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Abstract

Deployable gridshells are lightweight structures made of interconnected elastic beams. They can
be actuated from a compact state to a freeform and volume-enclosing deployed shape. This the-
sis introduces C-shells, a novel class of deployable gridshells, which employs curved elastic rods
connected at single-axis rotational joints. As opposed to their straight counterparts, C-shells are
guaranteed to be assembled in a planar and stress-free configuration while showing a wide diver-
sity in their deployed shapes. They may serve as temporary shelters, pavilions, or on a smaller
scale, as deployable furniture or decorative elements.

This thesis presents a comprehensive framework for the forward exploration of C-shell designs,
enabling designers to interactively search the shape space and generate deployable structureswith
diverse appearances and topologies. The framework combines human-interpretable manipula-
tions of a reference linkage with an efÏcient physics-based simulation to predict the deployed
shape and mechanical behavior of the structure. Preservation of the linkage deployability and
smoothness of the edits are ensured through the use of conformal maps as design handles. The
framework is implementedas aRhino-Grasshopperplugin, providing visual andquantitative real-
time feedback on the deployed state.

The inverse design of C-shells is also addressed, where the deployed shape is given, and the flat
state of the structure is computed. This thesis introduces a two-step pipeline composed of a flat-
tening method and a design optimization algorithm. The flattening algorithm is based on kinetic
considerations underlying the deployment of C-shells. The method harmonizes a flat and a hy-
pothetical deployed state constrained on a user-prescribed target surface. The flat beam layout
is further adjusted to minimize the deviation of the deployed shape to the target surface while
ensuring a low elastic energy deployed state, under some beam smoothness regularization. The
proposed method is validated through scanned small-scale prototypes.

C-shells are made of curved rods, which entails additional material waste compared to straight
beams. To address this issue, this thesis presents a rationalization method that splits the curved
beams into smaller straight elements which can be grouped into a sparse kit of parts, while pre-
serving user-provided designs. The original combinatorial problem of jointly assigning parts to
elements and adapting the parts’ geometry is relaxed into a two-step optimization process incor-
porating our physics-based simulation, making it tractable using continuous optimization tech-
niques. The proposed method applies more generally to bending-active structures and is further
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demonstrated on orthogonal gridshells and umbrella meshes. Part reuse is assessed in a study of
the trade-off between the number of parts and fidelity to the input designs.

Keywords: deployable gridshells, physics-based simulation, numerical optimization, geometric
modeling, computational inverse design, fabrication-driven design.
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Résumé

Les gridshells déployables sont des structures légères composées de poutres élastiques intercon-
nectées. Elles peuvent être actionnées pour passer d’un état compact à une forme déployée libre
et enveloppant un volume. Cette thèse présente les C-shells, une nouvelle classe de gridshells
déployables, qui utilise des tiges élastiques incurvées reliées à des joints rotatifs à axe unique.
Contrairement à leurs homologues composés de tiges droites, les C-shells sont garanties d’être
assemblées dans une configuration plane et sans contrainte, tout en montrant une grande diver-
sité dans leurs formes déployées. Elles peuvent servir d’abris temporaires, de pavillons ou, à plus
petite échelle, de meubles déployables ou d’éléments décoratifs.

Cette thèse présente un cadre complet pour l’exploration de designs de C-shells, permettant aux
concepteurs de sonder l’espace de formes de manière interactive et de générer des structures
déployables d’apparences et de topologies diverses. Le cadre combine des manipulations inter-
prétables par l’homme d’un assemblage de référence avec une simulation physique efÏcace pour
prédire la forme déployée et le comportement mécanique de la structure. La préservation de
la capacité de déploiement de l’assemblage et la régularité des modifications sont assurées par
l’utilisation de fonctions conformes comme leviers de conception. Les outils développés sont
rassemblés en un plugin Rhino-Grasshopper, fournissant un retour visuel et quantitatif en temps
réel de l’état déployé de la structure.

La conception inverse des C-shells est également abordée, où la forme déployée est donnée et
l’état aplati de la structure est calculé. Cette thèse introduit un processus en deux étapes com-
posé d’une méthode d’aplatissement et d’un algorithme d’optimisation de design. L’algorithme
d’aplatissement est basé sur des considérations cinématiques sous-jacentes au déploiement des
C-shells. La méthode harmonise un état plat et un état déployé hypothétique contraint à une
surface cible prescrite par l’utilisateur. La disposition des tiges dans le plan est ensuite ajustée
pour minimiser la déviation de la forme déployée à la surface cible tout en garantissant un état
déployé à faible énergie élastique, en régularisant également la courbure au repos des tiges. La
méthode proposée est validée par des prototypes scannés de petites dimensions.

Les C-shells sont constituées d’éléments incurvés, ce qui induit des résidus de matériaux supplé-
mentaires par rapport aux poutres droites. Pour résoudre ce problème, cette thèse présente une
méthode de rationalisation qui divise les poutres courbes en éléments droits plus petits qui peu-
vent être regroupés en un jeu de pièces de taille restreinte, tout en préservant les designs fournis
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par l’utilisateur. Le problème combinatoire initial de l’affectation conjointe des pièces aux élé-
ments et de lamodificationde la géométrie des pièces est relaxé enunprocessus d’optimisation en
deux étapes incorporant notre simulation physique, ce qui le rend traitable à l’aide de techniques
d’optimisation continue. La méthode proposée s’applique plus généralement aux structures ac-
tives en flexion et fait l’objet d’une démonstration supplémentaire sur des gridshells orthogonales
et des maillages parapluie. La réutilisation des pièces est évaluée dans une étude du compromis
entre le nombre de pièces et la fidélité aux designs d’entrée.

Mots-clés : gridshells déployables, simulation physique, optimisation numérique, modélisation
géométrique, conception inverse computationnelle, conception guidée par la fabrication.
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Chapter 1

Introduction

A work of architecture may be both dramatic and organic,
but it will fail to achieve the perfection of a work of art
unless it be also schematic. It (this word) means a
disposition of parts according to some co-ordinating law or
principle.

Claude Bragdon, 1931

Architecture has continuously evolved through the ages, taking different forms which were often
dictated by the contingencies of the time and the available materials. From vernacular structures
to the most sophisticated contemporary buildings, architects have designed habitats, bridges,
monuments, gathering spaces, and edifices of prime importance that shape our environment and
our lives.

First, architecture must answer a need in the most efÏcient manner. Jean-Nicolas-Louis Durand
was one of the first to propose a rational and quantitative approach to architecture in 1809, ad-
vocating for two core principles: Convenience and economy. While convenience refers to the
functional aspect of a structure, economy can be understood as the efÏcient use of resources or
the simplicity of the design. This idea has been further developed by the modernist movement,
spearheadedbyLouis Sullivanwho famously coined the credo “formever follows function”which
establishes a clear hierarchy of concepts.

Expressionist, ArtDeco, then post-modernistmovements emerged from the perceived soberness
and uniformity of modern architecture. Through different means of expression, both sought to
reintroduce ornamentation, symbolism, and historical references in architecture. Robert Ven-
turi stated in his seminal book Complexity and Contradiction in Architecture 1977 that “When cir-
cumstances defy order, order should bend or break: Anomalies and uncertainties give validity to
architecture.”, advocating for a more eclectic approach to design.

More recently, the growing awareness of the current environmental crisis caused ecological con-
siderations to percolate into the architectural discourse. This led to the development of sustain-
able design practices and the creation of new movements such as ecomodernism or architecture
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Figure 1.1: Examples of freeform surface paneling in contemporary architecture. From top to
bottomand left to right: TheGreatCourtRoofof theBritishMuseum inLondon, theWaltDisney
Concert Hall in Los Angeles, the Nur AlemMuseum of Future Energy in Astana, the Yas Island
Hotel in Abu Dhabi, and the Hungerburg funicular railway in Innsbruck. Photo credits can be
found in Appendix C.

of reuse. The latter posits deconstruction and durability as the two main guiding principles in
architecture [Gorgolewski, 2017].

Architecture is a fluctuating domain, and is ever reinvented through the social and technological
changes of the time. However, the tension between function and aesthetics remains. Because of
its scientific nature, this thesis seems to push in the direction of rationalization of architecture.
However, the intent is merely to provide the quantitative tools necessary for an architect to ex-
press their creativity on a challenging and capricious class of structures: Deployable gridshells.

DesignThrough Form: Architectural Geometry
Geometry has always occupied a central place in architecture. As a first example Pythagorean
triples canbe found in the proportions of ancients temples such as theParthenon [Chiotis, 2021].
The catenary curve can be retrieved across different architectural styles, from the Gothic vaults
of the King’s College Chapel in Cambridge, to the Baroque dome of Saint Paul’s Cathedral in
London, or the Gateway Arch in St. Louis (technically a weighted catenary).

Contemporary architecture pushes the notion of harmony and symmetry to its limits with, for
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instance, the Great Court Roof of the BritishMuseum in London from Buro Happold and Chris
Williams as primary engineer, or the Hungerbur funicular railway designed by Zaha Hadid Ar-
chitects, see Figure 1.1. Approximating freeform surfaces is a central and common challenge to
pieces of work afÏliated with this movement. The physical realization of such complex shapes
requires meeting structural constraints that are often of geometric nature. As a consequence, a
new domain of architectural research emerged following the pioneering work of Pottmann and
co-workers [Pottmann et al., 2007a] and took the name of Architectural Geometry.

Among other works, Frank Gehry’s Walt Disney Concert Hall in Los Angeles takes the form of
a freeform developable surface, which allows rolling out sheet metal bands to cover the shape
[Shelden, 2002]. The concept of parallelism for polyhedral surfaces is central to the design of
support structures with torsion-free nodes [Pottmann et al., 2007b]. The outer shell of the Yas
Island Hotel in Abu Dhabi applies this geometric concept to ensure torsion-free nodes.

Panelization of freeform surfaces consists in approximating a continuous surfacewith a set of pan-
els. Constraints on the panel shapes motivated by economical or aesthetic reasons led to inter-
esting variations of the original problem. Imposing planarity on the elements restricts surfaces to
quadmeshes with planar faces (PQmeshes), and led to the notion of Conical Meshes [Liu et al.,
2006]. On the other hand of the spectrum, the manufacturing technique of cold bending of flat
panels allows for the fabrication of doubly curved elements. Such panels are optimized for the re-
alized façade to appear smooth while generating minimal physical stress on its elements [Gavriil
et al., 2020]. In an attempt to slash the number of molds needed for fabrication Pellis and col-
leagues 2021 introduce a shape projection algorithm that turns a freeform surface into a Wein-
garten surface. Spherical panels recently led to the notion of meshes with spherical faces [Kilian
et al., 2023, Cisneros et al., 2024], and have been demonstrated with the Nur Alem Museum of
Future Energy in Astana.

Complexity Emerging from Simplicity: Deployable Elastic Gridshells
Buckling, a physical instability common to slender structures under compression, is usually pro-
scribed in architecture. It often shows as a failure of a structure. However, when properly har-
nessed, buckling can be used to achieve complex shapes with minimal material requirements.
TheThematic Pavilion Expo in Yeosu designed by Soma Architects and engineered by Knippers
Helbig Advanced Engineering is a full-scale example of a kinetic façade [Knippers et al., 2012].
Motion is enabled by the flexibility of its elements and the reversibility of their elastic deforma-
tions.
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Figure 1.2: Examples of three large-scale gridshells. From left to right: The Multihalle in
Mannheim, the Weald and Downland Gridshell Building in Singleton, and the Savill Building
inWindsor. Photo credits can be found in Appendix C.

Bending-Active Structures

Structures employing buckling and bending of its elements to ensure the static equilibriumof the
whole are coined bending-active structures [Knippers et al., 2011]. As opposed to their rigid coun-
terparts, of which the paneling applications mentioned above are a subset, bending-active struc-
tures tend to escape simple geometric descriptions. Physical prototyping in the form of hanging
chain models or soap films were then a common practice to explore the equilibrium shapes of
such structures, as performed by Frei Otto [Otto and Rasch, 1995] or Heinz Isler [Boller et al.,
2024]. These experimental approaches were complemented by numerical form-findingmethods,
which allowed for a more efÏcient exploration of shapes [Lienhard et al., 2013]. Initiated in the
60s, these efforts led to the notable force density method [Schek, 1974] and dynamic relaxation
method [Barnes, 1977]. Despite the limited computational resources of the time, such tech-
niques contributed to the numerical load certification of the pioneeringMultihalle inMannheim,
whose roof was designed by Frei Otto andOve Arup& Partners. Notably, early small-scale phys-
ical prototypes allowed detecting insufÏcient load-bearing capabilities and led to doubling the
grid layer [Happold andWI, 1975], demonstrating the synergy between physical and numerical
form-finding methods.

Elastic Gridshells

Elastic gridshells, similar to the Multihalle, are structures composed of elastic beams connected
at their crossings through joints of various kinds. Their erected state exploits the combined de-
formation of the rods due to constraints imposed at the boundary. They are bending-active. In
addition to being lightweight with conveniently transportable structural components, its timber
elements are shaped then deformed, greatly simplifying the fabrication process. In contrast, steel
and concrete shellsmust be formed according to the final design. Aside theMultihalle, theWeald
andDownlandGridshell Building in Singleton byBuroHappold andEdwardCullinanArchitects
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[Harris et al., 2003], and the Savill Building in Windsor by Buro Happold, Engineers Haskins
RobinsonWaters, and Glen Howells Architects [Harris and Roynon, 2008], are two of the most
remarkable large-scale examples, see Figure 1.2.

Target SurfaceDesign

Forward Exploration

Inverse Design

Figure 1.3: Forward simulation aims at finding the equilibrium shape of a structure given its ge-
ometry andmaterial properties. The inverse problemupdates the geometry of the structure given
a target shape. In this thesis, the material parameters are fixed during inverse design.

Baek and coworkers 2018 introduced a physics-based forward exploration tool (see Figure 1.3)
supplemented with a geometric rationalization of the design space of elastic gridshells. This ge-
ometric analysis is based on the assumption of rods inextensibility, which allows regarding grid-
shells as Chebyshev nets. Elastic gridshells typically assume a regular layout of beams and an
extrinsic erection process. In this context, regularity is meant in terms of spacing between beams
crossing: The structure has undeformed elements in its assembly state. Extrinsic erection means
that the structure’s final state is determined by the external forces applied to it, typically through
boundary constraints. Once erected, the lattice of beams transmits the loads along the laths direc-
tions through bending, stiffening the structure along these axes. However, such structures cannot
resist loads along the diagonals of the lattice, as opposed to continuous shells. Diagonal bracing
and making joint rigid are common strategies to overcome this limitation.

Deployable Elastic Gridshells

The introduction of X-shells by Panetta and colleagues 2019 brought a new perspective on grid-
shells, allowing them to deploy from a compact state to a 3D state. They waive both regularity
constraints in the grid layout and the need for extrinsic erection: The deployed shape is directly
encoded in the irregular assembly state. Additionally, the assembly and deployment phases of
X-shells are decoupled, where gridshells require the elements to be connected incrementally in
the erected state. This simplifies the construction process. Automatic inverse-design tools are
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developed to optimize linkages so they can be assembled with minimum stress and achieve a
target shape in their deployed state. However, the full inverse problem illustrated in Figure 1.3
is not solved and lacks an efÏcient design initialization strategy. Deployable Elastic Geodesic
Grids developed by Pillwein and coworkers observe that ribbon-like beams trace geodesics on a
surface and propose a geometrically-driven inverse design to find the best layout of beams on a
given surface [Pillwein et al., 2020, 2021, Pillwein andMusialski, 2021]. For the net to flatten in
a stress-free manner, they introduce notches along the beams that allow for sliding of the joints.
This thesis introduces C-shells, deployable gridshells with curved elastic beams, an extension of
X-shells. These new degrees of freedom allow deviating from geodesics at no cost on the elastic
energy in the deployed state by introducing geodesic curvature in the rest shape of the beams.
While our method allows for a wide range of cross-sections, we focus on beam profiles with a
clear stiffer bending direction e.g., thin rectangular cross-sections, which we align tangent to the
surface the structure approximates. More details will be provided in the following chapters.

Alternatively, Schling and colleagues 2018 propose to orient the strong axis of the beams orthog-
onal to the target surface and allow for a higher normal load-bearing capability. This approach is
based on asymptotic networks and the resulting class of structures is called A-shells. The shape
space is restricted to surfaces with negative Gaussian curvature, for which two distinct families of
lines of constant normal curvature i.e., the asymptotic lines, exist. Imposing the beams to meet at
a constant right node angle requires surfaces to have ConstantMean Curvature (CMC). Straight
beams additionally impose the surface to be minimal i.e., its mean curvature vanishes. Liu and
coworkers 2023a further study the properties the target surface must benefit e.g., linear Wein-
garten surface of hyperbolic type for quadrilateral meshes, for the corresponding gridshell to col-
lapse. A-shells and their variations further illustrates the tight connection between geometry and
structural behavior in bending-active structures.

Other Deployable Systems

Bending-active structures are typically composed of simple atomic elements which, when com-
bined in the right way, give rise to complex and expressive shapes. This principle can be found
across different physical systems in the computational fabrication and computer graphics litera-
ture. Umbrella meshes [Ren et al., 2022], auxetic materials [Konaković et al., 2016], and bistable
auxetic surface structures [Chen et al., 2021] are some examples of shapemorphing systems rely-
ing on conformal flattening to extract the shape of its constituent elements from a target surface.
While each cell of the structure behaves in an elementary way, incompatibilities introduced by
combining them lead to the emergence of complex global behaviors.
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Towards Sustainability: Kit-of-Parts Design
In an effort to reduce the environmental impact of construction repetition, sparsity, and reuse of
elements are key. Following these principles prohibits the use of custom-made elements, which
can hardly be transferred from one structure to another, and promotes simplicity. Harmony and
symmetry, concepts that are dear to architects, are now transferred from the shape itself to the
constitutive elements of the structure. As mentioned above, simplicity is at the core of bending-
active structures principles and provides a fertile ground for their rationalization into a sparse set
of parts i.e., a kit-of-parts.

Taking the simplest elements at hands, sticks connectedwith rigid joints, Brütting and colleagues
demonstrate that it is possible to preserve diversity in the achievable assemblies while maintain-
ing a very limited set of parts [Brütting et al., 2021]. At the other end of the spectrum, Reconfig-
urable Umbrella Meshes (RUM) [Kusupati et al., 2023] introduce a unique fully reconfigurable
part. Such assemblies have the notable property that their assembly state is stress-free no matter
the elements’ configuration, and allow for a wide range of achievable shapes using a unique part.
However, this comes at the cost of more complex elements. A crucial trade-off inherent to the
design of a kit of parts is then the balance between parts complexity and the size of the kit. Our
thesis explores this trade-off in the context of the larger class of bending-active structures.

As a response to Louis Sullivan’s quote, Brütting and colleagues suggest that “form follows avail-
ability” [Brütting et al., 2019], effectively shifting the focus from the shape of the structure to the
elements that compose it. Availability from existing stock of parts are explicitly determined at the
start of the design process, which qualifies their work as a pre-rationalization approach. Austern
and co-workers 2018 define pre-rationalization as the process of guiding the design process based
on known fabrication constraints. We propose in Chapter 5 a co-rationalization method where
some fabrication constraints serve as handles for the user to guide the design process.

The ideas of reuse and repetitions have also emerged in other domains of architecture. Panel-
ing freeform surfaces may incorporate notions of mold reuse of as exposed by Eigensatz and col-
leagues [Eigensatz et al., 2010b]. Panels are grouped according to geometric characteristics and
further clustered within each category. Interlocking assemblies of rigid blocks may also benefit
from encouraging repetition in the structure as shown in the context of masonry shells [Chen
et al., 2023] for instance. Sculptures resembling the Art Tower in Mito by Arata Isozaki can
be obtained from a sparse set of triangles through shape optimization as presented by Liu and
coworkers 2021.

7



CHAPTER 1. INTRODUCTION

Using naturalmaterials is another way to reduce the environmental impact of construction. Bam-
boo, for instance, has elastic material properties that are well-suited for bending-active struc-
tures. Suzuki and co-workers 2023 designed the first large-scale prototype of a unique family
of bending-active bamboo structures made of deployable cylinders connected and woven at pre-
defined nodes.

1.1 Contributions
A summary of the main contributions of this thesis is listed below.

• We introduce a novel class of deployable gridshell structures,C-shells, composed of curved
elastic beams connected at single-axis rotational joints. C-shells can be assembled in a
stress-free planar configuration and deploys into a 3D shape when actuated.

• We propose a unified treatment of the design optimization of gridshell-like structures, and
demonstrate its efÏciency on three kinds of bending-active structures: C-shells, C-shells
discretized into a kit of parts, and orthogonal grids discretized into a kit of parts.

• We provide a new flattening algorithm as a component of the inverse design pipeline of
C-shells and demonstrate its effectiveness on a variety of target surfaces.

• We present families of curve layouts based on conformal maps that allow for efÏcient and
interactive design exploration of C-shells with varying topologies.

• We introduce a smooth relaxation of the combinatorial task of rationalizing a set bending-
active structures into a sparse kit of parts, and apply it on C-shells, Orthogonal Grids, and
Umbrella Meshes.

• We quantitatively demonstrate the accuracy of our simulation framework on fabricated
prototypes. While the computational tools developed are primarily intended for a use in
architecture, this thesis does not aim to solve the engineering challenges related to scaling
the structures up to a building scale.
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1.2. OUTLINE

1.2 Outline
The thesis is organized as follows:

• In Chapter 2, we build the necessary tools used in the rest of the thesis in a bottom-up
fashion. We start by introducing beams as discretized curves deforming elastically. Equi-
librium is cast as a variational problem solved through minimization of the total elastic
energy under constraints. We then introduce the concept of deployable gridshells and
elaborate on their actuation and inverse design.

• InChapter 3,we introduceC-shells, a newclass of deployable gridshellswith curvedelastic
beams. We present a computational design framework forC-shells that integrates accurate
forward simulation in the inner loop of a design optimization framework. The optimiza-
tion algorithm either takes a user-designed planar layout through forward exploration, or
the output of a planarization algorithm we develop for the inverse design problem.

• InChapter 4, we list kinetic properties ofC-shells and study the sensitivity of the deployed
state to the beam layout. We subsequently construct intuitive forward exploration tools,
mainly based on conformal maps, for the user to interactively design C-shells.

• In Chapter 5, the problem of rationalizing bending-active structures into a kit of parts is
formalized and addressed. We propose a relaxation of the otherwise combinatorial prob-
lem into a two-stage continuous optimization problem that can be solved efÏciently. We
develop part-reuse metrics and study the trade-off between the number of parts and the
preservation of input designs.

• In Chapter 6, we conclude the thesis and discuss future research directions.

9





Chapter 2

Background

This chapter provides insights into the mathematical and physical principles that underlie the
design of deployable elastic gridshells. Based on a geometric description of the quantification of
deformations of elastic curves, we cast the problem of finding equilibrium states of elastic curves
under external forces as an optimization problem. Assemblies of elastic beams in the form of
gridshells are then introduced, and the energy of such systems is defined. Our gridshell structures
are deployable and their erected state are defined asminimizers of their total elastic energy under
external constraints. Due to their unintuitive and complex behavior, deployable gridshells are
hardly steerable throughmanual design of their constitutive elements. We devise a strategy based
on the sensitivity of a prescribed quality metric with respect to the design variables to optimize
the geometry of the gridshell elements.

2.1 Elastic Curves
Curved elastic beams are the building blocks of our deployable gridshells. We briefly introduce
theDiscreteElasticRodsmodel [Bergouet al., 2010] todescribe thedeformationof elastic beams.

Geometry of Continuous Curves

A curve is a continuous map γ : [0, 1] → R
3. We assume that γ is sufÏciently smooth, i.e., it has

continuous first and second derivatives. The arc-length t 7→ l(t) of the curve is defined as

l(t) =

∫ t

0

∥
∥
∥
∥

dγ

du

∥
∥
∥
∥
du,

where ‖·‖ denotes the Euclidean norm, and dγ
du

is a vector tangent to the curve at position γ(u)
for some u ∈ [0, 1]. The arc-length parameter s is defined as s = l(t) for some parameter
t ∈ [0, 1]. Assuming the curve to be regular, i.e., it has non-vanishing derivatives everywhere,
we can re-parameterize the curve by its arc-length into a curve s 7→ γ̃(s) = γ (l−1(s)) for any
s ∈ [0, L], where L = l(1) is the length of the curve. The length function l is indeed strictly
increasing and continuous and thus invertible. The tangent vector t(s) is defined as

t(s) =
dγ̃

ds
.
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CHAPTER 2. BACKGROUND

As a consequence of the re-parameterization, the tangent vector is a unit vector, i.e., ‖t(s)‖ =

1. The curvature κ(s) measures the rate of change of the tangent vector along the curve and is
defined as

κ(s) =

∥
∥
∥
∥

dt

ds

∥
∥
∥
∥
.

The normal vector gives the direction of tangent vector variation as

n(s) ∝
dt

ds
,

where the proportionality constant is chosen such that n(s) is a unit vector excluding inflection
points i.e., points of vanishing curvature, where n is undefined.

The triplet defined by the tangent vector t(s), the normal vector n(s), and the binormal vector
b(s) = t(s)×n(s) is called the Frenet frame of the curve. By construction, the frame is adapted
to the curve: One of the vectors of the frame is tangent to the curve all along the curve.

However, the Frenet frame is not uniquely defined at inflection points where the curvature κ
vanishes. Thismotivates the use of a different frame, whichwas developedby [Bishop, 1975]. The
orthogonalBishop frame (d1(s),d2(s),d3(s)) shown inFigure 2.1 is adapted i.e.,d1(s) = t(s)

for s ∈ [0, L], and is defined such that it is twist-free.

s 7! γ̃(s) d
1
(s)

d
2
(s)

d
3
(s)

d
1
(0)

d
2
(0)

d
3
(0)

Figure 2.1: A smooth arc-length parameterized curve γ̃ (left) and its associated Bishop (or refer-
ence) frame (right).

The twist of the Frenet frame τ(s), which is also the torsion of the curve, is defined as

τ(s) =
dn

ds
· b = −n ·

db

ds
. (2.1)

Whenever the twist of the Frenet frame vanishes for a curve free of inflection points, the nor-
mal vector and consequently the tangent vector are only allowed to rotate in the plane they form
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2.1. ELASTIC CURVES

along the curve. The curve is planar. We similarly define the twist of a frame by replacing the
normal vector by the second director of the frame and the binormal vector by the third director
in Equation (2.1).

For theBishop frame to be twist-free, an initial frame (t(0),d2(0),d3(0)) is parallel-transported
along the curve. The second vector of the transported frame at each arc-length parameter s is
updated tangent to the curve. The frame remains orthogonal along the curve, which defines the
third vector as the cross-product of the tangent and the second vector. The parallel transport of a
vector v orthogonal to the tangent of the curve is given by

dv

ds
· (t× v) = 0,

which uniquely defines a vector field along the curve given an initial vector at s = 0. Integrating
the above for d2 and defining d3 = t× d2 gives the Bishop frame.

By construction of the Bishop frame, the geometric torsion in Equation (2.1) vanishes. The
Bishop frame is a natural choice for the description of the deformation of elastic curves.

Discrete Counterparts

To be numerically simulated, the above continuous curve is discretized into a sequence of points
xi = γ̃(si) for some arc-length parameters (si)i∈{1,...,n}. The discrete tangent and binormal
vectors are given by

ti =
xi+1 − xi

li
, bi =

ti−1 × ti

| sin(φi)|
, with li = ‖xi+1 − xi‖ and φi = ∠(ti−1, ti),

where subscripts indicate vertex quantities and superscripts indicate edge quantities,∠(·, ·) de-
notes the angle between two vectors. The length of each edge is li and the turning angle between
two consecutive edges is writtenφi. The length of the Voronoi cell associated with each vertex is
li = (li−1 + li)/2.

The discrete pointwise curvature κ̂i is defined as the reciprocal of the radius of the osculating
circle of the curve at a vertex i as shown in Figure 2.2. The integrated curvature is then equal to
κi = liκ̂i = 2 tan (φi/2).

The Bishop frame per edge (ti,di
2,d

i
3) requires a discrete version of the parallel transport. An

initial director is usually provided at one end of the discrete curved0
2, we simply need to provide

a way to update the director from one edge to the next. The discrete parallel transport operator
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CHAPTER 2. BACKGROUND

'i

xi

xi−1

xi+1

1

̂i

̂i =
2

li
tan

⇣'i

2

⌘

li/2 li/2

Figure 2.2: Definition of the discrete geometric curvature based on the radius of the osculating
circle in analogy to the continuous setting.

Pti

ti−1 is a rotation around the binormal vector bi that maps the previous tangent vector ti−1 to
ti. Using the turning angle defined above, the discrete parallel transport operator is given by

Pti

ti−1 = R(bi, φi).

The recurrence relation for the second director reads di
2 = Pti

ti−1d
i−1
2 , and the third director is

given by di
3 = ti × di

2.

Discrete Elastic Energy

The elastic energy of a discrete curve is defined as the sum of stretching, bending, and twisting
energies. Each term requires distinguishing between geometric quantities defined for the rest
configuration and the deformed configuration as shown on the left in Figure 2.3. The former is
denoted by a bar, e.g., κ̄i is the curvature of the rest configuration.

Bending Energy

d
j
1

d
j
2

d
j
3

Rest State

Figure 2.3: A discretized curve (left) and its associatedmaterial frame (middle). The total energy
of the rod can be computed by summing the stretching, bending, and twisting energies (right).
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2.1. ELASTIC CURVES

Stretching scales quadratically with the edge-based axial strain ϵi = li/l̄i−1 as

Estretch =
1

2

n−1∑

i=1

kstretch
(
ϵi
)2
l̄i, (2.2)

where kstretch = EA is the stretching stiffness of amaterial assumed homogeneous with Young’s
modulusE and cross-sectional areaA.

The bending energy requires the introduction of a material frame per edge in the rest state (t̄i,
d̄i
2, d̄

i
3) and in the deformed state. As opposed to the Bishop frame, the material framemay have

twist as it represents the actual orientation of the cross-section of the beam. Twist in the rest state
m̄i is defined at each interior vertex and is typically set to 0 in our setting. Given an initialmaterial
director d̄0

2, the material frame is constructed by first parallel transporting the previous director
and rotating it by the twist angle about the next tangent vector. The update rule is then given by

d̄i
2 = R(t̄i, m̄i)P

t̄i

t̄i−1d̄
i−1
2 , and d̄i

3 = t̄i × d̄i
2.

For efÏciency reason described in [Bergou et al., 2010], the material frame is defined by parallel
transporting tangent vectors between the rest and deformed configurations as

di
2 = Pti

t̄id̄
i
2, and d

i
3 = ti × di

2.

We define the discrete integrated curvature vector at a vertex i as

κi =
κi
2

[

bi ·
(
di−1
3 + di

3

)

−bi ·
(
di−1
2 + di

2

)

]

,

which can be seen as the discrete counterpart of the integrated curvature vector

κ :=

[

t′ · d2

t′ · d3

]

=

[

κb · d3

−κb · d2

]

,

in the continuous setting, where we omitted dependencies to the arc-length parameter s, and we
used the triple product rule onκb = t×t′. The bending energy is then defined as the sumof the
squared difference between the discrete integrated curvature and the rest integrated curvature as

Ebend =
1

2

n−1∑

i=2

1

l̄i
(κi − κ̄i)

⊤
B (κi − κ̄i) ,

15



CHAPTER 2. BACKGROUND

whereB is the anisotropic bending stiffness of the material. Typically, our beams are assumed
to be rectangular in cross-section with width and height given by a and b. This is motivated by
fabricability constraints. The bending stiffness is then given by

B = E

[
ab3

12
0

0 a3b
12

]

,

where the matrix is the area moment of inertia of the cross-section. We visualize the bending
energy on a coarsely discretized rectangular beam in Figure 2.3.

The material director orientations are used to define the twisting energy of an elastic rod. For
each edge, the directors (di

2,d
i
3) are decomposed using the directors of the twist-free Bishop

frame (di
2,d

i
3) as shown in Figure 2.4. The twist angle θi is then defined as the angle between

the material director di
2 and the twist-free director d

i
2. The twist in the deformed configuration

is then given by
mi = θi − θi−1 + m̄i,

where m̄i is the rest twist angle in the rod, which we allow to be non-zero for rods with twisted
cross-sections. The rods considered in this thesis have vanishing rest twist.

✓
i

d
i

2

d
i

3

d
i

3

d
i

2

Figure 2.4: Material frame per edge (di
2,d

i
3) decomposed using the twist-free Bishop frame

(di
2,d

i
3).

The twisting energy is then defined as the sum of the squared difference between the twist and
the rest twist as

Etwist =
1

2

n−1∑

i=1

ktwist

l̄i
(mi − m̄i)

2 ,

where ktwist = G
∫

Ω

∥
∥(−y, x)⊤ +∇ψ

∥
∥
2
dA is the twisting stiffness defined as in [Landau

et al., 2020]. G is the shear modulus andψ is a scalar field on the cross-sectionΩ that represents
the out-of-plane displacement under an applied torsion. It satisfies theLaplace equation∆ψ = 0
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2.1. ELASTIC CURVES

onΩ and the boundary condition∇ψ · n = (y,−x)⊤ · n on the boundary of the cross-section
of the beam. The total energy of an elastic rod is then defined as

Erod = Estretch + Ebend + Etwist.

Equilibrium

An elastic rod is characterized by its segment rest lengths l̄i, its integrated rest curvature κ̄i ex-
pressed in the reference material frame, and its twist m̄i. While the latter is set to 0 for fabrica-
bility considerations, the others are gathered in the rest state variables p̄rod. These can typically
be extracted from a fabrication state x̄rod composed of the vertex positions only, since rest twist
is assumed to be vanishing. In general, the deformed state xrod of an elastic rod also requires the
material frame per edge, which is given by the twist angle θi per edge.

Any deformed state of the rod xrod increases the elastic energy Erod(xrod, p̄rod) ≥ 0, and we
have Erod(x̄rod, p̄rod) = 0. As a globalminimizer of the smooth elastic energy, the rest state x̄rod

is an equilibrium state of the rod. The first-order optimality condition indeed gives

frod(x̄rod, p̄rod) = −
∂Erod
∂x

∣
∣
∣
∣

⊤

x̄rod,p̄rod

= 0,

where frod gathers the forces exerted on vertices and the torques applied to edges along their
tangents.

Energy _Erod

Figure 2.5: Sequence of equilibria x∗
rod(xpin) for a straight rod under smoothly varying external

constraintsxpin. The black arrows indicate vertex manipulation: The vertex on the left-hand side
of the beam stays at a fixed location and the vertex on the right-hand side is gradually slid along
the corresponding arrow.

For the rod to settle in a different equilibrium, external forces need to be applied to the rod. In Fig-
ure 2.5, we consider the case when all coordinates of a subset of the rod’s vertices are pinned to
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CHAPTER 2. BACKGROUND

predefined positions. The equilibrium state x∗
rod is then defined as the minimizer of the total

elastic energy under pinning constraints

x∗
rod =argmin

xrod

Erod(xrod, p̄rod)

s.t. Spinxrod = xpin,

where Spin is a selection matrix that extracts the pinned coordinates from the rod’s vertices, and
xpin is the pinned position of the rod’s vertices. The first-order Karush-Kuhn-Tucker (KKT)
conditions for the optimization problem give

0 = −
∂Erod
∂x

∣
∣
∣
∣

⊤

x∗
rod,p̄rod

− S⊤
pinλ = frod(x

∗
rod, p̄rod) + fext(p̄rod,xpin),

where λ is the vector of Lagrange multipliers associated with the pinning constraints. The sec-
ond term regroups the external forces that need to be exerted at the pinned vertices to maintain
equilibrium: It has vanishing components except at pinned vertices where it may take non-zero
values.

2.2 Deployable Elastic Gridshells
While elastic rods present surprisingly vast and complex behavior [Vidulis et al., 2023, Hafner
and Bickel, 2023], our work focuses on the simulation and design of assemblies of elastic rods in
the form of gridshells. We introduce the concept of a gridshell and define the total energy of such
systems.

Gridshell Assembly

A gridshell consists in an assembly of multiple elastic rods connected through single-axis rota-
tional joints as shown in Figure 2.6. Such joints are assumed to be perfectly rigid and store no
elastic energy. They are located at the center of an edge of a discrete elastic rod. The deformed
state of a gridshell cannot be directly represented as a concatenation of vertex positions alone
since positional constraints and constraints on the orientation of material directors must be sat-
isfied.

These holonomic constraints can be directly enforced through the introduction of deformed state
variables for a constrained rod r, xr , and for a rotational joint j, xj . The former contains the
positions of the rod’s vertices and twist angles, whenever the vertex or the angle is not part of
an edge containing a joint. The latter contains the position of the joints j and the orientation ω
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2.2. DEPLOYABLE ELASTICGRIDSHELLS

↵

l1

l2

!

j

Figure 2.6: Single-axis rotational joint’s parameterization. A joint constrains the position and
orientation of two edges from two different rods.

of the joint normals, which also determines the orientation of the material directors of the rod
edges connected to the joint. Additionally, the vertices adjacent to the joints are computed from
the opening angles α and the two edge lengths l1 and l2 as shown in Figure 2.6. The deformed
statex of a gridshell is then given by the concatenation of the deformed states of the rods and the
joints. The rest state p of the full gridshell is defined as the concatenation of the rest states of the
rods.

5

3

2

1

4

Figure 2.7: Rods connectivity graph. The rods can be grouped in two disjoint families (1, 2) and
(3, 4, 5) thanks to the bipartiteness property of the connectivity graph.

A crucial restrictionwe imposeon the rods’ connectivity is that they shouldbe split in twodisjoint
families. In practice this can be verified bymaking sure the graph of rods connectivity is bipartite
as in Figure 2.7. Vertices of the graph represent rods and edges are rotational joints connecting
rods. Bipartiteness can be checked through vertex coloring during spanning tree traversal. This
bipartite property is essential for the deployment of the gridshell as we will see later. We further
impose each joint to connect exactly two rods, one of each family.
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Energy _Egrid

Figure2.8: Sequencesof actuated linkages. While a compatible linkage remains in theplaneof the
gridshell (top), an incompatible linkage buckles out of plane through uniform torque actuation
at the joints (bottom).

Gridshell Deployment

Similar to the case of a single rod, the equilibrium state of a gridshell is defined as the minimizer
of the total elastic energy under external constraints. The total energy of a gridshell is defined as
the sum of the elastic energies of the rods

Egrid(x,p) =
∑

r

Erod(xr,pr).

The equilibrium state x∗ of a gridshell is then defined as

x∗ =argmin
x

Egrid(x,p) (2.3)

s.t. a(x) = apin,

where a extracts constrained quantities from the deformed state of the gridshell to model its ac-
tuation, and apin is the vector of all the pinned quantities of the gridshell’s vertices. While many
actuation strategies can be considered e.g., through string actuation or vertex pinning, we focus
on torque actuation at the joints. The actuation is given by the average opening angle at the joints
a(x) = 1

nj

∑

j αj = e⊤αx and the pinned variable is written ᾱpin. The total number of joints

20



2.2. DEPLOYABLE ELASTICGRIDSHELLS

is denoted by nj and eα selects the opening angles from the deformed state of the gridshell and
scales them by the number of joints.

Expressing the KKT conditions of the optimization problem gives






−
∂Egrid
∂x

∣
∣
∣
∣

⊤

x∗,p

− τeα = 0

e⊤αx
∗ = ᾱpin,

(2.4)

where τ is the Lagrange multiplier associated with the actuation constraints. The second term is
the uniform torque exerted at the joints to maintain equilibrium.

Depending on the rest variables p, the gridshell may be geometrically incompatible as in Fig-
ure 2.8. The top row shows a compatible linkage, where a pantograph motion can be observed:
The elastic beams do not deform during actuation. If the rest lengths are instead set to be incom-
patible, torque actuation forces the beams to deform and the whole assembly to buckle out of
plane as shown in the bottom two rows. Buckling is favored by the orientation of the weak axis of
the beams, which is orthogonal to the plane of the gridshell. These gridshells also enjoy a quasi-
mirror symmetry about the plane of the gridshells (up to the z-offset between the two families of
beams). In practice, this symmetry is broken by a prescribed perturbation of the vertex positions
as well as imperfections in the fabrication process and the gridshell may deploy towards one of
the two mirrored buckled states.

Geometry of Gridshells

Ourfirst geometric observation came from thenotionof compatibility of a linkage. However, this
merely allows predicting whether a gridshell will deploy or not. One may observe in Figure 2.8
that the surface approximated by the deployed gridshell may have positive or negative Gaussian
curvature depending on the sign of variation of the average opening angle. More precisely, the
Gauss-Bonnet theorem, stated below and illustrated in Figure 2.9, provides the connection be-
tween opening angles and Gaussian curvature.
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Let M be a compact two-dimensional Riemannian manifold with closed boundary
∂M =

⋃n
i=1Ci for some closed, piecewise, simple, and regular curves C1, . . . , Cn.

LetK be the Gaussian curvature of the surface patch, κg be the geodesic curvature of
each curve, βi be the turning angles where pairs of curvesmeet, andχ(M) be the Euler
characteristic ofM . Then

∫

M

KdA+
n−1∑

i=1

∫

Ci

κgds+
n∑

i=1

βi = 2πχ(M).

Theorem 1 (Gauss-BonnetTheorem)

β1

β2

β3

@M

M

g < 0

g > 0

Figure 2.9: The Gauss-Bonnet theorem relates curvature and topology.

Most of the surfaces considered in this thesis are homotopic to a disk and the Euler characteristic
is a topological invariant, we have χ(M) = 1. Applying the Gauss-Bonnet theorem to one of
the two quadrilaterals of the rest state in Figure 2.10 simply gives that the sum of internal angles
equals 2π.

In thedeployed case, wemake the simplifying assumption that the geodesic curvatureof thebeam
remains negligible. In practice, this amounts to assuming ribbon-like beams, for which twisting
andbending along theweak axis of the cross-section ismore favorable thanbendingdirectly along
the strong axis. Geometrically, the beams follow geodesics of the underlying surface. TheGauss-
Bonnet theorem simplifies to

∫

M

KdA = 2π −

n∑

i=1

βi =
n∑

i=1

(β̄i − βi),
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2.3. INVERSE DESIGNOFDEPLOYABLE ELASTICGRIDSHELLS

where β̄i (resp. βi) are the turning angles in the rest (resp. deployed) state, andM is the surface
enclosed by the beams. The Gauss-Bonnet theorem then provides a direct connection between
the opening angles and the Gaussian curvature of the surface. The angle deficit shown in Fig-
ure 2.10 is in qualitative agreement: The surface approximated by the gridshell has negative inte-
grated Gaussian curvature when the angle deficit is positive and vice versa. In this example, the
surface is a B-spline surface that interpolates the rods’ vertices.

Gaussian Curvature

2⇡ −
X

βi = −28◦ 2⇡ −
X

βi = 38◦

Figure 2.10: A linkage can be deployed by either decreasing or increasing the average opening
angle ᾱpin. The Gaussian curvature becomes negative when the angles’ deficit per quadrilateral
is negative and vice versa.

However, this geometric approach has at least two caveats. First, our assumption on the vanishing
geodesic curvature of the elements in the deployed state may not hold exactly. Some Gaussian
curvature may be traded for geodesic curvature in the Gauss-Bonnet theorem, the amount of
which is dictated by the cross-section of the beams. Second, the theorem only informs about the
integratedGaussian curvature over each quadrilateral and fails to prescribe the exact shape of the
surface. Fitting a surface to the gridshell is in fact an-ill posed problem and can be addressed using
the inverse design framework we introduce next.

2.3 Inverse Design of Deployable Elastic Gridshells
The design of deployable gridshells is a challenging task due to the complex behavior of assem-
blies of elastic beams. The intricate connection between the linkage’s rest state and its actuated
state is a major obstacle to the manual design of such structures. We introduce the concept of an
optimization-based approach to design the geometry of the gridshell elements.
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Optimization Problem

The design of a gridshell is cast as an optimization problem where the objective is to minimize a
qualitymetric of the actuated linkageJ . Ourmetric is split into two terms (see Figure 2.11): The
first term measures the amount of energy stored in the deployed assembly Egrid, and the second
termquantifies the deviation of the gridshell froma target shapeT e.g., by computing the squared
distance of each joint to their projections on the surface. In this didactic example, we restrict the
design space of assemblies to two parameters: The incompatibility offset δx (see Figure 2.11) and
the average opening angle ᾱpin. The design variables are stored in d.

Energy _Egrid

δx

Target Fi�ing _T

↵̄pin

Figure 2.11: Input gridshell design for the inverse problem. The linkage is parameterized by an
incompatibility offset δx and the average opening angle in the deployed state ᾱpin. The objective
is split between the elastic energy in the deployed stateEgrid and the deviation from a target shape
T .

The objective is measured at the deployed state x∗(d) of the gridshell defined in Equation (2.3)
and for rest quantities p(d) extracted from the design variables. The optimization problem is
then defined as

min
d

J (d) = Egrid(x
∗(d),p(d)) + T (x∗(d)), (2.5)

where each term is weighted and scaled by appropriate physical and geometric quantities: The
elastic energy is scaled by Y V with Y the Young’s modulus of the rod’s material, V the sum of
the volume of the beams, and the target shape deviation is scaled by the diagonal of the bounding
box of the target surface squared.

Sensitivity Analysis

Theminimization problem is solved using a gradient-based optimization algorithm and requires
the computation of the gradient of the objectiveJ with respect to the design variablesd. Wenow
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describe the adjoint method we use throughout this thesis, which allows efÏciently computing
such derivatives.

We start by defining the objective alternatively as J̃ (x,p) := Egrid(x,p) + T (x) so that
J (d) = J̃ (x∗(d),p(d)). The adjoint state method consists in first using the chain rule to
write

∂J

∂d
=
∂J̃

∂x

∂x∗

∂d
+
∂J̃

∂p

∂p

∂d
.

The second term requires the gradient of the energy with respect to the design variables, which
can be computed following [Panetta et al., 2019], and the derivative of the rest lengths with re-
spect to the offset parameter δx. The latter can straightforwardly be computed through algebraic
manipulations. The first term however requires a different treatment.

The gradient of the objective with respect to the deformed statex is also given following [Panetta
et al., 2019], but the equilibrium state is only defined implicitly as the solution of a constrained
minimization problem. Taking the KKT conditions in Equation (2.4) and differentiating against
the design variables gives







∂2Egrid

∂x2

∂x∗

∂d
+
∂2Egrid
∂x∂d

+ eα
∂τ

∂d
= 0

e⊤α
∂x∗

∂d
=
[

0 1
]

.

DefiningHgrid as the Hessian of the total elastic energy and solving the system for the Jacobian
gives

∂x∗

∂d
= −H−1

grid

(
∂2Egrid
∂x∂d

+ eα
∂τ

∂d

)

= −H−1
grid




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⊤
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−1
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−1
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−
eα

[

0 1
]

e⊤αH
−1
grideα



 .

While it is perfectly possible to directly compute the Jacobian in this example, themethodwould
poorly scale as the number of design variables in d increases. We would have to solve a linear
system for each design variable, which becomes computationally expensive with the number of
variables. The adjoint method allows solving two linear systems no matter the dimensionality of
the design space. We write

∂J̃

∂x

∂x∗

∂d
= −

∂J̃

∂x

(

H−1
grid −
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grideαe

⊤
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)
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+
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grid
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.
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Objective _J

In
co

m
pa

ti
b

il
it

y 
O

�
se

t 
δ
x

Average Opening Angle    __↵̄pin Optimal Design

Energy _Egrid

Figure 2.12: Illustrative inverse design problem. The energy landscape is shown on the left, and
several states are shown on the right-hand side. The blue state is the initial state, the orange state
is the result of one optimization step along a search direction represented by the black arrow. The
green state is the global minimum.

We now define the adjoint state vector v and a vectorwα as the solutions of the following linear
systems

[

Hgrid eα

e⊤α 0

][

v

vτ

]

=



−
∂J̃

∂x

⊤

0



 , andHgridwα = eα,

where vτ is a scalar. The term in the original chain rule can then be written as

∂J̃

∂x

∂x∗

∂d
= v⊤∂

2Egrid
∂x∂d

− (v + vτwα)
⊤
eα

[

0 1
]

w⊤
αeα

.

Second-order derivatives of the objective J can be computed similarly. We leave them aside in
this illustrative example and use first-order algorithms to solve the minimization problem for-
mulated in Equation (2.5). Such algorithms usually require an initial state, shown in blue in Fig-
ure 2.12, and sequentially update the design variables to converge to a solution. A search direction
is needed at each iteration, which is computed based on the objective’s gradient ∂J

∂d
. After one

step, the orange design significantly improves on the quality measure. The process is repeated
until convergence is reached.

While we cannot ensure that the optimization algorithm converges to the green globalminimum,
we can guarantee that the solution is a critical point of the objective. A good initialization is then
crucial to improve the chances of finding a good solution. Therefore, the initial state is often the
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solution to a simpler problem, possibly derived from a geometric abstraction similar to the one
exposed in Section 2.2.
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Chapter 3

C-shells: Deployable Gridshells withCurved
Beams

Weintroduce a computational pipeline for simulating anddesigningC-shells, a newclass of planar-
to-spatial deployable linkage structures. A C-shell is composed of curved flexible beams con-
nected at rotational joints that can be assembled in a stress-free planar configuration. When ac-
tuated, the elastic beams deform and the assembly deploys towards the target 3D shape.

We propose two alternative computational design approaches for C-shells: (i) Forward explo-
ration simulates the deployed shape from a planar beam layout provided by the user. Once a
satisfactory overall shape is found, a subsequent design optimization adapts the beam geometry
to reduce the elastic energy of the linkage while preserving the target shape. (ii) Inverse design
is facilitated by a new geometric flattening method that takes a design surface as input and com-
putes an initial layout of piecewise straight linkage beams. Our design optimization algorithm
then calculates the smooth curved beams to best reproduce the target shape at minimal elastic
energy.

We find that C-shells offer a rich space for design and show several studies that highlight new
shape topologies that cannot be achieved with existing deployable linkage structures.

3.1 Introduction
Active bending builds on the controlled forming principle of inducing curvature on flat compo-
nents using elastic deformations to structurally stabilize a material system [Lienhard, 2014]. A
key concept is the use of members with slender cross-sections and materials with high tensile
strength that can sustain significant deformations as loads are applied.

Gridshells are a class of deployable structures that leverage active bending. A gridshell is com-
posed of thin flexible beams that are connected at hinge joints to form a grid-like linkage. This
leads to a complex deformation behavior where beams deform elastically while rotating around
their joints.

Traditional gridshells use straight beams arranged in a uniform grid. Such scissor linkages expand
and contract freely in-plane and can be deformed into curved shapes by imposing constraints on

29



CHAPTER 3. C-SHELLS: DEPLOYABLEGRIDSHELLSWITHCURVED BEAMS

Flat Layout

Target Surface

Optimized
Dep. State

User Input

User Input

Figure 3.1: Forward exploration (top) and inverse design (bottom) of C-shells. The target de-
sign surface is either provided directly by the user or created by deploying an initial beam layout.
Subsequent design optimization then solves for the planar curved beam shapes such that the de-
ployed linkage best approximates the target surface, while minimizing its total elastic energy. For
inverse design, the initial linkage is computed using a novel flattening optimization. The three
columns on the right show different views of the same deployed structure in each row. Fabri-
cated prototypes are shown in black.

the boundary [Quinn and Gengnagel, 2014]. More recent methods, such as X-shells [Panetta
et al., 2019], G-shells [Soriano et al., 2019], and elastic geodesic grids [Pillwein et al., 2020, Pill-
wein and Musialski, 2021], arrange straight beams in non-uniform grids. This non-uniformity
leads to kinetic incompatibilities when the linkage is deployed, which forces the structure to
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Gridshell

G-shell

X-shell

C-shell

(a) (b)Compatible

Incompatible

Figure 3.2: Existing deployable beam structures (gridshell, X-shell, G-shell) assemble straight
beams in a (near) planar configuration that can then be deployed into a desired 3D target surface.
Traditional gridshells employ a compatible scissor linkage and are deployed by constraining the
boundary. G-Shells and X-shells use an incompatible linkage and can be deployed using torque
actuation at the joints. C-shells extend this methodology towards curved beams. Images taken
fromD’Amico et al. [2015] (Gridshell), Pillwein et al. [2020] (G-shell), and Panetta et al. [2019]
(X-shell) are used with permission granted by the respective corresponding authors.

buckle out of plane to reach an elastic equilibrium (see Figure 3.2). While often considered detri-
mental in engineering, buckling is essential in this context to achieve the desired transformation
from planar assembly states to curved target surfaces.

A benefit of these nonuniform grids is that their target shapes are encoded directly in thematerial
system rather than being determined by external forces like the boundary constraints imposed
in traditional gridshells. This enables the shape transformation to be achieved via a variety of
mechanisms including, e.g., intrinsic actuation via torque motors applied at the pivot joints.

In this chapter, we introduceC-shells, a new class of deployable gridshells composed of optimized
curved beams. Similar to X-shells and elastic geodesic grids, C-shells exploit spatial incompatibil-
ities in the linkage to deploy the structure towards a 3D equilibrium state (see Figure 3.1). Com-
pared to previous straight-beam structures, our generalization to curved beams offers a richer
space for constructing freeform surface geometries and providesmore flexibility for optimization
(see Figure 3.21).

A key advantage of our approach compared toX-shells is that the fabrication state is guaranteed to
be planar and free of any residual stress in the beams. This greatly simplifies assembly and enables
new designs that cannot be achieved with X-shells (see also Figure 3.15). Elastic geodesic grids
[Pillwein et al., 2020] also feature stress-free assembly states through the use of sliding notches,
but these introduce weaknesses in the beams that can lead tomaterial failure. On the other hand,
curved beams require more complex fabrication tools compared to straight beams, which can
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be cut to length from stock material. Computationally, solving for curved rest shapes drastically
increases the number of design variables and introduces new computational challenges to avoid
invalid configurations when optimizing the beam layout.

To handle the additional complexity, we introduce a spline-based representation for the beams
that reduces the free variables to the control points of the spline curves. Splines offer the addi-
tional advantage of implicitly regularizing the beam geometry towards smooth curves, which are
generally preferred for reasons of visual aesthetics and structural performance.

Our spline-based representation enables interactively exploring variations of a flat beam layout by
manipulating the joints positions (see Figure 3.10). For inverse design, when a target surface is
provided as input, we propose a planarization algorithm that jointly optimizes for a planar linkage
and its counterpart on the target surface so that both are kinetically as compatible as possible.
Beam layouts produced in this way are further refined by a design optimization that solves for
the rest shapes of the curved gridshell beams such that the deployed structure best approximates
the target surface while minimizing the elastic energy of the structure. This requires tracking the
equilibrium state of the deployed gridshell while its beam rest shapes and corresponding joint
positions are optimized.

Our approach accurately simulates the physical deformation behavior of curved beams that can
in principle deform to arbitrary curves on the surface. While this requires more involved com-
putations compared to the purely geometric approach of Pillwein et al. [2020], simulating the
physics ensures accurate prediction of the deployed shapes, enables modeling of beams with ar-
bitrary cross-section shapes and aspect ratios, and provides access to important structural aspects
of the design, such as its total elastic energy and the distribution of stress within its beams upon
deployment.

Contributions Our main contributions can be summarized as:

• We introduce the concept of C-shells, deployable elastic gridshells composed of curved
beams with guaranteed zero-energy planar assembly state.

• We present a numerical optimization to jointly solve for curved rest shapes of gridshell
beams and their degree of actuation such that the deployed linkage has minimal elastic
energy and best matches a given target geometry.

• We propose a forward design exploration method based on conformal maps.
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Figure 3.3: A design study for a large-scale architectural application.

• We present a flattening algorithm for inverse design to compute initial beam layouts suit-
able for optimization.

Using our computational tools, we explore new design typologies and fabricate several func-
tional prototypes that demonstrate the predictive accuracy of our simulation and highlight the
versatility of our design approach. The full source code and all design studies can be found at
https://go.epfl.ch/c-shells.

3.2 RelatedWork
Ourwork falls in the category of optimization-based design of planar-to-spatial deployable struc-
tures. Numerous material systems have been proposed in recent years that can be actuated from
a planar fabrication state towards a curved 3D surface. Examples include tensioned membranes
[Guseinov et al., 2017, Pérez et al., 2017, Jourdan et al., 2022], origami [Dudte et al., 2016], auxetic
materials [Konaković-Luković et al., 2018,Chen et al., 2021], temperature-sensitive plates [Boley
et al., 2019, Guseinov et al., 2020], and inflatables [Panetta et al., 2021].

We focus our discussion here on compliant gridshells that are composed of two families of elastic
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(a) Curves degrees of freedom

cicicicicicicicicicicicicicicicici

cjcjcjcjcjcjcjcjcjcjcjcjcjcjcjcjcj

c⊥
k
c⊥
k
c⊥
kc
⊥
kc
⊥
kc
⊥
kc
⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
k
c⊥
kc
⊥
k

c⊥
l
c⊥
l
c⊥
lc
⊥
lc
⊥
lc
⊥
lc
⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
l
c⊥
lc
⊥
l

lllllllllllllllll

aaaaaaaaaaaaaaaaa aaaaaaaaaaaaaaaaa aaaaaaaaaaaaaaaaa

(b)
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Figure 3.4: C-shell representation. (a)Thecurve linkage is composedof interpolating splines that
meet at joints ci. Intermediate interpolation points are evenly distributed along the chord joining
consecutive joints and are constrained to move orthogonally to it according to scalar parameter
c⊥k . Each curve is discretized into a polyline, fromwhich we extract the discrete curvature κ. The
arc length l is evenly distributed among edge rest lengths. (b)The deployed equilibrium state is
obtained by gradually increasing the deployment angle and minimizing the elastic energy stored
in the curved beams.

beams connected via rotational joints. We categorize such gridshells into two different classes
(Extrinsic and Intrinsic) based on their deployment (Figure 3.2). For a discusson of other types
of deployable scissor mechanisms, we refer to Ren et al. [2022].

Extrinsic deployment Traditional elastic gridshells [Lienhard and Gengnagel, 2018] feature
straight elastic beams connected in a regular grid, allowing the structure to freely shear in-plane.
Such systems can be analyzed and modeled using Chebyshev nets [Garg et al., 2014, Baek et al.,
2018, Sageman-Furnas et al., 2019]. Deployment is achieved by constraining positions along the
boundary, which forces the gridshell to deform out of plane to assume a state of minimum elastic
energy.

Several works have introduced active bending structures composed of initially flat elements with
in-plane rest curvature [LaMagna and Knippers, 2017, Liu and Faisal, 2022] or varying cross-
section [Hafner and Bickel, 2023]. Mhatre and colleagues 2021 proposed a type of deployable
circular structuremade fromelastic beamswith constant in-plane curvature and rectangular cross-
section. Their study demonstrated the influence that beam geometry has on the deployed state.
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In contrast to our approach, beams are not explicitly coupled along their span by rotational joints;
instead, the deployment process works by applying compressive forces to each beam end via a ro-
tatingmechanism. By optimizing tilings of spiral patterns cut into flat panels, FlexMaps [Malomo
et al., 2018] tunes the sheet material’s elasticity so that each panel deforms into a target patch of
a 3D surface upon assembly. Laccone and colleagues 2021 investigate the use of this method
in architectural applications, developing a computational design framework for curved bending-
active structures and evaluating it through the construction of a large-scale prototype.

Intrinsic deployment In contrast to the above methods, which rely on boundary constraints
to deform the elastic structure towards its target state, another line of research designs struc-
tureswith inbuilt deploymentmechanismsbasedongeometric incompatibility. X-shells [Panetta
et al., 2019] join straight beams in irregular grids that can be assembled in the plane and deployed
into a 3D shape. This approach permits the designer to find a satisfactory 3D shape by iteratively
editing the planar grid layout with interactive feedback on the deployed geometry. Once a satis-
factory shape is found, the planar grid layout is optimized to reduce elastic energy in both the flat
assembly configuration and the deployed states. A practical investigation of the design andmate-
rialization implications ofX-shellswas conductedby constructing amedium-scale pavilion [Isvo-
ranu et al., 2019].

G-shells and elastic geodesic grids exploit the fact that thin lamellas are essentially constrained to
follow geodesic curves on a surface due to their highly anisotropic bending stiffness. Soriano and
colleagues 2019 develop amulti-objective optimization algorithm attempting to solve for a planar
embedding of a given grid of geodesic curves. The flexibility of this design space can be increased
by allowing the joint locations to slide along the beams, e.g., by introducing notches [Pillwein
et al., 2020]; this not only expands the spaceof feasible surfaces but also enables stress-free assem-
bly configurations. This later work introduces a purely geometric approach for simultaneously
constructing a grid of geodesics on a curved surface patch and a corresponding planar grid into
which it flattens via a single angle degree of freedom. In follow-up work, elastic geodesic grids
were expanded to include multiple patches [Pillwein et al., 2021] and non-convex boundaries
[Pillwein andMusialski, 2021], though the latter involves actuation via boundary constraints.

Gridshell structures that followasymptotic networks (A-shells) havebeen studied inSchling et al.
[2018]. Since asymptotic lines have zero normal curvature, such networks can only exist on sur-
faces with non-positive Gaussian curvature. The absence of normal curvature enables A-shells
to be constructed from straight planar strips with the thick cross-section axis oriented normal to
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the design surface. This alignment of the strong bending axis has benefits for the surface’s load-
bearing capacity. Schikore and colleagues 2021 propose a generalized framework for kinetic grid-
shells with straight beams and categorize them based on doubly ruled, geodesic, and asymptotic
networks. A deployable system based on asymptotic gridshells has been presented in Schikore
and Schling [2021].

Weaving Also related to our work are recent computational design methods for 3D weaving.
Traditional weaving interleaves straight ribbons that are commonly produced from natural mate-
rials such as bamboo [Ayres et al., 2018]. Singularities may be introduced in the weave pattern
to control the weave’s curvature [Ayres et al., 2021]. A computational inverse design approach
for straight ribbons has been proposed by Vekhter and colleagues 2019. Similar to G-shells and
elastic geodesic grids, their approach traces ribbons along geodesics of the surface by extracting
contours of a geodesic foliation. Ren and co-workers 2021 proposed a method that generalizes
weaving towards curved ribbons, which provides more flexibility in terms of the topology of the
weaving pattern and produces a smoother appearance of the final woven structure. While curved
weaving design does not consider deployment from a planar state, our simulation framework for
curved beams uses a similar simulation setup to the algorithm of Ren et al. [2021] as discussed in
more detail below.

3.3 C-Shell Representation
The layout of an X-shell [Panetta et al., 2019] is uniquely defined by the positions of the linkage
joints since all beams have straight rest geometry. In contrast, beams in a C-shell can in prin-
ciple assume arbitrary planar curves. The deployment behavior then depends both on the joint
positions and the curve geometries.

As in previous methods, we simulate the elastic deformation of our curve linkage using the Dis-
crete Elastic Rods (DER)model [Bergou et al., 2010, 2008]. Specifically, our forward simulation
builds upon the methods used for X-shells and curved weaving [Ren et al., 2021]. While the for-
mer uses a linkage of straight beams that can deploy via actuation, the latter utilizes a network of
curved ribbons that is woven directly in its 3D state and does not deploy. Our approach unifies
these methods and optimizes for deployable linkages of curved beams.

Spline Representation

To facilitate design optimization, we define an intermediate spline representation for the curved
beams that offers two main advantages: (i) A significantly reduced number of optimization vari-
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Figure 3.5: (a) The surface fitting weight wT controls the trade-off between target fitting (top)
and elastic energy (middle). Deviation to the target surface is reported as a percentage of the di-
agonal of the surface’s bounding box. (b) Target surface fitting histogramsmeasure the deviation
from the target surface. White dots represent the medians, thick lines show the inter-quartiles,
and thin lines indicate the 5th to 95th percentile range. (c)The total energy at a certain opening
angle, (d) corresponding torque required to hold the structure.

ables, and (ii) implicit regularization towards smooth curves.

We use natural cubic splines [Farin, 2002] that interpolate the joint positions ci ∈ R
2 to ensure

that rod crossings occur exactly at these joints. For more control, we introduce additional inter-
polation points along the curve segment connecting each pair of joints. However, we constrain
these interior control points to lie on evenly spaced lines perpendicular to the chord connecting
the joints (see Figure 3.4). In other words, the interior control point positions are parameterized
by perpendicular offset variables c⊥k ∈ R, which combined with the joint positions, comprise
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our full vector of design variables:

q = [c1, . . . , cnjoints , c
⊥
1 , . . . , c

⊥
nip
, ]T ∈ R

nq .

These parameters uniquely define a C-shell’s planar rest state.

RodRepresentation

Weconvert each spline curve in the linkage into aDERcenterlineby sampling at uniform intervals
to obtain a polyline; we typically subdivide the arc connecting each pair of joints into ten edges.

Rest state variables The rest state of each discrete rod in the converted linkage is defined by
the lengths of each edge and a discrete curvature value at each vertex computed from the turning
angle of consecutive edges of the polyline (see Figure 3.4). Beams are assumed to be untwisted in
their planar rest states. These rest lengths and rest curvatures are grouped into the vector of DER
rest-state quantities, p ∈ R

np .

We note that our spline sampling conversion defines a differentiable mapping from the design
variables q to DER rest-state quantitiesp(q), enabling us to solve the design optimization prob-
lem (Section 3.5) over the reduced design variables q instead of directly optimizing rest vertex
positions of the DER representation.

Simulation variables We simulate the deformation of the curve linkage by minimizing the
DER stretching, bending, and twisting energies [Bergou et al., 2010, 2008] stored in each beam.
The beams are coupled at the joints using the rotational joint model of Ren and co-workers 2021,
which enforces positional and orientation constraints using a nonlinear change of variables. We
refer to those papers for further details.

AllDERcenterline position andmaterial frame angle variables left unconstrained by the joints are
aggregated along with the joint state variables (position, orientation, opening angle, and crossing
edge lengths) into a vector x ∈ R

nx uniquely defining the C-shell’s deformed state.

3.4 Forward Simulation
As proposed by Panetta et al. [2019], we drive the deployment of the curve linkage by imposing
an average opening angle across all rotational joints. This constraint effectively applies the same
torque to every joint, and allows individual joint angles to adapt to minimize the global elastic
energy during deployment.
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V.M. stress [MPa]

0 91

Figure 3.6: Manual design of a C-shell linkage often leads to high stresses in the deployed shape
(left). Our optimization reduces stress concentrations without significantly affecting the de-
ployed shape, which helps avoid material failure during deployment (right). Here the maximum
vonMises stress is reduced by 78%.

Deployed Equilibrium State

To simulate the 3D deployed state corresponding to an imposed average opening angle of ᾱtgt,
we solve the discrete minimization problem:

x∗
3D(p, ᾱ

tgt) := argmin
x

1

Y V0
E(x,p) + T (x) (3.1)

s.t. ᾱ(x) = ᾱtgt,

where E is the elastic energy summed over all DERs in the linkage, T is the surface-attraction
energy defined later in Equation (3.4), and ᾱ(x) computes the average opening angle from the
simulation variables. Thematerial’s Young’s modulus Y and a reference C-shell volume V0 serve
scaling the energy term. We follow the rigid-motion-pinning strategy inRen and colleagues 2021,
addingT herewith a smallweight (1.0×10−5) to factor out the global rigidmotionof theC-shell
and ensure favorable alignment with a target input surface.

As we gradually increase ᾱtgt, the structure buckles out of its flat state and realizes a 3D shape. To
accelerate this incremental deployment simulation, we employ the same continuation approach
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used in Panetta and colleagues 2019, constructing a first-order approximation x∗
3D(p, ᾱ

tgt +

∆ᾱ) = x∗
3D(p, ᾱ

tgt) +
∂x∗

3D

∂ᾱtgt∆ᾱ + O(∆ᾱ2) for the next equilibrium using sensitivity anal-
ysis.

One significant deviation from the X-shells simulation framework was needed regarding the con-
straint ᾱ(x) = ᾱtgt. Panetta et al. [2019] impose this as a general linear equality constraint,
effectively solving a linearized KKT system in each Newton step. However, for efÏciency, and
to simplify detection of unstable equilibria, they solve this indefinite system using block elimi-
nation so that a Cholesky factorization of only the energy’s HessianH is needed. The assump-
tion underlying this approach is thatH is positive definite in the neighborhood of a solution to
Equation (3.1), i.e., near stable equilibria. Unfortunately, this assumption does not always hold:
At a constrainedminimizer,H still can have a direction of negative curvature (in our case, along
the deployment path). In these situations, the X-shells solver would apply unnecessary Hessian
modifications in every Newton step and refuse to converge, falsely detecting that the solution it
is converging to is an unstable equilibrium. This situation is rare for X-shells away from the initial
onset of buckling, but we have found it prevalent for C-shells.

We propose a different approach for enforcing the equality constraint that resolves this issue: We
apply a linear change of variables that exposes ᾱ(x) := ᾱx as an explicit state variable in x. This
transforms the dense linear equality constraint into a single variable pin constraint ᾱx = ᾱtgt that
can be applied by eliminating ᾱx from the optimization problem (removing one row and column
ofH before solving theNewton system). This smallerHessian isguaranteed tobepositivedefinite
in a neighborhood of a solution to Equation (3.1), and the optimization reliably converges. Care
must be taken to define this linear change of variables in a way that preserves the sparsity ofH;
we present the details of how we achieve this in the supplemental material.

Stress Computation

Stresses in the deployed state are computed by adapting the approach from Megaro and col-
leagues 2017 as explained in the supplemental.

3.5 Design Optimization
Forward simulation allows predicting the deployed state of a C-shell given its planar layout. The
design optimization algorithm aims to reduce the total elastic energy of the deployed C-shell
while best matching a given target design (Figure 3.6). We discuss in Section 3.6 how to obtain
the initial beam layout through either forward exploration or inverse design.
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Initial Optimized

Figure 3.7: Controlling target fitting. Specifying 200 times higher weights for the square (top
left) and circle (bottom left) boundary points allows optimizing the initial design (middle left)
to accurately reproduce the desired target shapes.

Objective Formulation

To optimize the beam layout, we propose an efÏcient algorithm for adapting the curve linkage
using derivatives of the forward simulation. We jointly optimize the spline design variables and
the target average opening angle, as opposed to the fixed average opening angle that was used in
X-shells. Optimizing the deployment in this way adds an important degree of flexibility that can
improve the target surface approximation and reduce the elastic energy of the deployed state.

Our C-shell design optimization seeks to minimize the objective:

J(x,q,p) :=
1

E0

E(x) + T (x) + R(q,p), (3.2)

where R is a regularization term defined below, and E0 is the initial value of the elastic energy
of the deployed state. Specifically, we compute the spline parameters and deployment angles
solving:

argmin
q,ᾱtgt

J(x∗
3D(p(q), ᾱ

tgt),q,p(q)) (3.3)

s.t. αmin (q) ≥ ϵ.
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Figure 3.8: Effect of Laplacian regularization on the design optimization. (a) Stress distribution
in the deployed state (top) and planar linkage layout. Self-intersections are clearly noticeable
without regularization. (b) Target fitting histograms. White dots represent the medians, thick
lines show the inter-quartiles, and thin lines indicate the 5th to 95th percentile range. Deviation
is reported relative to the surface bounding box diagonal. (c) Total energy of deployed state.

Note that to avoid self-intersections of the planar rest state, theminimumopening angleαmin(q)

in this state is constrained to be greater than some positive angle ϵ. We use a smoothed approx-
imation of the minimum given by the negation of the LogSumExp (LSE) function defined as
LSE(α, s):=s log(

∑

i exp(−αi/s)), whereα holds all the opening angles and s>0 trades off
between smoothness and adherence to the exact minimum. We fix s=0.01 in our experiments.

Target surface fitting term The term T in Equation (3.2) penalizes deviations from a given
surface. To prevent the rod linkage from shrinking, we add a term measuring the distance from
the joints to user-defined target positions xt. The full term is given by

T (x) :=
wT

2l20

(
‖x− Psurf(x)‖

2
Wsurf

+ ‖x− xt‖
2
Wt

)
, (3.4)
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wherewT controls the importance given to the target-fitting term and Psurf projects points onto
their closest points on the target surface while leaving the non-positional degrees of freedom un-
changed.

We normalize T using the length of the deployed linkage bounding box diagonal, l0. Diagonal
matricesWsurf andWt extract the joint positions from the simulation variables x, and allow ad-
justing the importance of different regions of the target surface. The two weight matrices are set
so that their coefÏcients are non-negative and sum to one, for wT to effectively control the im-
portance given to the surface fitting term.

Figure 3.5 illustrates the trade-off between deployed elastic energy and target fitting. We run our
design optimization on the same initial design for varying values of fitting weightwT . Increasing
wT helps to better fit the prescribed target surface at the expense of larger elastic energy in the
deployed state and greater torque required to maintain the deployment. As the histograms in
Figure 3.5 indicate, the target-fitting objective saturates atwT = 6× 105.

Figure 3.7 shows how the target-fitting term can be spatially adapted using the weight matrices.
The initial designpoorly fits the square and circular boundaries of the target surfaces. After assign-
ing greater importance to these regions by selecting larger entries inWt corresponding to these
boundary joints, the optimized designs approximate the respective boundaries well.

Regularization term Our design parameterization allows joints tomove freely in plane, which
can result in extreme curvature despite the implicit regularization provided by our spline repre-
sentation. Furthermore, the presence of large orthogonal offsets c⊥k may cause the rest state to
have self-intersections. Tomitigate the risk of such collisions, we introduce a regularization com-
posed of two terms:

R(q,p) := wipRip(q) + wκRκ(p). (3.5)

The first termRip is a fairness term that pushes each interpolated point towards the average of its
neighbors. The second termRκ penalizes the deviation of the rest curvature at a vertex of a dis-
crete rod to the average curvature of its two neighboring vertices along that rod; this encourages
beams to assume circular arcs. Scalar weightswip andwκ control the importance given to each of
the two terms in Equation (3.5).

Figure 3.8 illustrates the effect of regularization on the design optimization. We run our design
optimization starting from the same initial design for different regularization weights wip. In-
creasing wip helps prevent self-intersections and straightens the beams at the expense of higher
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Figure 3.9: Impact of the angle distribution in the flat state regarding achievable deployed shapes.
Having angles spanning a larger range in the flat state (top row) does not allow deploying the
linkage as much as when angles are more consistently closed or opened (bottom row). The his-
tograms show the distribution of opening angles for each state of each design.

stress, larger total energy, and increased deviation of the deployed structure from the target sur-
face. For further details, please refer to the supplemental material.

3.6 Design Conception
The design optimization presented in the previous section requires a suitable initial estimate of
the planar rest state of the C-shell. We propose two strategies for designing such initial linkages,
forward exploration and inverse design, illustrated inFigure 3.1. In the forward approach, a designer
directly draws and edits curves to generate a planar C-shell linkage that is deployed to create an
initial target design. For inverse design, we propose a novel planarization algorithm that takes a
target surface as input and computes an initial beam layout. In both cases, our design optimiza-
tion algorithm is subsequently applied to find optimal shapes of the curved beams that reduce
the elastic energy in the deployed configuration while best preserving the target surface. This tar-
get surface can then be further edited through smooth deformations to explore nearby C-shell
designs.

Forward Exploration

To explore the space of C-shells, the user can in principle draw an arbitrary planar network of
intersecting curves as an initial layout. However, arbitrarily drawn curves tend to intersect in a
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Figure 3.10: Editing beam geometry using conformal deformations in the plane offers great flexi-
bility to adapt an initial regular layout. These deformations preserve the angle distribution at the
joints to retain a large deployment range.

large range of angles, which can significantly restrict deployability. When certain joints have ini-
tial angles close to π or 0, the region around these joints cannot be further deployed (by either
increasing or decreasing the average angle, respectively) without inverting the layout. As illus-
trated in Figure 3.9, a wide range of initial angles limits the ability of the linkage to transform and
achieve interesting 3D shapes.

This observation motivates the following design strategy: Starting from a regular grid of straight
beams, the designer modifies the linkage interactively by applying injective planar conformal
maps in the form of Möbius transforms. This warps the layout into one with curved beams, but
preserves the narrow range of joint angles, since a conformal map is angle-preserving. However,
inter-joint distances are changed, so the warped linkage will no longer remain compatible and
thus deploy into a 3D state.

As illustrated in Figure 3.10, conformalmaps offer great versatility for transforming straight beam
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Figure 3.11: C-shell editing. Once an overall satisfactory beam layout and target shape have been
found, the C-shell can be further edited by smoothly deforming the target surface. The design
optimization then adapts the planar layout accordingly. Regions of larger edits are indicated in
green.

layouts towards curved beam shapes. These kinds of transformations and the corresponding de-
sign flexibility are enabled by the additional degrees of freedom of C-shells compared to straight
beam linkages. Combined with fast visual feedback of the deployed shape from our deployment
simulation, such edits enable effective design exploration. Crucially, no residual stresses are im-
posed on the planar beams under such modifications, which guarantees that a valid physical as-
sembly exists for any user edits.

Several examples we show are designed with this strategy (see Figure 3.5, 3.8, 3.18, and five ex-
amples from Figure 3.21). Additionally, ring-shaped layouts can be designed by parameterizing
families of curves and copying them around a circle (see Figure 3.4, 3.7, 3.15, 3.6, 3.16, 3.20).
Lastly, different layouts can be composed by cutting and reconnecting their boundary curves as
shown in Figure 3.3.

Editing Initial planar layouts created with the forward process are improved by running our
design optimization discussed in Section 3.5. We can further edit the design by directly manip-
ulating the target design surface through standard deformation tools. When running the design
optimization with themodified design surface, the target fitting term Equation (3.4) will pull the
deployed C-shell towards the new target and optimize the curved beam shapes accordingly. If
edits to the target surface are sufÏciently small, the design optimization is generally successful in
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Figure 3.12: C-shell deployment kinetics. (a) Isolated triangles connecting neighboring joints in
the linkage reveal that one vertex follows an approximately circular trajectory when the opposite
edge is kept fixed during deployment. Inter-joints distances remain approximately constant with
a maximum relative change of 1.8% during deployment. (b) median and 5th to 95th percentile
range of relative distances. (c) mean and standard deviation of the opening angle increment as
the linkage deploys.

mapping the C-shell to the new surface. For larger edits, this process can be broken down into
a series of smaller steps to ensure the design optimization is able to track the new target surface
without getting stuck in an unfavorable local minimum. Figure 3.11 shows an example of such an
editing operation.

Planarization

While forward exploration is suitable to discover interesting target shapes, inverse design is more
appropriate when a target surface is already provided as input. For an input regular linkage topol-
ogy, our planarization algorithm jointly optimizes the joint positions c in the flat state and c̄ :=

(S(u1, v1), S(u2, v2), . . .) on the surface S, so that a C-shell connecting the joints c in the flat
state deploys to align these joints with the corresponding locations c̄ on the target surface.

Our algorithm assumes a smooth surface patch S : [0, 1]2 → R
3 as input. To reduce computa-

tional complexity, we simplify each curve as a piece-wise straight polyline connecting joints, so
that each rod segment is reduced to a single edge. The smooth curved beams will then be created
during the later design optimization step from this initial coarse layout.
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Topology (a)

u

v
Topology (b)

u
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Figure 3.13: Our planarization algorithm applied to different linkage layouts. Topology (a) fol-
lows the uv-isolines to trace the target joint positions. Topology (b) follows uv-isolines rotated
by π/4. The flat layouts are initialized by deploying the regular grids as indicated in the dashed
boxes and globally scaling the beams to match the measured lengths in the target state. For each
example, planarization computes the layout shown in the middle row as an initialization to the
design optimization shown in the bottom row.

Planarization seeks a minimum of a weighted sum of terms:

c∗,u∗,v∗ := argmin
c,u,v

Elen + Eα + Eeq + Ebnd

s.t. Cquads ≥ 0, ui ∈ [0, 1], vi ∈ [0, 1], (3.6)

where we dropped variable dependencies for conciseness. These terms are motivated from ob-
servations regarding the kinetics of the deployment illustrated in Figure 3.12.

Joints on the surface are initialized by following uv-isolines. Joint positions in the planar state are
initialized by shearing a square grid, where the length of each side of the sheared grid matches
the average of the deployed polyline lengths (see also Figure 3.14). We choose a shearing angle
of approximately 60◦ in our experiments.

We now present the different terms and constraints involved in the optimization.

Segment Length Preservation In general, the Euclidean distance between two neighboring
joints changesduringdeploymentbecause linkagebeamsbendand twist. However, as Figure 3.12
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illustrates, this variation is very small. In the example shown, more than 90% of the inter-joint
distances vary by less than 1%. This motivates our length-preserving term defined as

Elen(c,u,v) :=
wlen

2 l̄0
2

∑

c

∑

i

(‖cc,i+1 − cc,i‖

−‖S(uc,i+1, vc,i+1)− S(uc,i, vc,i)‖)
2 , (3.7)

where cc,i is the i-th joint along curve c, l̄0 is the initial average polyline length in the deployed
state, and wlen controls the importance given to this term. We use a default value of wlen =

5× 103 in our experiments.

OpeningAngle IncrementSpread As illustrated in Figure 3.9, and confirmed through experi-
ments withmany designs, joint angles generally either open or close globally during deployment.
Specifically, we observed that the variance of opening angle increments∆αq during deployment
is typically low (see also Figure 3.12). We capture this behavior with a term that minimizes this
variance around each joint as

Eα(c,u,v) :=
wα

2
Varq[∆αq]. (3.8)

1
2

3

4

αqαqαqαqαqαqαqαqαqαqαqαqαqαqαqαqαq

Todefine∆αq , we number the vertices of each quadrilateral q in the linkage
from 1 to 4 consistently and define the opening angle increment as

∆αq := ∠(c̄q,2 − c̄q,1, c̄q,4 − c̄q,1)− ∠(cq,2 − cq,1, cq,4 − cq,1), (3.9)

where∠(a,b) is the signed angle between two vectors a and b. The weight is set towα = 5 by
default in our experiments.

Equilibrium The linkage defined by the flat joints must be at equilibrium under torque ac-
tuation when the joints are moved to their locations on the surface. We introduce a term that
minimizes the residual force magnitude required to hold the joints at their target positions.

We build a simpler physical model of the linkage by describing each curve by a single DER: Each
rod segment is now an edge, and eachDER’s vertices are given by the joints along the rod. The rest
quantities of each DER is given by the joints positions in the flat state. Thematerial frame angles
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Planarization 
Algorithm

Optimized C-shellSpline-Interpolated LayoutOptimized C-shell

Initial Regular Layout Optimized Layout

Length Deviation Residual ForcesResidual ForcesLength Deviation

0 61
[%]

0 100
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Figure 3.14: Our planarization is essential to get a good initialization for design optimization.
When starting from a regular grid (left), the design optimization fails to capture the bumps of
the target surface adequately. The flattening algorithm computes an initial layout that does not
accurately deploy towards the target (middle), but that can be successfully optimized to capture
the surface detail (right). The bottom row indicates how length deviation and residual forces are
reduced during the flattening optimization.

are determined so that they minimize the total elastic energy in the deformed configuration. The
average angle in the simplifiedmodel is given by ᾱ(c̄) so that the force balance equation residuals
are given by

Eeq(c,u,v) :=
weq

2(Y A0)2

∥
∥
∥
∥

∂E

∂c̄
− λ∗

∂ᾱ

∂c̄

∥
∥
∥
∥

2

, (3.10)

where we scale forces with the material’s Young modulus Y and cross-sections areaA0. λ∗ is the
torque magnitude that minimizes the residuals. It is computed analytically at each optimization
step. weq is the weight associated to this term, and is set to 10−2 by default in our experiments. A
more detailed treatment of this equilibrium term can be found in the supplemental material.

Soft Boundary Pinning To prevent the whole linkage from shrinking, we push the boundary
joints (ub,i, vb,i) to some input positions c̄(tar)b,i using soft constraint
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Ebnd(u,v) :=
wbnd

2 l̄0
2

∑

i

∥
∥
∥S(ub,i, vb,i)− c̄

(tar)
b,i

∥
∥
∥

2

(3.11)

wherewbnd is the regularization weight and defaults towbnd = 5 in our experiments.

Self-Intersection-FreeQuadrilaterals Weensure that noquadrilateral in the flat layout is self-
intersecting. For each quadrilateral in the linkage, we enforce that at least one of its two trian-
gulations has two positively oriented triangles. More details are provided in the supplemental
material.

Figure 3.13 shows the result of the planarization optimization for two different grid layouts ap-
plied to the same target surface. A more complex inverse design example is shown in Figure 3.14
for the lilium tower. As illustrated, direct design optimization starting from a regular initial layout
doesnot yield a satisfactory result as theoptimization gets stuck in anunfavorable localminimum.
With our inverse flattening approach, we find a much better initial layout that can be success-
fully optimized to capture the details of the design surface. Note that this model can neither be
achieved with X-shells nor with G-shells (refer to Figure 19 in Pillwein andMusialski [2021]).

3.7 Numerical Solver
We solve both the design optimization problem in Equation (3.3) and the planarization problem
inEquation(3.6)usingSequential Linear-QuadraticProgramming(SLQP), a trust-regionactive-
setmethod [Nocedal andWright, 2006], with aBFGSHessian approximation as implementedby
Knitro [Waltz and Nocedal, 2004]. Gradients must be provided to the optimization algorithm.
We describe next how we treat the terms in the problems.

DesignOptimization Theminimization of the design optimization objective is done with re-
spect to the curves’ design parameters. We first calculate analytical gradients of the design objec-
tive J̄(q,p, ᾱtgt) := J(x∗

3D(p, ᾱ
tgt),q,p)with respect to the DER rest-state quantitiesp and

deployment angle ᾱtgt using adjoint sensitivity analysis as detailed in Appendix A.We then back-
propagate these analytical gradients through the spline-to-DER conversion using reverse-mode
automatic differentiation implementation of the PyTorch library [Paszke et al., 2019] to obtain
gradients with respect to our design variables, ∂J̄(q,p(q),ᾱ

tgt)
∂q

= ∂J̄
∂p

∂p
∂q

+ ∂J̄
∂q
.
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Figure 3.15: X-shells vs. C-shells. The rest quantities and target shape have been chosen such
that both deployed gridshells approximate the target well. The crucial difference is that X-shells
have significant stress in the rest state, which no longer remains planar. The von Mises scale is
cropped to the flexural yield stress of our acrylic material. Any value above that threshold indi-
cates a high probability of local plastic deformation or fracture. Additionally, the C-shell models
all outperform their X-shell counterparts in terms of deviation to the target surface. Thedeviation
distribution is reported as violin plots where the maximum value (expressed as a percentage of
the bounding box diagonal) is indicated. In each plot, the white dot represents the median value,
the thick line the interquartile range, and the thin line the 5th to 95th percentile range.

Planarization The flat and target joints positions are jointly optimized, and gradients with re-
spect to both are needed. The gradients of the terms Elen, Eα, Ebnd with respect to the flat c and
target c̄ joints positions are computed using automatic differentiation implemented in PyTorch.
The gradient of Eeq with respect to the joints positions in both the flat and target configurations
is obtained through adjoint sensitivity analysis as explained inAppendix A.We further backprop-
agate the gradients to the uv-parameters using the chain rule e.g., ∂Elen(c,c̄(u,v))

∂u
= ∂Elen

∂c̄
∂S
∂u
. Sur-

face derivatives ∂S
∂u

and ∂S
∂v

are computed using the geomdl Python library [Bingol and Krish-
namurthy, 2019]. The Jacobian of the constraints with respect to the flat joints positions c is
obtained through automatic differentiation. Our planarization typically takes between 1 and 10
minutes to converge on the examples we show.

3.8 Results
We evaluate our optimization-based framework in a series of design studies that illustrate the
unique properties of C-shells. For example, our curved beams eliminate stress in the planar fab-
rication state (Figure 3.15), reduce stresses in the deployed state (Figure 3.6), and allow for more
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Figure 3.16: Exploiting symmetry. For a symmetric target surface such as the torus, we explicitly
enforce beams to be identical in each linkage family using a reduced representation highlighted
in the planar layouts. The initial design (left) is optimized to best approximate the target (right).
The deviation to the target surface is indicated as a percentage of the bounding box diagonal at
each joint.

flexibility in terms of linkage topology (Figures 3.3 and 3.21). This enables designs that cannot be
realized with any of the existing straight-beam gridshells models. Specifically, using the code of
Panetta et al. [2019], we could not obtain geometrically satisfactory and physically realizable re-
sult for the design surfaces we show in this paper. Moreover, the algorithms presented in Panetta
et al. [2019] only feature design optimization, but no inverse approach. Our new inverse flatten-
ing algorithm finds a suitable initialization for design optimization by exploiting the additional
degrees of freedom that C-shells offer by allowing beams to be curved. A comparable method is
currently not available for X-shells.

Fabrication All our physical prototypes have been fabricated by first laser cutting the curved
beams from modified acrylic sheets of 2 mm thickness (see Figures 3.1 and 3.20). We assemble
the two families of beamsusing screws that act as rotational joint axes. We slightlywiden thebeam
cross-sections around the joints to compensate for the hole required for the screw connection.

A crucial advantage compared to X-shells is the stress-free rest state that allows us to simply lay
out the entire network of curves in the plane instead of forcing straight beams to bend and pass
through the prescribed joint locations. As illustrated in Figure 3.15, this leads to high stress in the
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Figure 3.17: The simulatedmodels show good agreement with the 3D scans of the fabricated pro-
totypes. The physical models are deployed by hand, and held in place by either attaching strings
to constrain the distance between pairs of joints (left), or by fastening the screws at the joints
(right). Since we cannot measure accurately the average opening angle of the scanned model,
we sweep the average opening angle of the simulated model and find the best match. The cor-
responding digital model is overlaid on the scan. The deviations of the joints positions to the
scanned joints (shown in red) are respectively 4.4% (left model) 1.2% (right model) relative to
the diagonal of the bounding box of the scanned model.

straight beamsof theX-shells, which alreadybuckle in the assembly state. This greatly complicates
assembly and can easily lead tomaterial failure. At the same time,wedonot need tousenotches as
proposed in Pillwein et al. [2020], whichweakens the beams and can complicate the deployment
process.

We deploy our models simply by expanding the linkage by hand. While this deployment process
deviates from the canonical torque actuation at the joints used in our simulation, the resulting 3D
configuration closely resembles the simulated prediction since shape is robustly encoded in the
linkage (see Figure 3.17).

Symmetric Designs Figure 3.16 shows a design where we explicitly impose identical beam
shapes in each linkage family. We implement this design constraint using a reduced represen-
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Figure 3.18: Effect of varying the cross-section. We optimize an initial linkage towards the same
target surface using three different cross-sections, all sharing the same area. The resulting link-
ages have a comparable median deviation to the target surface: Respectively 0.16%, 0.17%, 0.15%
of the bounding box diagonal. (a) The flat and deployed optimized designs for varying cross-
sections. The von Mises stress distribution in the deployed state heavily depends on the cross-
section shape. (b) Linkages with different cross-sections require different amounts of energy to
be deployed. (c)The eigenvalue associated to themost compliant deformationmode of each de-
ployed linkage. A higher value indicates a stiffer model.

tation where only the control points of one beam per family are unknowns in the optimization.
Identical beams can simplify fabrication, in particular for larger-scale designs, and naturally lead
to symmetric deployed states when employed in combination with a regular linkage topology.

BeamCross-Section InFigure3.18we showtheeffectof varying thebeamcross-section,which
affects the deformation behavior and stiffness of the linkage. We evaluate the stiffness of the de-
ployedmodels by exposing theirmost compliant deformation. This deformationmodev around
the deployed statex∗

3D canbe foundby solving the generalized eigenvalue problemHv = µMv,
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0 π

Figure 3.19: A failure case for our inverse design pipeline. Due to the smoothness of the bound-
ary, the opening angles must span a large spectrum as shown at the top, which is incompatible
with highly curved deployed states (see Figure 3.9).

whereH is the Hessian of the total elastic energy evaluated at x∗
3D,M is the mass matrix of the

linkage, and µ is the eigenvalue associated with the deformation mode v.

In particular, this experiment shows that adjusting the cross-section affects the stress concentra-
tion and the stiffness of the deployed state. The rectangular cross-section has lower internal stress
and ismore compliant than the ellipsoidal cross-section. On the other hand, the ellipsoidal cross-
section has lower internal stress while being stiffer than the L-shaped cross-section.

We report timings and metrics for some examples from the paper in Table 3.1 and Table 3.2.

3.9 Limitations and FutureWork
Fabrication Complexity A fundamental limitation of C-shells compared to previous meth-
ods that use straight beams is the increased fabrication complexity. The curved beams need to
be cut or shaped, which makes the use of natural materials difÏcult, as these often have strongly
anisotropic behavior e.g., wood. Curved beams also lead tomorewastewhen cut from sheets. We
currently try to minimize such waste by manually packing the computed beams as tightly as pos-
sible. An interesting question for future work could be how to directly optimize the beam shapes
for tight fits.

Self-Intersections We do not explicitly prevent self-intersections of beams during design op-
timization or deployment. Our regularization aims at reducing the risk of self-penetration, yet
we cannot guarantee an intersection-free final result. Manual intervention is required if self-
intersections are encountered, such as increasing ϵ and the regularization weights. While in all
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Figure 3.20: Multi-deployment. This model has been optimized towards a toroidal shape (or-
ange), but can also deploy towards a cone-like shape (green) and a saddle-like surface (purple).
The energy plot indicates that the toroidal shape has higher energy than the cone shape. Hence,
additional external forces are required to push the deployment towards the torus as indicated by
the dashed line. Fabricated models at the bottom confirm that this behavior is also observed on
physical C-shells.

our examples, self-intersections did not pose difÏculties, it would be interesting for future work
todirectly incorporate collisionprevention into theoptimization and thus reduce thedesign com-
plexity for the user.

Material Design The cross-section shapes and material properties of the beams are currently
exposed as user parameters in our optimization. Since these quantities significantly affect the
deformation behavior of the linkage, it will be interesting to integrate them as variables in our
optimization.

TopologyDesign In our current system, we expect the linkage topology to be specified as part
of the design input and only optimize the continuous parameters of the model. Incorporating
topology optimization into the pipeline could further simplify design and uncover new high-
performance classes of designs.
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Figure 3.21: C-shells offer increased flexibility in terms of linkage topology, which leads to a sig-
nificantly richer shape space compared to deployable linkages with straight beams.

Planarizeable Target Surfaces Our planarization algorithm expects an uv-parameterized sur-
face patch with four opposing and distinct borders as input. However, some surfaces may not
allow such a representation: See the torus in Figure 3.16. As illustrated in Figure 3.19, the pla-
narization algorithm can fail to produce a suitable initialization for the subsequent design opti-
mization. In this example, the alignment to the curved boundary poses particular difÏculties that
the optimization cannot resolve successfully.

Multi-Stability In our design shown in Figure 3.20, we observed an interesting phenomenon:
Despite being optimized to deploy towards a toroidal shape, the planar fabrication state can also
be actuated towards two additional geometrically distinct stable shapes. This behavior emerged
unintentionally, yet if it can be controlled during design optimization, suchmulti-stability would
open up fascinating possibilities for shape-shifting and reconfigurable structures. Further re-
search is needed to better understand when multiple stable states exist in C-shells and how to
potentially optimize for multiple target states in the same design.

3.10 Conclusion
C-shells are a new type of deployable gridshell, enriching the catalog of bending-active linkage
systems. While more involved in terms of numerical optimization and physical fabrication, the
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Table 3.1: Timings evaluation of the deployment simulation and the design optimization on
several models. #J is the number of joints, #R is the number of rods. Deployment (Sim. Time)
and design optimization (Opt. Time) are in min:sec and are measured on a Linux workstation
with a 64-Core AMD Ryzen Threadripper 3990X Processor and 128GB of RAM. We execute
our design optimization on 12 threads.

Models (Figures) #J #R nq Sim. Time Opt. Time
Dome (3.1, 3.11) 142 30 986 00:16 49:20
3Bumps,wT=6×103 (3.5) 127 26 866 00:22 07:26
3Bumps,wT=6×104 (3.5) 127 26 866 00:23 03:12
3Bumps,wT=6×105 (3.5) 127 26 866 00:24 03:51
3Bumps,wT=6×106 (3.5) 127 26 866 00:24 03:31
Square Boundary (3.7) 312 48 1824 00:34 1:05:42
Circular Boundary (3.7) 312 48 1824 00:34 5:25:04
Bat,wip=0 (3.8) 127 26 710 00:20 15:16
Bat,wip=1×103 (3.8) 127 26 710 00:14 07:26
Bat,wip=5×103 (3.8) 127 26 710 00:16 16:51
Hexagon (3.15) 453 66 2694 01:05 2:22:25
Torus (3.16) 242 44 62 00:42 19:40
2Bumps, rect. (3.18) 127 26 920 00:15 31:36
2Bumps, ellipsoidal (3.18) 127 26 920 00:08 33:34
2Bumps, L-shaped (3.18) 127 26 920 00:11 34:56

increased flexibility of curved beam linkages enables new opportunities for design. Novel grid
topologies facilitate the exploration of deployed shape geometries that are not realizable with
existing methods. At the same time, construction is simplified by ensuring a stress-free planar
assembly state. With these unique benefits, C-shells have the potential for applications at a wide
range of scales, from micro-engineered compliant robots to large-scale architectural construc-
tions.
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Table 3.2: Quantitative assessment of the design optimization on several models. Tgt. Fit. re-
ports the maximum deviation of the optimized deployed rod linkage to the target surface as a
percentage of the maximum deviation of the initial deployed linkage to the target surface. Final
En. gives the total elastic energy of the optimized deployed linkage as a percentage of the total
elastic energy of the initial deployed linkage. Final Obj. is the final objective value expressed as a
percentage of the initial objective value.

Models (Figures) Tgt. Fit. (%) Final En. (%) Final Obj. (%)
Dome (3.1, 3.11) 16.91 109.76 46.61
3Bumps,wT=6×103 (3.5) 67.68 43.22 47.05
3Bumps,wT=6×104 (3.5) 48.66 65.76 51.25
3Bumps,wT=6×105 (3.5) 47.58 96.16 27.84
3Bumps,wT=6×106 (3.5) 41.69 118.85 16.36
Square Boundary (3.7) 19.18 88.03 15.00
Circular Boundary (3.7) 8.28 105.11 0.79
Bat,wip=0 (3.8) 104.95 43.90 65.72
Bat,wip=1×103 (3.8) 110.64 65.49 71.61
Bat,wip=5×103 (3.8) 159.22 69.18 52.65
Hexagon (3.15) 25.69 16.91 20.57
Torus (3.16) 10.71 14.20 5.26
2Bumps, rect. (3.18) 39.54 76.94 35.95
2Bumps, ellipsoidal (3.18) 44.28 97.95 32.08
2Bumps, L-shaped (3.18) 56.07 92.14 44.60

Note
This chapter is based on the following publication:

Quentin Becker, Seiichi Suzuki, Yingying Ren, Davide Pellis, Julian Panetta, Mark Pauly.
C-shells: DeployableGridshellswithCurvedBeams. ACMTransactions onGraphics (Proc.
of SIGGRAPHAsia 2023), Best Paper Award Honorable Mention.

The candidate contributed most of the scientific developments and implementation of this pub-
lication.
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Chapter 4

Interactive Design of C-shells Using Reduced
Parametric Families

Elastic gridshells are a class of planar-to-3D linkages typically composedof straight flexible beams
connected via rigid rotational joints. The integration of planar curved flexible beams into these
linkages significantly broadens their design space, allowing for a diverse range of deployable con-
figurations. We termed these special types of linkages C-shells. The main characteristic of these
structures is that they intrinsically encode their deployed states in the shapes of their beamswhile
maintaining a planar and zero-energy assembly state. However, designing a C-shell is not a trivial
task due to the freeform shape of their beams and the complex physical behavior emerging from
their elastic deformation. To address this challenge, we introduce a computational approach for
interactive design exploration of C-shells. We show howwe can leverage geometric principles on
the arrangement of the beams to efÏciently create linkage assemblies that deploy into low-energy
states of varied geometries and aesthetics. Our reduced parameterization relies on planar con-
formal maps that preserve the deployability of a reference linkage while generating a spectrum of
smooth design variations. To explore design alternatives, users can interactivelymodify the beam
connectivity, starting from a selection of predefined parametric grid topology families. Our in-
teractive tool includes a physics simulation, offering both visual and quantitative feedback on the
deployment of the explored designs. We showcase the utility and adaptability of our approach
through design studies of a variety of C-shell families.

4.1 Introduction
Elastic gridshells are a prominent application of the principle of active bending and are charac-
terized by thin, flexible beams interconnected at scissor joints to form a grid-like structure. This
arrangement facilitates intricate deformation behaviors, with beams undergoing large elastic de-
formation at small strains while rotating around their joints.

Historically, gridshells haveutilized straight beams arranged inuniformgrids that are deformed to
curved 3D geometries by imposing suitable boundary constraints. Recent advancements depart
from this shaping principle and instead, arrange the beams in non-uniform configurations. These
arrangements introduce kinetic incompatibilities, forcing the structures to buckle out of plane
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whendeployed. Here, a significant advantage lies in the capability to encode target shapes directly
into the material system by fine-tuning the distances at which beams connect. However, due to
such irregularities, the main disadvantage is their tendency to adopt non-planar states at rest.

In this context, C-shells emerge as a novel class of non-uniform elastic gridshells characterized by
the use of curved planar beams with arbitrary cross-sections. Offering a broader design space for
constructing free-form surface geometries, C-shells guarantee a planar and stress-free assembly
state due to the introduction of rest curvature in the planar beams. In this paper, we introduce an
approach for the design exploration of these structures using a low-dimensional representation
of the beam layout. Our reduced parameterization relies on planar conformal maps, preserving
the deployability of a reference linkage while generating a spectrum of smooth design variations.
We showcase the utility and adaptability of our approach through various C-shell families.

4.2 RelatedWork
Smooth Chebyshev nets are the fundamental principle for designing regular elastic gridshells.
Themost common geometric technique used in architecture to address the design of these grid-
shells is the so-called compassmethod, initially proposed by Burkhart and colleagues [Burkhardt
and Otto, 1978]. Alternative approaches have been proposed based on the duality of isoradial
meshes and Chebyshev nets [Douthe et al., 2017], the combination of basic buildings blocks
[Baek et al., 2018] and multi-patch approaches based on optimization methods to approximate
intricate geometries [Garg et al., 2014, Sageman-Furnas et al., 2019]. Special attention demands
the concept of C-meshes proposed by Liu et al. [Liu et al., 2023a]. C-meshes are classes of de-
ployable grid-shell structures with beams placed orthogonally to a target surface. One particular
feature is the existenceofC-meshes shaped fromstraight strips forChebyshevnets approximating
surfaces of constant Gaussian curvature and circular strips for quad grids approximating surfaces
with the linear-Weingarten property.

Relevant to ourwork is the research on non-regular elastic grid-shell structures. X-shells [Panetta
et al., 2019] employ straight beams arranged in irregular grids, enabling assembly in a near-planar
configuration before deployment into a 3D shape. This method offers designers the ability to it-
eratively adjust the planar grid layout based on interactive feedback regarding the resulting 3D
geometry. Subsequently, optimization is applied to minimize elastic energy in both the flat as-
sembly and deployed states. Recent research on elastic geodesic grids has similarly focused on
exploring irregular grid configurations [Pillwein et al., 2020, Pillwein and Musialski, 2021, Sori-
ano et al., 2019]. These studies take advantage of the inherent property of thin lamellas, which are
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constrained to conform to geodesic curves on a surface owing to their highly anisotropic bending
stiffness. Schling and colleagues [Schling et al., 2018] investigated a distinct type of non-regular
grid-shell structure employing asymptotic grids to approximate surfaces with non-positiveGaus-
sian curvature.

The utilization of curved planar ribbons is another aspect relevant to our work. Ren et al. [Ren
et al., 2021] introduced amethod that extendsweaving techniques to incorporate curved ribbons,
offering greater flexibility in the topology of the weaving pattern and resulting in a smoother ap-
pearance of the finalwoven structure. Baek and coworkers [Baek et al., 2021] explored the impact
of in-plane curvatures of ribbons to develop smooth spherical, ellipsoidal, and toroidal triaxial
woven structures using a unit-cell approach. Mhatre et al. [Mhatre et al., 2021] proposed a de-
ployable circular structuremade from elastic beamswith constant in-plane curvature. In contrast
to our approach, these methods do not explicitly couple beams along their span with rotational
joints.

4.3 Background
Webriefly describe the wayC-shells are defined, simulated, and deployed as initially proposed in
[Becker et al., 2023]. More details on these aspects can be found in the original paper.

C-shells Parameterization C-shells are instantiated by manipulating a set of control points
in the plane that are interpolated using cubic splines [Farin, 2002], each representing a curved
elastic rod. These control points can be further categorized into joints, which are shared among
splines, and intermediate control points, which are specific to each spline. We gather both in a
single array q ∈ R

nq that defines the degrees of freedom of the system. This parameterization
decouples the topology of C-shells from the geometric information encoded in the beam shapes.

PhysicalModel Each beam is split into segments at the joints, which are then simulated using
the elastic rodmodel fromBergou and colleagues [Bergou et al., 2008, 2010]. At each end of each
segment, a rotational joint connects beams belonging to different families by enforcing positional
and rotational constraints except for a rotation about the joint normals. Elastic rods aredefinedby
a rest quantities arrayp(q) ∈ R

np (rest lengths and rest geodesic curvatures) extracted from the
splines directly so that any layout is at rest and flat when drawn by the designer. The segments are
furtherdecomposed into edges,whosepositions andorientations are stored in the arrayx ∈ R

nx .
Special treatment is given to edges connected at joints, as described inPanetta et al. [Panetta et al.,
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2019]. Deformations of the linkage are quantified using the elastic energyE(x,p) that accounts
for stretching, bending, and twisting of the linkage beams.

C-shells Deployment Deployment is achieved by imposing uniform torque at the joints and
solving for the equilibrium state x∗

3D of the whole linkage. Equivalently, we can constrain the
averageopening angle ᾱ(x) to a user-definedvalue [Becker et al., 2023]. Thedeployment process
is formulated as the following optimization problem

x∗
3D(p, ᾱ

tgt) := argmin
x

E(x,p) (4.1)

s.t. ᾱ(x) = ᾱtgt,

where ᾱtgt is the target average opening angle. We additionally pin the three translational and
three rotational degrees of freedomof an arbitrary node to eliminate global rigid transformations.

4.4 Geometry for C-shells
Due to the complex interplay of beam connections and the freeform geometry of beam shapes,
the physical deployment of C-shells offers rich geometric behavior that can be difÏcult to predict
by the designer. To aid interactive design, we have found that certain geometric principles based
on joint angles and inter-joint distances allow us to qualify the structure’s deployability and the
sensitivity of its deployed state to the input parameters.

Opening Angles Distributions The deployment of a C-shell defined in Equation (4.1) is de-
termined by its average opening angle. Therefore, the distribution of joint angles in the planar
rest state naturally impacts the deployability of the structure.

First, the range of this distribution determines whether the C-shell can be deployed by increas-
ing or decreasing joint angles. The difference between the maximum value in the range and π
indicates the extent to which the angles can be opened for deployment. Similarly, the difference
between the minimum value in the range and 0 represents the degree to which the angles can be
closed for deployment, see Figure 3.9.

Second, the extent of the range of the distribution gives an indication of the incompatibility of
a C-shell. A narrow angle spectrum indicates a compatible linkage (which stays in plane when
deployed) or a conformal variation of one such linkage. On the other hand, a wider opening
angle spectrum indicates an incompatible linkage in the vast majority of the cases. For instance,
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Figure 4.1: The curvature of segments at rest does not significantly impact the deployed shape
if the joint’s positions are identical. Designs on the left and on the center share the same joints
with varying intermediate control points. The closest deployed state along the deployment path
(second row) remains close to the target surface. However, applying a random perturbation to
each joint position independently (rightmost design) leads to a significant deviation from the
original surface. We report the target deviation as a percentage of the bounding box diagonal of
the target surface as a function of the perturbation magnitude.

a Klann-like linkage [Klann, 2002] exhibits varying opening angles while remaining compatible.
However, any random perturbations to the initial design will likely compromise this property. In
practice, they represent a negligible fraction of the designs, whichmakes the distribution width a
valid measure of incompatibility in a linkage.

Inter-JointDistances C-shells are parameterized using splines that interpolate joint positions.
While intermediate control points are introduced to enrich the space of beamdesigns, we show in
Figure 4.1 that the deployed shape is less sensitive to their positioning. Furthermore, we observe
that a relatively small uncoordinated perturbation of the joints’ positions can lead to a significant
deviation from the target surface. The overall form of a C-shell is predominantly determined by
the arrangement of joints in the plane, rather than the specific placement of intermediate control
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Boundary
First Fla�ening

Harmonic

Figure 4.2: Our tool allows the user to manipulate the domain boundary and deform an initial
grid layout according to two strategies. Harmonic parameterization [Eck et al., 1995] is near-
conformal while Boundary First Flattening [Sawhney and Crane, 2017] deforms the input con-
formally. Larger quadrilaterals are filtered out depending on a user-defined tolerance on their
areas. The resulting models can be deployed for further inspection.

points.

4.5 Parametric Families of Deformations
Based on the foundational concepts of C-shells parameterization and deployment, we introduce
a practical approach for exploratory design processes. Ourmethod involves a series of interactive
editing operations that enable the deployability-preserving and smooth deformation of an initial
2D linkage design. These 2D deformation maps can be combined arbitrarily to generate design
variations. Our physics-based linkage simulation then allows evaluation of the design modifica-
tions on the deployed 3D structure.

Conformal Deformations

Conformal maps preserve the angle distribution and distort the inter-joint distances of an input
C-shell layout. In light of the considerations above, they hence allow controlling the deployed
shape while preserving the deployability of the initial design.

Planar conformal maps offer a rich space of 2D deformations. The Riemann mapping theorem
states that given two simply connected subsets ofR2, there exists a bijective conformal map be-
tween them [Walsh, 1973]. Such amapping is unique up to rotations and translations. To control
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Figure 4.3: Three variations (bottom two rows) of a reference linkage template (top) using 2D
Möbius transformations. The initial layout is projected onto the sphere, rotated about the sphere
center, and projected back to the plane.

such a conformal map, the user can manipulate the non-self-intersecting closed boundary curve
of the linkage. We can then infer the corresponding conformal map using the Boundary First
Flattening (BFF) algorithm [Sawhney andCrane, 2017] applied to planar domains. Thismethod
solves for a discrete approximation of a conformal map that we apply to our linkage structure to
obtain the new beam geometries and joint locations.

Alternatively, we can replace the conformal map with a harmonic parameterization [Eck et al.,
1995]. While harmonicmaps donot preserve angles, they can reduce area distortion, which leads
to a more uniform spacing of joints. Both methods are shown in Figure 4.2, where we illustrate
how a simple regular grid on a unit disk can be transformed to create interesting design variations.
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Figure 4.4: A reference linkage (top) is deformed using attractive and repulsive points laid out in
the plane with varying action strengths. Green points attract neighboring joints with an intensity
proportional to their radii, similar to red points repulsing neighboring joints. GaussianRBFswith
a single shared extent and varying strengths are chosen in these designs.

Möbius Transforms As an alternative to editing the linkage boundary, we offer a more direct
way to define a specific subset of conformal maps, calledMöbius transforms. These maps can be
created as a composition of three basic transforms: An inverse stereographic projection onto a
sphere, a rotation of the sphere about its center, and a projection back to the plane. We expose
three parameters to the user: The height of the sphere center and the rotations about the initial
plane axes. The first parameter controls the scale of the initial linkage, while the last two param-
eters allow bringing various kinds of incompatibilities into the linkage. We conceal the x and
y coordinates of the sphere center and the rotation about the normal to the design plane since
they only rigidly deform the initial layout. Figure 4.3 illustrates how this simple interface enables
effective exploration of design alternatives.

Attractive and Repulsive Points

Conformal deformations primarily manipulate the geometric properties at a global level, while
preserving the deployability of the grid layout. We propose an alternative strategy that allows di-
rectmanipulationof joint positions using local attractionor repulsion forces definedon a small set
of local control points. Deformation fields generated from such point sources are determined by
the choice of a Radial Basis Function (RBF).TheGaussian RBFs used in Figure 4.4 allow decou-
pling interaction strength s and interaction extentσ for each point on a joint located at a distance
r as s

σ
√
2π

exp
(

− r2

2σ

)

. A positive s indicates a radially repulsive point, while a negative value
defines a radially attractive point. The strength and extent of the points actions can be adjusted
dynamically, allowing for real-time user interaction. This addition enhances the versatility and
applicability of the proposed approach, offering designers a comprehensive toolkit for exploring
C-shell layouts.
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-π π

-π π

Figure 4.5: Our boundary-based deformations are compatible with other linkage representation
spaces, allowing for finer control on annulus topologies. Converting a rectangular lattice linkage
topology made of rhombus cells in the polar coordinates domain (left) to the Euclidean space
produces a linkage with an annulus topology (top row, left). Boundary First Flattening [Sawh-
ney and Crane, 2017] only allows simply connected domains to be manipulated and discards the
inner boundary. The designer can edit the outer ring exclusively. Instead, we let the user edit the
rectangular boundary in the polar coordinates domain before pushing the design to theEuclidean
space (bottom row). This allows the inner and outer rings to be manipulated independently.

4.6 Linkage Topology Design
In the preceding section, we introduced techniques for manipulating joint angles and distances,
offeringmeans to adjust the geometry of the planar linkage layouts. Expanding on thesemethods,
we now turn our attention to the topology of linkage grids. Navigating the full space of linkage
topologies is difÏcult due to the combinatorial explosion of possibilities. We therefore expose a
subset of such linkage topologies and facilitate direct user edits supported by automatic deletion
of joints based on geometric criteria and tolerances.

Topology Families

Rectangular Lattice Topology One straightforward approach is to use either rectangular or
rhombic unit cells and tile them following a rectangular lattice in a 2D Euclidean space, see Fig-
ure 4.6. The number of joints and the spacing in the x and y directions can be tuned indepen-
dently before applying our in-plane deformations tools discussed above.
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Figure 4.6: Rectangular lattices with rectangular (left) and rhombic (right) unit cells.

Annulus Topology In addition to this, we allow users to design radially symmetric designs by
adapting the rectangular lattice topology to polar coordinates. Joints in the 2D space are param-
eterized using polar coordinates i.e., they belong to S1 × R+ where S1 is the unit circle.

An annulus topology is initialized from a rectangular lattice topology, for which the rectangle is
axis-aligned in S1 × R+, with a side length of 2π along the azimuthal direction to ensure peri-
odicity, see Figure 4.5 on the left. Overlapping joints on the rectangle sides are identified so that
all curves share the same number of joints. Joint positions can be recovered in the 2D plane by
evaluating the polar coordinates.

Such linkages can be edited bymanipulating the domain boundary in the 2D plane or directly on
the cylinderS1×R+. For the latter, we allow the designer tomanipulate the sides of the rectangle
along the radial direction and impose both sides tomatch along the azimuthal direction. This last
property ensures that the deformation is well-defined on the unit circle.

While this second option affects the deployability of the linkage i.e., its opening angle distribu-
tion, it allows for a finer control of the inner circle of topology by decoupling it from the outer
ring, see Figure 4.5.

Topology Editing

As the initial linkage deforms in the design process, some rod segments may grow unrealistically
long. We detect such outliers and let the user discard them based on an adjustable length thresh-
old. The remaining single valence joints are discarded iteratively until none can be found in the
linkage. Alternatively, we let users manually remove joints and subsequently filter out single va-
lence joints.

4.7 Implementation
Our C-shell design tools are packaged in a single Rhino-Grasshopper [McNeel et al., 2009] plu-
gin, see Figure 4.7. We split them into categories: Geometric Edits, Deployment, and Design
Evaluation.
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Geometric Edits Deployment Design Evaluation
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Figure 4.7: Overview of the functionalities available in our Rhino-Grasshopper [McNeel et al.,
2009] plugin.

Geometric Edits encompass the abovementioned techniques, including boundary-induced de-
formations,Möbius transforms, attractive and repulsive points, and polar coordinates representa-
tion. The resulting linkage is simulated in the flat state and deployed according to Equation (4.1).
The user controls the deployment extent, and pinned joints if any. Physics quantities can bemea-
sured and are made available to the user following the model presented in Becker et al. [Becker
et al., 2023]. As an example, Figure 4.7 shows themaximumvonMises stress at each vertex of the
linkage discretization, where the scale is cropped at the yield stress of Acetal Copolymer (POM-
C).

4.8 Conclusion
The incorporation of planar curved beams in C-shells represents a promising alternative for the
design of elastic gridshells. The research presented in this paper aims to advance the forward
design process of C-shells by introducing a comprehensive framework of human-interpretable
manipulations of a reference linkage, inspired by considerations of scissor linkage deployability.

Our approach enables designers to navigate the intricate landscape of C-shell design with greater
ease. By offering a set of intuitive strategies based on both conformal and non-conformal defor-
mations within various topology layouts, we facilitate real-time recombination and modification
of planar linkages. Through visual feedback of the resulting deployed state, designers can intu-
itively assess the impact of their design decisions and iteratively refine their creations.

While our research has demonstrated the vast design space that C-shells could offer, efforts are
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Figure 4.8: Compositions of edits produce designs with diverse-looking deployed states.

still required to address their scalability, particularly in termsofmaterial efÏciency and fabrication
feasibility. However, by embracing the possibilities offered byC-shells, our research sets the stage
for further innovation and exploration in the field of elastic gridshells.

Note
This chapter is based on the following publication:

Quentin Becker, Seiichi Suzuki, Mark Pauly. Interactive Design of C-shells Using Re-
duced Parametric Families. International Association for Shell and Spatial Structures (IASS)
(Proc. of the IASS Annual Symposium 2024).

The candidate contributed most of the scientific developments and implementation of this pub-
lication.
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Chapter 5

ComputationalDesign of a Kit of Parts for
Bending-Active Structures

Bending-active structures are composed of elastic elements that deform to achieve a desired tar-
get shape. To support effective design, inverse algorithms have been proposed that optimize the
geometry of each element specifically for each design. This makes it difÏcult to reuse elements
across designs or gain efÏciency in fabrication through mass production.

Weaddress this issue andpropose a computational framework to rationalize bending-active struc-
tures into a sparse kit of parts. Our method solves for the optimal part geometry such that multi-
ple input designs can be faithfully realized with the same kit of parts. Assigning parts to different
assemblies leads to a combinatorial explosion that makes exhaustive search intractable. Instead,
we propose a relaxed continuous optimization incorporating a physics-based simulation in its
inner loop to model the elastic deformation of the bending-active structure accurately. Our al-
gorithm allows analyzing different design trade-offs of a kit of parts to tune the balance between
fabrication complexity and fidelity to the original designs. We demonstrate our method on three
different classes of bending-active structures, showcasing the effectiveness of our approach for
part reuse and sustainable practices in fabrication-driven design.

5.1 Introduction
Bending-active structures are physical systems characterized by distinctive curved geometries,
which arise from the elastic deformation of initially straight or planar elements. This formation
approach not only enables the creation of static structures but also facilitates the construction of
kinetic and deployable systems by leveraging the reversibility of elastic deformations [Lienhard,
2014]. While the constituent elementsmust be thin and slender to allow significant deformation,
the structuresmust counterbalance thismaterial reduction towithstand loads by employing alter-
native stress-stiffening effects achieved through appropriate geometric design [LaMagna, 2017].

The equilibrium form of these structures emerges when all internal forces induced by elastic de-
formation of the elements and external forces, such as gravity, are in global balance. The presence
of large deformations, along with the sensitivity of the structural form to even minor changes in
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Figure 5.1: A kit of parts allows cost-effective fabrication of bending-active assemblies. Our gen-
eral optimizationmethod finds the part geometries to best reproduce a given set of input designs
and can be specialized to different material systems. Left: Umbrella meshes deploy from a com-
pact assembly state towards a target equilibrium. Right: Bending-active orthogonal gridshells
assembled from straight beams that deform to best approximate the target surface.

the geometry and material properties of its constituents, makes the design process highly chal-
lenging. In response to this, physics-based simulations have been integrated into the research of
bending-active structures to accurately predict equilibrium states [Lienhard et al., 2013,Manolas
et al., 2022]. To match a simulated form with a desired input freeform geometry, inverse design
algorithms have been proposed that directly solve for the design parameters of the bending-active
structure [Pillwein andMusialski, 2021, Ren et al., 2022, Becker et al., 2023, Panetta et al., 2019].
These parameters typically define the undeformed rest state of the constituent elements, which
can be fabricated in a flat state and then assembled into the final structure.

One key advantage of bending-active structures is that their constituent elements are designed to
maintain strainwithin the elastic limits of thematerial, allowing for reversible elastic deformation.
This means that a structure can be undeployed and individual components could in principle be
re-used in a different design. However, current inverse designmethods compute optimized com-
ponent geometries that are specific to one particular design only. This limits the re-use poten-
tial of parts and requires custom fabrication of each individual element, which can be slow and
expensive compared to mass production techniques. Our work addresses these drawbacks and
investigates the question of how to design a kit of parts that can be manufactured at scale and be

74



5.2. RELATEDWORK

re-used across multiple designs of bending-active structures.

This problemhas been extensively studied for static structures composed of rigid components, in
particular in the context of architectural research [Brütting et al., 2021, AlegriaMira et al., 2016].
Freeform designs are rendered feasible for fabrication by rationalizing them to groups of identical
components. Such an optimized kit of parts can be used to assemble complex structures with
an efÏcient fabrication pipeline, providing a cheaper and more sustainable alternative to custom
fabrication. We study this problem for bending-active structures, where parts can deform into
many different configurations in different assemblies. This additional complexity requires a fun-
damentally different approach.

Contributions.

Our main contribution is a computational framework for optimizing a kit of parts for bending-
active structures. We propose a numerical method that relaxes the discrete combinatorial na-
ture of the part-to-element assignment problem into a continuous optimization problem. This
fully differentiable optimization canbe seamlessly combinedwith a physics-based simulation that
tracks the equilibrium states of all input design instances mapped onto the kit of parts. Our for-
mulation is general in that it can be applied to different classes of bending-active structures. We
show how to customize the algorithm for three concrete examples of bending-active structures,
highlighting the versatility of our approach. The full source code and experiments can be found
at https://go.epfl.ch/kop.

5.2 RelatedWork
We discuss prior work on bending-active and deployable structures in the context of component
reuse and rationalization. Works proposing component reuse in architecture are followed by a
review of reconfigurable systems with reusable components as their building blocks. We men-
tion computational methods for rationalization in the context of computer graphics and further
narrow our focus on modular systems involving a kit-of-parts approach to conclude the section.

Deployable Structures Deployable structures transform from a compact rest state that is typ-
ically easy to assemble, transport, and store to a deployed target state. While deployment mecha-
nisms span across different scales andmaterial systems [Yang et al., 2023], we focus on structures
composed of elastic beams coupled via specific joining mechanisms. Trusses, space frames, and
gridshells [Dyvik et al., 2021] are notable examples of such structures on an architectural scale.
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C-meshesC-shellsUmbrella Meshes

Figure 5.2: Examples of bending-active structures using elastic beams (Umbrella Meshes [Ren
et al., 2022], C-shells [Becker et al., 2023]) and orthogonal grids (a superset of C-meshes [Liu
et al., 2023a]) that can be deployed into a 3D target surface.

Severalworks dealwith finding deployable variants of gridshells [Panetta et al., 2019, Becker et al.,
2024, Pillwein andMusialski, 2021, Schling et al., 2022,Tellier, 2022] and the actuation sequence
for their erection. The inverse-design problem of computing the rest state that deploys to a de-
sired deployed state is of particular interest. Approaches involving geometric abstractions and
numerical optimization have been proposed to solve the problem for different deployable struc-
tures [Baek et al., 2018, Ren et al., 2022, Becker et al., 2023, Liu et al., 2023a].

Figure 5.2 shows examples of bending-active deployable structures. While digital fabrication
techniques have enabled the creation of bespoke solutions tailored to specific deployment states,
our focus shifts to optimizing kit of parts that can be reused across multiple designs and deploy-
ments. This shift to generalized kits introduces significant challenges. Specifically, the inherent
difÏculty of rationalizing a material system is further intensified by the large deformations char-
acteristic of bending-active structures. In these cases, the complexity is twofold: Ensuring that
the structure’s deployability is preserved throughout the rationalization process, and accurately
maintaining and tracking the equilibrium states of the system.

OrthogonalGridshells Orthogonal gridshells defineanother subclassof bending-active struc-
tures that is of particular interest. The beam profiles are oriented normal to the design surface,
allowing beams to deform along their weak axis to approximate the surface geometry, while load
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transfer occurs locally via their strong axis [Schling, 2018]. Networks of asymptotic curves to cre-
ate asymptotic gridshells [Schling et al., 2022, Schling and Barthel, 2020] and pseudo-geodesic
gridshells [Mesnil et al., 2023] are examples of such structures using straight strips. Circular strips
have also been used on surfaces of constant mean curvature [Schling et al., 2018], or for deploy-
able orthogonal structures (alongwith straight ones) through the concept ofC-meshes [Liu et al.,
2023a]. We consider a generalization of these structures with curved planar lamellas.

Re-usable Structures Our focus on a kit-of-parts approach addresses the challenge of pro-
moting the reusability of structural components. Reuse-driven design [Fivet and Brütting, 2020,
Huang et al., 2021] is crucial for promoting component reuse both upstream (by procuring com-
ponents for future use) and downstream (by designingwith future reuse inmind). An interesting
approach of re-usability are modular structures made of identical universal components that can
be reconfigured for various design realizations. Alegria and co-workers 2016 introduce a universal
scissor component that canbe reconfigured to all basic scissor cells. Liu et al. [2022] use reconfig-
urableunitswith threemulti-stable states (long, short, andbent) todesign3Dspacemetawires for
reconfigurable antennas. Kusupati and colleagues 2023 use identical, shape-agnostic, and recon-
figurable umbrella cells to realize structures that deploy into a large range of desired geometries.
Although universal reconfigurable components can be manufactured at scale and reused across
various designs, they often involve significant complexity in terms of part geometry and fabri-
cation. In contrast, our work adopts the principle that a simpler, less reconfigurable kit of parts
can bemass-producedmore cost-effectively, striking a balance betweenpart reuse and fabrication
complexity.

Computational Rationalization

An important aspect of our work involves the rationalization of target geometries into a finite set
of parts. Research in computer graphics and computational geometry is relevant for the panel-
ization of free-form surfaces [Singh and Schaefer, 2010, Liu et al., 2021, Zhu et al., 2023] with
applications in architecture [Eigensatz et al., 2010a, Zimmer et al., 2012]. Fu and colleagues 2010
generate a set of K quads whose instances can produce a tiled quad surface that approximates the
input surface. Freeform honeycomb structures [Jiang et al., 2014] provide a torsion-free support
structure with identical nodes. Jiang et al. [2021] use panels that are manufacturable by precise
isometric bending of surfaces made from a few molds of constant Gaussian curvature. Various
works such as [Testuz et al., 2013, Luo et al., 2015, Zhang and Balkcom, 2016] also explore volu-
metric rationalization of 3D shapes using shape filling blocks.
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Other works focus on clustering the structural components into a set of parts based on differ-
ent metrics. Basso and colleagues 2009 perform an optimization on free-form gridshells to clus-
ter elements into a predefined number of different length groups. Liu et al. [2023b] present a
clustering–optimization framework to reduce the number of different nodes in space frame struc-
tures. Zimmer and co-workers 2014 rationalize free-form shapes to a single kit of parts using the
Zometool set composed of linear elements of nine different lengths connected by one universal
joint with different connection directions. Lu and Xie [2023] reduce the number of different
members in a truss layout by considering shared lengthsbetweenmembers aswell as shared cross-
sections. Schling and Barthel [2020] provide a holistic theory of repetitive structures considering
both the geometric and constructive parameters through computational design. Their system-
atic study aims to identify principle relationships of form and structure and develop new design
strategies.

Kit-of-Parts Approach

It is not a new idea to use a kit of parts pre-designed and engineered to bemass-produced for con-
struction. Howe et al. [1999] draw parallels to an object-oriented programming environment
with well-defined interfaces to be followed (e.g. load transfer rules, cost constraints, boundary
constraints). Brütting and colleagues 2021 present a new computational workflow to design a
bespoke kit of parts that can be employed to build structures of diverse typologies using opti-
mization of structural members and joints i.e., the kit of parts that fit multiple geometric and
structural requirements. St-Hilaire and Nejur [2022] propose form-matching of a temporary ar-
chitectural structure with a kit of parts coupling wood with simple bendable steel strips. Gau-
dreault and Nejur [2023] introduce a constructive system aimed at maximizing the integration
of reclaimed materials for the construction of triangular reticular structures. While these works
take a kit-of-parts design approach, they do not handle free-form bending-active structures. We
provide a general framework for rationalizing bending-active structures employing physics-based
simulation for form-finding in the inner loop of the optimization.

5.3 Overview
Bending-active structures based on elastically deforming beams sharemany commonalities, even
when their deployment mechanism are fundamentally different. This observation motivates our
formulation of a general kit-of-parts optimization approach that can be customized towards spe-
cific classes of bending-active structures.
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Figure 5.3: Rationalization of a bending-active structure using a kit of parts: The graphG defines
the assembly connectivity of the design with nodes representing constituent elements/beams.
Projecting these designs onto a kit of parts replaces each element j with parameters qj by a part
c(j) from the part set with parameterspc(j). Here c represents the assignment function from ele-
ments toparts. Thepart set and the subsequent kit of parts are computed through anoptimization
that minimizes an objective comprising target fitting T and elastic energy E of the equilibrium
state.

Our algorithm takes as input a set of existing design instances, given by the individual geometries
of all elastic elements in their rest state, and corresponding assembly graphs that define the con-
nectivity of elements in each final structure. The goal is then to optimize for a sparse kit of parts,
that is, to find the optimal geometry of each part as well as an assignment function that deter-
mines which element in each input design will be realized by which part. Such a kit of parts will
be effective, if the number of parts is significantly smaller than the number of elements, while at
the same time enabling faithful reproduction of the input designs.

We first define a template optimization problem in Section 5.4. Our formulation abstracts from
class-specific implementation details and focuses on the core objectives that are common across
different classes of bending-active structures. Specifically, we show in Section 5.5 how the combi-
natorial problemof assigning parts to elements can be solvedwith a continuous relaxation that al-
lows integrating a physics-based simulation to track equilibrium states of the given input designs.
We then illustrate in Section 5.6 how this template optimization can be supplemented with spe-
cific objectives for three bending-active structures: (i) Umbrella meshes, (ii) orthogonal grids,
and (iii) C-shells. Implementation aspects of the numerical optimization are discussed in Sec-
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tion 5.7 with more details provided in the supplemental material.

We show in Section 5.8 how our algorithm enables users to analyze different design choices for
the optimization of a kit of parts. This helps to find the most appropriate trade-off between the
complexity of the kit of parts and the deviation to the input designs.

5.4 Problem Statement
In this section we introduce terminology and formulate the general problem of optimizing a kit
of parts for bending-active structures.

We assume as input a set S1, S2, . . . of bending-active structures that represent the variability in
designs that should be realizable by the kit of parts. Each structure Sk is represented by a graph
G whose nodes denote the elastic elements of the structure that are joined according to the con-
nectivity defined by the graph edges. Each node has attributes qj ∈ R

d, a set of continuous pa-
rameters that define the element geometry. For example, qj could denote the length and width
of a straight beam and the location of rotational joints along the beam. For ease of notation, we
accumulate all element parameters in a vector q = (q1, . . . ,qn) where n is the total number of
elements across all input designs.

EquilibriumComputation

To simulate the equilibrium of a structureSk, we convert the corresponding element parameters
into a discrete representation suitable for simulation. In our case, we model elastic beams using
the discrete elastic rod model introduced by Bergou and colleagues 2008, 2010. Each beam is
sampledwith a polyline. The rest variables of the structure are then the lengths and angles of these
polylines that we collect in a vector r. The simulation variables representing a deformed state of
the design, i.e., the nodal positions and local frames of all discrete elastic rods, are collected in a
vector x. The elastic energy of the deformation is defined as E(x, r) and combines stretching,
bending, and twisting terms as proposed in [Bergou et al., 2010].

The deformed state of Sk at equilibrium is the solution x∗ of a constrained minimization prob-
lem. The optimization objective combines the elastic deformation energy E(x, r) with external
deployment forces modeled by an energy termD(x). We also integrate Dirichlet constraints to
fix a certain subset of the deformed state variables xf ⊂ x to user-specified target values xtgt

f ,
allowing pinning vertices to fixed positions or simulating deployment. We aggregate the rest vari-
ableswith the fixed variables in a vector of design variablesd. Theequilibrium statex∗

3D is defined
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as a function of design variables d as

x∗(d) := argmin
x

E(x, r) +D(x) (5.1)

s.t. xf = x
tgt
f .

Kit of Parts Objective

A kit of parts is an ensemble ofm parts p := (p1, . . . ,pm), where pi ∈ R
d define the parts’

geometry analogous, but potentially different to the parameterization used for elements of the
input designs.

To realize the structuresSk with the kit of partsp, we define an assignment function c : [1, n] →
[1,m] that indicates which part of p is assigned to which element in q. These assignments are
aggregated over all structures in a vector c = (c(1), . . . , c(n)). The assignment process is de-
scribed inmore detail in Section 5.5. Figure 5.3 illustratesq,p, and c for a simple bending-active
system. See also Figure 5.6 and Section 5.6 for the specific classes we consider below. p

Theoptimization aims to compute the part parameters ofpwithm� n and the corresponding
assignmentc such that elementqj can be rationalized as an instance of partpc(j). This projection
onto the kit of parts inevitably incurs a deviation in the resulting equilibrium shapes from the
input designs. Our goal is to reduce this discrepancy to a minimum while retaining a low elastic
energy of the system. We thus formulate a design preservation energy as a function of (x, r) as,

F (x, r) = T (x) + E (x, r) , (5.2)

where T is a target fitting term measuring the distance of the deformed state x to a given target
surface, and E is the elastic energy ofx. In Appendix B, we describe how to apply suitable weight
factors for these terms to makeF scale-invariant. We discuss howF can be adapted to different
systems in Section 5.6.

Once adesignSk is rationalizedusing thekit of partsp, its rest variablesrk anddesignvariablesdk

are a function of the part parametersp and the assignment c. As a consequence, the equilibrium
statex∗

k(dk) is a function of (p, c) as well. We therefore formulate the objective function for the
kit of parts optimization as the sum of the design preservation energies across all designs:

J (p, c) =
∑

k

F (x∗
k(p, c), rk(p, c)) . (5.3)
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Figure 5.4: Optimization flow for the original kit of parts problem. The objective is to find the
optimal part parameters p and assignments c that minimize the design preservation energy F
across all designs.

Figure 5.4 illustrates the optimization problem. Optionally, weights can be assigned to indicate
the relative importance of each design and re-formulate the objective as a weighted sumof design
preservation energies.

5.5 Kit of Parts Optimization
The equilibrium state x∗ in Equation (5.3) is sensitive to changes in the kit-of-parts variables
(p, c). A change in the assignment function can lead to a large jump in the equilibrium state
x∗ and subsequently the design preservation energy J . In addition, the space of assignments c
grows exponentially with n, making an exhaustive search over themn possibilities intractable.
The projection of elements q onto parts p in the context of bending-active structures is chal-
lenging and can result in buckled equilibrium states. We discuss more about buckling issues in
Section 5.8 and Figure 5.11 illustrates how our approach mitigates them.

Projection-Relaxed Problem

We address the forementioned challenges by formulating a relaxation of the problem ofminimiz-
ing Equation (5.3) to a tractable continuous optimization. This relaxation is achieved by tracking
auxiliary continuous variables q̃ of the elements in the simulation.

We define the kit-of-parts parameters (p, c) as dependent variables of q̃ and introduce a projec-
tion energyP to bind the auxiliary variables q̃ to the parts and assignment variables (p, c). The
rest variables rk and the equilibrium state x∗

k(rk) of design Sk are defined as functions of q̃. The
new objective is then written as a function of q̃:

J (q̃) =
∑

k

F (x∗
k(q̃), rk(q̃)) + P(q̃). (5.4)

As opposed to the former objective of Equation 5.3, part parametersp and part assignments c are
dependent variables of q̃ and are updated in the optimization loop. The relaxed formulation de-
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Figure 5.5: Optimization flow for the relaxed problem. The relaxation enables a fully differen-
tiable optimization that can be seamlessly combined with a physics-based simulation. The ele-
ments q and partsp are illustrated in Figure 5.6. Figure 5.7 visualizes the part assignments c and
equilibria x∗ along with the energiesF andP .

fines the equilibrium simulation as a function of the continuous variables q̃ and makesJ robust
to large jumps due to changes in the assignment function. The optimization flow is illustrated
in Figure 5.5. The various terms in J (q̃) specific to our bending-active systems are defined in
Section 5.6 and illustrated in Figure 5.7 on a single design instance for each system.

Projection Energy

To defineP , we first introduce a non-dimensionalized part-element projection energy ρ : Rd ×

R
d → R+. A low value of ρ(pi, q̃j) indicates higher similarity between an element j and a part

i. For independent parts p, assignment c, and elements q̃, the projection energy P̃(p, c, q̃) is
aggregated over all elements as,

P̃(p, c, q̃) :=
wc

n

n∑

j=1

ρ(pc(j), q̃j), (5.5)

where the weightwc controls the relative importance given to the projection energy term during
optimization. Minimizing P̃ ensures that the elements arewell represented by the parts they have
been assigned.

Theprojection energyP(q̃) fromEquation (5.4) is then obtained as aminimumover all possible
parts and assignments for a given set of elements q̃,

P(q̃) := min
p,c

P̃(p, c, q̃). (5.6)

Weminimize P̃ in an alternating fashion over assignment and part updates.
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Figure 5.6: Elements, parts, and assembly states of the three classes of bending active structures
we consider. From top to bottom: UmbrellaMeshes, orthogonal grids, C-shells. The plots on the
right illustrate the distribution of parameters in the input models compared to an optimized kit
of parts, where element symmetries can be exploited to further reduce the number of parts.

Updates

The assignment c, or the function c, is updated by keeping p fixed and solving for the optimal
assignment,

c(j) := argmin
i

ρ(pi, q̃j). (5.7)

The parts p are then updated by keeping c fixed and solving for the optimal parts,

pi(q̃) := argmin
y∈Rd

∑

j∈c−1({i})
ρ(y, q̃j), (5.8)

where c−1({i}) is the set of elements currently assigned to part i. In all of our examples, the
update step in Equation (5.8) can be solved analytically and efÏciently differentiated. The alter-
nating updates are repeated until convergence for every evaluation of P(q̃). Note that when ρ
is the squared L2 distance, the update rules are equivalent to the k-means clustering algorithm
[MacQueen et al., 1967].

Initialization

The alternating update scheme to computeP(q̃) requires an initial guess for (p, c). Our initial-
ization is inspired by the k-means++ algorithm [Arthur et al., 2007], so that parts are as spread
out over the set of elements as possible. A first element is chosen uniformly at random and as-
signed to the first partp1. A new element q̃j is chosen at random among the remaining elements
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Elastic Energy EProjection Energy Target Fi�ing P T

Figure 5.7: Optimization objectives in the relaxed problem: For a given input design, the objec-
tive functionJ is composed of the design preservation energyF (= T + E) and the projection
energyP . The plots on the left show distributions of element parameters q̃ and the optimal part
assignments (p, c) minimizing the projection energyP . The dots and crosses represent q̃ andp
as defined in Figure 5.6. The subsequent columns illustrate each of the terms in J for the three
classes of bending-active structures.

according to a probability proportional to the squared distancemini ρ(pi, q̃j)
2, where i spans

the initialized parts and j indexes the remaining unassigned elements. The chosen element j is
then assigned to part i and i is added to the set of initialized parts. This process is repeated untilm
parts have been constructed. We observe in Figure 5.7 (left) that such a process allows the parts
to span the element space well.

5.6 Specialization to Bending-active Systems
Wespecializeour general computational pipeline tooptimize akit of parts for the chosenbending-
active systems: Umbrella Meshes [Ren et al., 2022], Orthogonal Grids, and C-shells [Becker
et al., 2023]. Physics-based simulations of the involved bending-active structures are based on
the methods presented in the respective papers which have been validated by fabricating proto-
types.
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Figure 5.8: The parts p(q) and assignments c(q) directly extracted from the original design
yields poor preservation of the target shape (left). By re-arranging and collapsing elements
around their assigned parts, our relaxed optimization process allows for a better preservation of
the initial design (right).

We formulate the objective from Equation (5.3) specific to these three systems. In particular,
we define the elements and parts parameterizations, the deployment process, and the element-
to-part projection energy. The datasets of shapes for all systems are shown in the supplemental
material.

UmbrellaMeshes

Umbrella Meshes are composed of modular volumetric scissor linkages, coined umbrella cells.
Each umbrella cell deploys from a compact vertical configuration to a flat expanded state whose
footprint depends on the height of the cell. When umbrella cells of different heights are as-
sembled together and deployed, metric frustration due to expansion incompatibilities causes the
structure to deform into a doubly-curved bending-active surface structure. The top corner of Fig-
ure 5.6 illustrates the elements that make up an umbrella cell, which can be rationalized into a kit
of parts for subsequent assembly and deployment. The plates, X-joints and T-joints are identical
across all the designs.

86



5.6. SPECIALIZATIONTOBENDING-ACTIVE SYSTEMS

Preservation Energy

Each umbrella cell is defined in its rest state by the lengths of the arms connected to the top plate
(top heights) and the lengths of the arms connected to the bottom plate (bottom heights). [Ren
et al., 2022] explain how different top and bottom heights lead to programming mean curvature
in the deployed state. The rest variables r are defined as the aggregation of these lengths. The
design variablesdmay also include pinned vertices at the boundary as for model 2 in Figure 5.11.
The structure is deployed in a similar strategy to the one described in [Ren et al., 2022]: Top and
bottom plates are brought together through a linear actuator and rigid motions are pinned using
small surface attraction forces when there are no boundary constraints. These additional conser-
vative forces responsible for deployment are modeled by the energy term D in Equation (5.1).
The resulting deployed state x∗ is then used to evaluate the objectiveJ in Equation (5.4).

Projection Energy

Each umbrella unit/element, is parameterized by the length of the arms of the top plate and the
bottom plate, lq ∈ R

2
+. Naturally, we define parts as two lengths lp ∈ R

2
+. Parts can be used

as is or in a mirrored configuration, which is illustrated by the mirror symmetry about the bisec-
tor of the first quadrant in Figure 5.6 (top right). The projection energy between elements and
parts is defined as the squared L2 norm of the difference between the two lengths in both part
configurations,

ρ(lp, lq) =
1

2lρ
min

(
‖lp − lq‖

2
2 , ‖flip(lp)− lq‖

2
2

)
, (5.9)

where flip(pi) flips the lengths of the part pi, and lρ is chosen as the median of the arm lengths
across the input designs. In this case, the update rule in Equation (5.8) can be solved analytically
by sorting the assigned elements’ lengths and taking themean. Note that the sorting indices need
to be stored to ensure the correct assignment of the parts to the elements.

Orthogonal Grids

Orthogonal grids are bending-active structures composedof elastic lamellas attached at the cross-
ings. The lamellas are oriented such that their strong axis is orthogonal to the input design surface.
C-meshes [Liu et al., 2023a] shown in Figure 5.2 are a special case of orthogonal grids that fur-
ther imposes the structure to be collapsible into a flat state. In general, orthogonal grids require
curved elements to best approximate the underlying target surface. We rationalize the curved
rods as piecewise straight beams rigidly connected at their corners. Exactly one corner is allowed
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between two neighboring joints along each rod, to spatially separate inner- and inter-rod connec-
tions.

Preservation Energy

The design state d of an orthogonal grid comprises rod segment rest lengths together forming
the rest variables vector r, and corner angles. Inter-rod connections are simulated using rota-
tional joints, effectively constraining the intersection point of two rods while allowing rotation.
Corners, or inner-rod connections, are simulated as rigid joints with the opening angle between
two rod segments treated as a fixed variable. The corner angles form the set of fixed simulation
variables xf (Dirichlet constraints) of the equilibrium problem in Equation (5.1). We rule out
rigid motions of the structures during simulation using the same strategy as in UmbrellaMeshes.

Projection Energy

Each straight element is parameterized by the distance from the first corner joint to the rotational
joint and the distance from the rotational joint to the second corner as shown in Figure 5.6 (left).
The order of the corners is given by following the curves in the original design. Boundary ele-
ments are distinguished from inner elements as they have only one corner joint, and are defined
by a single length.

We consequently define each part as two lengths lp ∈ R
2
+. Similar to parts in Umbrella Meshes,

parts can be used as is ormirrored. The projection energy is defined equivalently to theUmbrella
Meshes case, and the parts update rule is solved similarly using the sort strategy. We use the
median of the rod lengths across the input designs as the reference length lρ in Equation (5.9).

θqθqθqθqθqθqθqθqθqθqθqθqθqθqθqθqθq

Figure 5.9: Angular elements θq ∈ [−π, π] are computed at the corners of rationalized C-shells.
The angular part is defined by a single angle θp ∈ [0, π] and can be flipped. We represent the
angular elements, the 2 parts and their flipped configurations on the unit circle.
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To ease the assembly process, corner angles are also grouped into their own discrete set of parts.
Our kit of parts is then composed of two types of parts: Straight beams (linear parts) and corner
angles (angular parts). The corner angles are parameterized by the angle between the two straight
beams they connect, as shown in Figure 5.9. Parts are defined subsequently by a single angle
θp ∈ [0, π], and can be mirrored during assembly. Our projection energy is then defined as the
squared difference between the two unsigned angles ρ(θp, θq) = 1

2
(θp − |θq|)

2. Based on that
definition, the update rule in Equation (5.8) is the average of the assigned elements’ unsigned
angles.

C-shells

C-shells are deployable gridshells composed of curved elastic beams connected through rota-
tional joints [Becker et al., 2023]. The assembly state is stress-free by definition and the struc-
ture is deployed via torque actuation, by constraining the average opening angle at the rotational
joints. For a completely custom fabricated C-shell tailored to deploy to a specific surface, the
curved beams are laser cut precisely following some optimized splines. Similar to Orthogonal
Grids, we rationalize each of the curved beams using piecewise straight beams joined at rigid cor-
ners. Rotational and corner joints now share the same axis in the rest state.

Preservation Energy

Each rationalized C-shell is defined by the lengths of the straight beams, the corner angles, and
the average opening angle of the single-axis rotational joints in the deployed state. These design
variables are aggregated ind. Rigid connections at the corners are simulated using Dirichlet con-
straints in Equation (5.1). Depending on the values of beam lengths and corner angles, a ratio-
nalizedC-shell no longer has a guaranteed zero-energy rest equilibrium statewhen assembled. We
therefore compute this state x∗

r by solving an equilibrium problem for the assembly configura-
tion. The deployed equilibrium state x∗

d is obtained by further constraining the average opening
angle at the rotational joints as described in Becker et al. [2023]. In order to mitigate incompat-
ibilities in the rest state x∗

r and ease assembly, we incorporate the energy of the rest equilibrium
state in the preservation energy as

F (xr,xd, r) = T (xd) + E (xd, r) + E (xr, r) , (5.10)

and we updateJ to track both equilibria as

J (q̃) =
∑

k

F
(
x∗
r,k(q̃),x

∗
d,k(q̃), rk(q̃)

)
+ P(q̃), (5.11)
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where k indexes the different designs in the input set.

Projection Energy

We define each linear part as two lengths lp ∈ R
2
+, and each corner angle as a single angle θp ∈

[0, π]. Theprojection energies betweenelements andparts of the same type, and theparts’ update
rules are defined identically to the Orthogonal Grids case.

5.7 Two-Stage Optimization
We first show a direct rationalization approach in Figure 5.8 that computes parts p and assign-
ments c directly from the input elements q by minimizing P̃(p, c,q). This approach does not
take the design preservation energy F into account and can lead to undesired buckling in the
output designs. Then, we illustrate the performance of the unrelaxed approach from Section 5.4
which optimizes the part parameters p using the assignments from minimizing P̃(p, c,q) di-
rectly. We then compare our relaxed approach in Figure 5.11. We propose a two-stage optimiza-
tion approach that first optimizes the relaxed problem and then fine-tunes the partspwhile keep-
ing the assignments c fixed to minimize the total preservation energyF . We show the results of
our approach in Figure 5.12.

First Stage: Relaxation

Theoriginal design rationalization problem described in Section 5.4 is a combinatorial optimiza-
tion problem, where the number of possible part-to-element assignments grows as mn. This
makes the problem intractable for large elements count n and a non-trivial kit of parts.

Instead, our relaxation allows leveraging tools from the continuous optimization literature to ef-
ficiently solve

q̃∗ := argmin
q̃

J (q̃), s.t. pmin ≤ q̃ ≤ pmax, (5.12)

where q̃ now contains all elements of different kinds (linear and angular if applicable), and pmin

and pmax are lower and upper bounds. These are derived from the parts feasibility and fabrica-
bility constraints e.g., for the minimum distance between corners and joints for linear parts. We
assume that elements of the same kind share the same constraints. In the supplemental material,
we show that for all the part-element projection energies ρwe use in our experiments, the result-
ing parts obtained from the optimal elements p(q̃∗) using the update rule in Equation (5.8) are
guaranteed to satisfy the original feasibility constraints. This fact effectively positions ourmethod

90



5.7. TWO-STAGEOPTIMIZATION

0% 11%

Target Fi�ing

0.030

Elastic Energy

Dataset: Conformals 1-10, 8 linear parts, 5 angular parts

0%

100%

0%

T
o

ta
l O

b
je

ct
iv

e

First Stage Second Stage

100%

Figure5.10: Our two stageoptimizationfine-tunesdesigns afterfirst optimizing the relaxedprob-
lem. The arrow indicates the projection of the solution of the first stage q̃∗ onto the part set to
obtain p(q̃∗), the initial guess for the second stage. We plot the objective of each stage normal-
izedwith respect to the initial value for that stage. The rows show the designs at the start, between
the two stages, and at the end of the full optimization process.

as a co-rationalization approach providing an end-to-end parametric control over the output de-
signs with respect to the part feasibility constraints.

Figure 5.11 shows how our projection onto a kit of parts after our first-stage relaxation preserves
designs better compared to directly solving the original unrelaxed problem. This forms the base
for the second stage of our optimization.
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Figure 5.11: Solving for the originalminimization problemover the partsp in Equation (5.3) us-
ing the original assignments c(q) produces undesired buckling. Our relaxation allows smoothly
bringing designs together towards a shared kit of parts. We show designs after the first stage op-
timization involving the relaxation and project the elements on to the parts at the end of it. We
report target fitting as a percentage of each model’s bounding box diagonal. The optimization
quantities are normalized using the respective initial values for each “projected” design.

Second Stage: Fixed Assignment Fine-Tuning

Thefirst stage optimization strives to concentrate all the auxiliary elements tightly around the parts
in order tomitigate the discontinuous elements-to-parts conversion. However, the output goal is
still a part set, and thus the auxiliary variables need to be converted to the assigned parts. To this
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Dataset: Conformals 1-5, 12 linear parts, 5 angular parts
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Figure 5.12: We show subsets of optimized designs of discretized C-shells after the two-stage
optimization process. The left column shows the input designs, the middle column shows the
designs directly projected to the part set. The right column shows the designs after the two-stage
optimization process. We report the target fitting as a percentage of each model’s bounding box
diagonal.

end, we perform a second stage of fine-tuning, where we fix the assignment c(q̃∗) and optimize
the part parameters starting from p(q̃∗), as

p∗ := argmin
q̃

J (p, c(q̃∗)) , s.t. pmin ≤ p ≤ pmax. (5.13)

Here pmin and pmax are the lower and upper bounds of the parts parameters, and the objective
functionJ is defined as in Equation (5.3). The second stage optimization has a very low number
of variables compared to the first stage since the assignments are fixed and the part set is sparse.
The fine-tuning explores the part space locally within a specific assignment for a local minimizer
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of the objective functionJ . Figure 5.10 shows the two stage optimization process and visualizes
objectives on an associated design instance. The transition between the two stages often leads to a
jump in the elastic energy which is mitigated during the second stage. Figure 5.12 shows the final
results of the two stage optimization process for C-shells and Umbrella Meshes and compares
them to the input designs as well as a direct rationalization approach.

Optimization Algorithm

We solve the optimization problems in Equation (5.12) and Equation (5.13) using a trust-region
active-set method (Sequential Linear-Quadratic Programming) with a BFGS Hessian approxi-
mation [Nocedal and Wright, 2006] provided by Knitro [Waltz and Nocedal, 2004]. We com-
pute the gradient of the preservation energyF using first order adjoint sensitivity analysis. More
details on how differentiation with respect to the constrained simulation variablesxtgt

f (d) is per-
formed can be found in Appendix B.

We use uniformmaterial properties for all the structures in our experiments with Young’s modu-
lusE andPoisson’s ratio ν set to (1400MPa, 0.35) forUmbrellaMeshes, and (2100MPa, 0.35)

for Orthogonal Grids and C-shells. Our first stage optimization typically converges in 10 min-
utes to an hour on the exampleswe show. The second stage optimization runs faster, and typically
takes no more than 15 minutes to converge in our experiments.

5.8 Discussion
Projection onto an Existing Kit of Parts

We demonstrate in Figure 5.13 how our relaxation approach can be adapted to find the best as-
sembly that approximates an input design using only an existing kit of parts p̄. We jointly opti-
mize the assignment c and the element parameters q̃ for the objective of the relaxed optimiza-
tion problem shown in Equation (5.4). Since parts are fixed initially, the projection energy P
in Equation (5.6) becomesminc P̃(p̄, c,q), where P̃ is defined in Equation (5.5). As shown
in Figure 5.13, a higher projection energy weight wc enforces a tighter and faster fit of each ele-
ment to their initial assignment, preventing them from evolving during the projection operation.
Lowering projection energyweightwc allows smoothly transitioning from the input design to the
kit of parts, leading in practice to better assignments. However, if the weight is set too low, the
parts are only loosely fit by the elements. The part assignments step may then lead to undesired
buckling in the output design, as shown in Figure 5.13 forwc = 10−5.
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Dataset: Conformals 1-10, 8 linear parts, 5 angular parts
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Figure 5.13: Anewdesign is projected onto an existing kit of parts. The input design has not been
used during the optimization of the kit of parts. Tuning the clustering weight allows recovering a
better design.

Part Reuse

Consider the scenario where we fabricate only asmany pieces (instances of parts) as needed such
that all the designs can be realized individually using this kit of parts. When we use a small part
set, the number of fabricated pieces is low, but the design fidelity can suffer due to the limited ex-
pressiveness of the parts. On the other hand, a large part set requiresmore pieces to be fabricated.
Our framework can be used to investigate the trade-off between design fidelity and the size of the
kit of parts. Figure 5.14 illustrates the interplay between the kit-of-parts size and the maximum
deviation of the design instances from their target surfaces. In the visualized examples of rational-
ized designs, we observe clear improvement in the target fitting as the number of parts increase,
however leading to an increase in the total number of fabricated pieces. Notice that the gain in
target fitting diminishes after a certain number of parts (12 in Figure 5.14), suggesting that the ad-
ditional parts do not contribute significantly to the design fidelity. Thus, our framework enables
discovery of the most suitable trade-off between design fidelity and fabrication complexity.

With more parts, the likelihood of reusing pieces across different designs decreases. Ideally, we
would like to reuse the same pieces across different designs to maximize part reuse. For the five
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Figure 5.14: Increasing the number of distinct partsm trades design fidelity for parts reuse. We
jointly optimize 5 designs using the relaxation and show the resulting equilibrium states (of 2
designs) after assigning parts to elements. The kit of parts size is shown as a percentage of the
total number of fabricated pieces over the total number of elements in the input designs.

design instances considered in our experiments, we analyze part reuse among different subsets of
designs for each part set size. For example, consider the sets of pieces S1,S2 used to assemble
two designs respectively. Then the Jaccard similarity |S1 ∩ S2|/|S1 ∪ S2| measures the part
reuse between the two designs. Figure 5.15a shows the pairwise Jaccard similarities for the five
design instances for two different part set sizes (2, 25). This notion can be extended tomore than
two designs by considering |

⋂

k Sk|/|
⋃

k Sk|. Visualizing part reuse among different subsets
(Figure 5.15b) can provide insights into disconnected design subsets. A similar analysis can be
done over the part subsets to discover disconnected part subsets in the kit of parts. As the number
of distinct parts increases, the average part reuse diminishes, as shown in Figure 5.15c.
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Figure 5.15: (a) Pairwise Jaccard similarities between two design instances for two different part
set sizes (2, 25). The inset shows the pieces used in two designs (Design 2 and Design 5, with
a part set size of 2) explaining the part reuse% in the incidence matrix measuring pairwise part
reuse. (b) Generalized subset-wise part reuse. Note that the pairwise similarities correspond to
similarities on subsets of cardinality 2. (c) Evolution of average part reuse across all subsets with
the part set size.

Buckling Issues During Projection

Figure 5.8 shows how a direct projection of elements to parts can lead to undesired buckling even
for a single design. Once such a bad assignment is made, optimizing the part parameters does not
recover the design fidelity as seen in Figure 5.11. This is because the design objective is a highly
non-linear, non-convex function of the rest variables. If elements are projected to parts when
the clusters are not tight enough, the objective can incur a large jump sometimes manifested as
the observed buckling. This problem is pronounced in the case of Umbrella Meshes which have
multiple stable configurationsowing to a larger design space,making recovery frombuckled states
hard.

Our relaxation provides a continuous balance between the objectives and brings the elements q̃
closer to the parts p first while maintaining the design fidelity. The auxiliary variables q̃ are then
projected to the parts p at the start of the second stage optimization as described in Section 5.7.
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Minimizing the relaxation objectiveJ (q̃) in the first stage brings the elements q̃ tightly close to
the cluster center parts p controlled bywc. While this is a significantly better state to project the
elements to parts compared to the direct approach, it is unclear how tight the clustering should
be. Owing to the highly nonlinear design objective, the equilibrium state can show large devia-
tions for small changes in the element size resulting in failure cases like shown in Figure 5.18. In
these scenarios, we increase the projection energy weightwc before projection to explore better
solutions without losing too much design fidelity. When that fails, we understand that the tight
cluster of elements cannot be replaced by the cluster center part for this design, and re-initialize
the clusters with a larger kit of parts.

Architectural Applications

As discussed in the introduction, bending-active structures are of particular interest in architec-
ture. However, few designs have been realized, partly because of high cost and complexity of
custom fabrication. The kit-of-parts approach that we propose can potentially alleviate these is-
sues. In Figure 5.19 we show some speculative designs realized with our optimized kit of parts to
illustrate the potential for applications in architecture.

Part Complexity

In ourwork, we showakit-of-parts approach that first discretizes the input bending-active designs
into atomic elements and then maps these elements to a part set that is parametrized the same
way as each of the elements. We demonstrate results for three bending-active systems using this
approach. However, our framework is general and canbe extended to includemore complex parts
that are parametrized differently from the elements. For example, we can include parts that allow
continuous adjustments.

Figure 5.16 shows an example of such more complex parts. Each straight beam has a slit win-
dow in which it can be connected to its neighboring elements. With the slits on both ends, the
same part could then be used to replace multiple different elements. However, a compromise on
the slit length must be found to preserve the structural integrity of the designs. Similarly, a re-
configurable umbrella part [Kusupati et al., 2023] can be used to replace multiple umbrella cells
of different arm lengths that fall in the reconfigurable range. Reconfigurable elements provide
additional degrees of freedom to find better solutions for the constrained problem of finding an
optimal kit of parts. While complex reconfigurable parts have a greater degree of expressiveness,
they also increase the fabrication complexity and canmake assemblymore difÏcult. For example,
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Figure 5.16: Our framework can accommodate optimizing more complex part typologies. Here
we extendOrthogonal Grids’ and C-shells’ linear parts to include slits at the ends and allow real-
izing several element lengths by placing the corner at any point along the slit.

for the slitted parts shown here, parts need to be connected carefully to ensure the slit windows
align correctly. In addition, the reconfigurable parts have additional components that can lead
to collisions during deployment, or undesired aesthetics. We leave the thorough exploration of
these reconfigurable part types for future work.

Computation Time

Figure 5.17 shows thatmost of the computation time is allocated to finding equilibria, which hap-
pens during the linesearch phase of the optimization. The gradient computation is done once per
step and is relatively fast.

Theoptimization steps taken in the unrelaxed problem are on averagemore costlymainly due to a
higher number of linesearch steps. The reduction from2217 element variables to 29 part variables
can explain that discrepancy. A perturbation in one of the part variablesmay impactmore than 75
elements on average at once, in different ways depending upon their locations in their respective
structures. The objective in the second stage appears more sensitive to each variable, making the
optimization problem harder to solve.

The relaxed problem, on the other hand, requires fewer linesearch steps. The relaxation allows
the elements to update independently and tracks a better-behaved equilibrium state.
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Figure 5.17: Timings of our two-stage optimization, reported per each successful line search step.
The simulation time consists of solving the equilibrium problem possibly multiple times during
the linesearch phase of the optimization. Gradient computation relies on the simulation output
and is done once per step. For this experiment, the first stage took 1019 steps, and the second
stage took 42 steps. Timings are measured on a Linux workstation with a 64-Core AMD Ryzen
Threadripper 3990X Processor and 128GB ofRAM.

5.9 Limitations and FutureWork
BucklingMitigation

While the relaxation approach performs well in our experiments, we currently cannot quantify
how close the solution of the relaxed version is to the optimal part set and assignment. Depend-
ing on the energy landscape of the equilibrium that is being tracked, a small perturbation in the
element parameters can lead to a significant change in the objectiveJ . When the solution from
the relaxation problem is such an equilibrium state, we observe a jump (buckling) between the
two stages of theoptimization,which leads topotentially irrecoverabledeployed state. Figure5.18
exemplifies this. Since our optimization relies on local sensitivity information we cannot easily
predict when such a jump will occur.

FocusedObjectives

When optimizing the part geometries, we currently do not directly control re-use efÏciency i.e.,
the number of parts shared amongdifferent designs. If structures are to be assembled in sequence,
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itwould be desirable if the next design could re-use asmanyparts from the previous design as pos-
sible to limit the total number of elements that need to be fabricated. A corresponding objective
can be integrated into our optimization in future work.

While we currently use an elastic energy term in the design preservation to favor low-energy de-
signs, we can also include focused objectives like the maximum stress in the structure. Similarly,
precise load-bearing behavior can be enforced by including external loads as part of the equi-
librium simulation. Incorporating these specific scenarios into our framework remains a future
work.

Input DesignHarmonization

Within each dataset, our input structures are designed such that initial elements belong to the
same region of the element parameters space. This manual harmonization pre-processing step
is necessary to ensure that the downstream optimization converges to parts shared across most
designs. Automatically diagnosing the quality of the input designs and providing feedback e.g., in
the form of rescaling or topology changes, on how to update the input designs best tomake them
more compatible with each other can be a valuable addition. This can keep users informed of the
re-use efÏciency during early design stages.

First Stage Output Second Stage Input

Target Fi�ing

0% 24%

Figure 5.18: A failure case of the relaxation approach in between the two stages of the optimiza-
tion. Slight perturbations in the assembly rest state may result in irrecoverable buckling configu-
rations.

Fabrication

The simulation frameworks of the three bending-active systems are based on the discrete elas-
tic rod model [Bergou et al., 2008] which has been extensively validated [Romero et al., 2021].
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Umbrella Meshes and C-shells fabricate physical prototypes to validate the simulation results.
Our rationalization choices to build these systems with a kit-of-parts do not alter the fabrication
process and our simulation uses the same frameworks. However, it is necessary to validate the
rationalized designs with physical prototypes given the sensitivity of the equilibrium states. We
leave this for futurework since designing easily reconfigurable systems also comeswith significant
engineering challenges.

5.10 Conclusion
An optimized kit of parts enables cost-effective and re-use-friendly manufacturing of complex
structures. The kit-of-parts approach is particularly attractive for bending-active structures since
each part can appear in different configurations i.e., deformed states, of different structures result-
ing in non-trivial coupling compared to rigid kit-of-parts assemblies. Furthermore, these struc-
tures sharing parts are highly sensitive to perturbations of the part geometries due to active bend-
ing. Our computational pipeline enables evaluating the trade-offs between the design preserva-
tion of input designs and part set size, by leveraging physical simulation of the bending-active
equilibria to guide the optimization of the kit of parts.

Note
This chapter is based on the following publication:

QuentinBecker*, UdayKusupati*, Seiichi Suzuki,MarkPauly (*joint first authors). Com-
putational Design of a Kit of Parts for Bending-Active Structures. ACM Transactions on
Graphics (Proc. of SIGGRAPHAsia 2024).

The candidate jointly contributed to the formalization of the problem, its relaxation, its generic
implementation, and to the writing. The candidate exclusively implemented all the experiments
related to rationalized C-shells and Orthogonal Grids. All the experiments related to Umbrella
Meshes were exclusively realized by Uday Kusupati.
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Figure 5.19: Architectural applications: Speculative designs realized with an optimized kit of
parts.
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Chapter 6

Conclusion

Deployable gridshells have emergedas a lightweight and load-bearing structural typology that can
be used for a variety of applications, from temporary shelters to architectural pavilions. Designing
these structures, and particularly deployable gridshells is a challenging task, where fabricability
constraints thwarts themodeling of complex geometries. This thesis has introduced a newclass of
gridshells that mitigates assemblability constraints by using curved elastic beams in the linkage:
C-shells possess a guaranteed flat and stress-free assembly state. Additionally, C-shells present a
remarkable diversity in the range of deployed shapes they can assume.

This work presented a computational forward and inverse design pipeline for C-shells. The for-
ward approach allows exploring the shape space of C-shells through an efÏcient physics-based
simulation. Inverse design relies on a novel geometric flattening algorithm that computes a can-
didate planar layout of beams that respects kinetic constraints necessary for it to deploy into a
user-defined target surface. The resulting linkage can be further improved using our design opti-
mization algorithm.

EfÏciency of the forward exploration tool is crucial for understanding the shape space spanned
by the deployed states of C-shells. We exposed two key concepts inherent to C-shells deploy-
ment i.e., linkage deployability and sensitivity to uncoordinated perturbations of the joints posi-
tions. This thesis introduced a set of parametric families of design edits based on conformalmaps
which satisfies the deployability and sensitivity requirements. We demonstrated the efÏciency
of our approach in generating a wide variety of designs with different grid topologies. A Rhino-
Grasshopper plugin was developed to allow designers and architects to interactively explore the
design space of C-shells.

Thenumerous advantages brought byC-shells comewith a cost: The increased complexity of the
constitutive elements. The use of curved beams requires more advanced fabrication techniques
e.g., through laser cutting or 3D printing, and produce additional material waste compared to
straight beams. This thesis tackles the rationalization of curved elements into a sparse kit of parts
made of simple linear elements. Rationalization takes the form of a mixed-integer optimization
problem, where elements are assigned to parts and parts’ geometries are updated to best fit the
user-provided designs. A two-stage relaxation of the original combinatorial problem was pro-
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posed to make the optimization tractable. We demonstrated the efÏciency of our computational
design framework on enhancing part reuse on three different classes of bending-active structures,
showcasing at the same time the versatility of our approach.

This thesis takes a step towards democratizing the design of deployable gridshells, but, to fully
realize the potential of C-shells, several challenges of theoretical, engineering, and artistic nature
remain to be explored. We list some of the most promising directions for future work in the fol-
lowing section.

6.1 FutureWork
TopologyOptimization

In this thesis, we assume the gridshell topology tobeuser-provided. Figure 3.19 illustrates a short-
coming of this approach in the context of C-shells inverse design: The topology may not be suit-
able for the target shape. In this example, it is clear that some of the four quadrilaterals at the
corners need to be discarded to reduce the distribution of joint opening angles and thus improve
the deployability capabilities of the structure. A heuristic-based pruning approach is conceivable,
but it is not guaranteed to find a topology adapted to the surface depending on the initial guess.

Rather than a palliative solution, a more robust approach would be to integrate topology explo-
ration into the planarization step or in an upstream step. Deriving a (almost-everywhere) contin-
uous relaxation of the problem e.g., by tracing selected curves on the target surface and intersect-
ing them, could be a promising direction and would render the combinatorial problem tractable.

Diffusion models have recently gained enormous traction in the Machine Learning community,
be it for visual computing [Po et al., 2024] or protein generation [Watson et al., 2023]. Equipped
with the parametric families presented in this thesis as data sources, a diffusion model could
be trained to learn the connection between grid topologies and surfaces. This presupposes an
adapted representation of C-shells and target shapes, and an efÏcient data generation strategy.

String Actuation and Shape Transformation

Thedeployable gridshells presented in this thesis exploit torque actuation uniformly at the joints
to deploy. Even when sparsifying the number of actuators, this method is not practical and in-
duces undesired localized load on the structure. In the line of tensile-actuated deformable ob-
jects [Skouras et al., 2013, Dandy et al., 2024], deploying C-shells using a sensibly threaded cable
network could be a viable solution. Actuators sparsity would be promoted in the new computa-
tional design pipeline.
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: Actuated string

Figure 6.1: A study on the deployment ofC-shell using tensile elements. The structure is actuated
by winding the cables incrementally. Two different equilibrium states are reached by manually
acting on the structure at the beginning of the deployment.

Carefully routing the cables could also serve the purpose of driving the deployment path towards
one or the other equilibrium state. The ability to reach distinct states is the starting point for
locomotion, which opens a new application domain for deployable gridshells. We were able
to demonstrate the applicability of this approach on the multistable (half-)torus C-shell shown
in Figure 3.20 during a joint workshop with Valentina Soana’s class of architect students in April
2024. Two strings are used to actuate the structure as depicted in Figure 6.1. By reducing the
string lengths through winding, the structure can be morphed into two different equilibrium
states. For a fully autonomous deployment, an extrinsic cable could be added between a joint
in the inner ring and the outer ring of the linkage. Extrinsic cables are not constrained to follow
the surface approximated by the actuated structure: The two strings in Figure 6.1 are extrinsic.
On the other hand, intrinsic cables stay close to the surface during deployment e.g., they con-
nect a succession of joints following quadrilateral diagonals. A manually crafted combination of
intrinsic and extrinsic cables have been designed to actuate a demonstrator into an undulating
motion [Ono et al., 2024].

More generally, the problemof finding theoptimal cable routing strategy, both in termsof sparsity
and energy or stress distribution, to reach two or more equilibrium states is an interesting yet
challenging problem.
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Figure 6.2: Example of elastic structures combined with surface elements. From left to right:
TheX-shell pavilion by Isvoranu and colleagues 2019, the Solidays Forum by the THINkSHELL
group [Baverel et al., 2012], and the el.ba by AlisonMartin and the EPFLGeometric Computing
Laboratory.

BalancingGridshells and ElasticMembranes

Deployable gridshells collapse to their rest state when released. In practice, we tighten screws at
the joints sufÏciently to keep the gridshell in its deployed state. Isvoranu and colleagues 2019 cov-
ered the structure with a decorativemembrane to give a sense of enclosure. Thismembrane does
not contribute to the structure’s stability. The Solidays Forum designed by the THINkSHELL
group also employs an elastic membrane to wrap the whole structure. However, no quantita-
tive assessment of the membrane’s contribution to the stability of the structure has been pro-
vided [Baverel et al., 2012]. Friction between themembrane and the beams plays amajor part on
that matter and may be challenging to model accurately.

Recently, in the artistic project “el.ba” born from the collaboration between theweaving artist Ali-
sonMartin and the EPFLGeometric Computing Laboratory (GCM), elastic rod andmembrane
communicate and balance the whole structure into a static equilibrium. Additionally, the mem-
brane patches have been designed to distribute the stress as isotropically as possible and prevent
visually unpleasant wrinkles.

The computational design framework presented in this thesis could be extended to incorporate a
membrane elasticity model in the inner equilibrium solve. However, initializing the design opti-
mization algorithm is contingent upon anunderstanding of the interplay between rod and surface
elements.
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Appendix A

SupplementaryMaterial: C-shells

This document provides additional technical details regarding our strategy for enforcing the av-
erage opening angle constraint during simulation, our energy non-dimensionalization and stress
calculation, our arc-length reparameterization of cubic splines, the terms used our planarization
algorithm, the fairness regularization term used in the design optimization objective, and our
process for calculating gradients for the design optimization.

A.1 Average Angle Constraint Enforcement
As discussed in Section 4.1 of the main paper, the approach that Panetta et al. [2019] use for im-
posing the equality constraint on the average opening angles during the deployment simulation
is problematic in situations where the deployment path constitutes a direction of negative curva-
ture; in these cases, the elastic energy HessianH they attempt to factorize at each Newton step
is indefinite even at minimizers of the constrained optimization problem. As a result, the solver
applies unnecessary modifications to the Hessian (severely damping steps and slowing progress)
and refuses to converge, falsely believing the minimum to be a saddle point.

We address this issue by applying a sparse linear change of variables to make the average angle
(i.e., the deployment path parameter) an explicit variable of the optimization.

Change of Simulation Variables

A naïve choice for this change of variables can easily make the transformed Hessian dense. For
instance, solving for the last joint opening angle variable in terms of the average angle and the
other n− 1 opening angles corresponds to the change of variables:
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the last dense row of which would contribute a dense n × n block to the transformed Hessian.
However, other choices are possible: the important property is that the left n− 1 columns must
average to zero (i.e., be orthogonal to the constraint and not influence the average deployment
angle), while the last columnmust average to one.

We propose a different symmetric formula that achieves this goal while minimizing the number
of nonzero entries in any row, therebyminimizing the fill-in of the transformed Hessian:
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Thenew joint angle variablesα0 now correspond to simultaneously opening and closing a pair of
joints at unit speed (preserving the average angle).

Here Aα is the joint-angle sub-block of the full sparse matrix A that implements the change of
variables x = Ax̄ (expressing the original simulation variables x in terms of the new variables
x̄). The rest of the rows/columns ofA are taken from the np × np identity matrix so that only
the joint angles are affected by the change of variables.

Our sparse change of variables can be adapted for the case that only a subset I of the joints are
actuated. We then construct a smaller |I| × |I| matrix Aα using the same approach above but
restricted to the angle variables of actuated joints. The remaining rows/columns of A are once
more taken from the identity matrix.

We use these new simulation variables x̄ throughout our pipeline, but refer to them as x in the
main paper to avoid cluttered notation.

Impact on the Gradients andHessians

The gradient of the total elastic energy ∂
∂x̄
E(Ax̄,p) can be obtained via the chain rule as ∂E

∂x
A.

Similarly, the Hessian of the total elastic energy ∂2

∂x̄2E(Ax̄,p) is given by

∂

∂x̄

(
∂E

∂x
A

)

= AT
∂2E

∂x2 A.
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A.1. AVERAGEANGLE CONSTRAINT ENFORCEMENT

Figure A.1: Some patterns can be repeated and stitched in the flat layout during the design con-
ception phase to generate interesting deployed states.

To study the impact of this change of variables on the Hessian sparsity pattern, we note that

AT
∂2E

∂x2 A =
∑

k,l

hk,la
⊤
k al,

where hk,l is an element of the original Hessian ∂2E
∂x2 , and row vector ak denotes the kth row ofA,

making the expressiona⊤
k al anouter product. Since these rows all contain a1 in the location asso-

ciated with average angle variable ᾱx, the sum of outer products will fill in the row and column of
∂2E
∂x̄2 associated with ᾱx. However, this variable is pinned during deployment, removing the highly
dense row and column of the transformedHessian. After this removal, our change of variables leaves
every row/column of the transformed Hessian highly sparse. In total, it introduces O(njoints)

new nonzero entries, far fewer than theO(n2
joints) entries introduced by the naïve approach.

Impact on theDeployment

In [Panetta et al., 2019], the deployed equilibrium state for a given opening angle ᾱtgt was found
by solving a constrained optimization problem

x∗
3D(p, ᾱ

tgt) := argmin
x

E(x,p)

s.t. aTx = ᾱtgt,

where the inner product with vector a extracts and averages the X-shell’s opening angle variables.
The associated KKT system,
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δᾱ




 ,

determines the infinitesimal change δx in state variable x∗
3D(p̄) induced by incrementing the

average opening angle by δᾱ, where δλ̃ is the Lagrangemultiplier associated to theminimization
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problem. TheHessian of the energy evaluated at the current intermediate deployed statex∗
3D(p̄)

may not be positive definite. Formerly, the Hessian would be modified in this case to be positive
definite.

After our change of variables, the KKT system becomes






∂2E

∂x̄\ᾱ
2 δx̄\ᾱ = −

(
∂E

∂x̄\ᾱ

)T

δᾱx = δᾱ,

wherewedropped the row and columnof the left-hand side of theKKTsystem that are associated
to the pinned average angle variable. The transformedHessian of the total elastic energy ∂2E

∂x̄\ᾱ
2 is

now ensured to be positive definite at the intermediate deployed equilibrium state x̄∗
3D(p̄). This

allows factorizing the left-hand side using an efÏcient sparse Cholesky factorization.

The total torque applied at the actuated joints to hold the deployed configuration can now be
obtained by looking at the component of the gradient associated to the average opening angle

njoints−1
∑

i=0

∂E

∂αi

=

njoints−1
∑

i=0

∂E

∂ᾱx

∂ᾱx

∂αi

=
∂E

∂ᾱx

,

where all the gradients are evaluated at x̄∗
3D, the deployed state.

A.2 Non-dimensionalization of the Energy During Deployment
Using the new parameterization, the deployed state is given by

x̄∗
3D(p, ᾱ

tgt) := argmin
x̄

1

Y V0
E(x̄,p) + T (x̄)

s.t. ᾱ(x̄) = ᾱtgt,

where E is now the total elastic energy of the system using the new parameterization, T is the
non-dimensionalized target attraction term, ᾱ(x̄) extracts the average angle variable from x̄, and
ᾱtgt is the target average opening angle in the deployed state. The target attraction term is used
here only to factor out rigidmotion and is scaled by a small weight. To ease parameter tuning, we
non-dimensionalize the energy term by dividing it by both the Young’s modulus Y of the fabri-
cation material and the rest volume V0 of the C-shell. This normalization factor is motivated by
the fact that the bending, twisting, and stretching energies stored in the rods of a C-shell can be
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A.3. STRESS COMPUTATION

derived by plugging strain tensor fields ϵ induced these deformationmodes into the linear elastic-
ity energy 1

2

∫

Ω
ϵ : C : ϵ, whereC is the fabrication material’s elasticity tensor. For an isotropic

material,C = YC0(ν), whereC0(ν) depends only on the Poisson’s ratio ν; for exampleC0(0)

is the fourth-order identity tensor. Since strain ϵ is non-dimensional, this elastic energy clearly is
proportional to Y V0.

A.3 Stress Computation
We use a similar approach to [Megaro et al., 2017] to compute stresses for Discrete Elastic Rods
(DERs). Introducing a 2D coordinate system (x, y) for the material cross-section with the cen-
terline at its origin, we seek to approximate the stress tensor σ(x, y). Following the kinetic as-
sumptionsofKirchhoff rods, the state of stress in adeformed rodwith torsion τ ,material curvature
vector κ, and uniaxial stretching ∆l

l
is:

σ(x, y) = τµ












0 0
∂ψ

∂x
− y

0 0
∂ψ

∂y
+ x

∂ψ

∂x
− y

∂ψ

∂y
+ x

σzz
τµ












, σzz := Y

(

∆l

l
+ κ ·

[

x

y

])

,

where the scalar field ψ(x, y) describes how the initially planar cross-section warps out of plane
under torsion to relax into equilibrium; it is determined by solving a Laplace equation [Landau
et al., 1986, Megaro et al., 2017, Panetta et al., 2019].

We use vonMises stress σv =
√

3
2
‖σd‖F to evaluate our structures’ robustness, where

σd := σ −
1

3
tr(σ)I

is the deviatoric stress. This vonMises stress simplifies to:

σ2
v = 3(µτ)2

∥
∥
∥
∥
∥
∇ψ +

[

−y

x

]∥
∥
∥
∥
∥

2

+ σ2
zz,

and it can be shown that each of these two terms is subharmonic. This means σ2
v itself is subhar-

monic and therefore σv satisfies a maximum principle: the maximum vonMises stress occurs on
the boundary. In other words, to evaluate failure likelihood, we can restrict our consideration to
the cross-section boundary.
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One notable departure of our formulation from Megaro et al. [2017] is in its discretization for
DERs. We recall that the material curvature κ is defined by decomposing the curvature nor-
mal into its components with respect to the orthonormal material frame. Unfortunately, for
DERs, discrete curvature is defined at the vertices, while thematerial frames are attached to edges.
Megaro et al. [2017] resolve this misalignment by simply averaging the material frame vectors
onto the vertices using an arithmeticmean, which is nonphysical. Instead, when evaluating stress
at a sample point within the cross-section at a rod vertex, we compute two separate stress values:
one according to each incident edge’s material frame. Then we average these two values using
the incident edge lengths as weights to obtain a single stress sample. We sample stress at every
boundary node of the same finite element mesh of the cross-section that we use to solve for ψ,
guaranteeing that the maximum is sampled.

A.4 Curve Parameterization
The rest shapes of the beams composing C-shells are parameterized using interpolating cubic
splines. For joints and intermediate control points along a curve, we fit a natural cubic spline to
join them. The interpolation property is important for preserving the topology of the linkage (so
that curve intersections occur precisely at the joints where they are intended).

CurveDiscretization

Our curves are split into segments at the joints, and each segment is discretized into edges. The
joint model we use requires the segments to overlap at the joints, and share an edge. That model
distributes the total rest length of a segment evenly across the edges except the boundary edges.
Such shared edges have a length equal to theminimum length of edges from either one of the two
consecutive segments.

In order for the discretized linkage to have an energy-free rest state, the rest curvatures measured
between two consecutive edges should be carefully picked. Discretizing the curves requires a
special care regarding the edge lengths, which we handle by using a arc-length parameterization
of our splines. We describe our reparameterization method in the next section. Discrete points
canbe sampled along the curve so that they respect the above rules on the rest length distribution.
Afterwards, we calculate the discrete rest curvature from the turning angle between consecutive
edges as explained in [Bergou et al., 2008, 2010].

This entire process, going from the design variables consisting of joint position and perpendicular
offsets of interior control points to the DER rest-state quantities, is differentiable.
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joint

rod edge

edge vertex

rod segment

shared edge

Figure A.2: Terminology of the different elements involved in our C-shell discretization. Con-
secutive rod segments originate from the same cubic spline, ensuringC2 smoothness at the joints.

Constant Speed Reparameterization of Interpolating Splines

Arc-length parameterization for cubic spline cannot be expressed analytically, and must be ap-
proached numerically. Our reparameterization method consists in fitting an interpolating cubic
spline through more interpolated points. We now describe our method and explain why it pro-
duces an arc-length parameterized approximation of a given C0 curve γ : [0, 1] → R

2 of length
L(γ).

q̃1

q̃2

q̃3 q̃4

q̃5

q̃6

q̃7
q̃8

q̃9

γ

Figure A.3: Notation used.

A curve γ̄ : [0, 1] → R
2 is constant speed if and only if ∀s ∈ [0, 1], ‖γ̄′(s)‖ = L(γ̄). We

start by sampling γ : [0, 1] → R
2 at some locations (ti)i∈J1,nK ∈ [0, 1]n, and call the sampled

points refinement points: q̃i := γ(ti). We assume that the locations are such that t1=0, tn=1, and
(ti)i∈J1,nK is sorted in an increasing fashion. The length of the polyline joining refinement points
up to i is defined as L̃i :=

∑i
k=2 ‖q̃k − q̃k−1‖, and s̃i := L̃i/L̃n. We fit an interpolating cubic
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spline γ̃n (lengthL(γ̃n)) to the set of refinement points using the knots s̃i. Hence, γ̃n(s̃i) = q̃i,
and we may compute

γ̃n(s̃i+1)− γ̃n(s̃i)

s̃i+1 − s̃i
=

q̃i+1 − q̃i

‖q̃i+1 − q̃i‖

n∑

k=2

‖q̃k − q̃k−1‖ ,

so that the norm of the above quantity equals L̃n. In the limit of thinner increments ∆t :=

maxi∈J2,nK(ti − ti−1), and large number of samples n, the length of the polyline L̃n converges
to the length of the cubic spline L(γ̃n), which converges to the length of the initial curve L(γ).
Indeed, the cubic spline γ̃n approximates γ up to the fourth order on∆s̃ := maxi∈J2,nK(s̃i −

s̃i−1) [Hall andMeyer, 1976], and, by continuity of γ,∆s̃ converges to 0 as∆t goes to 0.

Therefore, for any ϵ > 0, we may find a fine subdivision (ti)i∈J1,nK for a large enough number of
samples n such that for any s̃i ≤ s̃ < s̃i+1

|‖γ̃′n(s)‖ − L| ≤

∣
∣
∣
∣
‖γ̃′n(s)‖ −

‖γ̃n(s̃i+1)− γ̃n(s̃i)‖

s̃i+1 − s̃i

∣
∣
∣
∣

+

∣
∣
∣
∣

‖γ̃n(s̃i+1)− γ̃n(s̃i)‖

s̃i+1 − s̃i
− L̃n

∣
∣
∣
∣
+ |L̃n − L|

≤ ϵ+ 0 + ϵ.

The first upper bound comes from the C1 continuity of cubic splines on their domain, while the
last upper bound comes from our previous argument about polyline length convergence. This
proves that, in the limit of large refinements, our strategy produces an arc-length parameterized
cubic spline that approximates γ. Increasing the total number of refinement points n improves
the reparameterization at the expense of higher computational complexity.

A.5 Planarization
Wedescribe our planarization algorithm and support our observations on the deployment kinet-
ics on an actual C-shell design. The algorithm takes a B-spline surface then jointly optimizes the
joints positions in the flat state and on the surface under feasibility constraints.

Variables

In this part, a C-shell is represented by its joints ci ∈ R
2 and each of its constitutive rod is simpli-

fied into a polyline connecting the joints. To each joint in the flat state, we associate a position on
the target surface given by the surface parameters (ui, vi) ∈ [0, 1]2. The surface is given by the
differentiable functionS : [0, 1]2 → R

3. We jointly optimize the joints positions in the flat state
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ci and the corresponding target joint positions in the deployed state (ui, vi) so that it minimizes
deviations to a set of kinetic rules we observed in some designs.

Objective

Our total planarization objective E(c1, . . . , cn, u1, v1, . . . , un, vn) is composed of four terms
we describe later

E = Elen + Eeq + Eα + Ebnd,

where we omit dependencies of the different terms to the variables for clarity.

Segments Lengths Preservation

Wefirst observe that stretching and twisting are often negligible compared to the bending energy
in the deployed state for the cross-sections used. We hence assume the polyline edges to be inex-
tensible. The distances between neighboring joints should be preserved in the flat and deployed
states. We hence define the segments lengths preservation term as

Elen :=
wlen

2 l̄0
2

∑

c

∑

i

(‖cc,i+1 − cc,i‖ − ‖S(uc,i+1, vc,i+1)− S(uc,i, vc,i)‖)
2 ,

where l̄0 is the surface diameter dividedby the number of edges in the linkage, andwlen is aweight
that controls the importance given to that term. The first sum is taken over each curve c in the
linkage, and the second is taken over the joints connected by the polylines. We denote by cc,i the
i-th joint along curve c, similar for (uc,i, vc,i).

Deployed State Equilibrium (Straight Linkage)

Thedeployed stateweobtain fromtheparameters (ui, vi)maynotbe at equilibriumgiven the rest
quantities extracted from the flat joints positions ci. We simulate our linkage made of polylines
as an ensemble of DERs connected at the joints. Each curve of the C-shell is approximated by a
single DER whose vertices are given by the interpolated joints, and edges are the rod segments.

The simplified linkage has rest quantities given byp(c), where c holds all the flat joints positions,
and deformed joints positions given by c̄(u1, v1, . . . , un, vn). For somematerial frame anglesθ,
the total energy of the deployed linkage is given byE(c̄,θ,p) :=

∑

cEc(c̄c,θc,pc), where we
sum over all DERs c. The average opening angle in the deployed state can be computed thanks
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to the function ᾱ(c̄). We set the material frame angles such that the structure is as equilibrium
when holding the deployed joints in place, and solve

θ
∗(c̄,p) = argmin

θ

E(c̄,θ,p).

Sensitivities of the material frame angles at equilibrium to the deployed joints positions and rest
quantities can be obtained as

∂2E

∂θ2

[
∂θ∗

∂c̄

∂θ∗

∂p

]

= −

[
∂2E

∂θ∂c̄

∂2E

∂θ∂p

]

.

Denoting byλ the torque applied uniformly at the joints of the structure, wemeasure equilbrium
based on the force balance equation

Êeq(c̄,θ, λ,p) :=
weq

2(Y A0)2

∥
∥
∥
∥

∂E

∂c̄
− λ

∂ᾱ

∂c̄

∥
∥
∥
∥

2

,

whereweq controls the importance granted to that criterion compared to other terms in the pla-
narization objective, and the Young modulus Y and the cross section areaA0 scale the force val-
ues. The optimal torque can be computed analytically as

λ∗(c̄,θ,p) =

∂E

∂c̄
·
∂ᾱ

∂c̄

T

∥
∥
∥
∥

∂ᾱ

∂c̄

∥
∥
∥
∥

2 .

We hence define the equilibrium criterion as

Eeq(c̄,p) := Êeq (c̄,θ
∗(c̄,p), λ∗(c̄,θ∗(c̄,p),p),p) .

The gradients with respect to the deployed positions can be obtained as

∂Eeq
∂c̄

=
∂Êeq
∂c̄

+
∂Êeq
∂θ

∂θ∗

∂c̄
+

�
�
��7
0

∂Êeq
∂λ

(
∂λ∗

∂c̄
+
∂λ∗

∂θ

∂θ∗

∂c̄

)

=
weq

2(Y A0)2

(
∂E

∂c̄
− λ∗

∂ᾱ

∂c̄

)(
∂2E

∂c̄2
− λ∗

∂2ᾱ

∂c̄2
+

∂2E

∂c̄∂θ

∂θ∗

∂c̄

)

=
weq

2(Y A0)2

[(
∂E

∂c̄
− λ∗

∂ᾱ

∂c̄

)(
∂2E

∂c̄2
− λ∗

∂2ᾱ

∂c̄2

)

+ yT

eq

∂2E

∂θ∂c̄

]

,

where the adjoint state vector yeq satisfies the following linear system

∂2E

∂θ2 yeq = −

(
∂E

∂c̄
− λ∗

∂ᾱ

∂c̄

)T

.

130



A.5. PLANARIZATION

Similarly, the gradient with respect to the rest quantities reads

∂Eeq
∂p

=
∂Êeq
∂p

+
∂Êeq
∂θ

∂θ∗

∂p
+

�
�
��7
0

∂Êeq
∂λ

(
∂λ∗

∂p
+
∂λ∗

∂θ

∂θ∗

∂p

)

=
weq

2(Y A0)2

[(
∂E

∂p
− λ∗

∂ᾱ

∂p

)
∂2E

∂p2 + yT

eq

∂2E

∂θ∂p

]

.

Thegradientwith respect to the flat joints positions are thenobtained through autodifferentiation
using PyTorch. We use the analytical B-spline surface derivatives to backpropagate ∂E

∂c̄
to the

gradient with respect the surface parameters (ui, vi).

Opening Angles Increment Spread

In our designs, we also observed that the opening angles were all either opening or closing as the
linkage deploys. We prevent opening angles to open and close at the same time in the linkage by
reducing the variance of the opening angle increments. We define the signed opening angle of a
quadrilateralq asαq := ∠(cq,2−cq,1, cq,4−cq,1), where the4vertices arenumberedconsistently
accross the quadrilaterals in the linkage. Similar for the opening angles in the deployed states ᾱq .
We define the opening angle increments as∆αq = ᾱq − αq , and our term reads

Eα(c1, . . . , cn, u1, v1, . . . , un, vn) :=
wα

2
Varq [∆αq] .

Soft Boundary Joint Pinning

The last term softly enforces pinning constraints to boundary joints (ub,i, vb,i) to some user-
defined positions c̄(tar)b,i ∈ R

3 as

Ebnd(u1, v1, . . . , un, vn) :=
wbnd

2 l̄0
2

∑

i

∥
∥
∥S(ub,i, vb,i)− c̄

(tar)
b,i

∥
∥
∥

2

,

where the sum is taken over the boundary joints, wbnd enables tuning the importance given to
that term, and l̄0 is the previously defined length scale.

Constraints

We first constrain the deployed joints variables (ui, vi) to lie within the range [0, 1]. Second, the
quadrilaterals should not self-intersect in the flat state. For that, we triangulate the quadrilaterals
in two ways and compute the signed areas of the triangles, see Figure A.4. We require that at least
one of the two triangulations of a quadrilateral q has two positively oriented triangles:
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(a)

(b)
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Figure A.4: Self-intersection detection for quadrilaterals. We triangulate the quadrilateral in two
ways (rows (a) and (b)) and compute the signed area of the triangles. The dashed lines represent
the quadrilateral’s triangulation. Checking that at least one triangulation produces two positively
oriented triangles ensures the transformed quadrilateral to be non-self-intersecting.

max(min(SAq,412, SAq,234),min(SAq,123, SAq,341)) > ϵarea|S|, (A.1)

whereSAq,ijk computes the signed area of the triangle of vertices i, j, k in quadrilateral q, and |S|
is the area of the target surface. ϵarea determines how far we want the quadrilaterals from being
self-intersecting.

A.6 Design Optimization
Our design optimization consists in minimizing the function J̄ of the curves degrees of freedom
and average opening angle q̄

J̄(q̄) := J (qip(q), p̄(q̄)) , J(qip, p̄) :=
1

E0

E(x̄∗
3D(p̄),p) + Tt(x̄

∗
3D(p̄)) + R(qip,p),

(A.2)
where qip are the intermediate interpolated points constructed from the joints positions and or-
thogonal offsets stored in q.
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Fairness Regularization

The last term in the definition of J is a regularization that we split into two parts

R(qip,p) :=
wip

2l20
‖Lipqip − qip,f‖

2
2

︸ ︷︷ ︸

wipRip(qip)

+
wκ

2κ̄0
pT

κLpκ

︸ ︷︷ ︸

wκRκ(p)

. (A.3)

The first term is a fairness term that measures the Dirichlet energy of the directed graph of in-
terpolated points. We build this graph by first connecting the interpolated points qip and their
neighbors along each curve from the curve linkage. Then, we remove the edge going from in-
ner interpolated points to either one of each curve endpoints. This prevents the boundary from
shrinking. Interpolated points with no inward pointing edges are labeled as fixed and are stored
in the constant vector qip,f ∈ R

2nip . This vector also contains 0s wherever the associated inter-
polated point is not fixed. The user may remove edges to fix additional interpolated points. Lip is
the uniform Laplacian matrix associated to the interpolated points graph.

The second term penalizes the deviation of the rest curvature at a vertex to the average of its two
neighboring vertices along each rod. We use the average of the rest lengths of the rod segments
κ̄0 to scale the regularization term. We definepκ to extract the rest curvatures from the vector of
rest quantities p, andL as the 1D uniform Laplacian matrix.

The coefÏcientswip andwκ control the importance given to each of the two terms.

Gradients andHessian-Vector Products

The objective J̄ is minimized using an off-the-shelf Sequential Linear-Quadratic Programming
(SLQP) algorithm provided by Knitro [Waltz andNocedal, 2004]. The EQP part is solved using
a Newton-CG like approach, which requires computing gradients and Hessian-Vector Products
(HVPs) of the objectivewith respect to the curves degrees of freedom q̄. This vector also includes
the target average opening angle ᾱq. We first expose the gradients and HVPs with respect to the
rest quantitiesp, and ᾱp. Then, we explain how they relate to the same quantities expressed with
respect to design parameters.

Rest Quantities

Wedefine an objective function that depends on the interpolated points, the deployed degrees of
freedom, and the rest quantities as

J̃(qip, x̄3D, p̄) :=
1

E0

E(x̄3D,p) + Tt(x3D) + R(qip,p).
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Thepreviously defined objective as a function of the rest quantities can bewritten asJ(qip, p̄) =

J̃(qip, x̄
∗
3D(p̄), p̄). We express the first-order KKT conditions for the deployed equilibrium

problem x̄∗
3D(p̄) := argminx̄ Ē(x̄,p) subject to ᾱx = ᾱp as







∂Ē

∂x̄

∣
∣
∣
∣
x̄∗
3D(p̄),p̄

+ λ(p̄)eTᾱ = 0

ᾱ∗
x(p̄) = ᾱp,

whereλ(p̄) is the Lagrangemultiplier of the equality constrainedminimization problem. Differ-
entiating gives the following KKT system







H3D
∂x∗

3D

∂p̄
= −

[
∂2Ē

∂x∂p

∂2Ē

∂x∂ᾱx

]

∂2Ē

∂ᾱx∂x

∂x∗
3D

∂p̄
+

[
∂2Ē

∂ᾱx∂p

∂2Ē

∂ᾱx∂ᾱx

]

= −
∂λ

∂p̄

∂ᾱ∗
x

∂p
= 0

∂ᾱ∗
x

∂ᾱp

= 1,

(A.4)

whereH3D := ∂2Ē
∂x2 (x̄∗

3D(p̄),p) is the Hessian of the elastic energy and surface attraction term
of the deployed linkage with respect to the rod linkage degrees of freedom, and p̄ := [pT ᾱt]

T.
We then define the adjoint state vectorw as

H3Dw =
∂J̃

∂x

T

,

where the gradient ∂J̃
∂x

can be computed analytically using the elastic rods model, see [Panetta
et al., 2019] for details. The overall gradient of the objective J with respect to the rest quantities
can be written as

∂J

∂p̄
= −wT

[
∂2Ē

∂x∂p

∂2Ē

∂x∂ᾱx

]

+

[

0
∂J̃

∂ᾱx

]

+
∂J̃

∂p̄
.

Thederivative of the objective J with respect to the interpolated points is computed analytically
as ∂J

∂qip
= βip

∂Rip

∂qip
.

We now compute the HVP for J along a given direction δp̄. First, we write the KKT system in
Equation (A.4) along that direction to obtain

δx̄∗
3D =






−H−1
3D

(
∂2Ē

∂x∂p
δp+

∂2Ē

∂x∂ᾱx

δᾱp

)

δᾱp




 , (A.5)
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wherewedefine for short δx̄∗
3D :=

∂x̄∗
3D

∂p̄
δp̄. Similarly, the perturbation of the adjoint state vector

δw := ∂w
∂p̄
δp̄must satisfy the linear system given by

H3Dδw =
∂2J̃

∂x∂x̄
δx̄∗

3D +
∂2J̃

∂x∂p
δp−

(
∂3Ē

∂p∂x∂x̄
δx̄∗

3D +
∂3Ē

∂p∂x∂p
δp

)

w.

The full HVP can then be written as

∂2J

∂p̄2 δp̄ = −







∂2Ē

∂p∂x

∂2Ē

∂ᾱx∂x






δw −








∂3Ē

∂p∂x∂x̄
δx̄∗

3D +
∂3Ē

∂p∂x∂p
δp

∂3Ē

∂ᾱx∂x∂x̄
δx̄∗

3D +
∂3Ē

∂ᾱx∂x∂p
δp







w (A.6)

+







0

∂2J̃

∂ᾱx∂x̄
δx̄∗

3D +
∂2J̃

∂ᾱx∂p̄
δp̄







+
∂2J̃

∂p̄∂x̄
δx̄∗

3D +
∂2J̃

∂p̄∂p̄
δp̄.

TheHessian of J with respect to the control points is simply given by βip/l20 LT

ipLip. Third order
derivatives of the energy are obtained through automatic differentiation as explained in [Panetta
et al., 2019].

Design Parameters

Gradients of J̄(q̄) can be obtained by backpropagating the gradients ofJ(qcp,p̄). In practice, this
consists in computing the Vector-Jacobian Product (VJP) and it is performed efÏciently using
reverse-mode automatic differentiation.

Second order derivatives are more expensive to obtain using automatic differentiation since the
computation graph must be traversed multiple times. While constructing the full Hessian ∂2J̄

∂q̄2 is
prohibited, HVPs can be computed using the previously introduced HVPs as

∂2J̄

∂q̄2 δq̄ =
∂p̄

∂q̄

T∂2J

∂p̄2

∂p̄

∂q̄
δq̄+

∂

∂q̄

(
∂

∂q̄

(
gT

p̄ · p̄
)
· δq̄

)

+
∂qip

∂q̄

T ∂2J

∂qip
2

∂qip

∂q̄
δq̄

+
∂

∂q̄

(
∂

∂q̄

(

gT

qip
· qip

)

· δq̄

)

,

(A.7)

where we define the constant vectors equal to the current gradients of the objective gT

p̄ :=

∂J/∂p̄ and gT

qip
:= ∂J/∂qip.
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Extended Rest Quantities Update

When updating the extended rest quantities by an increment δp̄, we estimate the change in the
deployed state configuration by truncating the followingTaylor expansion up to the second order

x̄∗
3D(p̄+ δp̄) = x̄∗

3D(p̄) +
∂x̄∗

3D

∂p̄
δp̄+ δp̄T

∂2x̄∗
3D

∂p̄2 δp̄+O(‖δp̄‖3).

The first-order modification of the degrees of freedom can be obtained by solving the system
shown in Equation (A.5). The second-order perturbation of the deployed degrees of freedom at
equilibrium can be obtained by differentiating Equation (A.5) as shown below:







H3Dδp̄
∂2x∗

3D

∂p̄2 δp̄ = −

[
∂3Ē

∂x∂x̄∂x̄
δx̄∗

3D +
∂3Ē

∂x∂x̄∂p
δp

]

δx̄∗
3D

−

[
∂3Ē

∂x∂p∂x̄
δx̄∗

3D +
∂3Ē

∂x∂p∂p
δp

]

δp

δp̄
∂2ᾱ∗

x

∂p̄2 δp̄ = 0.

136



Appendix B

SupplementaryMaterial: ComputationalDesign
of a Kit of Parts for Bending-Active Structures

This document provides additional technical details regarding our process for calculating gra-
dients for the preservation energy term F , optimization objective non-dimensionalization, and
bound constraints guarantees on the parts. We also show the sets of designs we used for the ex-
periments in the main paper.

B.1 Preservation Energy Optimization
Our preservation energy F(x, r) is defined for a physical system with rest variables r and sim-
ulation variables x as the sum of a target fitting term T (x) and an elastic energy term E(x, r).
We aim to efÏciently compute the gradient of the preservation energy with respect to the design
variables d (composed of rest variables and Dirichlet constraint values) when evaluated at the
equilibrium state x∗(d) i.e., the gradient of F̃(d) := F(x∗(d), r).

Equilibrium Sensitivities

This term is only evaluated at the equilibrium statex∗(d) defined asWe split the design variables
into rest quantities e.g., beam rest lengths, and fixed deformed variables e.g., corner angles, as
d = [r⊤v , r

⊤
f ]

⊤.

x∗(d) := argmin
x

Ē(x, rv) (B.1)

s.t. xf = rf ,

where Ē(x, rv) = E(x, rv) +D(x) is the total energy of the system,D(x)models the external
deployment forces, and xf are the simulation variables fixed by the Dirichlet constraints rf . We
express the first-order KKT conditions for the equilibrium state as







∂Ē

∂x

∣
∣
∣
∣
x∗(d),d

+ λ(d)⊤
∂xf

∂x
= 0

x∗
f (d) = rf

where λ is the Lagrange multiplier associated with the Dirichlet constraints. We further split the
simulation variables into free and fixed components as x = [x⊤

v ,x
⊤
f ]

⊤. We may remark that
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∂xf

∂x
is a block-diagonal matrix with blocks of zeros and identity matrices, and we differentiate the

equilibrium state with respect to the design variables d as






Hv
∂x∗

v

∂d
= −

[
∂2Ē

∂xv∂rv

∂2Ē

∂xv∂xf

]

∂2Ē

∂xf∂xv

∂x∗
v

∂d
= −

[
∂2Ē

∂xf∂rv

∂2Ē

∂xf
2

]

−
∂λ

∂d

∂x∗
f

∂d
=

[
∂x∗

f

∂rv

∂x∗
f

∂rf

]

=
[

0 I
]

,

where I is the identity matrix, andHv is the Hessian of the total energy with respect to the free
simulation variablesxv evaluated at the equilibrium state. The sensitivity of the equilibrium state
δx∗ to some design variable perturbation δd can be computed as

δx∗ =
∂x∗

∂d
δd =







−H−1
v

(
∂2Ē

∂xv∂rv
δrv +

∂2Ē

∂xv∂xf

δrf

)

δrf






.

Computing the second order perturbation of the equilibrium state given a perturbation of the
design variables δd is done by solving the following linear system






Hvδd
∂2x∗

v

∂d2 δd = −

(
∂3Ē

∂xv∂rv∂rv
δrv +

∂3Ē

∂xv∂rv∂rf
δrf

)

δrv

−

(
∂3Ē

∂xv∂rf∂rv
δrv +

∂3Ē

∂xv∂rf∂rf
δrf

)

δrf

δd
∂2x∗

f

∂d2 δd = 0.

Gradients

Using the chain rule, we can compute the gradient of the preservation energy with respect to the
design variables as

∂F̃

∂d
=
∂F

∂xv

∂x∗
v

∂d
+
∂F

∂xf

∂x∗
f

∂d
+
∂F

∂d
=−

∂F

∂xv

H−1
v

[
∂2Ē

∂xv∂rv

∂2Ē

∂xv∂xf

]

+

[

0
∂F

∂xf

]

+
∂F

∂d
,

We consequently define the adjoint state vectorw as

Hvw =
∂F

∂xv

⊤
,
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where the gradient of thepreservation energy canbe computedanalytically fromtheownphysical
system’s inverse design optimization pipeline. The gradient of F̃ can thus be computed efÏciently
using the adjoint state vectorw as

∂F̃

∂d
= −w⊤

[
∂2Ē

∂xv∂rv

∂2Ē

∂xv∂xf

]

+

[

0
∂F

∂xf

]

+
∂F

∂d
.

Hessian Vector Products

TheHessian Vector Product (HVP) of the preservation energy given a perturbation of the design
variables δd can be computed as

∂2F̃

∂d2 δd = −








∂2Ē

∂rv∂xv

∂2Ē

∂xf∂xv







δw −








∂3Ē

∂rv∂xv∂x
δx∗ +

∂3Ē

∂rv∂xv∂rv
δrv

∂3Ē

∂xf∂xv∂x
δx∗ +

∂3Ē

∂xf∂xv∂rv
δrv







w

+







0

∂2F

∂xf∂x
δx∗ +

∂2F

∂xf∂rv
δrv






+

∂2F

∂d∂x
δx∗ +

∂2F

∂d2 δd,

where δw is the adjoint state vector perturbation, and satisfies the linear system

Hvδw =
∂2F

∂xv∂x
δx∗ +

∂2F

∂xv∂d
δd−

(
∂3Ē

∂xv∂xv∂x
δx∗ +

∂3Ē

∂xv∂xv∂rv
δrv

)

w.

B.2 Non-Dimensionalization of the Preservation Energy
Our preservation energyF is the sum of the elastic energy of a deformed system E and a target
fitting term T . We non-dimensionalize the elastic energy by scaling it with the Young’s modulus
Y of the fabrication material times the rest volume V0 of the system. The bending, twisting, and
stretching energies stored in the rods of a system can be derived by plugging strain tensor fields ϵ
induced these deformationmodes into the linear elasticity energy 1

2

∫

Ω
ϵ : C : ϵ, whereC is the

fabrication material’s elasticity tensor. For an isotropic material, C = YC0(ν), whereC0(ν)

depends only on the Poisson’s ratio ν; for example C0(0) is the fourth-order identity tensor.
Since strain ϵ is non-dimensional, this elastic energy clearly is proportional to Y V0. The target
fitting term is non-dimensionalized by dividing it by the square of the bounding box diagonal of
the target surface.
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41 2 53

96 7 108

Figure B.1: Conformals Set.

B.3 Bound Constraints Guarantees
Parts within a kit of parts may have to satisfy certain shared fabrication constraints e.g., minimum
distance between corners and joints for linear elements of rationalized Orthogonal Grids and
C-shells. We assume that such constraints can be expressed as bound constraints on the parts
parameters, so that a part i must satisfy pmin ≤ pi ≤ pmax. We aim to show that any part pi

obtained from the optimal elements q∗ using the update rule

pi(q
∗) := argmin

y

∑

j∈c−1({i})
ρ(y,q∗

j), (B.2)

is guaranteed to satisfy the original feasibility constraints for any assignment c, provided that
elements are bound during the optimization process, for the ρwe use in our work.

We impose that elements are bound by the same constraints as the parts, so that pmin ≤ qj ≤

pmax for any element j. Under the appropriate symmetry transformations (mirroring), our pro-
jection energy ρ is a squared L2 distance. The solution to the update rule pi(q

∗) is given by
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1 2 3

4 5 6

Figure B.2: Umbrella Meshes Set.

the average of the elements assigned to the part. Therefore, the part belongs to the convex hull
formed by the elements assigned to it, which itself is included in the axis-aligned bounding box
formed by the corners pmin and pmax. The part pi(q

∗) is thus guaranteed to satisfy the original
feasibility constraints. Note that unassigned parts can trivially be set to the mean of the corners
pmin and pmax by default.

B.4 Datasets
We now show the sets of designs we used for the experiments in the main paper.

Conformals

The10designs of theConformals dataset shown inFigureB.1 are obtained following themethod-
ology presented in [Becker et al., 2024]. The designs are conformal deformations of a base grid
with an annulus (8 and 10) or a regular (the others) topology. Layout variations are obtained by
applying a conformalmapdefined by a boundary a user canmanipulate as presented in [Eck et al.,
1995] and [Sawhney and Crane, 2017]. The target surface is extracted by smoothly interpolating
the joints of the deployed C-shell.

We reuse the same surfaces for the orthogonal grids. They are initialized by either tracing uv-
isolines on the target surface and converting them into piecewise straight beams or by connecting
the projections of the joints on the surface using piecewise straight beams. Thedesigns are further
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optimized to better fit the target surface using an inverse design optimization algorithm similar to
the one presented in [Becker et al., 2023].

UmbrellaMeshes

The 6 designs of the Umbrella Meshes dataset shown in Figure B.2 are obtained from known
shapes that have been approximated thanks to the inverse design optimization pipeline presented
in [Ren et al., 2022]. The structure topologies i.e., the number of cells and their connectivity, are
allowed to vary across experiments.
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Appendix C

Abstract ofOther PublishedWork

Here we include the abstract of a publication that was not explicitly discussed in this thesis, but
was produced during the same period.

• MikeYanMichelis,QuentinBecker. OnLinear Interpolation in theLatent Space ofDeep
Generative Models. ICLR 2021 Workshop on Geometrical and Topological Representation
Learning, Spotlight.
Abstract: The underlying geometrical structure of the latent space in deep generative
models is in most cases not Euclidean, which may lead to biases when comparing inter-
polation capabilities of two models. Smoothness and plausibility of linear interpolations
in latent space are associated with the quality of the underlying generative model. In this
paper, we show that not all such interpolations are comparable as they can deviate arbitrar-
ily from the shortest interpolation curve given by the geodesic. This deviation is revealed
by computing curve lengths with the pull-back metric of the generative model, finding
shorter curves than the straight line between endpoints, and measuring a non-zero rela-
tive length improvement on this straight line. This leads to a strategy to compare linear
interpolations across two generative models. We also show the effect and importance of
choosing an appropriate output space for computing shorter curves. For this computation
we derive an extension of the pull-back metric.

143





PhotoCredits

Figure 1.1 - courtesy of

• ”British Museum” by y.becart is licensed under CC BY 2.0 (British Museum)
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