to only integral cohomology classes. Furthermore, under this integrality
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2 Preliminaries

Figure 2.22: Left: a homology basis BS = {s1, s2, s3, s4}. Right: a
corresponding dual cohomology basis BS = {s1, s2, s3, s4} for the same surface,
fulfilling

∫
si
sj = δij for any basis cycle si and basis cocycle sj .

constraint, the cohomology group H1(S) becomes isomorphic to the homology

group H1(S), which is a consequence of Poincaré duality [Hat02, Ch. 3.3].

2.5.3 Cohomology Basis

Just like the homology group H1(S), the cohomology group H1(S) thus admits

a very simple linear representation of its elements: For a closed genus g surface

S, one can again choose a cohomology basis, a set BS = {s1, . . . s2g} of 2g

cocycles such that any cohomology class [x] ∈ H1(S) is uniquely represented by

some linear combination

[x] =

2g∑
i=1

hi[s
i]

where h is a vector of coefficients, with h ∈ Z2g if we consider integral cohomol-

ogy classes. Again, we use [x] = [BSh] as a shorthand notation for this linear

combination.

We can make the duality of H1(S) and H1(S) explicit by choosing their

respective homology and cohomology bases BS and BS in a specific compatible

way: Suppose BS = {s1, . . . , s2g} is a given homology basis for a surface S.
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2.5 Cohomology

We can then find a dual cohomology basis, a set of cocycles BS = {s1, . . . , s2g}
such that ∫

si

sj = δij (2.6)

for any si ∈ BS and sj ∈ BS , where δij is the Kronecker delta. In the resulting

pair of bases, any basis cycle si integrates to 1 along the corresponding basis

cocycle si and to 0 along any other cocycle sj with i 6= j (see Fig. 2.22).

This dual choice of bases greatly simplifies the computation of integrals: LetBS
and BS be a pair of dual homology and cohomology bases for the same surface

S. Then, any homology class [c] and cohomology class [x] may be represented

as linear combinations [c] = [BShc] and [x] = [BShx] with integer coefficients

hc ∈ Z2g and hx ∈ Z2g . Then, due to basis duality (Eq. (2.6)) and the bi-linearity

of cycle-cocycle integration (Eq. (2.5)), one can compute the integral of [x] along

[c] simply as a standard dot product of the coefficient representations, i. e.

∫
[c]

[x] =

∫
[BShc]

[BShx] = 〈hc, hx〉. (2.7)

Figure 2.23: A continuous cochain x on a surface S (left) is discretized by
triangulating the surface and taking integrals xi =

∫
ei
x along every edge ei

(center). The discrete cochain is encoded by storing the resulting values xi ∈ R
for all edges of the abstract cell complex K of the triangulation (right).
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2.5.4 Discrete Representation

For computations on polygon meshes, we require a discretized representation of

cochains and cocycles. A common way to encode cochains on a discrete surface is

to take measurements along all mesh edges and only store the resulting integral

values, which is the standard representation in discrete exterior calculus [Hir03;

CGDS13].

Let x be a cochain on a surface S given by an abstract cell complex K with an

embedding M : K → S. For each edge ei ∈ E, we can compute the integral

xi =

∫
ei

x

according to Eq. (2.3). This associates a real value xi ∈ R with every edge ei, a

discretization also known as the de Rham map [Hir03, Def. 3.3.1], see Fig. 2.23.

Conversely, any assignment of coefficients xi ∈ R to edges ei defines a discrete

cochain x on K. In this encoding, we can still exactly compute integrals between

chains and cochains: Given some chain x over edges of K, the integral of a

discretized cochain x, as defined by Eq. (2.4) becomes∫
c

x =
∑
i

ci

∫
ei

x =
∑
i

cixi.

i. e. just a dot product of the coefficients of c and x.

44



3 Topology of Surface Maps

Mathematically, a map between two surfaces A and B is a function f : A → B.

Generally, we require that f is a homeomorphism, i. e. that f is bijective and both

f and its inverse f−1 are continuous. In combination, these conditions ensure that

homeomorphisms never tear, fold over, or double cover parts of the surface and

put all points of A and B into a one-to-one correspondence.

As an additional validity criterion, we may require that a homeomorphism

f : A → B is orientation-preserving, i. e. that the image of A on B agrees with

the natural orientation of B (or, more intuitively: preserves the orientation of

surface normals). We denote the set of all orientation-preserving homeomorphisms

between two surfaces A and B by Homeo(A,B).

3.1 Surface Map Representations

For geometry processing, where the shapesA and B are typically given as polygon

meshes (see Section 2.2), various ways to represent surface maps have been

proposed. In the following, we briefly review the most important options.

3.1.1 Discrete Non-Homeomorphisms

Most shape correspondence methods employ map representations that rely on

some form of sampling or quantization which merely approximate a continuous

map.

Sample-based representations encode a map between two surfaces A and B as

a finite set of corresponding points on the two shapes. It is common to declare
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3 Topology of Surface Maps

one surface A as the “source shape” and describe the map in terms of the image

of its vertices VA on B. Vertex-to-vertex maps [RMC15; VLR+17; LDCK18]

assume that those images are also vertices of B, leading to a purely combinatorial

map representation in terms of a discrete assignment VA → VB. Vertex-to-surface

maps [EHA+19; ESB19] encode samples on B more generally as points within

faces, e. g. via barycentric coordinates. Other types of sampled maps do not

limit their domain to vertices of A and instead specify an arbitrary number of

corresponding point pairs {(ai, bi)}i ⊂ A×B on both surfaces [MCK+17]. This

includes maps that only describe a partial matching in certain regions [MGP06;

BB08] or sparse landmarks [LF09; EEB20]. By construction, the above representa-

tions only encode reliable correspondences at the sample points. Mapping arbitrary

points requires some form of extension or interpolation [PBDS13], which may or

may not be continuous, depending on the density and quality of the sampling.

Another way to express a correspondence is by describing how to deform mesh

A such that it resembles the surface of B, which is the task of non-rigid registration

methods [HAWG08; LSP08; YLSL10]. Such registrations or ambient maps

encode either the resulting deformed surface or the deformation itself [ELC19].

Unfortunately, this only brings one surface into proximity of the other. The

extraction of a proper mapping A → B typically involves some form of closest-

point projection which, depending on the projection operator, may be neither

continuous nor injective.

Instead of specifying individual point samples, other approaches represent

maps as correspondences between smooth distributions on A and B. Functional

maps [OBS+12] describe surface maps through their action on scalar fields on

surfaces. By representing these scalar fields via coefficients in a reduced basis,

one obtains a linear encoding of a surface map as a small real-valued matrix.

This concept has seen countless applications in different shape correspondence

tasks [OCB+17], e. g. the automatic inference, processing and refinement of maps.
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3.1 Surface Map Representations

A similar representation are soft maps [SNB+12], which explicitly encode map

uncertainties and ambiguities as soft correspondences between surface regions.

All of the above options describe maps up to a certain degree of ambiguity:

Due to sampling, projection, or fuzzyness, they are partial, non-continuous, or

non-injective and therefore not proper homeomorphisms in the mathematical sense.

We will revisit such maps in Chapter 5, where we propose a technique that can still

robustly extract topological information from non-homeomorphic representations.

3.1.2 Discrete Homeomorphisms

There are other representations that can unambiguously describe full homeo-

morphisms between the surfaces of two triangle meshes A and B: They are

generally defined in terms of a common abstract cell complex K with embeddings

MA : K → A and MB : K → B into both surfaces (Fig. 3.1). Then, their

composition f = MB ◦M−1
A is a homeomorphism f : A → B. The cell complex

Figure 3.1: An abstract cell complex K (here: a collection of quadrangular cells)
with piecewise linear embeddings MA and MB into two different triangle meshes
A and B. The composed mapping f = MB ◦M−1

A is a homeomorphism between
the two surfaces.
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3 Topology of Surface Maps

K may be constructed as a coarse layout [PSS01; KS04] or a single polygonal

domain obtained from a cut graph [CJGQ05; APL14; APL15]. Alternatively, one

can choose K identical to the connectivity of mesh A and describe the map only

in terms of its embedding on B [SAPH04; SCBK20]. Individual cell embeddings

are then typically defined via piecewise parametrizations onto canonical domains,

e. g. (parts of) the plane [PSS01; KSG03; KS04; APL14; APL15] or more general

spaces of constant curvature [Ale00; PH03; AL16; AKL17; SCBK20]. Ultimately,

a surface map between two polyhedral meshes may be represented in the form of

a meta mesh where K takes the form of a mutual tessellation or overlay of A and

B with piecewise linear embeddings [Tur92; LDSS99; SAPH04; SBCK19].

The above works propose various approaches to construct the cell complex K

and its embeddings, which we review in more detail in Section 4.1. As we will

see, this initial construction step is of vital importance for many further processing

tasks: It fully defines the topology of the map, which typically can no longer be

modified during a subsequent continuous map optimization.

3.1.3 Continuous Homeomorphism Optimization

The generation of high-quality discrete homeomorphisms commonly follows a

two-step procedure: First, an initial map f is generated by creating embeddings

of a cell complex K into both A and B, based on a set user-provided landmark

constraints. The resulting map is a homeomorphism by construction but may

be of poor geometric quality, e. g. introduce excessive stretch. In a second

phase, f is thus optimized to reduce distortion while maintaining its status as

a homeomorphism. Popular objectives combine a preference fow low mapping

distortion (e. g. isometry) with a built-in injectivity-preserving barrier character:

Measures such as the symmetric Dirichlet energy [SAPH04] diverge towards

infinity whenever f approaches non-injectivity. Under an optimization that

continuously stays within the feasible region of this objective [SS15], the map

f goes through a continuous deformation towards a low-distortion configuration
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3.2 The Mapping Class Group

while remaining a homeomorphism at any time [JSP17; SBCK19; SCBK20].

Many other approaches, based on distortion objectives without such a barrier

character, restrict to continuous homeomorphism-preserving map updates by other

means [KS04; APL14; APL15; AL16; AKL17].

While this form of optimization does preserve the initial validity of the map,

it comes with a serious limitation: Generally, the space of all homeomorphisms

Homeo(A,B) consists of different components (corresponding to different map

topologies) that are explicitly not mutually reachable via continuous homotopic

deformations. If the optimal (i. e. minimum-distortion) solution lies in a different

component from the initialization, it is therefore completely unreachable, regard-

less of the optimization trajectory. These components, known as mapping classes,

are the subject of the following section.

3.2 The Mapping Class Group

Section 2.3 introduced homotopy as a relation between loops, expressing a topologi-

cal equivalence: Homotopic loops are connected through continuous deformations,

which cannot overcome topological obstacles (holes, handles, tunnels) in the

surrounding space (i. e. the surface S). This relation can be analogously defined

for surface maps.

Consider two surfaces A and B and a pair of continuous maps f0, f1 : A → B.

Then, a homotopy between f0 and f1 is a family of maps ft : A → B for t ∈ [0, 1]

such that

• for every fixed t ∈ [0, 1], the map ft is continuous;

• for every fixed a ∈ A, the image ft(a) ∈ B varies continuously as t ranges

over [0, 1].

Figure 3.2 shows an example. Two maps f0 and f1 are called homotopic, f0 ' f1,

if some homotopy ft exists. Under this relation, every surface map f belongs to
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3 Topology of Surface Maps

Figure 3.2: Two maps f0 (left) and f1 (right) are homotopic if there exists a
continuously varying family of maps ft that interpolate between them.

an equivalence class [f ] of mutually homotopic maps, known as a (map) homotopy

class.

A stronger notion of homotopy is that of an isotopy. It additionally requires that

the homotopy ft remains bijective throughout the entire deformation. Isotopies

therefore characterize precisely the trajectories of continuous homeomorphism-

preserving map optimization methods, as described in Section 3.1.3. By definition,

any pair of isotopic surface maps is also homotopic. For homeomorphisms,

the reverse implication also holds: Whenever two surface homeomorphisms are

connected by a homotopy, one can also find an isotopy [Sti93, Ch. 6.2.5]. In this

context, the notions of homotopy class and isotopy class are therefore synonymous.

The different homotopy classes of orientation-preserving homeomorphisms

Homeo(A,B) are called mapping classes. Mapping classes organize the space

of all valid surface maps in a way that separates topology from geometry: The

space of maps Homeo(A,B) decomposes into discrete topological types, each

corresponding to one distinct mapping class. In turn, each mapping class contains

a continuum of geometrically different maps of the same topology.
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3.2 The Mapping Class Group

Instead of considering two surfaces A and B, one can study maps from a

single surface S to itself. This perspective gives rise to an algebraic structure

that relates all possible mapping classes: We denote by Homeo(S) the set of

all self-homeomorphisms S → S that preserve the orientation of the surface.

Elements of Homeo(S) may be combined via function composition: For any

f, g ∈ Homeo(S), it is again f ◦ g ∈ Homeo(S). This composition operation

remains well-defined if we consider its action on elements of Homeo(S) up to

homotopy, i. e. on mapping classes: [f ] ◦ [g] = [f ◦ g]. Under this operation, the

set of all mapping classes of Homeo(S) forms the mapping class group Mod(S)

of the surface S [FM11, Ch. 2.1].

The mapping class [id ] contains all maps homeomorphic to the identity map. It

is the neutral element of Mod(S), as [id ◦ f ] = [f ◦ id ] = [f ] for any mapping

class [f ] ∈ Mod(S). Simple examples for non-identity elements are mapping

classes induced by rotational symmetries of certain surfaces: Figure 3.3 (left)

shows different mapping classes of order 2, i. e. with [ri]
2 = [id ]. An example

of a mapping class of infinite order is a so-called Dehn twist, as seen in Fig. 3.3

(right). We will revisit Dehn twists in Section 3.4.2 as they serve as elementary

generators of the mapping class group of closed surfaces.

Figure 3.3: Examples of non-trivial mapping classes. Left: Rotations of a
symmetric double-torus are representatives of order-two mapping classes. Right: A
Dehn twist around the handle of a torus. Red and yellow loops serve to emphasize
the mapping action.
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3 Topology of Surface Maps

While mapping class groups are defined in terms of self-maps on a single

surface, they can also describe the topology of maps between two surfaces A and

B, by a slight extension: By picking some homeomorphism b : A → B as a “base

map” between the two shapes, any class [f ] ∈ Mod(B) of self-maps B → B can

be pre-composed with b to define a corresponding class [f ◦ b] of maps A → B.

The mapping class group Mod(B) thus characterizes the entire topological space

of valid homeomorphisms A → B, up to the (arbitrary) choice of base map b.

3.3 The Pure Mapping Class Group

For a closed surface Sg of genus g ≥ 1, the mapping class group Mod(Sg)
captures topologically different possibilities of how a self-homeomorphism on

Sg can wrap around surface handles and tunnels. Additional topological degrees

of freedom arise when we consider punctured surfaces: Given a closed surface

Sg and a set of n distinct points Pn = {p1, . . . , pn} ⊂ Sg , one obtains the

punctured surface Sg,n = Sg\Pn by removing those points from the surface. Note

Figure 3.4: (a): A surface S0,8, with punctures indicated by colored dots. Its
mapping class group Mod(S0,8) also contains maps that permute those punctures
(b, c). In contrast, the pure mapping class group PMod(S0,8) only contains maps
that leave all punctures fixed and can merely twist around or between them (d, e).
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that self-homeomorphisms on Sg,n may permute these punctures. For example,

consider a cube with punctured corners (Fig. 3.4 (a)). Its rotational symmetries

are self-homeomorphisms that induce permutations on the punctures (Fig. 3.4 (b)).

Since those homeomorphisms are pairwise non-homotopic, they correspond to

distinct mapping classes. Generally, the mapping class group Mod(Sg,n) of a

punctured surface contains all mapping classes that arbitrarily permute punctures

(e. g. Fig. 3.4 (c)).

In some cases, it makes sense to deliberately restrict to self-homeomorphisms

on Sg,n that disallow such permutations of punctures. Even under this restriction,

there are many different non-isotopic maps which preserve all punctures but still

bend and twist around them in various ways (cf. Fig. 3.4 (d, e)). The isotopy classes

of this set of maps then form a subgroup of the mapping class group Mod(Sg,n),

known as the pure mapping class group PMod(Sg,n), which precisely contains

those mapping classes of Sg,n that leave all punctures fixed.

The pure mapping class group is of practical interest as it describes the possible

topologies of maps under a given set of fixed point constraints (represented by

punctures). This becomes relevant for the design of maps between surfaces with

landmark correspondences (which we discuss in Chapter 4).

3.4 Mapping Class Representations

Each mapping class describes one possible “topological type” of maps between

surfaces. Automatic methods that generate or optimize map topology thus (implic-

itly or explicitly) operate on some practical representation of mapping classes. In

the most basic sense, any encoding of a discrete homeomorphism (Section 3.1.2)

already acts as a representative of some mapping class. However, this representa-

tion is highly redundant and impractical if one is interested in a purely topological

description: Due to its explicit encoding of map geometry, it is difficult to modify
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3 Topology of Surface Maps

Figure 3.5: Cellular graph embeddings (MA, MB) map vertices and edges of
an abstract cell complex (K, left) into target surfaces (A, B, center), thereby
partitioning them into disk patches. These decompositions may be extended to full
embeddings via continuous patch-wise parametrizations (right), which uniquely
defines a mapping class [f ].

or check for equivalence. In the following, we discuss more concise options for

representing mapping classes.

3.4.1 Layout Embeddings

Instead of specifying a full homeomorphism to represent a mapping class, one can

reduce the redundant geometric degrees of freedom by omitting certain parts of

the map that can be uniquely reconstructed up to homotopy.

Consider an abstract cell complex K = (V,E, F ) with an embedding into a

surface, defined by MS : K → S. By restricting this embedding to the vertices

and edges of K, we obtain a cellular graph embedding. Its image on S is a

collection of points and curves that cut S into a set of topological disks. While

a cellular graph embedding no longer specifies the geometric embeddings of the
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face interiors, these are topologically unambiguous: All homeomorphisms onto a

disk with fixed boundary are homotopic [FM11, Lem. 2.1]. Therefore, any full

embedding reconstructed by a homeomorphic extension of a given cellular graph

embedding has the same map topology.

As described in Section 3.1.2, a homeomorphism f : A → B between two

surfaces is often defined as the composition f = MB ◦ M−1
A of two cellular

embeddings MA : K → A and MB : K → B from the same abstract cell

complex K. By the above argument, restricting MA and MB to cellular graph

embeddings fully identifies the mapping class [f ] without having to specify the

entire map geometry (Fig. 3.5). Where A and B are given as triangle meshes, the

images of the cellular graph embeddings are typically encoded as a collections of

triangle edge paths.

Representations of this type are common in practice: Many algorithms initialize

a map between two shapes by first computing compatible cellular graph embed-

dings and then extending these to faces of the cell complex (e. g. via harmonic

parametrization). Existing methods differ in the way in which the cell complex K

and its graph embeddings into A and B are constructed. Commonly, K is chosen

to be a very coarse complex consisting of only few cells. In that case, one often

refers to such a cell complex as a layout, and its maps into A and B as layout

embeddings.

When constructing embeddings of a given layout, a common strategy is to favor

embeddings consisting of shortest paths, as they tend to correspond to natural

mapping classes. However, many existing methods that follow this approach are

based on greedy heuristics and may sporadically produce topologically unintended

results, as we will point out in Chapter 5. As a remedy, we propose an embed-

ding algorithm that systematically searches for shortest-path layout embeddings,

effectively optimizing across different mapping classes.
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3.4.2 Dehn Twists

A Dehn twist is a self-homeomorphism which twists a part of a surface along a

band-shaped region. It can be constructed as follows [FM11, Ch. 3.1.1]: Consider

a loop γ without self-intersections on a surface S (Fig. 3.6 left). By slightly

thickening the loop γ, one obtains a ribbon Γ ⊂ S, a narrow cyclic strip around

γ. This region Γ is homeomorphic to a cylinder C by some map c : Γ → C.

Now consider a self-homeomorphism TC : C → C that twists the cylinder by

360◦ around its central axis (Fig. 3.6 bottom). TC leaves the two boundaries

of C fixed and only affects its interior. By composition with c, one obtains a

self-homeomorphism TΓ : Γ→ Γ that applies a similar 360◦ twist to the ribbon,

defined by TΓ = c−1 ◦ TC ◦ c. This map can be extended to act on the entire

surface S by just prescribing the identity for all points beyond Γ. Then, this

self-homeomorphism on S is called a Dehn twist. With regard to map topology,

the width or precise shape of the ribbon Γ does not matter: In fact, the mapping

class of a Dehn twist only depends on the homotopy class of the loop γ. Therefore,

such a map is called a Dehn twist along γ, denoted by Tγ : S → S.

A contractible simple loop ε encloses a simply-connected region. Hence, a Dehn

twist Tε just creates a vortex around the enclosed region, which can be undone

Figure 3.6: A ribbon-shaped region Γ around a simple loop γ is excised from
the surface S. It is homeomorphic to a cylinder C. Twisting C by 360◦ and
re-embedding the result into S yields a map Tγ : S → S, a so-called Dehn twist,
in a non-trivial mapping class (indicated by its action on the yellow loop).
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by a continuous deformation and is thus homotopic to the identity map. Dehn

twists along contractible loops therefore correspond to the identity element of

the mapping class group Mod(S). Every Dehn twist Tγ along a non-contractible

loop γ has infinite order in Mod(S): Repeated applications Tnγ produce distinct

mapping classes for any n ∈ N.

Dehn Twist Relations

If two loops α and β are non-intersecting, a Dehn twist along one loop does not

affect the other one. They can thus be applied in any order, i. e. they commute:

Tα ◦Tβ = Tβ ◦Tα. However, this only holds if α and β do not intersect. In general,

Dehn twists are non-commutative and their interactions can be quite intricate.

Some relations have been stated for very specific configurations of twist loops, e. g.

the braid relation for pairs of loops with a single intersection [FM11, Prop. 3.11], or

the lantern relation for a particular arrangement of seven loops [FM11, Prop. 5.1].

Generating the Mapping Class Group from Dehn Twists

Dehn Twists are of central importance to the study of mapping class groups as

they serve as elementary generators: It is possible to express any mapping class in

Mod(S) as a composition of a finite number of Dehn twists along non-contractible

simple loops on S [FM11, Thm. 4.1]. In other words: Given two mapping classes

[f ], [g] ∈ Mod(S), one can always find some sequence of Dehn twists that

transforms [f ] into [g]. While the previous statement allows Dehn twists along

arbitrary non-contractible simple loops, one can find much smaller generating

sets of carefully chosen twists that still generate the entire mapping class group.

One example are the so-called Lickorish generators (Fig. 3.7 (a)), which generate

the mapping class group Mod(Sg) of a closed genus g ≥ 1 surface from a set

of Dehn twists along 3g − 1 different loops, arranged around the handles of the

surface [Lic64]. For genus g ≥ 2, this set can be further reduced to twists along
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Figure 3.7: Dehn twists along a finite set of carefully chosen loops, the Lickorish
generators (a), suffice to generate the mapping class group. All but two of the blue
loops are actually redundant; removing them yields the minimal set of Humphreys
generators (b). Punctures (black dots) induce additional generators (purple),
which can be lined up around one handle (c).

2g + 1 loops, known as the Humphries generators (Fig. 3.7 (b)), which form a

minimal Dehn twist basis for Mod(Sg) [Hum79].

Dehn Twists and Punctured Surfaces

For closed surfaces, Dehn twists generate the entire mapping class group Mod(Sg).

The same does not hold for punctured surfaces: For a surface Sg,n with n > 1

punctures, the group Mod(Sg,n) contains mapping classes that act as permuta-

tions on the punctures. However, such permutations are not generated by Dehn

twists: Since twist loops cannot pass directly through punctures, Dehn twists may

only modify the way a map twists around or between punctures, but they can

never exchange the punctures themselves. By keeping all punctures fixed, they

only generate a subgroup of Mod(Sg,n), namely the pure mapping class group

PMod(Sg,n), as introduced in Section 3.3 [FM11, Cor. 4.15].

Analogously to the closed surface case for g ≥ 2, it is possible to give an

explicit, minimal generating set of 2g + n Dehn twists for PMod(Sg,n), which
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corresponds to an extension of the Humphries generators by n− 1 additional twist

loops that separate the punctures from each other (Fig. 3.7 (c)).

Even on simple domains, the pure mapping class group can become quite

complex as the number of punctures increases. A somewhat surprising special case

is the sphere with n punctures S0,n. For n < 4, the group PMod(S0,n) remains

trivial [FM11, Ch. 2.2]. However, for n ≥ 4, the group becomes infinite, and the

number of Dehn twists required to generate it is at least
(
n−1

2

)
− 1, which grows

quadratically with n [GW17].

Practical Viability

From an algebraic perspective, compositions over a generating set of Dehn twists

provide arguably the most compact and elegant representation of the mapping

class group. However, so far this has not been put into practice for surface map

applications in geometry processing: The idea of describing a map’s topology

based on successive modifications of an initial prototype radically differs from

existing map generation approaches, which construct maps from scratch through

cellular graph embeddings. While the translation of a Dehn twist sequence to a

representative homeomorphism is already quite involved, the opposite conversion

is even more challenging.

A different, still purely algebraic representation of map topology that is yet

closer to practical constructions (i. e. by embeddings of paths and loops) may be

derived from the action of the mapping class group on loop homotopy classes.

3.4.3 Action on the Fundamental Group

Instead of Mod(S), one can also consider the extended mapping class group

Mod±(S) which additionally includes homeomorphisms that reverse the orien-

tation of S. A simple algebraic characterization of Mod±(S) is given by its

action on homotopy classes of loops, i. e. on the fundamental group (Section 2.3.1).

Consider a closed surface S with fundamental group π1(S). An automorphism
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of π1(S) is a bijective self-map ϕ : π1(S) → π1(S) that preserves the group

structure, i. e. ϕ([α] · [β]) = ϕ([α]) · ϕ([β]). Every such automorphism ϕ is

induced by some mapping class [fϕ] ∈ Mod±(S) which describes the same

action as ϕ through a self-map on S, i. e. ϕ([γ]) = [fϕ(γ)]. This correspondence

is unique up to variations of the base point: Any automorphism ϕ′ that merely

modifies the base point (with ϕ′([γ]) = [η] · ϕ([γ]) · [η] for some loop η) induces

the same mapping class as ϕ. Factoring out this redundancy yields the set of

outer automorphisms of π1(S), which corresponds one-to-one with elements of

Mod±(S), as stated by the Dehn-Nielsen-Baer theorem [FM11, Thm. 8.1].

In practice, a representation of Mod(S) in terms of automorphism classes of

π1(S) is still somewhat cumbersome: By fixing a homotopy basis BS of S, any

self-map ϕ : π1(S) → π1(S) could be expressed by an assignment from each

generator BS to a word over the alphabet BS (with reversals). However, one must

additionally ensure that this mapping is bijective, unique up to conjugacy, and

preserves the fundamental group structure and surface orientation, which is no

easy task.

One obtains a much more manageable representation by considering the action

of the mapping class group on homology instead of homotopy classes: Unlike

π1(S), the homology group H1(S) is commutative and independent of any base

point (Section 2.4.2), leading to a much simpler (although non-unique) encoding

of mapping classes, known as the symplectic representation.

3.4.4 The Symplectic Representation

Let f : A → B be a homeomorphism between two surfaces. Consider how

f acts on embedded cycles: For any cycle c on A, its image f(c) is again a

cycle on B (see Fig. 3.8). This mapping is invariant under homology: For any

homologous pair of cycles c1 ∼ c2, it is f(c1) ∼ f(c2). Thus, the surface map f
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implies a mapping between homology classes, called the induced homology map

f∗ : H1(A)→ H1(B) with

f∗([c]) = [f(c)]. (3.1)

Indeed, this mapping is well-defined and constitutes a linear isomorphism between

the homology groups H1(A) and H1(B) [Hat02, Cor. 2.11]. It associates each

homology class of A with a unique corresponding homology class on B.

Due to the linearity of the homology group, any homology map may be encoded

as an integer matrix: We can choose homology bases BA = {a1, . . . a2g} and

BB = {b1, . . . b2g} for the two surfaces A and B, as described in Section 2.4.3.

Then, we can use integer coefficient vectors hA ∈ Z2g and hB ∈ Z2g to represent

homology classes [BAhA] ∈ H1(A) and [BBhB] ∈ H1(B). In this setting,

we can express any homology map f∗ : H1(A) → H1(B) explicitly as a map

M : Z2g → Z2g between coefficient vectors: For every homology class [BAhA],

mapped to B as f∗([BAhA]) = [BBhB], we have M(hA) = hB, or equivalently

f∗([BAhA]) = [BBM(hA)]. (3.2)

Since f∗ is linear, so is M , i. e. it is a matrix M ∈ Z2g×2g .

Note that generally, not every integer matrix M represents a homology map that

is actually induced by some orientation-preserving homeomorphism Homeo(A,B).

Figure 3.8: The homeomorphism f : A → B carries cycles (c and d) from one
surface to the other. By only considering cycles and their images up to homology,
this action defines an induced homology map f∗ : H1(A)→ H1(B).
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3 Topology of Surface Maps

Figure 3.9: A homeomorphism f : A → B preserves intersections between cycles:
If c1 and c2 have algebraic intersection number ω(c1, c2) onA, then their images
must have the same intersection number on B.

This more restricted class of maps is characterized by an additional constraint

on M , which can be derived from the fact that such maps preserve pairwise

intersections of cycles: Suppose two cycles c1, c2 have algebraic intersection

number ω(c1, c2) on surface A (as defined in Section 2.4.4). Under a map

f ∈ Homeo(A,B), the images f(c1), f(c2) must have the same algebraic

intersection number on B (see Fig. 3.9). This also applies to their homology

classes:

ωA([c1], [c2]) = ωB([f(c1)], [f(c2)]).

Following Eq. (3.1), f induces a homology map f∗, i.e.

ωA([c1], [c2]) = ωB(f∗([c1]), f∗([c2])),

which may be expressed using coefficients as [c1] = [BAh1], [c2] = [BAh2]:

ωA([BAh1], [BAh2]) = ωB(f∗([BAh1]), f∗([BAh2])).

In this representation, we can replace f∗ by M via Eq. (3.2) to get

ωA([BAh1], [BAh2]) = ωB([BBM(h1)], [BBM(h2)])
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and compute intersection forms using Eq. (2.2) as

〈h1, h2〉ΩA = 〈M(h1),M(h2)〉ΩB .

Requiring this for all homology classes yields the succinct constraint

ΩA = MTΩBM. (3.3)

Clearly, this constraint on M is necessary, as any homology map f∗ induced by a

homeomorphism f must preserve intersection numbers. Furthermore, it can be

shown that this property is also sufficient for the existence of a corresponding

homeomorphism: For any matrix M ∈ Z2g×2g fulfilling Eq. (3.3), one can find

some map f : Homeo(A,B) that induces a homology map f∗ represented by

M [MP78, Thm. 2; FM11, Ch. 6.3.2].

Applying this matrix representation to self-homeomorphisms Homeo(S) on a

single surface, constraint Eq. (3.3) becomes

ΩS = MTΩSM. (3.4)

Recalling that ΩS is non-singular and anti-symmetric (Section 2.4.4), this precisely

states that M is a symplectic matrix. Any element of the mapping class group

Mod(S) thus induces a homology map represented by some symplectic matrix

M ∈ Sp(2g,Z). This mapping Mod(S)→ Sp(2g,Z) is therefore known as the

symplectic representation of the mapping class group [FM11, Ch. 6]. We also refer

to Eq. (3.4), and generally to Eq. (3.3) as the symplectic constraint.

Note that the symplectic representation Mod(S) → Sp(2g,Z) is indeed

surjective [Put18], i. e. every symplectic matrix corresponds to a homology map

induced by some homeomorphism, but generally not injective: For surfaces of

genus g ≥ 2, there may be maps from different mapping classes [f ] 6= [g]

that induce the same homology map f∗ = g∗, and thus the same matrix M .

This non-uniqueness of the symplectic representation mirrors the relationship

between homotopy and homology (Section 2.4.2). By enforcing commutativity,
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3 Topology of Surface Maps

Figure 3.10: A Dehn twist along a separating cycle (top left, orange) produces
a self-homeomorphism f in a non-trivial mapping class (top right, black arrows
added to emphasize the twist action). However, the same map f induces the
identity mapping on cycles up to homology (bottom row). The mapping class [f ] is
hence an element of the Torelli group.

one obtains linearized (and therefore non-unique) approximations of topological

representations: Through linearization, loop homotopy classes become homology

classes (represented by integer vectors). Consequently, through the symplectic

representation, mapping classes become homology maps (represented by integer

symplectic matrices).

The topological ambiguities introduced by this linearization can be studied

systematically in the form of the so-called Torelli group [FM11, Ch. 6.5; HM12].

As a subgroup of Mod(S), the Torelli group contains precisely the mapping

classes that have no effect on homology, i. e. those that induce the identity map in

the symplectic representation. Two mapping classes that differ by an element of

the Torelli group are therefore indistinguishable in the symplectic representation.

64
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The most prominent examples for Torelli group elements are Dehn twists along

simple loops that separate S into two components (Fig. 3.10).

While the symplectic representation may thus fail to distinguish certain subtle

topological details, it provides a concise encoding that is easy to modify, compose

and interpret. Meanwhile, it still captures the most important topological aspects

of each mapping class: the identification of corresponding handles and tunnels and

how often cycles travel around them. In practice, the remaining degrees of freedom

(which are precisely the elements of the Torelli group) tend to correspond to more

exotic topological variations. For applications that require the reconstruction of

a full mapping class when only a homology map is given, these ambiguities can

often be resolved successfully by simple greedy decisions (e. g., preferring shortest

cut paths where several alternatives exist).

In Chapter 5, we describe a novel method that leverages this symplectic rep-

resentation to infer purely topological descriptions from (possibly low-quality)

input maps. The extracted descriptions, in the form of homology maps, may

then be applied e. g. for data transfer or the guided construction of discrete

homeomorphisms of a desired topological type.
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The methods and results presented in this chapter have previously been published

in [BSK21].

We now turn to an algorithmic component that is of fundamental importance for

automatic surface map generation: The construction of layout embeddings. Since

compositions of embeddings from a common layout define a surface homeomor-

phism (Section 3.4.1), they are typically used to provide an initial map topology

and geometry. As further processing of the map often no longer allows topological

changes (Section 3.1.3), it is vital to find the correct map topology right from the

start. Preferably, automatic layout embedding methods should therefore generate

“topologically natural” embeddings.

This notion of a “natural embedding topology” is not easily formalized. Still,

a useful proxy measure for embedding quality can be derived from the lengths

of embedded layout edges: Embeddings that are overall short and simple tend to

avoid topological artifacts such as global twists.

This principle suggests a simple incremental layout embedding strategy, which

is followed by many existing methods: Given a layout with prescribed vertex

positions on a target surface (Fig. 4.1 top left and top right), the layout edges are

embedded one-by-one as shortest paths between the given layout vertex positions.

In many cases, this simple strategy suffices to generate simple, topologically

plausible embeddings. However, it requires careful planning: As embedded edges

may block each others’ paths, a wrong order of insertions may force later edge

embeddings into accidental detours. This can occasionally result in surprisingly

bad embeddings of highly unnatural topology. As previous methods carry out
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Figure 4.1: Top left: layout. Top right: target surface with prescribed layout
vertex positions. Bottom left: layout embedding generated by a greedy sequence
of edge insertions. Bottom right: optimized layout embedding.

these insertions in a greedy fashion without any backtracking, they are susceptible

to such sporadic failures in practice (as in Fig. 4.1 bottom left). Our contribution

is a new layout embedding algorithm that systematically prevents such errors and

reliably finds short and simple embeddings (Fig. 4.1 bottom right). Effectively, our

proposed method optimizes across different insertion sequences of edges which

implicitly represent potentially different embedding topologies.

4.1 Layout Embeddings

In the following, we consider a layout L = (V,E, F ), i. e. a coarse abstract cell

complex (Section 2.2). A layout embedding M : L → S defines a continuous,

bijective, and orientation-preserving map from the cells of L into a surface S.
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Such layout embeddings are ubiquitous in geometry processing. In the following,

we briefly review their practical uses (Section 4.1.1), topological complexity

(Section 4.1.2), and construction methods (Section 4.1.3).

4.1.1 Applications

We distinguish between applications that construct embeddings from one layout

into multiple surfaces (typically for surface map generation), and single-surface

geometry processing tasks.

Maps between Surfaces

Recall from Section 3.4.1 that we may describe a homeomorphism between two

surfaces f : A → B as a composition of two layout embeddings MA : L → A
and MB : L→ B as f = MB ◦M−1

A .

For many design tasks, the input surfaces come with landmark annotations, i. e.

points on the two surfaces that encode semantically corresponding locations. Given

landmark annotations a1, . . . , an on A and b1, . . . , bn on B, the map f should

identify these points, i. e. f(ai) = bi. A simple way to enforce this is to take a

layout L whose vertices V correspond one-to-one with landmarks and to prescribe

their embedding images, i. e. MA(vi) = ai and MB(vi) = bi for all vi ∈ V .

Under this condition, any composed map f = MB ◦M−1
A is a homeomorphism

that indeed respects the given landmark constraints.

Thus, a homeomorphism f may be generated by constructing an appropriate

layout L and two landmark-constrained embeddings MA and MB. Typically, the

goal is to find a natural mapping, e. g. one that minimizes overall map distortion

under the given constraints. A proper solution would entail a joint optimization

of both map geometry and topology induced by the two embeddings MA and

MB. However, no such optimization method for homeomorphisms is currently

known. In practice, it is therefore replaced by the comparatively much simpler

task of constructing MA and MB as short, natural layout embeddings on A and B
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4 Shortest-Path Layout Embeddings

Figure 4.2: One application scenario which relies on robust layout embedding is
quad meshing with prescribed base complex. Results heavily depend on finding
embeddings in the correct mapping class (a), thus avoiding unintended twists (b).

individually. This follows the tacit assumption that a composition f = MB ◦M−1
A

of two natural (i. e. short) embeddings is also likely a natural (i. e. low-distortion)

map.

Single-Surface Embeddings

The prototypical application for layout embeddings on a single surface are chart-

based parametrizations [LSS+98; KLS03], i. e. global, continuous parametriza-

tions onto a collection of domains that form a coarse abstract cell complex. They

have been used e. g. for texturing [KSG03], texture atlas generation [PCK04] or

geometry encoding [CHCH06].

Layout embeddings may also be used to define a cellular segmentation of a

target surface. In this setting, the layout cells may be annotated with semantic

information of a general structure (e. g. part labels of a design template or skeleton),

which is then carried over to particular instances.

For re-meshing applications, a layout may define a desired mesh connectivity

which is then imposed onto a given target surface via an embedding. This approach
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is of particular relevance for surface quadrangulation where a coarse quad layout

defines the base complex of a highly regular quad mesh, as illustrated in Fig. 4.2.

For certain meshing tasks, it can be desirable to prescribe a (hand-crafted or

synthesized) layout, allowing to explicitly model structural features (such as

symmetries or repetitions) or standardized functional components in a controlled

way. Numerous methods for quad layout generation [THCM04; DBG+06; CBK12;

BCE+13; RRP15; ULP+15; PPM+16; SBLS18] and embedding [CK14b] have

been described (see [Cam17] for an extensive survey). Besides those fully-

automatic methods, there are interactive tools that guide a user in the design

of (quad) layouts and their embeddings [TPSS13; CK14a; MTP+15].

For polynomial surface fitting, a layout can encode the control structure of a

spline or subdivision surface. The approximation is then driven by an embedding

that defines a direct correspondence between the parameter domain and the target

surface [EH96; MK05; LRL06].

4.1.2 Topological Degrees of Freedom

Generally, different embeddings of the same layout L onto a surface S may

be topologically distinct, i. e. non-homotopic. Since layout embeddings are

Figure 4.3: When landmark positions are fixed, there are still infinitely many
topologically distinct ways to embed a layout (a) into a target surface (b, c, d).
Embeddings of shortest total path length (d) often correspond intuitively to the
correct embedding topology.
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orientation-preserving homeomorphisms, we may identify all possible embedding

topologies with elements of the mapping class group Mod(S) (Section 3.2).

In this chapter, we consider more specifically embeddings with fixed, prescribed

positions of the layout vertices (e. g. for landmark-constrained map generation).

Note that this specification of fixed points does generally not reduce the topological

degrees of freedom that need to be resolved during embedding construction. In fact,

their presence typically increases the topological complexity: Even for surfaces

of trivial topology (e. g. spheres), the addition of landmarks creates obstacles that

allow embeddings to twist and tangle around them in homotopically different ways

(Section 3.4.2), as shown in Fig. 4.3. Algebraically, these degrees of freedom

correspond to the mapping classes of a surface with fixed punctures, which is

characterized precisely by the pure mapping class group PMod(S) (Section 3.3).

4.1.3 Incremental Construction

Instead of dealing with the complexity of the pure mapping class group explicitly,

many practical methods instead follow a heuristic approach that constructs layout

embeddings incrementally, by successively computing embeddings for individual

layout edges as shortest paths.

The problem setup is described by the following input: A layout L = (V,E, F ),

a (topologically compatible) target surface S, and a set of landmarks, i. e. pre-

scribed embedding positions on S for all layout vertices V . The desired result is

an embedding M : L→ S that respects the given landmark constraints.

Cellular Graph Embeddings

An embedding M : L → S defines a full homeomorphism between layout and

target surface. In particular, it describes continuous parametrizations for all em-

bedded edges and faces. However, during initial construction, this representation

is often simplified in two important aspects:
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• Non-Parametric Cell Embeddings. Instead of giving a full parametric

description of edge and face embeddings, one first computes only their

images, i. e. curves and regions on S. The computation of edge and face

parametrizations is postponed to a later algorithm stage: After all cells

have been embedded, one can compute prototypical unit-speed or harmonic

parametrizations for layout edges and faces, respectively.

• Cellular Graph Embeddings. This representation is further simplified by

entirely omitting face embeddings and only specifying the images of layout

vertices and edges, i. e. a cellular graph embedding of the vertex-edge-graph

(Section 3.4.1). Face embeddings can be recovered later: A valid cellular

graph embedding cuts S into a collection of disks corresponding to faces of

L (which also fixes all topological degrees of freedom). Such an embedding

is valid if all embedded edges are globally non-intersecting and maintain

a correct cyclic ordering around layout vertices, according to L’s rotation

system (Section 2.2).

By postponing the computation of face embeddings and parametrizations, the

core of the layout embedding process thus boils down to the computation of edge

embeddings.

Edge Embeddings as Shortest Paths

While the true objective is to find a natural embedding with low parametric

distortion, this property is difficult to predict during construction as cellular graph

embeddings only specify edge images. However, one geometric property that

can be measured directly is the total length of embedded edges on S, which

is often taken as a proxy measure for geometric quality: This is based on the

observation that unnatural embedding topologies induce global twists around

handles or punctures that force embedded paths to take excessive detours. Thus,

layout embeddings consisting of overall short paths tend to correspond to natural

mapping classes.
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Following this intuition, many algorithms (first described by [PSS01]) construct

layout embeddings incrementally, by successively computing individual edge

embeddings as shortest paths on S. To ensure validity, paths are constrained to

avoid intersections and to approach their target vertices from the correct sectors,

i. e. in a correct cyclic ordering with other paths.

In a discrete setting where S is given as a triangle mesh, such paths may be com-

puted as constrained shortest geodesics, e. g. via window propagation [MMP87;

SSK+05] or fast marching [Set96; KS98]. In practice, many approaches avoid

exact geodesic computations and instead compute approximate shortest paths in

the triangulation of S via Dijkstra’s algorithm [PSS01; KSG03; KS04; SAPH04;

APL15]. This often requires some special handling to accommodate paths in mesh

regions that are not sufficiently tessellated, either by (temporarily) allowing parallel

paths [PSS01] or through adaptive local mesh refinement [KSG03; SAPH04;

Liv20].

Shortest Path Metrics

Most methods compute shortest geodesics in the usual intrinsic metric of the

surface [KSG03; KS04; SAPH04; APL14]. Others deliberately modify this metric

in an effort to promote more natural path shapes (and homotopies): Examples

are geodesics w. r. t. flat metrics obtained via planar parametrizations [APL15], or

harmonic potentials that repulse paths from layout vertices [PSS01].

Ordering Heuristics

As each shortest path computation is constrained to avoid intersections with

previously embedded edges, the order of insertions can potentially have a dramatic

effect on the final outcome. Consider Fig. 4.4 where the layout

from the inset on the left is embedded into a target surface

using two different insertion sequences. In the top row, layout

edge e1 (red) is embedded before e2 (blue). By itself, the
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Figure 4.4: Edges of a layout are embedded one-by-one into a target surface.
Embedding edge e1 before e2 (first row) forces paths into excessive detours,
creating a severely entangled embedding. An insertion sequence starting with a
different ordering (second row) yields a short, topologically natural result.

shortest embedding of e1 is routed below instead of above the horse’s neck, which

forces the subsequent embedding of e2 to take a detour. These detours accumulate

in the following insertions, creating a topologically unexpected embedding with

excessively long and entangled paths (top right). If instead e2 is inserted before

e1 (as in the bottom row), the embedding of e1 assumes its intended homotopy

class, as do all subsequent layout edges. The resulting embedding (bottom right)

is topologically natural and overall much shorter.

Aware of this issue, previous works have proposed different heuristic strategies

to select a favorable insertion order of layout edges: Most methods apply a

simple greedy scheme and always insert the edge that currently allows the shortest

embedding [KSG03; KS04]. Additionally, [PSS01] suggest a “swirl detection”

heuristic that postpones the insertion of edges if their embedding would pass

by layout vertices on the wrong side. In a similar effort, [SAPH04] identify a
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set of “extremal” layout vertices (based on mutual distance) and initially prefer

connections between those.

A careless sequence of edge insertions may not only degrade embedding

quality, it may even lead into dead-end situations where no valid completion

is possible: Groups of embedded edges may form closed cycles that separate

S into different components. This may accidentally separate the endpoints of

a (not yet inserted) layout edge and thus prevent its embedding forever. Some

methods such as [KSG03; KS04] counteract this problem by explicitly detecting

and disallowing such separating edge insertions (e. g. through a flood fill check).

Others proceed more conservatively by initially preventing the insertion of edges

that form separating cycles until the embedding effectively cuts S into a disk,

at which point all other edge insertions become topologically trivial [PSS01;

SAPH04].

Prescribed vs. Generated Layouts

Many layout embedding methods assume that a prescribed layout L is given as

input [MGR00; PSS01; CK14a], which may be either hand-crafted or previously

automatically generated. A common variation of this task presupposes that only

a set of layout vertices V and their target positions are provided. In this setting,

the remaining connectivity of L is to be constructed simultaneously with its

embedding into S. This setup is especially popular for (landmark-constrained)

map initialization applications where the structure of the layout itself is not of

particular importance beyond its purpose as a parameter domain.

Layout connectivity generation may be integrated with the incremental layout

embedding process: At each step, shortest paths between all unconnected layout

vertices are considered as edge embedding candidates [KS04; SAPH04; APL14;

APL15]. One of these paths is selected (typically the shortest one), which

simultaneously defines a new edge in L and its embedding. Insertions are repeated

until the embedded paths cut S into a disk (yielding a single-face layout L),
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which may then be further refined, e. g. via triangulation. For map generation,

this process may be performed on two target surfaces A and B simultaneously,

producing a common layout L with two embeddings MA and MB. Insertion

decisions must then jointly consider the quality of both embeddings, e. g. by

measuring the combined lengths of paths on both meshes.

For single-surface embeddings without a prescribed layout connectivity, there

are alternative approaches beyond incremental shortest-path constructions: One

idea is to generate an embedding of a single-face layout by growing a disk-shaped

region on the surface [GGH02]. Another is to obtain a layout connectivity and its

embedding by progressively decimating the target mesh until only layout vertices

remain [LDSS99; PH03].

Post-Processing

The primary objective of the above methods is to initialize a valid and topologically

natural embedding. Geometric quality is often only a secondary concern: Resulting

embeddings may come with artifacts, e. g. jagged paths from discrete edge-

based shortest-path computations, or uneven spacing in crowded areas. Various

methods to optimize embedding geometry (in a homotopy-preserving way) have

been proposed, which can be applied as a post-process: Path-based methods

include active models that continuously evolve an explicit curve representa-

tion [LL02; BWK05; YSC21] or discrete methods for finding shortest homotopic

geodesics [HS94; SC20]. Other methods consider the interior of patches and

optimize embeddings based on mapping distortion [KS04; SAPH04; SCBK20]

or curvature alignment [CK14b]. Another simple approach is re-tracing paths as

straight lines in local planar parametrizations of cellular neighborhoods [PSS01].

4.1.4 Discussion

The construction of layout embeddings via incremental shortest-path insertions

is simple and pragmatic. However, all previous works following this approach
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rely on greedy strategies for picking an insertion sequence, basing their decisions

on local path lengths and various best-first heuristics. Crucially, these methods

allow no backtracking, which makes the reliance on heuristics especially risky:

When heuristics fail, wrong choices in earlier stages can lead to spectacularly

bad embeddings later on, exhibiting paths in unexpected homotopy classes (and

of excessive length) that swirl around remote regions of the target surface (cf.

Fig. 4.1).

Downstream applications that use embeddings for further processing (Sec-

tion 4.1.1) can typically not recover from initializations in a wrong mapping class

(Section 3.1.3). Due to their weak reliability, greedy methods for layout embedding

therefore require human supervision and intervention, making them poorly suited

for automatic shape processing pipelines.

4.2 Contribution

As a remedy to the issues raised above in Section 4.1.4, we suggest an alternative

layout embedding method that goes beyond the greedy paradigm and therefore

robustly avoids such sporadic failures.

In the remainder of this chapter, we present an algorithm that systematically

searches for optimal insertion sequences yielding shortest-path embeddings of

minimal total length. Our search is powered by a custom branch-and-bound

strategy, crawling the decision tree that governs the incremental construction of

embeddings. We demonstrate that—despite the vast search space—it is possible

to quickly and reliably find low-cost solutions by exploiting domain knowledge

in the form of bounding and pruning rules and a specialized search priority. For

an additional speedup, we can safely incorporate previous greedy strategies and

heuristics into this system by using their results as initial solutions, which are then

improved or confirmed by our algorithm.
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In particular, we make the following contributions:

• a method for embedding a given layout into a simply-connected target

surface (with prescribed vertex positions) while explicitly optimizing for

minimum embedding path length,

• a novel combinatorial formulation of this problem in terms of edge insertion

sequences,

• a custom branch-and-bound strategy, tailored to this task.

In Section 4.3, we more precisely define the domain of our optimization: the

class of shortest-path embeddings and its combinatorial encoding. This space is

searched by our specialized branch-and-bound algorithm, which we explain in

Section 4.4. We evaluate the performance of our method against several greedy

heuristics on a large test dataset (Sections 4.5.1 and 4.5.2), documenting the

frequency of failure cases in previous methods and our improvements. Finally,

we demonstrate applications of our layout embedding technique in quad meshing

(Section 4.5.3) and surface map initialization (Section 4.5.4).

4.3 Problem Setup

We consider the task of injectively embedding a given layout into a target surface

with prescribed embedding positions for the layout vertices. We restrict to the class

of shortest-path embeddings, which is only parametrized by discrete degrees of

freedom and eliminates continuous choices: They are precisely those embeddings

that can be obtained by successively embedding layout edges in a certain order

as (non-intersecting) shortest paths. Each of them is uniquely identified by

an insertion sequence of edges, which encodes topological decisions implicitly:

Depending on the ordering, shortest edge embeddings naturally assume certain

homotopy classes by avoiding intersections with earlier insertions (Fig. 4.5).
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Figure 4.5: Starting from a partial embedding (left), three additional edges are
successively inserted as shortest paths. Depending on the insertion order, we get
topologically different embeddings.

4.3.1 Notation

We use the following notation throughout the rest of this chapter:

A layout L = (VL, EL, FL) is an abstract cell complex (Section 2.2) which,

by itself, it carries no geometric information. Recall that the connectivity of L is

defined by a rotation system (ρ, ν). For every vertex v ∈ VL, repeated applications

of ν ◦ ρ enumerate a set of incident edges in a specific order. We denote this cyclic

ordering of edges around vertex v by σv . The target surface S is an orientable,

simply-connected (genus 0 or disk) surface.

Following previous works, we describe embeddings of L into S as cellular

graph embeddings (Section 3.4.1), i. e. as images of the layout graph (VL, EL).

A layout embedding M : L → S is therefore an injective map that assigns

layout vertices and edges to points and paths on the target surface S (Fig. 4.6).

Specifically:

• Every vertex v ∈ VL is mapped to a distinct point M(v) ∈ S.
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Figure 4.6: Vertices and edges of a layout L are mapped to points and paths on a
target surface S via an embedding M . Embeddings are injective and preserve the
cyclic ordering σv of edges around each layout vertex v.

• Every edge e ∈ EL connecting layout vertices v1 and v2 is embedded

as a continuous path M(e) on S with M(v1) and M(v2) as endpoints.

Embedded edges do not intersect and only touch embedded vertices at their

endpoints.

• The cyclic order of incident paths around each embedded vertex M(v)

respects the ordering σv defined by the layout’s rotation system.

We also consider partial embeddings where only a subset of layout edges is

mapped. We denote this subset of embedded edges by E(M) ⊆ EL and the set

of unembedded edges as its complement E(M) = EL \ E(M). A complete

embedding cuts the target surface into cellular patches which correspond to the

faces FL of the layout.

4.3.2 Shortest-Path Embeddings

Given a partial embedding M and an unembedded layout edge e ∈ E(M), we

define p(M, e) as the shortest path on S that yields a valid extension of M . Such

a path does not intersect already embedded edges and respects the cyclic ordering

of incident embedded edges at its endpoints.

An insertion sequence s = e1 · · · en ∈ E∗L is a (partial) permutation of layout

edges. It describes the construction of an embedding via successive addition

of edges embedded as shortest paths: Starting from an “empty” embedding M0
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that only maps vertices to their prescribed positions, we successively construct

embeddings M1, . . . ,Mn, corresponding to the elements of s. Each Mk is

identical to the previous Mk−1, but additionally includes an embedding of ek,

defined as Mk(ek) = p(Mk−1, ek). The final embedding Mn includes all edges

in s. We call it the shortest-path embedding of s, denoted by M(s).

Note that different insertion sequences of the same set of layout edges can result

in different shortest-path embeddings (Fig. 4.5): In general, M(s) 6= M(π(s))

for a permutation π.

We define the cost c(M(e)) of a path as its length on S. The cost c(M) of

a (partial) embedding is the sum of costs of all embedded edges. It can happen

that in an embedding M , no shortest path p(M, e) exists for some edge e due to

blocking by other paths. Consequently, it is possible that an insertion sequence s

does not imply a valid shortest-path embedding. We consider such invalid paths

and embeddings to have infinite cost.

4.3.3 Objective

We address the following problem: Given a layout L, a target surface S, and an

initial embedding M0 that assigns target positions on S for all layout vertices,

find the insertion sequence s that produces a shortest-path embedding M(s) of

minimum cost, i. e.

argmin
s∈E∗

L

c(M(s)).

4.3.4 Discrete Representation

In practice, we use discrete representations of target surfaces and embeddings.

A target surface S is given by a triangle mesh (VS , ES , FS). We represent an

embedding by mapping directly to mesh elements: Each layout vertex v ∈ VL
maps to a target vertex M(v) ∈ VS . Each layout edge e ∈ EL maps to a path of

target edges M(e) ⊂ ES , connecting the corresponding endpoints.
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Figure 4.7: A new edge embedding (red) is computed as a shortest intersection-
free path on S. During tracing (a), the path may travel across edge midpoints.
Upon insertion (b), midpoints are incorporated into S via local refinement. After
the embedding is complete, we apply path smoothing to the entire embedding (c).

In this representation, shortest paths p(M, e) can be found via Dijkstra’s

algorithm. As described in several prior works (e. g. [PSS01]), the search is

constrained to maintain injectivity of the embedding: New paths must not cross

or touch previously inserted edges. Additionally, when tracing paths between

vertices with incident embedded edges, those vertices may only be approached

from sectors that are consistent with the cyclic orderings σv defined by the layout.

Following [SAPH04] and others, we adaptively refine the target mesh to accom-

modate paths in mesh regions that are not sufficiently tessellated: During path

tracing, we allow paths to tentatively travel across edge midpoints of the mesh S
(Fig. 4.7 (a)). When a path is added to an embedding, we insert the required edge

midpoints into S via local edge splits (Fig. 4.7 (b)).

Path generation is a fully modular component of our algorithm. The above

method is easy to implement and avoids excessive mesh refinement; it can however

deviate from true geodesics (especially on poorly triangulated target meshes). If

this is a concern, it can be easily replaced by a more costly but exact geodesic

computation method [CLPQ20].

As a consequence of this discrete representation, resulting shortest paths can

appear slightly jagged (due to the tessellation of the underlying mesh). A variety of

(homotopy-preserving) post-processes can be applied to remove such discretization
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artifacts and improve the shape of embeddings (cf. Section 4.1.3). We use the path

smoothing method described by [PSS01] (retracing each edge path in a harmonic

parametrization of the incident faces, Fig. 4.7 (c)) in our visualizations.

4.4 Branch-and-Bound Optimization

The incremental construction of a layout embedding via successive shortest path

insertions consists of a sequence of decisions: Which layout edge should be embed-

ded next? We can describe this process by a decision tree in which nodes represent

intermediate partial embedding states and each edge indicates an insertion decision.
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Each node is uniquely identified by an insertion

sequence s, encoding the (partial) embedding

M(s). (In the following, we will use the terms

node, embedding state, and insertion sequence

interchangeably.) The root node is the empty

insertion sequence ε, corresponding to the initial

state where only vertex correspondences are

given and no edges are embedded. The outgoing

edges of each interior node s represent possible extensions of the partial embedding

M(s): Each unembedded layout edge e ∈ E(M(s)) is a candidate for insertion,

leading to a child node identified by the sequence se. Therefore, every node s is a

prefix of all of its descendants s′, we write s v s′. The |EL|! leaf nodes of the

tree correspond to full embedding sequences, which are potential solutions to our

problem (cf. Section 4.3.3).

Already for layouts with a moderate number of edges, the factorial size of this

decision tree makes an exhaustive search for the optimal solution infeasible. In the

following, we describe our branch-and-bound strategy that finds solutions while

only exploring a small fraction of the search tree. Effective bounding allows our
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method to prune the search space and to precisely judge the optimality of the

solutions it discovers.

4.4.1 Algorithm

Essentially, our branch-and-bound algorithm is a tree search that crawls the

decision tree along a front propagating from the root. During the entire search,

it keeps track of an incumbent solution s∗: an insertion sequence representing

the best (i. e., lowest-cost) solution encountered so far. The cost of the current

incumbent defines a global upper bound c> = c(M(s∗)). At any time, this upper

bound is greater than (or equal to) the cost of the true optimal solution of the

problem. It decreases monotonically with each update, approaching the optimum.

We can use greedy heuristic methods (cf. Section 4.5 for details) to produce an

initial incumbent and upper bound. If no heuristic initialization is used, we start

with c> =∞.

Besides global upper bound estimates, a vital element of any branch-and-bound

method is the ability to additionally compute lower bound cost estimates for

individual states of the decision tree. For each state of the tree, identified by a

partial insertion sequence s, we define a local lower bound c⊥(s) fulfilling the

following property: Any state s′ in the subtree rooted at s yields an embedding

with a cost of at least c⊥(s), i. e.

c⊥(s) ≤ c(M(s′)) ∀s v s′.

Lower bounds are typically obtained via a relaxation of the remaining sub-problem.

We explain the computation of lower bounds in our setting in Section 4.4.3.

Available information on upper and lower bounds can be exploited to prune

the decision tree. Any time a state s has a lower bound c⊥(s) that exceeds the

current global upper bound c>, we can safely ignore it (and its entire subtree) in

our search: By definition of c⊥(s), all solutions in the subtree of s will be more

costly than c> and therefore cannot improve the incumbent s∗.
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The order in which states (nodes of the search tree) are visited is controlled by a

function that assigns a priority P (s) to any state s. We discuss our design of the

priority function P (s) in Section 4.4.6. Potential states to be visited are stored in

a priority queue Q sorted by P . Initially, this queue only contains the root node,

i. e. Q = {ε}.
The core of our branch-and-bound algorithm is a loop that consumes the priority

queue Q. In each iteration, the state s with the highest priority is extracted from Q

and processed as follows:

1. Update: Whenever the insertion sequence s yields a complete embedding

M(s), it is a potential solution (i. e., a leaf node of the decision tree). If its

cost c(M(s)) improves the current incumbent solution s∗, we record s as

the new incumbent and update the global cost upper bound c> accordingly.

2. Branch: If s corresponds to a partial embedding, we enumerate all states

that can be reached from s by inserting an additional layout edge e ∈
E(M(s)) (child nodes of s in the decision tree) and add them to Q for

future exploration.

3. Bound: For each new state s′ that is added to Q, we perform a bounds

check: If the cost lower bound c⊥(s′) is larger than the current global upper

bound c>, it can be pruned: Instead of adding s′ to Q, we simply discard it.

A typical behavior for Q is to initially keep growing until an upper bound c> is

reached that facilitates enough pruning to reverse the growth of Q. The algorithm

terminates when Q is exhausted.

4.4.2 Optimality Gap

At any time during the execution of the algorithm, Q contains a set of states along

the current propagation front of the tree search. By examining the lower bounds of

states in Q, we can compute a global lower bound

c⊥ = min
s∈Q

c⊥(s)
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Figure 4.8: Progression of global upper bound c> and global lower bound c⊥
over the course of an optimization (here: embedding a cube layout into a sphere
with random target vertex positions). The optimal solution is already found after
11 s. Optimality is proven after 139 s.

which bounds the cost of all unseen solutions further down the tree. The difference

between the two global bounds c> − c⊥, called the optimality gap, quantifies by

how much the incumbent solution could possibly improve during the remainder of

the search. Figure 4.8 visualizes how the optimality gap gradually closes as global

upper and lower bounds converge over the course of an optimization.

When the algorithm terminates, we know the incumbent s∗ is a global optimum.

Instead of waiting for termination, the algorithm can also be stopped prematurely.

In that case, s∗ may not be optimal, but we can give an estimate of its quality:

We know that if there is a better solution, its cost could at most be better by

the current optimality gap. This mechanism gives us the flexibility to run the

branch-and-bound algorithm on a time limit.

Likewise, we can choose to terminate the algorithm early if the current optimality

gap falls below an acceptable threshold. When the relative optimality gap c>−c⊥
c>

falls below a certain tolerance fraction α, we stop execution. The same tolerance
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can be applied for all pruning operations, which further reduces the search space.

We use α = 1 % in all of our experiments.

In the following, we discuss customizations of this general branch-and-bound

setup, which are specifically tailored to the structure of our layout embedding

problem.

4.4.3 Lower Bounds

Given a state s, corresponding to a partial embedding M(s), we want to compute

c⊥(s): A lower bound on the cost of any full embedding M(s′) that can be

reached from s by embedding all remaining layout edges E(M(s)).

One valid lower bound is the cost of the current partial embedding c(M(s))

(Fig. 4.9 (a)): All edges already embedded in M(s) are identical in any extension

M(s′) and the insertion of the remaining edges inM(s′) will only incur additional

cost. By itself, this lower bound is fairly ineffective because it entirely ignores the

potential cost of embedding the remaining part of the layout.

We can obtain a tighter bound by also simulating the insertion cost of the

remaining edges in a setting that relaxes the constraints on a valid embedding:

Figure 4.9: We compute a lower bound for the cost of any valid completion of a
partial embedding (a): Besides measuring the length of embedded edges (solid
gray lines), we compute candidate paths (dashed lines) for unembedded layout
edges (b). These are compatible with the partial embedding but possibly mutually
conflicting. The sum of these path lengths is a lower bound for the cost of any
embedding where all conflicts are resolved (c).
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For each unembedded edge e ∈ E(M(s)), we compute a candidate path, i. e. its

shortest-path embedding p(M(s), e). While each candidate by itself is compatible

with the current state M(s), the set of all candidates will likely not constitute a

valid embedding (Fig. 4.9 (b)): It is possible that candidates mutually intersect

or violate each other’s cyclic ordering requirements. Still, due to each candidate

path being individually shortest, we know that any modification to resolve these

conflicts would only increase cost (Fig. 4.9 (c)). Therefore, the sum of candidate

path costs serves as a lower bound for the cost of any valid completion. In

combination with the cost of already embedded edges, we arrive at the following

cost lower bound for a state s:

c⊥(s) = c(M(s)) +
∑

e∈E(M(s))

c(p(M(s), e)).

By definition (Section 4.3.2), we consider path costs to be infinite where no

valid path exists. In a situation where one of the candidate paths has no valid

embedding (due to being blocked by different, already inserted paths), the lower

bound c⊥(s) becomes infinite, thereby identifying the current state as a “dead end”

and excluding it from further processing.

Besides this generic pruning based on upper and lower bounds, we employ

additional specialized pruning rules to reduce redundant computations in different

branches of the decision tree.

4.4.4 Detecting Redundant States

It is possible that two different insertion sequences s1, s2 lead to an identical

(partial) embedding M(s1) = M(s2). In that case, the entire subtrees of s1 and

s2 are identical as well. If we have already visited s1 (or know that we will visit

it), we can safely ignore s2 and its entire subtree in our search.

Whenever we consider adding a new state s to the priority queue Q for explo-

ration, we compute a lightweight hash of its embedding h(M(s)) and look it up in
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a table H of known embeddings. If h(M(s)) is already in H , we simply discard

s. Otherwise, we add s to Q and insert its hash h(M(s)) into H .

In our discrete setting, an embedding hash h(M) can be computed as follows:

For each layout edge e ∈ EL, we form a string we by concatenating the vertex

positions along the corresponding embedded edge M(e). If e is not embedded in

M , we use a blank symbol we = #. We concatenate all strings we in a canonical

order and compute a hash of the resulting word to obtain h(M).

The above strategy detects redundant states when different branches of the

decision tree have arrived at an identical embedding. In the following, we describe

additional rules that can predict when the exploration of certain subtrees will only

lead to redundant results so we can prune proactively.

4.4.5 Delaying Non-Conflicting Insertions

In a state s, each unembedded edge e ∈ E(M(s)) is associated with a candidate

path p(M(s), e). Inserting an edge e will lead to a new state in which other edges

have different candidate paths in general. However, there are some edges (called

non-conflicting edges) whose insertion will not change the candidate paths of any

other edges. When inserting only non-conflicting edges, the outcome will hence

not depend on their order: For a set of n non-conflicting edges, all of their n!

insertion sequences will lead to an identical embedding. We detect non-conflicting

edges and avoid the redundant computation of exploring all their permutations and

thus significantly reduce the effective branching degree of our search tree.

A non-conflicting set of unembedded edges C ⊆ E(M(s)) is a set for which all

insertion sequences lead to the same embedding; i. e. M(sπ(C)) is identical for

any permutation π. For each state, we define C(s) as the maximal non-conflicting

set and its complement, the set of conflicting edges, as C(s) = E(M(s)) \ C(s).

We consider the following two cases:

• If C(s) is empty, all remaining unembedded edges are the non-conflicting

edges C(s). In this case, the remaining edges can be inserted in any order,
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all leading to the same solution. Instead of exploring further child states, we

immediately insert the remaining edges in an arbitrary order and terminate

the search in this branch.

• If C(s) is not empty, there are insertion decisions that matter: Every

insertion of an edge from C(s) has consequences for the embedding of

at least one other edge, so we must consider these states in our search.

In contrast, insertions of edges from C(s) have no immediate effect on

other edges, so inserting them at this point would only introduce redundant

branching. We therefore skip all insertions from C(s). Essentially, this

delays the insertion of non-conflicting edges until they either become

conflicting in some later state (at which point they are considered as an

insertion option), or until only non-conflicting edges remain, which are then

inserted simultaneously (see case above).

An extreme effect of this pruning strategy can be observed when the initial

network of candidate paths at the root state ε is already conflict-free (which

can in fact happen on simple inputs). In that case, C(ε) is empty and our

algorithm immediately terminates, returning the optimal result: An arbitrary

insertion sequence of all edges.

This ruleset indeed only excludes redundant states, as can be seen by the

following argument: Consider a state s and a pair of edges c ∈ C(s) and n ∈ C(s).

Since n is non-conflicting, its insertion will neither change the candidate path

of any other edge when inserted, nor will its candidate path be changed by the

insertion of any other edge into s, i. e.

p(M(s), c) = p(M(sn), c),

p(M(s), n) = p(M(sc), n),

which implies M(snc) = M(scn), and thus

M(sncs′) = M(scns′) (4.1)
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for any remaining sequence s′. Our conflict-avoiding pruning only visits states

v ∈ V with insertion sequences of the form v = scsn where

• sc is a conflicting sequence, i. e. for each prefix s′ce v sc, it is e ∈ C(s′c),

• sn is a non-conflicting sequence, i. e. for each prefix scs′ne v scsn, it is

e ∈ C(scs
′
n).

We show that for every unvisited state s /∈ V , there is an embedding sequence

v ∈ V such that M(s) = M(v). We can construct v from s by iteratively

pushing non-conflicting insertions towards the end: Suppose s /∈ V . Then, there

is a decomposition s = scsnncs
′ such that sc is a (possibly empty) conflicting

sequence, sn is a (possibly empty) non-conflicting sequence, n ∈ C(scsn), and

c ∈ C(scsn). By Eq. (4.1), we have M(scsnncs
′) = M(scsncns

′). Repeating

this operation yields M(scsnncs
′) = M(sccsnns

′). As c ∈ C(scsn), so is

c ∈ C(sc), hence scc is a conflicting sequence. If snns′ is a non-conflicting

sequence, then sccsnns′ ∈ V (q. e. d.). Otherwise, we repeat the same argument

for the remaining part until s′ becomes empty.

Detecting Non-Conflicting Edges

For each unembedded edge ei ∈ E(M(s)), we have already computed a can-

didate path pi = p(M(s), ei) as part of the lower bound estimate of state s

Figure 4.10: There are three types of conflicts between candidate paths (dashed
lines): (a) path intersections, (b) wrong path ordering within a sector created by
already embedded edges (gray lines), (c) wrong path ordering around a vertex
without sectors.

92



4.4 Branch-and-Bound Optimization

(Section 4.4.3). We can determine the sets of conflicting and non-conflicting edges

C(s), C(s) based on the current configuration of candidate paths pi: Clearly, if

two candidate paths p1 and p2 intersect (Fig. 4.10 (a)), the edges e1 and e2 are in

conflict and we can add them to C(s).

Additional conflicts can arise from the cyclic ordering requirements of paths

around embedded vertices (Section 4.3): A path pi may affect incident candidate

paths at its endpoints, requiring them to approach the vertex from a different

direction if pi were inserted earlier. We detect such conflicts by verifying the

current ordering of candidate paths around each embedded vertex M(v). We

distinguish two cases:

• If the layout vertex v has incident edges that are already embedded, the

corresponding outgoing paths divide the region around M(v) into sectors

(Fig. 4.10 (b)). All candidate paths incident to M(v) are already in their

correct sector (otherwise their embedding would be invalid), but their

relative ordering within a sector may be incompatible with the ordering

σv imposed by the layout. In this case, it suffices to check conflicts based

on a linear ordering: If an edge e1 comes before another edge e2 (in a

counterclockwise sense) within a layout sector, the candidate path p1 must

come before p2 in the embedded sector. Otherwise, e1 and e2 are conflicting

and are added to C(s).

• If M(v) has no incident embedded edges, there are no sectors, so we need

to verify the cyclic ordering of all candidate paths (Fig. 4.10 (c)): For every

triplet (e1, e2, e3) ∈ σv of layout edges around v (in counterclockwise

order), the corresponding candidate paths p1, p2, p3 must have the same

cyclic ordering at M(v) in the embedding. Otherwise, we consider the

edges e1, e2, e3 as conflicting and add them to C(s).
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4.4.6 Priority

A common strategy to explore the search tree is to prioritize states with a small cost

lower bound c⊥(s), motivated by the expectation to potentially find the lowest-cost

solution there. In our observations, this strategy performs poorly: During early

stages of the search, lower bounds can be quite similar across many states. With

lower bounds monotonically increasing along branches of the decision tree, this

priority leads to an approximate breadth-first traversal where large portions of the

tree are expanded before reaching any leaf nodes that produce potential solutions.

Since significant pruning of states can only happen after suitable upper bounds

have been found, this search strategy essentially explores almost the entire decision

tree, which is practically impossible.

We suggest a different exploration priority that aims to produce upper bounds

early on (to facilitate pruning) while still steering towards states with promising

lower bounds (to find potentially better solutions). The idea is to favor the pursuit

of branches that have already made significant progress towards a solution.

For a given state s, we quantify this progress as follows: After computing

candidate paths for the unembedded edges of M(s), we apply the classification

into conflicting and non-conflicting edges C(s) and C(s) (Section 4.4.5). We

use the number of conflicting edges |C(s)| to judge how far s is from a complete

solution: Starting from s, we estimate that |C(s)| decisions are needed to resolve

all remaining conflicts. We combine this information with the cost lower bound of

s to define

P (s) = |C(s)| · c⊥(s)

and prioritize states where P (s) is smallest.

4.4.7 Implementation Notes

During optimization, we need to represent different partial embeddings on the

target triangle mesh S. In each iteration, we extract a state s from the queue Q
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and reconstruct the embedding M(s) by starting from the original mesh S and

inserting the sequence s, locally refining the mesh as needed (cf. Section 4.3.4).

During our search, we build a lightweight representation of the decision tree

explored so far, which allows us to cache intermediate results and avoid costly

recomputations of paths. Whenever we produce a new state se from a parent state

s, we save the newly computed path p(M(s), e) at the corresponding edge of

the decision tree. We can later reconstruct the embedding M(s) by collecting all

cached paths along the branch from ε to s and inserting them in that order.

The computation of candidate paths (Section 4.4.3) can be cached in a similar

way: Initially, we compute candidate paths for all edges independently and store

them in the root node ε. For all subsequent states, we only need to recompute

candidate paths for the edges that are affected by a new insertion. In each child

state se, those are precisely the edges that were in conflict with e in the parent

state s (Section 4.4.5). It suffices to only cache the set of updated candidate paths

in each state: To reconstruct the full set of candidate paths, we follow the tree

towards its root until a cached path is found for all edges.

In all our examples, the total memory consumed by the queue Q (Section 4.4.1),

the hash table H (Section 4.4.4), and the hierarchical cache of shortest paths never

exceeded 200 MB.

4.5 Results and Applications

In the following we evaluate the performance of our method, compare against

greedy approaches with different heuristics, and demonstrate application scenarios

that benefit from the robustness of our method.

Greedy Ordering Heuristics

We compare against three different greedy methods that base their decisions (which

edge to embed next) on the heuristics discussed in Section 4.1.3, specifically those

95



4 Shortest-Path Layout Embeddings

that appear in [PSS01; KSG03; SAPH04]. While [PSS01] addresses our exact

problem setting, we adapt the ideas presented in [KSG03] and [SAPH04] from the

variable-layout setting to our fixed-layout setting:

• [PSS01] use a “swirl detection” heuristic to delay path insertions that are

likely to cause topological artifacts: Edge embeddings are postponed if

opposite layout vertices of the inserted edge are located on the wrong side

of the tentative path, based on a proximity check. Further, embedded paths

are traced using a custom metric that pushes paths away from landmark

vertices. To prevent dead ends, insertions that close a cycle of edges are

delayed until a spanning tree of the entire layout is embedded.

• Instead of relying on a conservative spanning tree heuristic, [KSG03] (and

[KS04]) only prevent insertions that actually lead to a blocking of future

paths.

• [SAPH04] also employ the swirl detection and spanning tree heuristics

described by [PSS01]. In addition, their method prefers the insertion of

edges connecting “extremal vertices” with a large average geodesic distance

to other landmarks.

As described in Section 4.4.1, such greedy orderings are convenient to quickly

derive global upper bounds on the total embedding length. We initialize our

branch-and-bound algorithm by running all three greedy variants and choosing the

best result as upper bound.

4.5.1 Layout Embedding in Shape Collections

Applications that establish correspondences within shape collections may require

embedding a common layout into a range of models. This layout can carry semantic

information, guide remeshing algorithms, or act as a parametrization base domain.

Especially if the layout was created before all instances in the collection were

known or when the collection contains outliers, insertion of new instances can be
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challenging and requires a robust embedding algorithm. We simulate this situation

by generating one layout per class of the SHREC’07 dataset and embedding it into

all models of that class.

Dataset

From the SHREC’07 dataset [GBP07] with sparse landmark correspondences

provided by [KLF11], we select classes of genus 0 meshes with at least 3 landmark

annotations (15 classes in total). For each class, we generate a triangular layout

via constrained decimation of its first model: We incrementally perform halfedge

collapses until only the landmark vertices (between 7 and 36 per class) remain.

The resulting coarse mesh connectivity defines our prototypical template layout.

Experiment

For each model, we run our algorithm as well as the three greedy methods based on

[PSS01], [KSG03] and [SAPH04]. For visual clarity we apply the path smoothing

operator of [PSS01] to all embeddings. Quantitative results (e. g. total embedding

lengths) are reported prior to this post process.

Discussion

In Fig. 4.11 we present a selection of resulting embeddings, while Fig. 4.12 shows

quantitative results of the entire experiment: Per object class, we arrange all

models within this class on the horizontal axis and plot the total embedding lengths

achieved by the four methods on the vertical axis; i. e. each column represents

a problem instance and each dot represents a solution by one of the algorithms.

For each problem instance we mark the global lower bound c⊥, computed by our

method, with a horizontal bar (light blue). This means our solver proved that no

embedding sequence shorter than this bound can exist.
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4 Shortest-Path Layout Embeddings

Figure 4.11: Selected results of our evaluation in Fig. 4.12: Automatically
generated layouts are embedded into models of the SHREC’07 dataset. We
compare greedy methods based on the heuristics in [PSS01], [KSG03], and
[SAPH04] against our branch-and-bound method. While in some cases (e. g. (f))
all methods achieve the desired result, and in some instances at least one greedy
method succeeds ((b), (k)), there are many inputs on which all greedy strategies
fail ((c-e), (g-i) (l-n), (r-u)). If embedding algorithms fail, defects can be severe,
with paths forced into unwanted homotopy classes.
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4.5 Results and Applications

Figure 4.12: Quantitative evaluation of our SHREC’07 experiment, in which we
embed a common layout into the objects of each class. Corresponding qualitative
results are reported in Fig. 4.11. Per class, we horizontally arrange all problem
instances as columns and plot total embedding lengths on the vertical axis. Each
dot represents a solution by one of the algorithms: either greedy—based on
[KSG03] (yellow), [PSS01] (orange), [SAPH04] (red)—or by our branch-and-
bound method (blue). Global lower bounds proven by our method are marked in
light blue. For a few classes all methods perform equally well, but in most instances
our branch-and-bound optimization achieves considerable improvements.
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As we employ all three greedy heuristics to find an initial upper bound, the

embeddings computed by our method (blue dots in Fig. 4.12) are always shorter

or equal to those of the greedy methods.

On favorable examples (e. g. Fig. 4.11 (r)), all four methods find the same

embedding. In those cases (including the entire classes Bust and Plier, cf. Fig. 4.12),

our algorithm quickly proves that a greedy embedding sequence is indeed optimal

up to the prescribed threshold (α = 1 % in all examples).

In Fig. 4.12 we observe that each greedy method, while performing well in

some instances, fails to generate shortest embeddings in a significant number of

cases. The results shown in Fig. 4.11 demonstrate that these cases coincide with

topologically unexpected embeddings containing excessive swirls.

While in some cases at least one of the greedy methods yields the desired

result (e. g. Fig. 4.11 (b), (g), (r)), there are plenty of cases in which all three

fail (e. g. Fig. 4.11 (c-e), (h-j), (k-m), (v-x)). Therefore, an algorithm running

all three heuristics and choosing the best result does not provide a satisfactory

solution. In contrast, we did not find unnecessarily long paths or swirls in any of

the embeddings produced by our branch-and-bound method.

In many cases (35 % of the dataset, e. g. Fig. 4.12 (b), (o), (r), (z)) our algorithm

confirms optimality of the solution (up to the threshold of 1 %) within the given

time frame (5 minutes in all examples). When the algorithm exhausts this time

budget, small gaps are usually reported. For 83 % of the dataset, optimality has

been proven up to 5 %.

Only in a few particularly challenging cases our algorithm was stopped with a

large remaining gap (e. g. 10 % in (q), 17 % in (β)). Fig. 4.11 (q) poses a challenge

as two landmark positions are swapped in the original dataset. Example (β) is

difficult because it is the only model in the Human class where the arms are merged

with upper body and legs (see zoom-in). While the task of embedding the given

layout into this particular model is semantically questionable, our method still

handles this outlier gracefully. Even though optimality is only proven up to 17 %,
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4.5 Results and Applications

Figure 4.13: Ablation study: We run our algorithm in different configurations
(each disabling one of the features discussed in Sections 4.4.3 to 4.4.6) on a subset
of the SHREC’07 dataset. For each configuration, we report the percentage of
instances which terminated within a given time.

we argue that the solution is indeed the desired one since we could not find any

unnecessarily long paths or swirls upon visual inspection.

Leaving the difficult task of proving optimality aside, we observe that our

algorithm produces good embeddings very quickly. In 60 % of the dataset, the

best solution of each problem instance was already found after 10 seconds. Only

in 2 % of cases the final result was found after more than 3 minutes. All timings

were measured using a single-threaded implementation on a desktop computer

with an Intel Core i7-8700K CPU.

Ablation Study

We evaluate the performance impact of the branch-and-bound customizations

discussed in Section 4.4. Based on the previous experiment, we select all instances

of the SHREC’07 dataset where the search was completed within 5 minutes and

re-run our algorithm in different configurations, each disabling one of its features.
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4 Shortest-Path Layout Embeddings

Figure 4.14: Starting from their initial position on the target surface, we
move landmarks along random trajectories and compute embeddings (a, b, c).
Corresponding embedding costs are plotted in Fig. 4.15. Already for quite small
perturbations (b, c), greedy methods (e. g. [KSG03; SAPH04]) can produce
unfavorable topological changes. In comparison, embeddings generated by our
method (B&B) remain in the most adequate mapping class (identical for (a, b, c)).

To rule out the influence of different heuristics, we do not initialize our algorithm

with a greedy solution in this experiment. Results are reported in Fig. 4.13: The

plot shows the relative number of instances that have terminated (i. e. found and

proved an optimal solution up to 1 %) within a given time. Disabling the detection

of redundant states via hashing (dark green, Section 4.4.4) causes some runs to

exceed the 5 minute time limit but has nearly no effect on simple inputs, where

runtimes are close to our fully-featured algorithm (blue). The impact of our

proactive pruning by delaying non-conflicting insertions (Section 4.4.5) is more

pronounced: When disabled (light green), performance deteriorates across almost

all examples. With a traditional best-first search priority (yellow, instead of our

mixed priority, Section 4.4.6), or a simplistic computation of lower bounds (orange,

ignoring the cost of candidate paths, Section 4.4.3), only very few runs terminate

within the time limit.
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4.5 Results and Applications

Figure 4.15: Embedding costs from the layout vertex perturbation experiment
in Fig. 4.14, with corresponding labels (a, b, c). Sudden changes in embedding
topology manifest as discontinuous increases in embedding cost. The cost of our
optimized embeddings (blue) only increases gradually.

4.5.2 Robustness with Respect to Landmark Positions

In an additional experiment (Fig. 4.14) we compare the resilience of all four

algorithms with respect to a perturbation of landmark positions on the target

surface. Initially, we embed the layout using a favorable set of landmark positions.

We then move each landmark along a random walk on the surface and recompute

embeddings at different travel distances. We find that greedy methods are quite sen-

sitive towards such changes in landmark positions. Already for mild perturbations,

all three greedy methods introduce swirls leading to high embedding costs. Further,

we observe that for an (approximately) continuous motion of target vertices, the

length of greedy embeddings changes discontinuously, as path homotopy classes

are often switched accidentally. In contrast, the lengths of our branch-and-bound

embeddings increases gradually and all paths remain in their initial homotopy

class for the duration of this experiment.
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4 Shortest-Path Layout Embeddings

Figure 4.16: We embed a layout template into multiple target meshes (top row)
to compute quad meshes (a, b, c) with prescribed base complex. In contrast to
greedy methods (middle rows), our branch-and-bound algorithm finds natural
embeddings, allowing us to extract clean quad meshes (bottom row).
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4.5.3 Quad Meshing with Prescribed Base Complex

Generating meshes with a high-quality base complex is a challenging task in

parametrization-based quad meshing. The problem becomes even more difficult

when the same resulting base complex is required across multiple target shapes.

In many methods (e. g. [BZK09; BCE+13; RRP15]), the base complex arises

as a result of the remeshing process on a single shape. An alternative approach

is to reverse this dependency and explicitly model the base complex a priori;

either manually [TPSS13; CK14a] or automatically [CBK12; ULP+15]. Several

quad meshing methods (e. g. [BCE+13; CBK15; ESCK16]) offer control over the

resulting base complex by constraining pairs of prescribed vertices to the same

iso-parameter line. However, formulating such constraints requires knowledge of

the desired path homotopy, which is usually not available when the target base

complex was designed on a different model. Obtaining this required homotopy

information amounts to the exact same problem as embedding a prescribed layout

(base complex) into a target surface.

We illustrate the general approach of quad meshing with a prescribed base

complex at the example of a simplistic quad meshing pipeline: We (1) embed a

given quad layout into multiple target surfaces, (2) apply the path smoothing

operator from [PSS01], (3) choose a number of subdivisions per dual loop,

(4) Tutte-embed each patch to a planar rectangle, and (5) extract a quad mesh via

regular re-sampling. In Fig. 4.16 we run this pipeline on three hand models and

compare results using our embedding method to typical failure cases of greedy

embeddings. While all resulting quad meshes share the same base complex,

some meshes based on greedy embeddings exhibit extreme distortion due to

paths and patches in undesirable homotopy classes. Such cases demonstrate

that robustness of an embedding algorithm is essential when used as a step in

a geometry processing pipeline. Our branch-and-bound algorithm produced the

expected embedding homotopy in all our experiments.
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4 Shortest-Path Layout Embeddings

Figure 4.17: We compute inter-surface maps by embedding an automatically
generated layout (a) into two target models. Greedy embeddings (top row, here via
[KSG03]) are likely to include paths in different homotopy classes across target
models (see e. g. leg in (b)). Subsequent continuous map optimization (here using
[SCBK20]) cannot leave the initial mapping class implied by the embeddings. We
visualize the optimized map (c) by projecting a texture to the front-facing part of
the first model and transferring it to the second model. Our method successfully
generates shortest embeddings (d) which lead to the desired mapping class and
allow continuous optimization to reach the expected result (e).
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4.5.4 Surface Map Initialization

Bijective maps between surfaces can be initialized via compatible layout embed-

dings on two models (Section 4.1). The resulting map topology (i. e. its mapping

class) is then a composition of the mapping classes of the two embeddings. If

landmark correspondences are used as hard point-to-point constraints, these are el-

ements of the pure mapping class group of the surfaces punctured at the landmarks

(Section 4.1.2). Continuous optimization algorithms reducing map distortion,

by their very nature, cannot switch between mapping classes (Section 3.1.3).

Therefore, it is crucial to compute an initial map that is already of the desired

topology.

To demonstrate this importance, we initialize surface maps for a pair of models

from the experiment in Section 4.5.1; once via greedy embeddings and once via

our branch-and-bound embeddings (see Fig. 4.17). We then optimize both maps

using [SCBK20] and visualize the results via texture transfer. The greedy pair

(b) shows paths in different homotopy classes on the left leg: Some paths (e. g.

yellow) are twisted around the leg of the first model, but not around the leg of the

second model. As a result of this discrepancy, the optimized map (c) exhibits a

twist, where regions from the back of the leg (untextured) are mapped to the front

of the leg. The optimization [SCBK20] is inevitably trapped in this map homotopy

class and cannot resolve the situation. In contrast, the embeddings produced by

our optimal (up to 1 %) insertion sequences solely contain paths in the expected

homotopy classes (d) and lead to the desired bijective map (e).

4.6 Limitations and Future Work

While our layout embedding algorithm provides a robust alternative to previous

greedy methods, there are still certain limitations, which we discuss below.
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4 Shortest-Path Layout Embeddings

4.6.1 Surface Topology

The layout embedding method as it was described in this chapter is limited to

simply-connected (i. e., genus 0 or disk-topology, Fig. 4.18) domains. On other

input topologies, our algorithm will still find an optimal shortest-path embedding

of all edges. However, it is no longer guaranteed that such an embedding is

cellular, i. e. that all layout faces have disk-homeomorphic

embeddings (see inset). A potential remedy is to impose

further topological constraints on candidate paths, e. g. by

enforcing that edges which close a separating cycle in the

layout graph are embedded as separating paths (similar to

[LPVV01; SAPH04], though finding shortest separating

paths is more involved). The higher-genus setting requires additional restrictions

to anticipate and avoid insertion decisions that run into dead-ends, e. g. when a

separating path splits layout and target surface into topologically incompatible

parts (which cannot occur in the simply-connected setup).

4.6.2 Global Optimality of Shortest-Path Embeddings

Our algorithm finds the shortest embedding that can be produced by a sequence of

successive shortest path insertions (Section 4.3.3). Is such an embedding always

optimal? At least for general graphs, there are known examples

of optimal embeddings that are not the result of any insertion

sequence [CHKL13] (see inset). However, none of these coun-

terexamples directly apply to our more constrained problem setting

(requiring a connected graph and fixed cyclic orderings around vertices). We are

neither aware of a proof nor a counterexample of optimality in this setting and

leave this question for future research.
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4.6 Limitations and Future Work

Figure 4.18: Our algorithm can embed disk-topology layouts (face, hand) into
target surfaces of disk topology (left) or genus 0 (right).

4.6.3 Pruning Efficiency

One source of redundancy that remains undetected by our proactive pruning strat-

egy (Section 4.4.5) arises when disjoint subsets of mutually conflicting edges can

be resolved independently. In this case, insertions in different conflict components

can be interleaved, leading to a number of sequences which can only later be

identified as redundant (Section 4.4.4). A possible solution would be to solve

component sub-problems separately. However, this is only viable if their individual

results are guaranteed to remain non-conflicting, which is difficult to predict.

4.6.4 Shortest-Path Metrics

It would be interesting to explore objectives beyond total embedded path length.

While different path metrics (e. g. favoring smoothness or feature alignment)

can be readily integrated in our framework, a more challenging extension is the

formulation of patch-based quality measures (e. g. mapping distortion), requiring

new techniques for computing lower bounds.

4.6.5 Prescribed vs. Generated Layouts

A different direction is the application of our branch-and-bound optimization to

more loosely constrained tasks such as shortest cut graph generation or compatible
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4 Shortest-Path Layout Embeddings

triangulation (without a prescribed layout). Here, one has to deal with a much

higher branching degree, as decisions concerning the layout connectivity and its

embedding need to be considered simultaneously. The even more challenging task

of automatically embedding layouts without prescribed vertex locations is another

interesting unsolved problem.

4.7 Summary

We have introduced a novel algorithm to solve a fairly traditional problem: the

computation of short, landmark-constrained layout embeddings. Effectively, our

optimization strategy searches across different mapping classes, implicitly encoded

as insertion sequences.

The construction of surface homeomorphisms from compatible layout embed-

dings follows the tacit premise that the natural map topology may be obtained

as a composition of two natural layout embeddings, and that the total length of

embedded edges is a suitable measure for embedding naturality. As demonstrated

Figure 4.19: Embedding a layout (a) into a target surface (b). Automatically
generating an embedding via shortest-path insertions (c) may ignore implied
topological features: Here, the intuitively correct topology (d) contains a deliberate
twist around a handle.

110



4.7 Summary

by our experiments in Section 4.5, these assumptions are indeed reasonable for a

wide range of input models and applications.

There are however certain scenarios where total embedded edge length as a

quality prior does not match human intuition, e. g. in Fig. 4.19. Here, the twisted

profile of the rectangular frame also suggests a topological twist around the handle

(as in Fig. 4.19 (d)), but this is ignored by a shortest-path embedding (Fig. 4.19 (c)).

In such cases, a topologically correct reconstruction requires additional control:

Here, we want to deliberately avoid tracing paths in their shortest homotopy class

and instead prescribe a specific topology (which needs to be globally consistent

for the entire embedding). In the following chapter, we explore how to generate

such global topological descriptions that allow to guide the construction of maps

and embeddings.
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5 Surface Map Homology Inference

The methods and results presented in this chapter have previously been published

in [BSCK21].

As described in the previous chapter, a standard way to initialize a homeomor-

phism between two surfaces is via compatible layout embeddings. In that setting,

the map’s geometry and topology arises from shortest-path connections between

corresponding landmarks, which are taken as hard constraints. Note that this

approach presumes an accurate and reliable placement of landmarks on the two

surfaces: One misplaced landmark could dramatically change the generated map

topology. Furthermore, since the topology of the resulting map is only deduced

from shortest-path connections between landmarks, it may easily miss topological

features if landmarks are not strategically placed (as in Fig. 4.19). Therefore,

this annotation task almost always requires significant human interaction or

supervision.

It is an ongoing research effort to replace this largely manual annotation process

by automatic correspondence detection methods. Indeed, in recent years, increas-

ingly capable shape matching algorithms have been proposed which estimate

correspondences between a given pair of shapes with no (or minimal) additional

input. Promising approaches include model-driven matching techniques based

on local shape descriptors and distortion priors, or supervised learning methods

trained to identify high-level features. We review some of these in Section 5.1.

Many of these automatic methods ultimately produce a mostly dense (e. g.

densely sampled or fuzzy) identification of the two surfaces, albeit with some

degree of inaccuracy or uncertainty. In many cases, this result already closely
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5 Surface Map Homology Inference

Figure 5.1: (a): a sampled map f̃ between two surfaces, ridden with noise, outliers,
non-injective overlaps, and gaps. (b): from this input, we infer a purely topological
description in form of a homology map f∗.

resembles or approximates a surface map which indicates a specific map topology.

However, while this implied topology of the map may be quite apparent upon

visual inspection, as in Fig. 5.1 (a), it is not directly accessible in automatic

computations: As the approximate mapping is represented in a way that is neither

truly bijective nor continuous, it is not a homeomorphism and therefore — from a

technical standpoint — inherently ambiguous about map topology.

In this chapter, we propose a method that overcomes this ambiguity and infers

the implied map topology from a non-homeomorphic input map (Fig. 5.1 (b)).

Intuitively, this topological inference corresponds to a homeomorphic completion

of the input map that consolidates ambiguities and corrects local map defects. In

contrast to many previous topological initialization methods (which also includes

the landmark-constrained approaches from the previous chapter), we do not seek a

natural matching between two input shapes. Instead, we aim to extract the specific

map topology encoded in a given input map (with very modest requirements on

map representation and quality), as illustrated in Fig. 5.2.

Our inference employs the symplectic representation (Section 3.4.4) to produce

a purely topological description in the form of a homology map, i. e. a one-to-one
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Figure 5.2: Left: three densely sampled input maps between the same pair of
shapes, describing topologically different maps, as highlighted by black curves
and their images. Right: our inferred homology maps capture the implied map
topology of each case.

mapping between homology classes (of cycles) on the source and target shape.

We can leverage the duality between homology and cohomology (Section 2.5.2)

to derive an extremely robust and error-tolerant inference formulation in the

cohomology setting. The resulting homology map is linear and can be encoded by

a small integer matrix (of size 2g × 2g for a pair of genus g surfaces).

We demonstrate the method’s support for a large variety of input map represen-

tations and its high level of robustness to a wide range of input map imperfections,

as commonly encountered in geometry processing applications. The homology

map’s utility is exemplified in the context of surface data transfer in a homo-

logically correct manner and the recovery and the construction of true surface

homeomorphisms from approximate input.

We begin with a review of common practical map representations, automatic

shape matching techniques, and their viability for topological guidance (Sec-

tion 5.1). We then explain our encoding of surface map topology, based on
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the symplectic representation (Section 5.3), which is the basis for our inference

algorithm (Section 5.4).

5.1 Approximate Surface Maps

Our proposed homology inference method can extract a topological description

from a given input map that exemplifies a desired mapping class. Such input

maps may be obtained from a variety of sources: They may be generated by

fully automatic shape matching algorithms, as a by-product of some mesh pro-

cessing or conversion task, or provided by a user, e. g. by manual annotation or

registration. Commonly, these exemplary input maps do not come in the form of

a proper (discrete) homeomorphism (cf. Section 3.1.2), but describe surface-to-

surface correspondences only in some approximate, incomplete, or ambiguous

way. We briefly discuss the most relevant practical approaches for representing

and generating such maps.

5.1.1 Surface Map Representations

Input maps come in many different forms. The most common representations

can be roughly classified into three categories: sampled maps, fuzzy maps, and

extrinsic registrations.

Sampled Maps

Sample-based representations approximate a map between two surfaces A and

B through a finite set of corresponding point pairs {(ai, bi)}i ⊂ A × B. If A
and B are triangle meshes, the points ai and bi may be represented as barycentric

points within triangles or simply by mesh vertices, giving rise to vertex-to-vertex,

or vertex-to-surface maps.

By construction, sampled representations do not describe a full map A → B
but only a sparse assignment. The degree of sparsity may vary, ranging from
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a handful of landmarks, over unevenly distributed feature correspondences, to

densely sampled vertex-to-surface maps. In addition, sampled maps can come

with defects such as noise, outliers, undersampling, or non-injectivities.

From a purely theoretical perspective, sampled maps can never unambiguously

identify a map topology, even in the absence of such defects: No matter how

dense the sampling, one can always find an infinite number of homeomorphisms

that interpolate the sample points but twist between them in topologically distinct

ways (cf. Sections 3.3 and 3.4.2). Our homology inference algorithm resolves this

ambiguity by extracting a map topology that corresponds to a smooth harmonic

extension of the sampled map.

Fuzzy Maps

Functional maps [OBS+12] characterize a map by its action on scalar fields,

i. e. how it transports real-valued functions from A to B. By encoding scalar

distributions as linear combinations over a set of canonical basis fields, one obtains

a discrete linear map representation which can be conveniently represented by a

real-valued matrix. A typical basis choice is a finite set of eigenfunctions of the

Laplace-Beltrami operator, which approximate functions as smooth signals.

Due to this reduced-order encoding, functional maps by themselves may only

transport low-frequency functions directly. While it is possible to recover sharp,

point-wise mappings from this representation [RMC15], their continuity and

bijectivity of course depends on the resolution and accuracy of the underlying

functional map.

Functional maps are relevant to our work in two regards: As a common map

interchange format, they may act as input for our homology inference. In a

more abstract sense, our homology inference formulation itself bears a high-level

resemblance to the functional maps setting: Whereas a functional map represents a

surface map by its transport of scalar fields between two shapes, a homology map

represents a map topology by its transport of homology classes (Section 5.3.1).
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Both spaces (scalar fields and homology classes) admit a linear encoding, which

enables a similar least-squares inference formulation (Section 5.4.6).

A related representation are soft maps [SNB+12] which explicitly quantify a

degree of uncertainty or ambiguity in the mapping. They encode shape matchings

as probability measures, describing the likelihood of correspondence between

surface regions.

Extrinsic Registrations

Another common way to express correspondence between two shapes is via an

extrinsic alignment or deformation that brings matching regions of the two surfaces

into close spatial proximity. In simple cases, this may be achieved through a

rough rigid registration or affine transformation; more generally, through non-rigid

registrations that allow arbitrary deformations.

Such registrations only provide an approximate geometric alignment of the

two shapes. A proper surface map may be derived from this representation by

computing closest-point projections from the deformed surface A onto the target

shape B. As projections can introduce gaps, discontinuities, or overlaps, the

resulting mapping is, again, generally not a homeomorphism.

5.1.2 Surface Map Generation

Model-Based Shape Matching

Many automatic shape matching algorithms aim to find dense correspondences

based on empirical models for natural surface maps [KZHC11]: Typical objectives

are a preference for low mapping distortion or a (descriptor-based) alignment of

geometrically similar surface regions.

In a sampled map representation, such a matching may be phrased as an

assignment problem [ASP+04], i. e. a search for a (partial) permutation between

given sets of sample points on both surfaces, based on affinities defined in terms
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of unary and pairwise potentials. This problem has been tackled by different

relaxations and computational approaches [SY11; KKBL15; DML17; VLB+17],

among them evolutionary algorithms [Sah18; EEB20], sampling-based consensus

methods [MGP06; LF09], or simulated annealing [HLC20]. Other formulations

maintain a fixed correspondence between samples and instead optimize their

mapped positions, e. g. for map harmonicity [ESB19].

In the functional maps setting, shape matchings may be computed by finding

a matrix that optimally aligns a given set of corresponding descriptor functions,

e. g. in a least-squares sense [OBS+12], often combined with some operator-

based regularization. Countless modifications and improvements of this setup

have been suggested [OCB+17], more recently: techniques to promote map

continuity [PSO18] and orientation-preservation [RPWO18], for improved regu-

larization [RPWO19] and iterative refinement [MRR+19; HRWO20].

There are also extrinsic methods that produce shape matchings represented

by coarse, large-scale deformations [ZSC+08]. Fine-grained registrations can be

achieved by optimizing for surface alignment, which is often combined with

additional measures e. g. mesh regularity [YLSL10] or extrinsic bending en-

ergy [EHA+19].

Data-Driven Shape Matching

Purely model-based methods reach their limits where a matching is not directly

indicated by geometric properties, e. g. for highly dissimilar, non-isometric shape

pairs. In these cases, natural correspondences are often only implied by a semantic

identification of surface regions, which is extremely difficult to model universally.

In response, there is an increasing number of data-driven methods that can

learn to imitate class-specific shape correspondences from a given training dataset

[XKH+16; Sah20]. Examples are the supervised learning of vertex-to-vertex

maps [RRW+14; BMRB16; LDCK18]), functional maps [COC14; LRR+17], or

mutual deformations [WCMN19; JHTG20; YAK+20].
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Figure 5.3: Two shapes (a, b) are alined by a rough rigid registration (c). Closest-
point projections (d) produce a sampled surface map (e) which roughly matches
corresponding features but contains various local defects (gaps, non-injectivities).

Manual Registration

For somewhat similar shapes (such as Fig. 5.3 (a, b)), a very rough correspon-

dence may be initialized from a simple extrinsic alignment or coarse deforma-

tion [LSLC05; KS06], which can be constructed manually with minimal effort

(Fig. 5.3 (c)), and converted to a sampled map via closest-point projections

(Fig. 5.3 (d, e)). While locally, the quality of such ad-hoc generated maps may be

extremely poor, they often still correctly capture certain global properties of the

map, i. e. the matching of extremities or topological features.

5.1.3 Discussion

Virtually all of the above shape matching methods generally produce non-homeo-

morphic maps, partly due to inherent limitations of the underlying map representa-

tions, partly due to ambiguities or inaccuracies in the inference process.

Meanwhile, certain processing tasks depend on high-quality input maps in the

form of actual homeomorphisms: A common task is the lossless transfer of highly

intricate surface data, e. g. parametrizations, texture coordinates with seams, or

embedded curves and path networks — which requires a truly continuous map.
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Injectivity-preserving map optimization methods [SAPH04; SBCK19; SCBK20]

also necessarily operate in this setting.

This compatibility gap between shape matching and homeomorphic map pro-

cessing algorithms calls for an automatic method to recover valid homeomor-

phisms from approximate, imperfect surface maps. A first step towards such

a reconstruction is a detection of the intended map topology which gracefully

handles input map defects and resolves ambiguities. In this regard, a landmark-

based layout embedding approach as in Chapter 4 is not suitable as it takes

point correspondences as hard constraints. Instead, we propose a global field-

based topology inference formulation that forgives local errors and consolidates

incomplete or contradictory measurements.

5.2 Contribution

We introduce a method that takes a topologically ambiguous surface map as input

and infers an unambiguous topological description in the form of a homology map.

The method exhibits the following properties:

• It supports a large variety of input map types, from dense vertex-to-vertex

and vertex-to-triangle maps, over sparse correspondences, to soft or func-

tional maps, and extrinsic registrations.

• It exhibits a favorable level of resilience to a wide range of map imperfec-

tions (e. g. noise, outliers, undersampling, uncertainty, fuzzyness, or local

non-injectivity).

• It prevents degeneration of the homology map regardless of input map

quality.

Technically, the method’s robustness in the face of imperfect maps hinges on three

main ingredients:

• Instead of attempting to directly transfer and compare local and high-

frequency information (like surface paths or cycles) via an unreliable map,
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5 Surface Map Homology Inference

we carefully choose global and low-frequency operations, reducing sensitiv-

ity to imperfections. Only maximally smooth data is mapped, and compared

globally.

• Differential information is mapped effectively without reference to the map’s

unreliable differential, by encoding it as coordinate-free scalar information.

• Further resilience to low-quality and even misguiding input is achieved by

incorporating a global topological consistency constraint, restricting the

inference process to the subspace of homology maps that are compatible

with homeomorphisms.

Computationally, our inference task in its core boils down to solving an integer

quadratic program of modest size, O(g2) for genus g surfaces, which can be

efficiently handled by off-the-shelf branch-and-bound solvers. Before we delve

into the details of our inference algorithm (Section 5.4), we review some theoretical

foundations of our method, i. e. the underlying homology-based representation of

map topology.

5.3 The Symplectic Representation

In this chapter, we operate exclusively with the symplectic representation of the

mapping class group (Section 3.4.4), which describes the topology of surface maps

through their action on homology classes of cycles (or, as we will see, equivalently:

cohomology classes of cocycles). In the following, we recall all relevant concepts

and settle the notation for the rest of this chapter.

Throughout, we consider two closed surfaces, A and B, both of genus g, which

are connected by a surface map f : A → B. For now, we will assume that f is

a smooth orientation-preserving homeomorphism between the two shapes which

unambiguously defines a map topology. Later on, we will consider the case where

f is replaced by an approximate, possibly degraded, and topologically ambiguous

non-homeomorphism f̃ .
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5.3 The Symplectic Representation

Figure 5.4: A homeomorphism f between surfacesA, B (top) induces a homology
map f∗ (bottom left) that maps between homology classes (equivalence classes of
cycles) of A and B, and a corresponding cohomology map f∗ (bottom right) that
maps between cohomology classes (equivalence classes of cocycles).

5.3.1 Induced Homology Maps

The objects of homology are cycles, i. e. linear combinations of oriented loops (see

Section 2.4). Since f is a homeomorphism, we can use it to transfer such cycles

from A to B: If c is a cycle on A, then the image f(c) is again a cycle on B.

This action of f on cycles also induces a homology map f∗ : H1(A)→ H1(B),

defined by

f∗([c]) = [f(c)], (5.1)

which is a well-defined isomorphism between the homology groups H1(A) and

H1(B) of the two surfaces (Section 3.4.4). It associates every homology class of

A with a unique homology class of B (Fig. 5.4, bottom left).
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5 Surface Map Homology Inference

5.3.2 Induced Cohomology Maps

Cohomology considers cocycles, i. e. closed 1-forms on surfaces (see Section 2.5).

Let x ∈ TA → R be a cocycle on A. We can again use the map f to transfer this

cocycle to surface B: For any point p ∈ B and tangent vector t ∈ TpB, the value

of the mapped cocycle is computed by pulling back t through the inverse of the

map differential df and then evaluating the original cocycle x at the preimage of

p on A, formally [Lee13, Ch. 11.3]:

xf−1(p)

(
(df−1(p)f)−1(t)

)
. (5.2)

This mapping fully defines the image of x on B, which we will denote by f(x) in

the following. It is again a cocycle TB → R.

In analogy to Eq. (5.1), this action of the map f on cocycles also induces a

cohomology map f∗ : H1(A)→ H1(B) by

f∗([x]) = [f(x)], (5.3)

which indeed describes a well-defined map that associates each cohomology class

of A with a cohomology class of B [Lee13, Prop. 17.2]. If f is a homeomor-

phism, the induced cohomology map f∗ is, in fact, an isomorphism between the

cohomology groups of the two surfaces, H1(A) and H1(B) [Lee13, Thm. 17.11].

Note how the cocycle mapping according to Eq. (5.2) requires a well-defined

map differential. Thus, to induce a valid bidirectional cocycle mapping, the map f

must be a diffeomorphism, i. e. both f and its inverse f−1 must be smooth functions.

However, in practice, most input maps are non-smooth or even non-continuous.

We handle such non-diffeomorphic inputs with an alternative cocycle mapping

formulation (Section 5.4.5) that avoids any direct reference to the (potentially

unavailable or unreliable) map differential.
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5.3 The Symplectic Representation

5.3.3 Homology Maps Between Bases

In practice, we use a coefficient-based representation to describe homology classes

on A and B. For each surface, we pick a homology basis, i. e. a generating

set of cycles BA = {a1, . . . , a2g} and BB = {b1, . . . , b2g}, as introduced in

Section 2.4.3. Then, we may encode any homology class as an integer linear

combination of basis cycles: The coefficient vectors hA ∈ Z2g and hB ∈ Z2g

represent the homology classes [BAhA] ∈ H1(A) and [BBhB] ∈ H1(B).

In this encoding, a homology map f∗ : H1(A) → H1(B) becomes a linear

map M : Z2g → Z2g between coefficient vectors, i. e. a matrix M ∈ Z2g×2g . For

every hA ∈ Z2g , it is

f∗([BAhA]) = [BBMhA]. (5.4)

As stated in Section 3.4.4, any matrix M that fulfills the symplectic constraint

ΩA = MTΩBM (5.5)

encodes a topologically valid homology map, i. e. one that is induced by some

orientation-preserving homeomorphism f ∈ Homeo(A,B). The integer matrices

ΩA ∈ R2g×2g and ΩB ∈ R2g×2g are the inner product matrices of the algebraic

intersection forms for homology classes encoded w. r. t. BA and BB (as defined in

Section 2.4.4).

5.3.4 Cohomology Maps Between Bases

Analogously, we can represent cohomology classes on A and B using coefficients

w. r. t. cohomology bases, defined by sets of cocycles BA = {a1, . . . , a2g} and

BB = {b1, . . . , b2g}, as defined in Section 2.5.3. We assume that BA and BB are

dual cohomology bases to the given homology bases BA and BB in the sense that∫
ai

aj = δij and
∫
bi

bj = δij

for any i and j. We will discuss how to construct such dual bases in practice in

Section 5.4.3.
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5 Surface Map Homology Inference

Mirroring Eq. (5.4) for homology maps, we can represent any cohomology map

f∗ as an integer matrix M ∈ Z2g×2g , defined by

f∗([BAh]) = [BBM(h)]. (5.6)

The dual choice of homology and cohomology bases implies a direct relation

between the matrix representations of the homology and cohomology maps M

and M . This follows from the fact that a homeomorphism f preserves integrals:

On surface A, we can compute the integral of a cocycle x along a cycle c. Then,

the images of x and c on B under a homeomorphism f will integrate to the same

value: ∫
c

x =

∫
f(c)

f(x),

which, due to homology and cohomology invariance (Section 2.5.2), also holds

for classes, i. e. ∫
[c]

[x] =

∫
[f(c)]

[f(x)].

We apply Eqs. (5.1) and (5.3) on the right-hand side to substitute for the induced

homology and cohomology maps:∫
[c]

[x] =

∫
f∗([c])

f∗([x]).

We now express [c] and [x] using coefficients hc ∈ Z2g and hx ∈ Z2g w. r. t. the

given bases BA and BA as [c] = [BAhc] and [x] = [BAhx]. Similarly, on the

right-hand side, we replace the homology and cohomology maps by their matrix

representations M and M , as defined in Eqs. (5.4) and (5.6), and get∫
[BAhc]

[BAhx] =

∫
[BBMhc]

[BBMhx].
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Due to the duality of BA to BA and BB to BB, these integrals can be computed

simply as standard dot products on the coefficient vectors, according to Eq. (2.7)

from Section 2.5.3. We obtain

〈hc, hx〉 = 〈Mhc,Mhx〉,

which must hold for all hc and hx. We can therefore rearrange to

M = M−T, (5.7)

implying we can convert between matrix representations of homology and coho-

mology maps by simply taking the inverse transpose.

Recall that any valid homology matrix M must conform to the symplectic

constraint (5.5), i. e. ΩA = MTΩBM . With Eq. (5.7), we can simply rephrase

this constraint in terms of the cohomology matrix M as

MΩAM
T

= ΩB, (5.8)

which we call the dual symplectic constraint. This ability to effortlessly convert

between homology and cohomology representations of the same map topology is

the foundation of our inference method.

5.4 Map Homology Inference

Equipped with this background on homology and cohomology aspects of maps

between surfaces, we are now ready to precisely state the problem we address and

the algorithmic approach we propose.

5.4.1 Problem Statement

Our method takes as input:

• A pair of closed surfaces A, B, both of genus g, represented by triangle

meshes (VA, EA, FA), (VB, EB, FB), i. e. cell complexes with piecewise

affine embeddings in R3.
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• A map f̃ that loosely resembles a homeomorphism f : A → B.

We support any map representation that can be used to transfer scalar quantities

from A to B in some way. This includes sharp dense point-wise maps (e. g.

vertex correspondences) and non-sharp representations such as functional maps

or soft maps. Sparse maps given by a finite set of corresponding surface points

(pA, pB) ∈ A×B, e. g. samples or landmarks, can be used as well via interpolation

(Section 5.4.5).

Homology bases BA and BB of A and B, represented by 2g cycles of oriented

edges per mesh, may be provided as input or be generated automatically, e. g. using

the tree-cotree method [EW05], as described in Section 2.3.4.

From this input, we infer a homology map f∗ : H1(A)→ H1(B), represented

by a matrix M ∈ Z2g×2g that maps between BA and BB such that

• the inference of f∗ is guided by the input map f̃ ;

• there is a true homeomorphism f : A → B that induces f∗.

In particular, if the imperfect input map f̃ is close to a homeomorphism f , we

expect the homology map inferred from f̃ to be the one induced by f . In any

case, no matter how bad the input, we ensure that the homology map will never

degenerate topologically.

5.4.2 Algorithm Overview

Since f̃ is possibly sparse and non-injective, we cannot use it directly to map

cycles (i. e., homology representatives) from A to B, which would immediately

allow to determine the matrix M of the desired induced homology map f∗. One

could try mapping some points of a cycle from A to B, to the extent f̃ permits,

and reconstruct a cycle from the images on B. A major downside of such a local

approach is its sensitivity to local imperfections such as outliers or noise in the

map and consequently its heavy dependence on the choice of cycle. Our aim is to

use a global approach.
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5.4 Map Homology Inference

Figure 5.5: From a homology basis of surface A (a), we compute a dual
cohomology basis of cocycles (b). We encode these cocycles on A as periodic
scalar fields z (c) which are then transferred via the input map f̃ onto B (d), where
we differentiate to obtain cocycles again (e). We find an integer matrix M that
best matches the transferred cocycles against combinations of cohomology basis
representatives on B (f).

To this end, instead of local high-frequency information, we map global low-

frequency information via f̃ . Concretely, we transport maximally smooth cocycles

(acting as cohomology representatives). As the input map f̃ cannot be assumed

to be differentiable (as is required to directly map differential information like

cocycles, i. e. 1-forms), we take a detour via an encoding as (periodic) scalar

fields — that are easily mapped by a wide variety of types of commonly used

imperfect maps.
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5 Surface Map Homology Inference

Algorithmically, our approach can be summarized as follows (see Fig. 5.5 for a

visual overview):

1. create a cohomology basis BA of 2g smooth cocycles (Section 5.4.3)

2. encode BA as periodic scalar potentials (Section 5.4.4)

3. map them to B using f̃ with interpolation (Section 5.4.5)

4. decode the mapped potentials to yield cocycles on B (Section 5.4.4)

5. collectively match them against a canonical representation of BB, subject

to symplectic constraint (5.8), to infer a cohomology map f∗, represented

by a matrix M (Section 5.4.6)

Finally, we convert to M = M
−T

to obtain a representation of the desired

homology map f∗, compatible with some homeomorphism f as a consequence of

constraint (5.8), equivalent to (5.5).

5.4.3 Harmonic Cohomology Representatives

By Hodge theory [War83, Ch. 6], for each cohomology class [x] there exists a

unique representative cocycle x that is harmonic, i. e. ∆x = 0, thus as smooth as

possible. We adopt this choice to construct canonical representatives on A and B,

see Fig. 5.5 (b).

For each cycle aj of our (input) homology basis BA, we compute a correspond-

ing dual cohomology representative aj ∈ BA that is the unique 1-form that fulfills

the three constituting properties

daj = 0 (aj closed), (5.9)

∆aj = 0 (aj harmonic), (5.10)∫
ai
aj = δij for all i (aj dual to aj). (5.11)

In our discrete setting, we encode each cocycle as a column vector aj = R|EA|

of scalar values assigned to oriented mesh edges (cf. Section 2.5.4). Then, as
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described by [GY02; GY03], properties (5.9)–(5.11) discretize to a linear system

of equations, which can be solved simultaneously for all aj . The result is a set

of discrete harmonic cohomology generators, encoded as columns of a matrix

BA ∈ R|EA|×2g . We repeat the same process on B to compute BB ∈ R|EB|×2g .

Note that (5.9) and (5.11) imply that these cocycles are integral, i. e., they have

integer integrals along all cycles (cf. Section 2.5.2), in particular 1 along respective

dual basis cycles.

5.4.4 Periodic Encoding

Encoding

Given an integral cocycle aj (discretized as an assignment aj : EA → R), we

compute a real-valued scalar potential φj : V → R, defined on vertices, by

integrating aj along edges. Starting at some root vertex, we propagate φj by

summing up integrated values of aj along an arbitrary spanning tree. We then

define a complex field zj : V → C as

zj = eφ
j2πi,

i. e., we use φj as the argument of a unit complex number, see Fig. 5.5 (c).

While φj depends on the choice of tree and has discontinuities (across the tree’s

cut locus), zj is continuous and unique, i. e., independent of the tree and its root

(up to a constant phase shift). This is due to the fact that aj is closed and integral,

implying that φj has integer jumps at all discontinuities, which may be shown as

follows:

Consider a cocycle aj on A such that
∫
c
aj ∈ Z for any cycle c. According to

the Poincaré lemma [Lit17, Thm. 19], on any contractible domain, there exists

a 0-form (i. e., scalar field) φ that has aj as its gradient, i. e. aj = dφ. If A is

of genus g > 0, its universal cover C is contractible [Lüc08, Sec. 2.2]. We can

lift aj to C as âj , which is a cocycle on C. Therefore, there exists some 0-form

φ : C → R on the universal cover with dφ = âj . Then, φ is periodic in the sense

131
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that φ(c1) = φ(c2)+nwith n ∈ Z for any pair of points c1, c2 ∈ C with identical

projections p(c1) = p(c2): As p(c1) = p(c2), there is a path γ connecting c1 and

c2 in C. Via Stokes’ theorem, φ(c2)− φ(c1) =
∫
∂γ
φ =

∫
γ

dφ =
∫
γ
âj . Since

âj is a lift of aj , it is
∫
γ
âj =

∫
p(γ)

aj . The projection p(γ) onto A is a closed

curve, i. e. a cycle, hence
∫
p(γ)

aj = n is an integer.

Decoding

A cocycle âj is easily recovered from the complex field zj : On each edge epq ∈ E,

we compute the value of âj as the smallest angle difference between the arguments

of zjp and zjq :

âjpq =
1

2π
arg
(
zjq/zjp

)
. (5.12)

where arg(z) ∈ [−π, π) is the argument of z ∈ C. Note that the recovery is exact

(âj = aj) as long as |ajpq| < 1
2

for each edge epq .

5.4.5 Periodic Potential Mapping

If the input map representation f̃ directly allows the transfer of scalar fields from

VA to VB (as is the case e. g. for functional maps), we can immediately apply it

to transfer the periodic potential zj of each cohomology representative aj from

Figure 5.6: Transport of a smooth periodic potential under a sparse map f̃ between
surfaces: Samples from a complex field (a) on A are mapped via point-to-point
correspondences (b-c) and harmonically extended to a dense, smooth field on B
via interpolation (d).
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A to B as f̃(zj) ∈ VB → C, see Fig. 5.5 (d). Otherwise, if f̃ only defines

sparse correspondences (pA, pB) ∈ A×B, we define f̃(zj) on B as a field z̃j that

smoothly interpolates sparse mapped values (Fig. 5.6). One simple way is to obtain

z̃j as a least-squares minimizer of a set of interpolation and smoothness terms:

For each correspondence (pA, pB), we define a fitting term ‖z̃j(pB)− zj(pA)‖2

(using barycentric interpolation if pB lies inside a face). We add the harmonicity

term ‖∆ z̃j‖2 (discretized by the cotangent Laplacian [PP93] on the triangle mesh

B) as a regularizer with a small weight, 10−3 in our experiments.

We then decode the periodic potential f̃(zj) for each j and denote the resulting

set of cocycles by f̃(BA) ∈ R|EB×2g|, see Fig. 5.5 (e). While for maps of very

low quality or high distortion and sparsity the period ambiguity of (5.12) might

locally be resolved in a way that does match the intent, the global nature of the

following procedure gracefully deals with such sporadic effects.

5.4.6 Symplectic Cohomology Matching

We can now infer a cohomology map f∗ (represented by M ∈ Z2g×2g) from the

above defined action of f̃ on BA. According to (5.3), the cohomology map f∗ is

induced by the images of cocycles from A under f̃ . In particular, for any basis

element aj ∈ BA, it is

f∗([aj ]) = [f̃(aj)]. (5.13)

In coefficients: [aj ] = [BAej ], where ej ∈ Z2g is a standard unit vector (where all

entries are 0 except for a 1 in the j-th component). Using (5.6), we can represent

f∗ by M , so (5.13) becomes

[BBMej ] = [f̃(aj)].

Therefore, for any basis cycle bi ∈ BB, we have∫
bi

[BBMej ] =

∫
bi

[f̃(aj)].
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With bi = BBei and Eq. (2.7) the left-hand side becomes 〈ei,Mej〉 = M ij .

On the right-hand side, we can drop the brackets and obtain

M ij =

∫
bi

f̃(aj), or in matrix form: M = BBf̃(BA). (5.14)

Having computed the images f̃(aj) of basis cocycles (Section 5.4.5), we can use

(5.14) to immediately read off the coefficients of M , representing the induced

cohomology map f∗.

For input maps f̃ that are dense and reasonably close to a homeomorphism,

(5.14) will recover its induced cohomology map. However, in the presence of

map defects like non-injectivities or undersampling of topological features, it is

possible that the interpolated images f̃(aj) “snap” into unintended cohomology

classes, become linearly dependent, or degenerate to trivial exact cocycles. By

additionally enforcing the symplectic constraint (5.8), it can be ensured that,

regardless of such deficiencies, the inferred cohomology map is compatible with a

true homeomorphism. This can be achieved by satisfying (5.14) in the constrained

least squares sense:

min
M

∥∥M −BBf̃(BA)
∥∥2

F

s. t. MΩAM
T

= ΩB, M ∈ Z2g×2g.

(5.15)

In practice, we observe that a variation of this formulation is much more robust

in particular to low-quality input maps f̃ : Instead of comparing cycle integrals

of cocycles (as effectively done in (5.15)), we infer M by directly and globally

measuring similarity of these cocycles. This corresponds to a minor change

to (5.15):

min
M

∥∥BBM − f̃(BA)
∥∥2

F

s. t. MΩAM
T

= ΩB, M ∈ Z2g×2g,

(5.16)

i. e. a multiplication with BB from the left (and using BBBB = I , as implied by

Eqs. (2.6) and (2.7)). This is a quadratic integer problem under quadratic equality
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constraints. The solution variables are the (2g)2 integer entries of M . The matrix

equality constraint (5.8) can be encoded coefficient-wise; due to antisymmetry of

ΩA and ΩB (which are constant matrices computed from the intersection patterns

of the chosen bases BA, BB, see Section 2.4.4), it suffices to encode the strictly

upper triangular part. Due to the small problem size, (5.16) can be efficiently

optimized by off-the-shelf branch-and-bound solvers. We use Gurobi [Gur21] in

our experiments. After a cohomology map M has been computed, we obtain the

desired homology map as M = M
−T

.

Compared to the original problem (5.15), the reformulation in (5.16) can be

vastly more resilient as it no longer depends on integrals along (arbitrary) generator

cycles but only on global measurements. Thus, even in the presence of local map

defects, the correct cohomology can often still be inferred from correct alignment

of cocycles in reliable regions. The symplectic constraint (5.8) on M further

restricts the search space by ruling out homology maps incompatible with any

homeomorphism, globally regularizing the process.

Figure 5.7: A sampled surface map, generated via rigid registration and closest
point projections (a), as in Fig. 5.3. The resulting map f̃ is discontinuous and
heavily undersamples or double-covers certain regions of the target surface (b).
Still, our inference (c) produces the correct homology map f∗.
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5.5 Results and Applications

We demonstrate the applicability of our homology inference method for different

input map representations (Section 5.5.1) and its robustness to various map defects

(Section 5.5.2). The computed homology maps can be used to transfer data in

a homologically correct manner (Section 5.5.3) and to topologically control the

construction of compatible surface decompositions, e. g. cut graphs or layout

embeddings (Sections 5.5.4 and 5.5.5), and therefore proper homeomorphisms.

To visualize homology classes we will show smooth representative cycles,

selected for clarity and visibility.

5.5.1 Input Map Representations

We show examples of homology maps inferred from different types of input maps:

densely sampled (Fig. 5.2) or functional maps (Fig. 5.8), and sparse (Fig. 5.9) or

partial correspondences (Fig. 5.16).

Due to its high tolerance to map defects, our inference method can be used

to quickly generate valid topological correspondences from ad-hoc inputs. One

example are vertex-to-surface maps obtained by roughly aligning two shapes in

ambient space (e. g. by a rigid transformation) and generating correspondences via

simple closest-point projections from one surface to the other (Fig. 5.7 (a)). While

Figure 5.8: (a): A functional map f̃ represented by 50× 50 coefficients. (b): The
homology map f∗ obtained from f̃ by our inference.
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such maps are typically discontinuous and non-injective (Fig. 5.7 (b)), they often

suffice for the inference of the desired homology map (Fig. 5.7 (c)).

5.5.2 Robustness

In Fig. 5.10 we evaluate the robustness of our method with respect to map

imperfections such as noise, outliers, and sparsity. Starting from a dense high-

quality input map, we progressively degrade the quality of the (sampled) map

until the inferred result switches from the original homology map to a different

one. First, we simulate noise by displacing map samples on the target surface

along random geodesic paths. Our method still tolerates an average geodesic

displacement of 24% of the bounding box diagonal and only switches to a different

homology at 32%. Second, we examine resilience towards outliers by randomly

permuting a subset of samples. Due to the global nature of our objective (5.16),

map inference succeeds even in the presence of 60% outliers. Third, we observe

robustness towards very sparse inputs: dropping all but 0.5% (12 samples) of

the input map still yields the correct homology in this experiment. Figure 5.11

correspondingly reports the cohomology matricesM obtained in these experiments.

To demonstrate the effect of the symplectic constraint (5.5), we also show the

Figure 5.9: Homology map f∗ computed from an input map f̃ represented by a
very sparse set of 29 landmark correspondences on a pair of genus 4 surfaces.

137



5 Surface Map Homology Inference

Figure 5.10: Robustness towards different input map defects. Noise: samples
are randomly displaced by an average geodesic distance. Outliers: a subset of
samples is randomly shuffled. Sparsity: only a small subset of samples is kept (11
samples in (c), 10 in (d)). Our method infers the correct homology map in columns
(a-c) and only reports a different (but valid) homology in column (d).
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Figure 5.11: Cohomology matrices resulting from our optimization. Columns
correspond to Fig. 5.10. Per category: Top rows show the real-valued solutions to
the unconstrained problem. Bottom rows show our results, subject to symplectic
and integer constraints, which are always valid (co)homology maps. Matrix entries
suffering from missing or ambiguous information in the unconstrained case can be
faithfully completed via the symplectic constraint.

139



5 Surface Map Homology Inference

Figure 5.12: Due to non-surjectivity and severe misalignment in the input f̃ (a),
the interpolated mapping of periodic potentials (b) may yield non-closed 1-forms.
In such cases, an integral-based homology inference via (5.15) may fail (c) as it
considers integrals along representative paths only; the global similarity-based
inference (5.16) can compensate for such errors and yields the expected result (d).

real-valued solutions to an unconstrained version of the optimization problem

(5.16).

This high resilience to input defects is specific to the similarity-based infer-

ence formulation (5.16). In contrast, the integration-based inference formulation

(5.15) is highly sensitive to mapping and interpolation errors, as demonstrated in

Fig. 5.12. Besides the ability to cope with various kinds of sampling errors, we

also demonstrate robust inference in the presence of large distortions and maps far

from isometry in Figs. 5.9, 5.13 (b), 5.12, and 5.16.

In Figs. 5.1, 5.2, and 5.17 we emphasize that our method extracts topological

information from an input map rather than aiming to find a natural matching

between two shapes. In all three examples, our inferred homology maps faithfully

reproduce the intentional twists indicated by the input maps. Finally, Fig. 5.14

displays the successful handling of a challenging combination of higher-genus

surfaces and low-quality input map.
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Figure 5.13: Left: Transfer of harmonic vector fields (via transfer of real-valued
coefficients between cohomology bases). Right: Transfer of direction field turning
numbers along homology generators.

5.5.3 Homological Data Transfer

Induced (co)homology maps can be used to directly transfer data between the

(co)homology bases of corresponding objects. One example are harmonic tangent

vector fields, which can be expressed as real-valued linear combinations of

harmonic fields in a cohomology basis. Fig. 5.13 (a) demonstrates the transfer of

a harmonic vector field from one surface to another via the cohomology map f∗,

producing fields with the same flow around corresponding handles.

Figure 5.13 (b) shows a regular cross field on a genus 1 surface. Its global

structure can be encoded as turning numbers along basis cycles. Using a homology

map f∗, we can transport these turning numbers to reconstruct a field with the

same global behavior on another object.

5.5.4 Compatible Cut Graph Generation

One way to construct a homeomorphism is by cutting two surfaces into disks along

compatible cut graphs and overlaying them in a common domain. Figure 5.15

shows the construction of cut graphs rooted in a single vertex: Cuts are generated
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5 Surface Map Homology Inference

Figure 5.14: Homology map f∗ inferred from a low-quality map (inset) on a
topologically complex surface of genus 12.

by successively embedding 2g non-separating shortest paths that maintain the

same cyclic order around the root vertex on both surfaces.

While this process produces cut graphs of compatible connectivity, the topology

of embedded cut paths arises from a sequence of greedy decisions, which in

general cannot be expected to correspond semantically between the two shapes

(Fig. 5.15 (a)).

However, if semantic correspondence information is given in form of an input

map f̃ , we can use the induced homology map f∗ to further constrain the topology

of matching paths during cut graph construction: Specifically, for each cut path

in homology class [c] on A, we find a matching cut path on B as a shortest

path in homology class f∗([c]). Shortest paths under homology constraints

can be computed using Dijkstra’s algorithm on the universal cover of the target

surface B, i. e. on a graph with nodes VB × Z2g , and counting intersections with

basis cycles BB. Figure 5.15 (b) shows the result: Matching cut paths respect

topological correspondences specified by the input map and wrap around handles

in the same way on both surfaces. Cutting and overlaying both surfaces yields

a homeomorphism with the intended map topology (Fig. 5.15 (c)). It provides a
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5.5 Results and Applications

Figure 5.15: Generating compatible cut graphs via greedy shortest path embed-
dings (a) offers little control over the resulting map topology. Given a homology
map (Fig. 5.14), we can constrain paths on both surfaces to matching homology
classes (b), here yielding a homeomorphism with the desired topology (c).
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5 Surface Map Homology Inference

Figure 5.16: Sampled input map (top left) and inferred homology map (top right).
Constructing a homeomorphism from compatible cut graphs without any further
guidance (middle left) is highly susceptible to topological artifacts (middle right).
Using the inferred map to construct a cut graph from homology-constrained path
embeddings (bottom left), we obtain a homeomorphism in the desired mapping
class (bottom right), ready for geometric optimization.
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starting point for a subsequent continuous optimization of map geometry — which

is necessarily restricted to the initial topology. Figure 5.16 shows another example.

Note however, that path homology constraints do not uniquely determine topol-

ogy: There can be topologically distinct paths in the same homology class (e. g.

by including twists around separating cycles, further discussed in Section 5.6.5).

Our homology-constrained shortest-path computation effectively resolves these

remaining ambiguities in a greedy manner by picking the shortest option.

5.5.5 Layout Transfer

Similarly to the above cut graph scenario, a homeomorphism can also be estab-

lished by embedding a given layout structure into two target surfaces. Again,

the topology of the resulting map is decided by a sequence of path embeddings.

Choosing shortest paths (as commonly done) thus renders the resulting topology

solely dependent on surface geometry.

Our framework adds explicit control over the map topology by supplying

additional information via the input map. In Fig. 5.17, a twist in one of the

Figure 5.17: (a-b): Input map f̃ between surfaces A and B indicating a twist.
(c): Coarse layout embedded on A. (d): Embedding the same layout structure
on B via shortest paths does not capture the desired twist. (e): Via the inferred
homology map f∗, we constrain the resulting layout embedding to the expected
topology.
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surfaces is also indicated in the map f̃ and is successfully reproduced in the layout

embedding by constraining shortest paths on the target surface to the inferred map

homology.

5.5.6 Computational Cost

We compute harmonic cohomology bases (Section 5.4.3) by solving the linear

system (5.9)–(5.11), via sparse Cholesky decomposition. In all our examples

(meshes of up to 31k vertices) this step never took longer than 1 second.

The remainder of the run time is dominated by solving the integer quadratic

program (5.16) (symplectic cohomology matching, Section 5.4.4), whose number

of variables is quadratic in the genus. In practice, we observe that the computational

cost depends largely on the quality of the input map. In our experiments, we use a

time limit of 60 seconds for the branch-and-bound solver, which is only reached

by challenging inputs such as in Fig. 5.14 (where the returned best-so-far solution

is already the semantically correct one), or by the artificially degraded maps in

Fig. 5.10 columns (c) and (d). In all other experiments, the problem was solved in

less than 9 seconds, in many cases (Figs. 5.1, 5.2, 5.5, 5.13, 5.17) below 1 second.

5.6 Limitations and Future Work

5.6.1 Ambiguous Input Maps

For very sparse input maps f̃ , the transport of cocycles via

interpolation of scalar fields (Section 5.4.5) deteriorates if

topological features are undersampled (e. g. entire handles

not covered by f̃ ). Depending on the number and location

of samples, harmonic interpolation may not recover the full

periodic signal, as illustrated in the inset. This can result in co-

cycles mapped to potentially unintended cohomology classes.

Nevertheless, due to the enforced symplectic consistency and
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the regularizing effect of its global nature, our inference still often yields the

intended or expected overall homology map in such cases. Note that one cannot

easily argue about the result being correct or incorrect, because the input map,

especially in sparse settings, is inherently ambiguous topologically.

5.6.2 Strongly Non-Isometric Input Maps

Formulation (5.16) relies on matching images of harmonic fields from A under

f̃ against harmonic fields on B. This measure is ideal for maps f̃ that preserve

harmonicity, such as isometries, because in this case it effectively matches coho-

mology classes via canonical representatives. While our experiments show that

(5.16) performs robustly even for maps far from isometry, it could be interesting

to explore whether an adapted measure that explicitly accounts for non-isometry

can offer theoretical or practical benefits.

5.6.3 Tailored Optimization

In our prototype implementation, we employ an off-the-shelf branch-and-bound

solver [Gur21] for the inference problem (5.16), a quadratic integer program under

quadratic equality constraints. As indicated by our experiments, the usage of

such a black-box solver is quite efficient for input pairs of small to moderate

genus. However, scaling this method to higher genera, e. g. for objects with dozens

or hundreds of handles, may require specialized solution strategies. A custom

solver for (5.16) might exploit the specific structure of this formulation, e. g. the

isomorphism of the solution space to the symplectic group.

5.6.4 Surfaces with Boundaries

We have focused our attention on closed surfaces. Extension to surfaces with

boundary will be a worthwhile direction for future work. It will require generalized
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notions and generalized constructions of (co)homology bases. As a special case,

this may also allow considering homology with respect to punctured surfaces.

5.6.5 Homology vs. Homotopy

In Sections 5.5.4 and 5.5.5, we have shown how a homology map can be used

to constrain the topology of paths, e. g., for the construction of cut graphs,

layout embeddings, or homeomorphisms. However, homology does not fully

determine path topology in general: For surfaces of

genus g ≥ 2, there are homologous paths that are non-

homotopic, i. e. that cannot be continuously deformed

into one another (differing, e. g., by Dehn twists along

separating cycles like in the inset). Homology is

sometimes said to be only a “linear approximation” of

homotopy. This gap between homology and homotopy

extends to the topology of maps, where it is captured by the quite intricate Torelli

group [FM11, Ch. 6; HM12]. As already mentioned in Section 3.4.4, elements

of the Torelli group are homologically indistinguishable: The twisted input map

in Fig. 5.18 induces the same homology map as the “identity map” (Fig. 5.2

top). The direct inference of a homotopy map is therefore an attractive goal. The

non-commutativity of the Torelli group and the consequent fact that homotopy

classes cannot be dealt with by means of linear algebra poses a key challenge in

this regard.

Figure 5.18: An input map with a Dehn twist around a separating cycle, a
topological feature that cannot be captured by homology. The inferred homology
map is identical to the one in Fig. 5.2 top.
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5.7 Summary

5.7 Summary

We have presented the first automatic method to extract topological map descrip-

tions from example inputs. Due to its high error tolerance and broad compatibility

with different map encodings, it opens up a viable alternative to traditional map

generation approaches: Instead of relegating difficult topological choices to

user input, it is now possible to infer such decisions based on the results of

automatic shape matching techniques, even if those cannot produce strictly valid

homeomorphisms on their own.
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This thesis was primarily motivated by a lack of practically dependable methods

for the construction of surface homeomorphisms: The few previously existing

techniques in this area either depend on significant manual support, or are prone to

topological initialization errors. In this work, we have examined the combinatorial

intricacies of homeomorphism construction through the lens of algebraic topology;

specifically, by studying the mapping class group, which describes the entire

design space of possible map topologies and their interrelations. We have discussed

several practical mapping class representations suitable for typical mesh processing

settings.

Based on these representations, we have proposed novel algorithms that greatly

expand the current capabilities for creating topologically natural surface map

initializations, achieving superior robustness and capacity for automation. They

approach the problem of map topology generation from two different angles:

• For the construction of homeomorphisms from landmark-constrained layout

embeddings, we propose a robust alternative to previous heuristic-based

methods. Our new algorithm reliably finds plausible and natural embedding

topologies through a systematic branch-and-bound search for overall short

layout embeddings.

• Leveraging the symplectic representation of the mapping class group, we

obtain a linearized encoding of map topology in the form of homology

maps. In this setting, we introduce a novel homology inference scheme that
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generates topological descriptions from example inputs with very lenient

quality and correctness requirements.

In combination, these advances serve to accelerate and automate the map genera-

tion process in two regards:

For the construction of maps from user-supplied landmarks, our reliable layout

embedding algorithm methodically avoids the failure cases of previous ad-hoc

methods, and thus greatly reduces the requirement for human supervision and

intervention.

Meanwhile, the new ability to extract valid map topology descriptions just by

analyzing approximate, imperfect maps can potentially eliminate the need for

manual map constructions altogether: Our topology inference allows to delegate

the demanding task of finding a semantically valid correspondence to specialized

automatic shape matching methods, while being extremely tolerant about the

encoding and quality of the intermediate result. Effectively, this connection

allows topology-driven homeomorphism initializations to directly benefit from

the capabilities of contemporary automatic shape matching methods, and from all

future advances in this field.

We wish to conclude with some remarks on future directions for research. This

includes potential extensions and further applications we envision for the methods

and ideas proposed in this thesis, and a few considerations on still unsolved

problems.

Homeomorphic Reconstruction

We have demonstrated the topology-guided initialization of homeomorphisms

based on the results of our inference algorithm (Chapter 5). In this process, the

input map only serves as a topological example; the homeomorphism is constructed

without reference to the input map geometry.

A related task is the homeomorphic reconstruction of approximate input maps,

which aims to find a true homeomorphism that closely follows the actual geometry
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of a given input map, as far as possible. This involves an extension to a dense,

continuous map, which necessarily requires an understanding of the intended map

topology. Our inference method is particularly suitable for this task as it can

globally analyze the input map and resolve local ambiguities.

Extending the input map, e. g. by connecting samples, will initialize a continuous

but potentially non-bijective reconstruction in the desired map homotopy class.

The remaining local inversions might then be resolved by homotopic deformations,

along the lines of previous injectivity-promoting parametrization methods [FL16;

DAZ+20; GKK+21; DKZ+21], but no extension of this idea to maps between

surfaces has been described yet.

Topological Constraints for Shape Matching

The symplectic constraint employed by our homology inference method (Chap-

ter 5) represents a simple necessary condition for topological map validity. While

our work only applies this constraint while extracting the topology of a previously

generated map, we envision further applications to promote topological validity

already during map generation, i. e. for shape matching. This could complement

similar measures targeting map continuity or reversibility, which have been

successfully applied for the inference of functional maps [PSO18; RPWO18;

RPWO19; RMWO21]. Generally, the functional maps setting appears to be

particularly suited for the integration of homology-based constraints, due to its

similarly linearized map representation and the ability to predict the resulting map

differential [ABCO13], which enables the mapping of cocycles.

Partial Maps

In this work, we have focused primarily on bijective maps which put entire surfaces

into correspondence. For this category, the mapping class group gives a complete

description of all possible map topologies.
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In practice, many applications also employ non-bijective partial maps that

only cover certain subregions of the surfaces, e. g. where only parts of objects

are relevant or available [PBB13; SY14; RCB+17]. Partial maps may still cover

features such as handles or tunnels, hence their construction is faced with similar

topological decisions as for full bijections. Unfortunately, in this case, the mapping

class group no longer provides a suitable characterization of the topological design

space. Whether the existing theoretical framework can be adapted to accommodate

partial maps, especially between meshes of incompatible genus, is an open question.

At least our matrix-based representation of homology maps (Chapter 5) allows

a fairly natural extension to this setting, where partial homology maps or maps

between objects of different genus would simply correspond to rank-deficient or

rectangular matrices. Further research must show whether these modifications

generalize to a full, non-linear description of partial map homotopy, and which

algebraic properties of the mapping class group are retained in this process.

Incremental Topological Optimization

Contemporary homeomorphism optimization methods improve maps through

sequences of purely isotopic (i. e. continuous and homeomorphism-preserving)

updates. Obviously, this confines all such optimizations to their initial mapping

class, putting a substantial responsibility on a topologically correct initialization.

While our work has therefore mainly focused on strengthening the reliability

of map initialization methods, a complementary research direction would be

to liberate the subsequent homeomorphism optimization from its topological

restrictions.

In this regard, our characterization of mapping classes (Chapter 3) suggests a

potential extension, based on incremental map modifications: Indeed, by compos-

ing an existing homeomorphism with a non-trivial element of the mapping class

group, one again obtains a valid but topologically different homeomorphism. An

attractive candidate for such operators are Dehn twists (Section 3.4.2), as they are
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local, relatively easy to construct, and — most importantly — can be combined to

create any possible map topology.

As such operations generally introduce further map distortion, this implies an

interleaved optimization scheme; alternating between discrete topology modifi-

cations and continuous distortion minimization to remedy their geometric side

effects. However, at this point, there exists no simple strategy telling when and

how to apply such topological updates: Due to the non-linear, non-convex nature

of distortion-based map quality objectives, it is extremely difficult to judge the

benefits of any potential topological modification before performing an expensive

distortion minimization of the result.

These considerations point to a more fundamental question, pertaining to any

topological optimization of homeomorphisms: Can we compute useful bounds or

estimates for global map quality measures, depending only on the map topology?

The objective of total embedded path length used by our layout embedding

optimization (Chapter 4) may be seen as one example for an approximate measure.

The development of similar estimates for different topology representations and

quality measures would be a worthwhile effort, and could ultimately support a

truly unified optimization scheme for both map topology and geometry.
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[Sah20] Yusuf Sahillioğlu. “Recent Advances in Shape Correspondence”.

In: The Visual Computer 36.8 (2020) (cited on pages 4, 9, 119).
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