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A B S T R A C T

Elasticity is at the core of many scientific and engineering applications,
including the design of resilient structures and advanced materials, and
the modeling of biological tissues. Simulating elastic systems poses sig-
nificant computational challenges due to the inherent nonlinearity of the
governing equations, which calls for efficient optimization methods to deter-
mine equilibrium states. Second-order methods are particularly attractive
because of their superior convergence properties relative to first-order tech-
niques. However, the effective use of second-order solvers requires that
the underlying functions and their derivatives are sufficiently smooth and
available in closed form. This smoothness can easily degrade when gen-
eralizing standard computational models to a broader set of design tasks.
This thesis proposes efficient computational models that enable robust and
effective simulations for physics-based modeling and the design of complex
elastic systems. In chapter 2, we propose a novel fabric-like metamate-
rial that features persisting contacts between 3D-printed yarns. To avoid
the complexities of explicit contact modeling, we adopt an Eulerian-on-
Lagrangian simulation paradigm; however, current methods remain limited
to straight rods. We leverage a C

2-continuous representation to allow for
Newton-type minimization on naturally curved rods. Chapter 3 presents
a computational paradigm for intrinsic minimization of distance-based
objectives defined on triangle meshes. Although Euclidean distances meet
the C

2-continuity requirement, geodesic distances on triangle meshes do
not. To permit efficient second-order optimization of embedded elasticity
problems, we provide analytical derivatives as well as suitable mollifiers
to recover C2-continuity. Finally, in chapter 4, we address non-smoothness
issues that arise in nonlinear material design, where changes in geometry
parameters can lead to discontinuous changes in simulation meshes. We
employ neural networks with tailored nonlinearities as C

1-continuous
and differentiable representations to characterize the elastic properties of
families of mechanical metamaterials. The resulting smooth representation
enables gradient-based inverse design for various high-level design goals.
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Z U S A M M E N FA S S U N G

Elastizität steht im Mittelpunkt vieler wissenschaftlicher und technischer
Anwendungen, wie zum Beispiel des Entwurfes resilienter Strukturen und
fortschrittlicher Materialien sowie der Modellierung biologischer Gewebe.
Die Simulation elastischer Systeme stellt aufgrund der inhärenten Nicht-
linearität der zugrunde liegenden Gleichungen erhebliche rechnerische
Herausforderungen dar, was effiziente Optimierungsmethoden zur Bestim-
mung von Gleichgewichtszuständen erfordert. Methoden zweiter Ordnung
sind aufgrund ihrer besseren Konvergenzeigenschaften im Verlgeich zu
Methoden erster Ordnung besonders attraktiv. Der effektive Einsatz von Lö-
sungsverfahren zweiter Ordnung setzt voraus, dass die zugrunde liegenden
Funktionen und ihre Ableitungen hinreichend glatt und in geschlossener
Form verfügbar sind. Diese Glattheit kann leicht verloren gehen wenn
Standard-Rechenmodelle auf verschiedene Entwurfsaufgaben verallgemei-
nert werden. Diese Dissertation schlägt effiziente Rechenmodelle vor, die
robuste und effektive Simulationen für physikbasierte Modellierung und
den Entwurf komplexer elastischer Systeme ermöglichen. In Kapitel 2 schla-
gen wir ein neuartiges, textilähnliches Metamaterial vor, welches persistente
Kontakte zwischen 3D-gedruckten Garnen aufweist. Um die Komplexität
der expliziten Kontaktmodellierung zu vermeiden, greifen wir auf ein
Eulerian-on-Lagrangian-Simulationsparadigma zurück; aktuelle Methoden
sind jedoch auf gerade Stäbe beschränkt. Wir nutzen eine C

2-stetige Dar-
stellung, um eine Newton-Typ-Minimierung auf natürlich gekrümmten
Stäben zu ermöglichen. Kapitel 3 präsentiert eine Methode zur intrinsischen
Minimierung von Zielfunktionen, die auf geodätischer Distanz basieren.
Obwohl euklidische Distanzen die Voraussetzung der C2-Stetigkeit erfüllen,
trifft dies für die geodätische Distanz auf triangulierten Flächen nicht zu.
Um eine effiziente Simulation von eingebetteter Elastizität mittels Metho-
den zweiter Ordnung zu ermöglichen, stellen wir analytische Ableitungen
sowie geeignete Glättungskerne bereit, welche die C

2-Stetigkeit wiederher-
stellen. Schließlich befassen wir uns in Kapitel 4 mit nichtglatten Problemen,
wie sie bei der Entwicklung nichtlinearer Materialien entstehen können,
wenn Änderungen in den Geometrieparametern zu diskontinuierlichen
Veränderungen der Simulationsgitter führen. Wir verwenden neuronale
Netzwerke mit ausgewählten Nichtlinearitäten als C

1-stetige und differen-
zierbare Repräsentationen, um die elastischen Eigenschaften einer Familie
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mechanischer Metamaterialien zu charakterisieren. Die daraus resultieren-
de glatte Darstellung ermöglicht ein gradientsbasiertes inverses Design für
verschiedene übergeordnete Gestaltungsziele.
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1
I N T R O D U C T I O N

The natural world exhibits a profound level of complexity, evident in
both the complex architectures of biological systems and the sophisticated
innovations of human engineering. Computational models play a critical
role in helping us unravel this complexity. These models provide deeper
insights into the underlying mechanisms of the world and facilitate the
systematic testing and refinement of new design concepts prior to their
physical implementation. One crucial component of this complexity is
elasticity, which both natural systems and engineered structures exploit to
perform vital functions. For instance, biological tissues—such as tendons
and muscles—leverage their elastic properties to store and release energy
efficiently during movement, while engineered materials utilize elasticity
to create flexible structures in applications such as soft robotics, adaptive
structural components, and resilient architectural designs.

However, elasticity problems are often complicated by various types
of nonlinearities. For instance, geometric nonlinearities—characterized by
large deformations and contact—and material nonlinearities—stemming
from complex material laws—can significantly influence system behavior.
Therefore, obtaining the equilibrium states often leads to challenging op-
timization problems. Consequently, simulation and design in this context
require dedicated computational models that are both robust and efficient.
Furthermore, to facilitate design exploration (forward problem) and param-
eter optimization (inverse problem), numerical simulations must provide
rapid feedback with sufficient accuracy. Second-order methods are partic-
ularly attractive due to significantly improved convergence compared to
their first-order counterparts. However, albeit more powerful and efficient,
second-order optimization methods demand at least C2 continuity of the
optimization objective w.r.t. its variables. Unfortunately, continuity can
be compromised when generalizing standard computational models to a
broader set of simulation and design tasks.

Consider simulating an interwoven rod network: piece-wise linear dis-
cretization is sufficient to predict the behavior of individual rods accu-
rately [1, 2]. However, when simulating interactions such as multiple rods
sliding on each other, as shown in Fig.1.1, a, discontinuities at vertices pre-

1
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vent the use of second-order optimization methods. Consequently, existing
work is limited to straight rods [3].

A similar challenge is encountered with triangle meshes, which are
widely used for simulating shells and serve as fundamental building blocks
in geometry processing. Nonetheless, when simulations are constrained to
lie strictly on triangle meshes, discontinuities can occur. Whereas Euclidean
distance is C

2-continuous in the ambient space, intrinsic distances, e.g.
geodesic distances are not C2-continuous at vertices of the embedded mesh
(Fig. 1.1, b-c). Furthermore, the absence of closed-form second derivatives
further prevents efficient second-order optimization.

(c)

(d) (f) (g)

(a) (b)

(e)

Figure 1.1: Non-smoothness appears with standard simulation models when,
e.g., rods slide on each other (a), a geodesic curve passes through
embedded mesh vertices (b-c) or changing the geometry of a single-
parameter metamaterial (d-g).

Undesired discontinuities for forward simulations are one problem, even
in cases where triangle meshes perform adequately in forward simulations,
they may still present challenges for inverse problems—tasks that involve
determining the design parameters yielding optimal performance under
specific criteria and constraints. Although the physical problem itself might
not be discontinuous, the discretization can change with varying design
parameters, introducing undesirable non-smoothness. In Fig. 1.1, d-g, we
visualize the simulation meshes of a single-parameter metamaterial under
different parameters. As the inner square vanishes, the mesh topology
undergoes a discontinuous change. This topology singularity can lead to
discontinuous gradients for inverse design.
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To address these challenges, this thesis examines forward and inverse
elasticity problems across three different contexts and develops efficient,
dedicated computational models tailored to each. In Chapter 2, we propose
a novel 3D-printable textile-like metamaterial that utilizes sliding connec-
tions (small-scale channels) to achieve tunable nonlinear and anisotropic
stiffness profiles. The geometry of the channels restricts the movement of the
strands, leading to persistent contacts. To avoid modeling these contacts ex-
plicitly, we adopt an Eulerian-on-Lagrangian framework and generalize it to
naturally curved rods by parameterizing the rest shape with C

2-continuous,
planar, interpolating splines. In Chapter 3, we generalize this EoL compu-
tational paradigm where one set of coordinate systems is embedded in
another to a fully three-dimensional, Lagrangian-on-Lagrangian setting.
These problems frequently occur when modeling natural phenomena e.g.
leaf venation, the wing patterns of flies, giraffe coat markings, etc., with
Voronoi diagrams. Simulating these phenomena as well as solving for other
minimization problems that call for intrinsic distances on discrete surfaces
challenges the robustness of existing methods. To this end, we propose
a novel framework that efficiently computes the analytical derivatives of
geodesic distance and an intrinsic minimization framework that allows for
higher-order methods for solving forward and inverse elasticity problems
on triangle meshes. Finally, in Chapter 4, we leverage recent advances in
neural representations to facilitate nonlinear material design. In this work,
we propose Neural Metamaterial Networks—smooth neural representa-
tions that encode the nonlinear mechanics of families of metamaterials.
Though trained on simulation data, the resulting neural representations
do not inherit the discontinuities arising from topological changes in sim-
ulation meshes. They instead provide a smooth map from parameter to
performance space that is fully differentiable and thus well-suited for
gradient-based optimization.

All contributions presented in this thesis are made openly available to
promote reproducibility and encourage further research in the field.

publications The work presented in this thesis has previously been
published as:

1. Li, Y., Montes, J., Thomaszewski, B. & Coros, S. Programmable digital
weaves. IEEE Robotics and Automation Letters 7, 2891 (2022).

2. Li, Y., Coros, S. & Thomaszewski, B. Neural Metamaterial Networks
for Nonlinear Material Design. ACM Transactions on Graphics (TOG)
42, 1 (2023).
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3. Li, Y., Numerow, L., Thomaszewski, B. & Coros, S. Differentiable
Geodesic Distance for Intrinsic Minimization on Triangle Meshes.
ACM Transactions on Graphics (TOG) 43, 1 (2024).

The following papers were also published during the course of the PhD:

1. Du, Y., Li, Y., Coros, S. & Thomaszewski, B. Robust and Artefact-
Free Deformable Contact with Smooth Surface Representations. in
Computer graphics forum 43 (2024).

2. Numerow, L., Li, Y., Coros, S. & Thomaszewski, B. Differentiable
Voronoi Diagrams for Simulation of Cell-Based Mechanical Systems.
ACM Transactions on Graphics (TOG) 43, 1 (2024).

3. Zehnder, J., Li, Y., Coros, S. & Thomaszewski, B. Ntopo: Mesh-free
topology optimization using implicit neural representations. Advances
in Neural Information Processing Systems 34, 10368 (2021).
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PA RT I : P R O G R A M M A B L E D I G I TA L W E AV E S

Elastic lattice-like materials whose structures can be tuned to achieve de-
sired mechanical properties hold great promise for many applications in
robotics. However, existing methods rely on all-fused connections at lattice
nodes, which limits the range of mechanical properties that can be achieved.
In this work, we introduce Programmable Digital Weaves—3D-printable,
textile-like materials with sliding connections that mimic the yarn struc-
ture of conventional woven fabrics. Our method allows for relative motion
between crossing strands, thus unlocking a large space of programmable
nonlinear and anisotropic material behavior. As we demonstrate through
a set of virtual and physical experiments, this new concept extends to a
wide variety of patterns, ranging from regular arrangements of orthogonal
strands similar to conventional woven fabrics to curved yarns, interlacing
closed loops, and dedicated strands for actuation.

2.1 introduction

Structured sheet materials with programmable mechanical properties have
many applications in soft robotics, wearable haptics, and medical de-
vices [4]. These sheets are typically implemented as planar networks of
elastic beams whose parameters—edge shape and orientation, network
density and connectivity—can be controlled to create materials with tai-
lored stiffness profiles [5]. While these custom materials can readily be
manufactured using laser cutting or 3D printing, existing methods rely on
all-fused connections, which prohibits relative motion between incident
beams and, consequently, limits the range of deformation and mechanical
properties that can be achieved.

In this work, we extend the concept of structured sheet materials to
programmable digital weaves (PDWs): 3D-printable, textile-like materials
with sliding connections that mimic the yarn structure of conventional
woven fabrics. The internal degrees of freedom of programmable digital
weaves allow for extreme contrast in directional tensile stiffness, and we
show that a broad range of mechanical behavior—from highly anisotropic
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to quasi-isotropic—can be obtained through strategic assignment of fused
and slip connections.

On a technical level, we implement sliding connections using small-scale
channels that allow for relative tangential motion between crossing strands
while preventing separation; see Fig. 2.2. This approach lends itself to a
one-shot fully-automated fabrication process that only requires a consumer-
level fused filament 3D printer, which is controlled through custom G-code
instructions.

As we show through our experiments, this methodology allows for a
wide variety of patterns, ranging from regular arrangements of orthogonal
strands similar to conventional woven fabrics to curved yarns, interlacing
closed loops, and dedicated fibers for actuation. To predict the performance
of such complex weaves before manufacturing, we further propose a ded-
icated computational model based on an existing yarn-level simulation
code.

To explore the design space offered by programmable digital weaves,
we perform simulation experiments for various pattern and connection
parameters. We quantitatively analyse the impact of these design parameters
on macromechanical performance using simulation-based homogenization.
To test the feasibility of our designs, we fabricate a set of 3D-printed
prototypes and observe good agreement between our simulation results
and real-world behavior.

This chapter is based on our previous publication [6] and the supplemen-
tary video is linked in the footnote 1.

2.2 related work

The design of materials with tailored mechanical properties is of great
importance in the field of soft robotics. For example, custom materials can
give robots increased flexibility, strength and protection, as well as enabling
safer interaction with humans.

mechanical metamaterials Mechanical metamaterials achieve de-
sired macro-mechanical properties by virtue of architected micro- or meso-
structure. For conciseness, we only discuss work on planar metamaterials—
or metasheets—and refer to Bertoldi et al. [7] for an extensive review of
flexible mechanical metamaterials. Focusing on isohedral tilings, a par-
ticular class of patterns, Schumacher et al. [5] characterized the macro-

1 https://www.youtube.com/watch?v=OQfsXoXeAwg

https://www.youtube.com/watch?v=OQfsXoXeAwg
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mechanical behaviour of 3D-printed structured sheets using data-driven
homogenization. To generate metasheets with locally varying material prop-
erties, Martinez et al. [8] introduce generalized Voronoi tilings based on
star-shaped metrics that allow for continuous transitions between different
patterns. With a similar goal in mind, Djourachkovitch et al. [9] address
the problem of decoupling cell geometry from mechanical properties. In
comparison to our channeled connections, these structures are more limited
in the range of deformation they can achieve for the same applied force.

3d-printed weaves Whereas 3D-printed mechanical metasheets have
been studied intensively, only few works have attempted to emulate the
yarn structure of woven fabrics. Takahashi and Kim [10] describe a process
for creating digital textiles by routing 3D-printed thread through a jig,
i.e., a set of vertical pillars. The resulting undulation in the strands leads
to stretchable sheet materials with controllable thickness and interesting
visual properties. Compared to our planar fabrication process, however,
their vertical weaving approach limits flexibility in terms of yarn shapes
and layouts. Similar in spirit, Forman et al. [11] exploit an under-extrusion
artifact of fused filament fabrication printers to create thin, tulle-like sheets
with high flexibility and structural detail. However, whereas their sheets
derive macro-mechanical compliance from elastic deformations at the native
scale, our digital weaves achieve flexibility through internal yarn sliding.

robotic materials Generalizing materials with tailored mechanical
properties, robotic materials extend passive substrates with actuation, sens-
ing and communication structures [12]. In the direction of extending fabrics,
Buckner et al. [13] augmented passive textiles with active fibers for sensing
and actuation to achieve desired locomotion targets. Using shape memory
fibers, Chenal et al. [14] proposed a stability brace for human finger joints
that allows for variable stiffness. Hiramitsu et al. [15] developed an active
textile-like garment by knitting artificial muscles in the warp direction
with strings in the weft direction. Shi et al. [16] explore the fabrication and
integration of microelectronic systems into textile fabrics. Whereas most
research on robotic materials has so far followed the dichotomy of passive
substrates and active secondary structure, Sanchez et al. [17] advocate an ac-
tive programmable textile paradigm which puts fabric, actuation, and sensing
structures on an equal footing. Our approach follows this line of thought
by integrating active and passive strands in a fully automated fabrication
process.
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modeling weaves Physics-based modeling of elastic rods is a problem
that has received much attention from the graphics community [18], [1].
Originally developed for the purpose of computer animation, the discrete
elastic rod model by Bergou et al. [2] has been used for a variety of real-
world applications, including robotic wire cutting [19], elastic grid-shells
et al. [20] and structured sheet materials [5]. This model has also been ex-
tended to incorporate the physical behaviour of fused rod connections [21],
connections with free rotations [22], and sliding between yarns in woven
cloth [3]. Our computational model builds on the work by Cirio et al. [3],
with extensions that allow sliding connections on initially curved yarns.
Complementing these native-scale simulation models, Schumacher et al. [5]
and Sperl et al. [23] developed homogenized, macro-mechanical descrip-
tions and material models, respectively. We draw on these ideas to analyze
the macro-mechanical behavior of our programmable digital weaves in a
quantitative way.

2.3 digital weaves

Our approach for programmable digital weaves (PDWs) is based on a
simple idea: we augment planar elastic grids, in which all crossings be-
tween strands are fused, with sliding connections that allow for relative
tangential motion between strands. We start the technical description of
our method with its practical implementation and corresponding manufac-
turing process. We then describe our computational model for PDWs that
serves as a basis for virtual prototyping and design exploration. Finally,
we briefly summarize how to compute macro-mechanical descriptions of
programmable digital weaves.

2.3.1 Manufacturing

To create sliding connections in practice, we proceed in three steps. We
first print one of the crossing strands in the usual way, i.e., by following a
planar path. The second strand is printed by lifting the print head slightly
before crossing the bottom-layer strand. Using appropriate settings for
velocity, extrusion rate, and nozzle temperature, this motion leads to well
separated strands with little or no adhesion. Finally, we print an arc-shaped
channel that is fused to the bottom-layer strand, enclosing the crossing
strand without connecting to it. A snapshot of the printing process can
be seen in Fig 2.1. We implement the above strategy using custom G-code
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Figure 2.1: A snapshot of the 3D printing process for a regular digital weave
with all-sliding connections. All channels have the same orientation,
leaving the orthogonal direction free for sliding motions. With 20⇥20
strands on an 8cm ⇥ 8cm patch, the printing process takes about 40
minutes. The printing sequence is shown in the top-left corner.

that can be run on any conventional 3D printer based on fused filament
fabrication. We use a Prusa I3 MK3S2 with PLA filament for all prototypes
and results reported in this work. The nozzle temperature is set to 180 and
we pre-heat the print bed to 60 degrees. We set the extrusion rate based
on the nozzle diameter (0.4mm), filament radius (1.75mm), desired strand
width (0.5mm) and print head velocity. The latter is set to 600 mm/min by
default and 300 mm/min when printing channels. Arc-shaped channels are
created by moving the print head along a triangle path with the bottom
edge centered at the crossing node. For better print quality, we decrease
velocity when printing channels. We furthermore extend the second half of
the channel by 20% compared to the length of the first half in order to avoid
spurious connections with the sliding strand due to sagging. The channel
height is set to twice the strand width (1.0mm).

2 https://www.prusa3d.com/original-prusa-i3-mk3/
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2.3.2 Simulation

Programmable Digital Weaves can exhibit complex mechanical behavior
characterized by strong nonlinearity and anisotropy. Predicting the perfor-
mance of a given weave, or design, can be difficult and time consuming
when relying solely on intuition. To allow for virtual prototyping of digital
weaves and rapid design exploration, we propose a dedicated computa-
tional model that extends existing work for yarn-level cloth simulation [1,
3] to support sliding connections on initially curved yarns. As can be seen
from our physical prototypes (Fig.2.2), the geometry of the channels restricts
the movement of the strands, leading to persistent contacts. Based on this
intrinsic property of our PDWs, we build on the Eulerian-On-Lagrangian
(EoL) approach from Cirio et al. [3]. More concretely, we model each lo-
cation where strands come into contact as a single nodal point xi 2 R3,
where sliding between crossing strands is achieved by introducing one
Eulerian DoF u

j

i
2 R for each strand j crossing a contact point i. Since

persistent contacts are built into the discretization, we avoid the need for
computationally expensive contact detection and handling.

Our models are printed as a 2D rod network with (potentially) curved
strands. However, the original EoL implementation by Cirio et al. [3] as-
sumes naturally straight rods, where the Eulerian DoFs are parameterized by
arc-length. For our purpose, we extend this approach to naturally curved rods
by modeling their rest configurations as a collection of C2-continuous, pla-
nar, interpolating splines [24]. These splines offer a smooth representation
of the Eulerian DoFs, allowing the use of efficient continuous optimization
methods for simulation. Whereas under the sliding yarns model the unde-
formed configuration was fully contained in 1D, our solution maps Eulerian
DoFs in 1D to points in 2D through the parameterization X(ui) : R ! R2,
allowing the use of naturally curved rods. Rods can stretch, bend, and twist.
While stretch is trivial to compute from our current discretization, model-
ing bending and twisting deformations requires additional information. To
this end, we add a rotational DoF ✓i for each two consecutive rod nodes
{xi, xi+1}, representing the twist of an adapted frame with respect to the
center-line of the edge connecting the two nodes. Bending and twisting de-
formation between edges can then be computed from the relative rotations
between two adapted frames [2]. The bending and twisting behavior at
crossing points requires extra care for our application. While sliding strands
can freely rotate and twist with respect to each other, strands crossing in
fused connections exhibit stiffer behavior. Following Zehnder et al. [21], we
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Figure 2.2: Close-up of 3D-printed channels at sliding connetions (left) and
schematic view of the corresponding simulation model (middle). To
represent crossing strands in persistent contact, Our Eulerian-on-
Lagrangian (EoL) discretization uses a single node x augmented by
Eulerian DoFs u to model sliding. Fused crossings are modeled as
rigid bodies with additional rotational DoFs !. The right column
shows an example with an axial force applied along the green strand.
The sliding connection leads to simple translation of the green strand,
whereas the fused connection induces planar bending deformations
in the blue strand.
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restrain the relative motion of the strands crossing in a fused connection xk
with additional rotational DoFs !k 2 R3. These rotational DoFs provide
a common rigid frame of reference shared by the fused strands with the
objective of capturing their bending and twisting deformation relative to
each other. For our stretching, bending and twisting energies, we adopt the
discrete energy model of Bergou et al. [2]. This model has been thoroughly
studied and its predictive power confirmed in the context of various appli-
cations. As we show through our examples, We likewise obtained excellent
agreement between simulation results and physical prototypes.

The rod network is then governed by the following potential energy,

Erods(x, X(u), u,✓,!) = Estretch(x, X(u))
+ Ebend(x, X(u),✓)
+ Etwist(x, X(u),✓) + Erigid(x,!)

+ Econtact(u) + Ereg(u),

where x, X(u) denotes the deformed and undeformed nodal positions, u
are the Eulerian DoFs, ! are the Euler angles for the rotational DoFs of
the fused crossings, and ✓ represent the twists of the adapted frames. The
Econtact term enforces a minimal distance between two crossings [3] and
Ereg is a small penalty term on the l

2-norm of the Eulerian variables as
a regularizer. We refer to the original papers for the definition of each
individual term. Computing equilibrium configurations for our weaves
amounts to solving the following optimization problem,

min
q

Erod(q) s.t. Dq = q⇤, (2.1)

where q stacks all of our system DoFs (x, u,!,✓) in to a vector, q⇤ denotes
the target prescription, and the matrix D imposes Dirichlet boundary con-
ditions via variable substitution. We solve this unconstrained minimization
problem using Newton’s method with line search and dynamic regulariza-
tion. To obtain a sparse Hessian, at each Newton iteration we perform time
parallel transport [2], and accumulate rotation angles [21] to avoid singular
configurations.

2.3.3 Homogenization

To characterize the macro-mechanical behavior of our digital weaves in a
concise way, we resort to a numerical homogenization method that lever-
ages simulation data from virtual tensile tests [5]. Concretely, we perform
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simulations on tileable unit cells subjected to uniaxial strain in a given di-
rection d and periodic boundary conditions, which are enforced via penalty
terms. For each of these virtual tensile test, we compute the corresponding
directional Young’s modulus E and Poisson ration ⌫ as

E =
dT�macrod

dT✏macrod
, ⌫ =

nT✏macron

dT✏macrod
(2.2)

where n is orthogonal to d and �macro,✏macro are the homogenized Cauchy
stress and Cauchy strain computed from the boundary of the unit cell [5].
For all homogenization results shown in this work, we sample uniaxial
strain directions ranging from 0 to 180 degrees at 200 uniformly distributed
locations.

2.4 results

In this section, we explore the possibilities enabled by our programmable
digital weaves. Starting with a regular weave, we then explore interlacing
structures with straight and curved loops. For each case, we show that, by
combining different choices for fused and sliding connections, we obtain
vast range of nonlinear mechanical behavior ranging from quasi-isotropic
to highly anisotropic. Finally we demonstrate a planar-to-parabolic deploy-
ment example, indicating the potential of our approach for integration of
embedded actuation systems.

2.4.1 Design Explorations on Conventional Weave Patterns

We first examine the qualitative changes in mechanical behavior induced
by introducing sliding connections to a regular weave with all-fused con-
nections. As can be seen from Fig. 2.3, when subjected to shearing forces
applied diagonally to the principal strand directions, the structure with
fused connections deforms out of plane in order to reduce the stretching
energy. When replacing fused with sliding connections, however, we instead
observe large planar deformations characterized by rotation and sliding
motion at strand crossings. Both scenarios are well predicted by our simu-
lation model. Strain in the direction of strands leads to the same stiffness
response regardless of the choice of fused/slip connections. This is due
to the fact that strands on the orthogonal direction to the imposed strain
exhibit no deformation at all. However, when shearing stress is applied, slip
connections can freely rotate among themselves whereas fused connections
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Figure 2.3: Qualitative comparisons of simulation results and corresponding
physical counterparts. As can be seen from these images, the sim-
ulation model provides good predictive capacity for both types of
connections, i.e., out-of-plane bending (all-fused connections, left)
and in-plane shearing (all-slip connections, right).

resist the imposed force through bending. As can be observed from these
experiments, exploring the combinatorial space of a 2⇥ 2 unit cell can
already lead to structures with very different mechanical responses. The
simulation results and the directional stiffness values at 45 degrees can be
seen in Fig. 2.4.

2.4.2 Meta-Material Designs with Interlacing Loops

Our method generalizes beyond regular lattices structures and can be
applied to curved rods and interlacing loops. In the first example, we ex-
amine the impact of fused and sliding connections on samples made from
interlaced squares. At each corner where two squares intersect, the two
crossings can either be all-fused or have a channel in one of the two direc-
tions of the square. We design and fabricate four structures corresponding
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Figure 2.4: Shear stiffness response of a regular weave pattern with different
combinations of fused-slip connections. Simulation results with corre-
sponding fused-slip assignments shown at the bottom-right corner
of each structure, with red circles indicating fused connections and
red arrows indicating sliding directions, respectively. The stiffness for
diagonal loading is listed at the bottom of each structure.

to representative examples of a high-dimensional design space. The two
structures exhibiting the most prominent difference in stretching along the
horizontal direction of the image plane are shown in Fig. 2.5. As a first
experiment, we impose a uniaxial strain of 10% for all combinations and
compute their directional Young’s moduli and Poisson’s ratios (Fig 2.6).
When using all-fused connections (Type 1), the material responses appear to
be quasi-isotropic and are relatively stiff in all directions. When substituting
all fused connections with channels that allow sliding in the horizontal
direction of the image plane (Type 2), we observe a significant change in
the stiffness profile, with zero stiffness in the horizontal direction. This is
explained by the fact that the imposed deformation is entirely absorbed by
internal sliding. We then change the direction of one out of two channels
to allow for vertical sliding motion (Type 3). The corresponding structure
exhibits an orthotropic material response. For the last example, we fuse two
crossings (at the bottom-left corner of the unit cell) for the Type 3 pattern,
which leads to a highly anisotropic material response (Type 4). Since the
homogenization plots indicate major difference for these four structures at
45 degrees, we further study the non-linear deformation space by imposing
the same force in this direction to all structures. Fig. 2.6 shows significantly
larger deformations for structure Type 1 and 2, indicating a lower stiffness.
The same force, however, leads to visually imperceptible deformation for
those involving fused connections or, equivalently, higher stiffness. We
refer to the supplemental video for manipulation sequences of the printed
structures.
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Figure 2.5: Qualitative comparison of simulation results and corresponding phys-
ical counterparts for the interlacing squares example. Left: all-fused
connections. Right: connections enabling free sliding in the horizontal
direction. Note that for the structure on the right, all imposed defor-
mation is absorbed by internal sliding, leading to zero stiffness in the
horizontal direction.

In the second experiment, we select the Type 2 structure and conduct
homogenization with small and large strains. As can be seen from Fig. 2.7,
until the squares reach their sliding limits, the structure exhibits zero stiff-
ness. However once the imposed strain is larger than the absorption limit
of the internal sliding mechanism, finite stiffness is observed. We visualize
the simulation results at selected strain directions to further demonstrate
that predicting the nonlinear deformation behavior solely on intuition is
extremely challenging.

Programmable digital weaves can be readily applied to curved geometries.
In the example shown in Fig. 2.8, we replace the squares in the previous
example with circles. Each circle overlaps with its four neighbors by 10% of
its radius (0.8 cm), leading to eight crossing points per circle. We explore
the two extreme options of all-fused and all-sliding connections for these
eight crossing points. Fig. 2.8 indicates that the all-fused variant results
in an orthotropic stiffness response while its all-sliding counterpart leads
to a highly anisotropic behavior. On the right of this figure, compare the
resulting deformations for the same imposed for (along the vertical direction
of the image plane). Qualitatively, it can be noted that the individual circles
of the all-sliding structure have been distorted into ellipses, whereas the
ones with the fused connections remain largely circular.
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2.4.3 Actuation

Leveraging the possibility to combine fused and slip connections in a
single design, we further explore how strands can be used to implement
embedded actuation. In this example, we design a structure with the goal
of achieving a planar-to-parabolic deployment motion by virtue of a single
actuation strand. As can be seen from Fig. 2.9, the tip of the vertical actuation
strand is fused to the outer circle but can freely slide on all the other
crossings (red arrows). All other connections are fused. We impose sufficient
boundary conditions by fixing the position of the bottom-most crossing of
the actuation strand and the outer ring. Actuation is achieved by applying a
compressive axial force at the bottom of the actuation strand. As can be seen
in Fig. 2.9, our simulation again shows good agreement with the physical
experiment. We emphasize that manufacturing of these actuation strands
is fully automatic without any manual assembly required. We refer to the
supplemental video for a real-world actuation sequence for this design.

2.5 conclusions

We presented programmable digital weaves—a novel material concept that
augments planar elastic grids with sliding connections. Although the exper-
imental results confirm the feasibility of our approach, there are a number
of limitations that should be addressed in future work. We do not consider
cases where more than two strands cross in one connection. Furthermore,
friction between crossing strands is not accurately modeled, which leads
to certain amount of discrepancy between our simulation results and the
real-world behaviors. We also observed a stiffness bias induced by the extra
material required for channels. While beyond the scope of this work, we
plan to systematically study the impact of sliding connections on bending
stiffness. In particular, sliding connections enable the deployment of a flat
patch into a surface with nonzero Gaussian curvature with little resistance,
whereas all-fused connections strongly oppose such deformations. Contact
beyond EoL nodes and multi-axis response will also be studied in the future.
Finally, we would also like to explore the integration of strain sensors using,
e.g., Piezo-resist filament [25] to allow for fully-integrated state estimation.
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Figure 2.6: Interlacing squares. The different fused-slip connections for the four
structures considered are shown on the physical prototypes with
sliding directions indicated with red arrows (middle row). As shown
in the stiffness profiles (top row), these structures exhibit widely
different mechanical behaviors, ranging from quasi-isotropic (Type 1)
to highly anisotropic (Type 4). Simulation results of these structures
(bottom row) are obtained for the same applied load (diagonal di-
rection indicated with purple arrows). It can be seen that the sliding
mechanisms of the Type 2 and 3 structures are fully triggered while
the ones involving fused connections remains largely undeformed.
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Figure 2.7: Nonlinear mechanical behavior. Here we show the deformations of
our Type 2 structure when imposing uni-axial strain of 10 and 30
percent, respectively. The zero stiffness response shown initially by
this structure for small imposed strains is in sharp contrast to the
response for larger strains, indicating highly nonlinear behavior. The
sliding directions of the channels on the unit cell is shown in the
top-left corner.
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Figure 2.8: Interlacing circles. We explore the option of curved strands using
circular loops. As indicated by the plots for directional stiffness and
Poisson ratios, replacing all-fused with all-slip connections signifi-
cantly modifies the mechanical properties. Due to the asymmetric
orientation of the channels, the mechanical response is thus asym-
metric along the diagonal direction. As an example, we show the
simulation results for both structures induced by the same force along
the vertical direction of the image plane (purple arrows). The sliding
directions at the crossings are shown with red arrows.

Figure 2.9: Actuation example. In this experiment, a single actuation strand is
embedded in the structure to induce a planar-to-parabolic deployment
upon pushing (red arrow). The simulation result of the actuated
structure is shown on the left and the deformation of a physical
prototype is shown on the right.
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PA RT I I : E M B E D D E D E L A S T I C I T Y

Computing intrinsic distances on discrete surfaces is at the heart of many
minimization problems in geometry processing and beyond. Solving these
problems is extremely challenging as it demands the computation of on-
surface distances along with their derivatives. We present a novel approach
for intrinsic minimization of distance-based objectives defined on trian-
gle meshes. Using a variational formulation of shortest-path geodesics,
we compute first and second-order distance derivatives based on the im-
plicit function theorem, thus opening the door to efficient Newton-type
minimization solvers. We demonstrate our differentiable geodesic distance
framework on a wide range of examples, including geodesic networks
and membranes on surfaces of arbitrary genus, two-way coupling between
hosting surface and embedded system, differentiable geodesic Voronoi dia-
grams, and efficient computation of Karcher means on complex shapes. Our
analysis shows that second-order descent methods based on our differen-
tiable geodesics outperform existing first-order and quasi-Newton methods
by large margins.

3.1 introduction

Computing intrinsic distances on triangle meshes is a fundamental task
in geometry processing. From biological films on surfaces, to the fascia
enveloping our muscles, and to tight-fitting clothing—there are countless
examples of variational problems where the task is to minimize lengths on
discrete manifolds. Solving such problems on triangle meshes requires the
computation of geodesic distances on surfaces along with their derivatives.
While gradients are readily computed, the convergence of first-order meth-
ods is generally poor, in particularly for embedded elasticity problems with
stiff connections. Quasi-Newton methods such as L-BFGS may offer some
acceleration, but as we show in our analysis, they still converge slowly,
especially for stiff problems.

In this work, we present a novel approach for intrinsic minimization of
arbitrary objectives based on geodesic lengths on piece-wise linear surfaces.
Using a variational form of shortest-path geodesics, we obtain distance

21
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Figure 3.1: Embedded two-way coupling. We simulate a geodesic elastic network
embedded in the surface of a deformable bunny, modeled with solid
finite elements. Our analytical geodesic distance derivatives allow us
to use Newton’s method for simulating the deformations induced by
tightening the network.

derivatives in closed form using the implicit function theorem. We show
that first and second derivatives can be simplified to enable efficient com-
putation, allowing us to leverage powerful Newton-type methods for simu-
lation. Our approach is underpinned by the key observation that, although
geodesic paths on triangle meshes are generally not smooth functions of
their endpoints, geodesic distance is at least C0-continuous everywhere—
and infinitely smooth if geodesics are unique. Our analysis reveals two
types of gradient discontinuities, one of which can be resolved through
mollification while the other one does not occur close to minima and can
therefore be ignored.

We demonstrate our differentiable geodesic distance framework on a
large and diverse set of minimization problems. Specifically, we construct
embedded elastic networks and membranes based on geodesic springs
and triangle finite elements, respectively. We present simulation exam-
ples on shapes with varying topologies, including two-way coupling with
the hosting surface. We furthermore show how our formulation enables
differentiable on-surface Voronoi diagrams, whose site locations can be op-
timized for various objectives. Finally, we demonstrate that our simulation
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framework can be used to compute Karcher means on arbitrary surfaces in
efficient and highly accurate ways.

This chapter is based on our previous publication [26].

3.2 related work

discrete geodesic distance Geodesic distance has been extensively
studied in the geometry processing community [27–29]. Many methods
have been developed for calculating exact geodesic distances [30–34] as well
as fast approximations [35–43]. While approximations through the solution
of smooth energy functions offer advantages in terms of differentiability,
accurately tracing the geodesic path from the distance field is a challenging
task in itself [27]. We use an exact geodesic distance computation from
which geodesic paths can be constructed. Although the numerical properties
of discrete geodesics have been studied intensively, we are not aware of
any second-order method for minimizing geodesics-based objectives. To
construct such a method, we propose a differentiable geodesic distance
formulation that is almost everywhere C

2-continuous and exhibits robust
convergence when integrated into Newton-type minimization algorithms.

intrinsic geometry processing The computer graphics community
has made great strides in intrinsic geometry processing [44–51]. Intrinsic
triangulations facilitate tasks such as Delaunay refinement [48], mesh sim-
plification [51], and construction of differential operators on non-manifold
meshes [49]. Similar to intrinsic triangulations [48], our method uses end-
points as only degrees of freedom—connecting geodesic edges are defined
implicitly and reconstructed on demand. Unlike existing work, our ap-
proach enables the computation of first and second derivatives of geodesic
distances in closed form, thus opening the door to efficient second-order
minimization algorithms.

structural curve networks Structural curve networks have gained
increasing attention in the fields of computer graphics and robotics due
to their aesthetic appeal and practical utility. For instance, Schumacher et
al. [5] characterize the mechanical behavior of different families of tiling
patterns, and Li et al. [6] explore the direction-dependent stiffness of 3D-
printed weave structures. Another line of research focuses on the structural
stability of curve networks [21, 52–56]. Our work is similar in the sense that
we operate on curves embedded within surfaces. Instead of representing
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these curves explicitly, however, they are represented implicitly as shortest
geodesic paths. Our differentiable geodesic distance formulation allows us
to solve intrinsic minimization problems defined on these implicit curve
networks.

embedded simulation Many physical phenomena can be described
through partial differential equations on Riemannian manifolds. Exam-
ples include swirl dynamics on soap bubbles [57, 58], skin sliding [59],
tight-fitting clothing [60], and elastic curve networks embedded in curved
surfaces [21]. One approach to this embedded elasticity problem is to use 3D
spline curves whose control vertices are constrained to lie on the surface [61–
63]. Eulerian-on-Lagrangian methods are an alternative representation for
simulating constrained motion of deformable bodies [64], rods [6, 65], and
cloth [3, 66, 67]. Within this context, Li et al. [59] simulate skin sliding
using texture-like material coordinates as Eulerian degrees of freedom. In
order for this approach to work, however, a texture atlas of the underlying
surface with quasi-isometric charts is required. Montes et al. [60] propose a
Lagrangian-on-Lagrangian approach that combines subdivision surfaces
with embedded triangle meshes to allow for smooth sliding of skin-tight
clothing across the underlying body. However, they approximate on-surface
lengths using Euclidean distances. Consequently, surface and cloth dis-
cretizations must have adequate resolutions to limit approximation error.
Our simulation examples with embedded elastic networks likewise use a
Lagrangian-on-Lagrangian representation. However, we avoid resolution
dependence by computing exact geodesic distances on triangle meshes.

3.3 background and challenges

Our goal is to minimize distance-based functions on triangle meshes with
second-order optimizers. Naturally, this requires the distance metric to be
sufficiently smooth and differentiable. While Euclidean distance satisfies
these criteria, depending on the resolution of the embedded mesh, it can de-
viate from the actual distance between two surface points, i.e., the geodesic
distance, to different degrees. This deviation can lead to undesired local
minima, hindering the optimization process (see Sec. 3.5.7). We therefore
opt to use geodesic distances for simulation. Before describing our method
in detail, we first briefly discuss the smoothness of geodesic distance.
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3.3.1 Geodesic Distance

In the continuous setting, geodesics are locally shortest paths between
two points on a surface. These paths are also straightest, i.e., they exhibit
zero geodesic curvature. However, in the discrete setting with non-smooth
surfaces, these two definitions—straightest and shortest path—are not
equivalent and will generally lead to different geodesic paths. The shortest
path definition is a natural choice for boundary value problems with known
endpoints, while the straightest-path definition is best suited for initial
value problems with a given starting point and tangent direction. We refer
to Crane et al. [27] for an in-depth discussion of this subject. In this work,
we use shortest-path geodesics, which can be computed by minimizing a
convex quadratic potential. To use this distance metric in a minimization
algorithm, we must first understand its smoothness properties.

3.3.2 Smoothness of Geodesic Distance

The geodesic distance between two points is a continuous function of the
points everywhere on the surface. The geodesic path, however, is not always
unique and can change abruptly for smooth motion of the endpoints. The
distance derivative is necessarily discontinuous in these singular configura-
tions. It is worth mentioning that this discontinuity exists even for smooth
surfaces and does not originate from discretization.

continuous setting . To understand this discontinuity, consider a
surface patch containing a bump and a geodesic whose endpoints lie on
opposite sides of the bump (see inset figure). As we translate the upper
endpoint to the right, the geodesic path reaches a singular point where
it suddenly flips to the right. At the singularity, there exist two paths on
different sides of the bump that have the same geodesic distance. A local
perturbation of the endpoint can easily lead to flipping of the shortest
geodesic. The collection of points for which geodesics are not unique is
referred to as the cut locus. The shortest geodesic path from point a to point
b is discontinuous as b passes through the cut locus of a, and along the cut
locus, the gradient of the path is undefined. Although this discontinuity
in the distance gradient exists even in the continuous setting, it does not
prevent gradient-based minimization since points on the cut locus locally
maximize the geodesic distance from the source point.
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discrete setting . Geodesic distance remains continuous in the dis-
crete setting, but geodesic paths behave somewhat differently compared to
the smooth setting. Special care is required when geodesics pass close to
mesh vertices, which we classify into three categories depending on their
discrete Gaussian curvature: spherical vertices (positive curvature), hyper-
bolic vertices (negative curvature), and planar vertices (zero curvature). In
the vicinity of planar vertices, the geodesic is C

2-continuous. For spheri-
cal vertices, however, a geodesic cannot pass through the vertex as there
always exists a shorter path going around it (see Fig. 3.2). Since geodesic
paths vary discontinuously around spherical vertices, geodesic distance
is only C

0-continuous. Fortunately, paths through spherical vertices are
length-maximizing and are thus avoided during distance minimization.
Lastly, geodesic paths can continuously pass through hyperbolic vertices,
but the change in local tangent direction leads to only C

1-continuity in
these cases. In Sec. 3.4.1 we show that C

2-continuity can be restored by
adding a suitable mollifier.

3.3.3 Challenges

Our approach builds on the observation that, while geodesic paths are
not generally continuous functions of their endpoints, their lengths vary
continuously and can thus be used for gradient-based minimization. Com-
puting the required derivatives, however, is no trivial task. Geodesics on
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Spherical Planar Hyperbolic

Figure 3.2: Behavior of geodesic paths passing over different types of vertices.
Fixing one endpoint of a geodesic, we translate the other such that
the path moves across the center vertex. Whereas the geodesic passes
through the center vertex in the planar and hyperbolic case, it jumps
over the spherical vertex to avoid the local distance maximum.

triangle meshes generally span multiple faces and intersect with the edges
of the hosting surface. Explicitly tracking a varying number of intersection
variables is cumbersome. Using endpoints as degrees of freedom circum-
vents this issue, but intersection points are then functions of the endpoints,
adding another layer of complexity to the computation of first and second
derivatives. In fact, we are not aware of any existing work that computes the
analytical derivatives of geodesic distance on triangle meshes. In the follow-
ing, we develop a differentiable geodesic distance formulation whose first
and second derivatives can be computed efficiently. Since our formulation
requires only intrinsic quantities, we refer to it as intrinsic minimization.

3.4 intrinsic minimization

We develop a formulation for differentiable geodesic distance on triangle
meshes that uses geodesic endpoints as the only explicit variables. The
intersection points on the geodesic path are implicitly defined through
equilibrium conditions of a shortest-path energy functional (Sec. 3.4.1). We
show that an intrinsic simulation framework driven by geodesic distance
can be formulated on this basis (Sec. 3.4.2) and the required derivatives
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can be obtained in simple forms using sensitivity analysis and geometric
insights. We extend our distance-driven formulation from geodesic edges to
triangles such as to construct directionally-continuous deformation energies
(Sec. 3.4.3). We furthermore elaborate on two-way coupling effects between
geodesic networks and their embedding surfaces (Sec. 3.4.4). Finally, beyond
simulating embedded elasticity, we generalize the intrinsic minimization
paradigm to differentiable geodesic Voronoi diagrams (Sec. 3.4.5).

3.4.1 Differentiable Geodesic Distance

!

!!
!"

!#

!$

mesh vertex
intersection point
geodesic endpoint

!!

""
!#

!"

"!

#$
#!

##

#"

Our approach builds on the robust MMP
algorithm [30] to compute exact geodesic
paths on triangle meshes. The endpoints
of geodesic paths are represented using
barycentric coordinates w of the hosting tri-
angle mesh. These endpoints are the only
simulation degrees of freedom of a given
geodesic path. The spatial coordinates of the
endpoints c, and the intersections x between
the path and edges of the hosting mesh, are
computed when either endpoint is moved
(see inset). We use a scalar parameter ti to
denote the position of an intersection point xi along a corresponding mesh
edge ejk,

xi = vj + ti(vk - vj) , (3.1)

where v are mesh vertices. We compute the geodesic distance g between
two points, c0 and c1, on the surface mesh as the sum of the lengths of the
line segments li comprising the geodesic path,

g(c0, c1) =
X

i

li(c0, c1, x(c0, c1)) . (3.2)

The relationship of the simulation variables w and geodesic endpoints c are
given explicitly by interpolating barycentric coordinates. The relationship
of the intersection variables t are given implicitly by the algorithm for
computing exact geodesics. All involved quantities ultimately depend only
on the simulation variables w and we therefore write

g(c, x) = g(c(w), x(t(c(w))) . (3.3)
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To enable Newton-type solvers for intrinsic minimization, we must compute
the first and second derivatives of the above expression. The first derivative
is given by
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and the second derivative follows as

d2
g

dw2
=
@c
@w

T
@
2
g

@c2
@c
@w

+
@c
@w

T
@
2
g

@c@x
@x
@t
@t
@c

@c
@w

+
X

i

@g

@ci

@
2
ci

@w2

+

✓
@x
@t
@t
@c

@c
@w

◆T
 
@
2
g

@c@x
@c
@w

+
@
2
g

@x2
@x
@t
@t
@c

@c
@w

!

+

✓
@t
@c

@c
@w

◆T X

i

@g

@xi

@
2
xi

@t2

✓
@t
@c

@c
@w

◆

+
@c
@w

T
0

@
X

i

@g

@x
@x
@ti

@
2
ti

@c2

1

A @c
@w

+
X

i

@g

@x
@x
@t

@t
@ci

@
2
ci

@w2
.

(3.5)

While computing all of these terms is feasible, we show that both expres-
sions can be significantly simplified using geometric insight.

The shortest geodesic is a local minimizer of distance, giving rise to the
first-order optimality condition

dg
dt

=
@g

@x

T
@x
@t

= 0 . (3.6)

If the interior vertices x satisfy this optimality condition, perturbations �t
to the intersection variables will not change length to first order: moving
along the path changes adjacent segment lengths, but these changes sum
to zero; moving orthogonal to the path simply rotates the segments, which
does not change their lengths to first order. We can therefore simplify the
total derivative to

dg
dw

=
@g

@c

T
@c
@w

. (3.7)

This expression is readily evaluated since it only requires the gradient of
length for the first and last segments and the (constant) Jacobian @c

@w of the
barycentric interpolation function.

Similarly, the Hessian can also be greatly simplified using implicit dif-
ferentiation. Note that all terms can be evaluated algebraically except for
@t
@c , i.e., the derivatives of the edge intersection points with respect to the
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endpoints of the geodesic. Computing this derivative explicitly requires
differentiation through the entire pipeline of the algorithm used for com-
puting the exact geodesics. Apart from the complexity of differentiating
such a code, this strategy must fail for cases in which geodesics are not
unique and, hence, path derivatives do not exist. Our key insight is that
this problem can be entirely avoided by implicit differentiation. We begin
by differentiating both sides of (3.6) w.r.t. c,
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To obtain @t
@c , we rearrange and solve the small linear system
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The effective size of this m ⇥m system depends on the number m of
intersections between a given geodesic and the hosting mesh. Multiplying
(3.8) by ( @t
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Substituting (3.6) and (3.10) into (3.5) and removing second derivatives of
linear terms, we obtain the substantially simplified expression
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discontinuities & mollification With the expression for second
derivatives in hand, we must still address potential discontinuities when
intersection points x(t) approach mesh vertices. Depending on to which
side of a mesh vertex the geodesic passes, it will intersect different mesh
edges. The function x(t) is therefore ill-defined when the geodesic path
coincides with a mesh vertex, i.e., when t = 0 or t = 1 for individual edges,
and the optimality condition (Eq. 3.6) does not hold. This discontinuity
hinders convergence, as shortest geodesics tend to pass through hyperbolic
vertices (Fig. 3.3a), and the total distance energy is not C2-continuous. We
resolve this issue by adding a mollifier to x(t) such that dx(t)

dt
smoothly

vanishes at vertex intersections. Here, we hold t fix, and the mollification is
applied to x.
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A similar discontinuity appears when endpoints of geodesics coincide
with vertices of the hosting mesh. We therefore apply the same mollifier to
the barycentric coordinates of the endpoints.

(a) (b)

!

!

Figure 3.3: Mollification for edge intersection points. We smoothly blend linear
edge intersection trajectories x(t) with cubic functions (b) to achieve
C
2-continuity when geodesics pass through mesh vertices (a).

smooth mollifier We smoothly blend the linear intersection point
parameterization (3.1) with two cubic functions (see Fig. 3.3b) such that the
derivatives vanish when the geodesic curve passes through mesh vertices,
i.e., when t = 0 or t = 1. The mollifier function is defined as

t̂(t) =

8
>>>><

>>>>:

- t
3

✏2
+ 2t

2
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0 6 t < ✏,

t ✏ 6 t 6 1- ✏

- (t-1)3

✏2
+ 2(t-1)2

✏
+ 1 1- ✏ < t 6 1 ,

(3.12)

where ✏ = 10
-6 defines the smoothing length. This mollifier is C1-continuous

along an edge, and as shown in Sec. 3.5.7, significantly accelerates the con-
vergence of our Newton solver.
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3.4.2 Elastic Geodesic Networks

With our differentiable geodesic distance formulation established, we now
turn to energy minimization. As a first example, we consider elastic curve
networks comprised of geodesic springs. The total energy of this system is

Enetwork(w) =
X

i

(gi(w)- ḡi)
2 , (3.13)

where i runs over all geodesic springs, whose current and rest lengths we
denote as gi and ḡi, respectively. We minimize this energy using Newton’s
method with a standard backtracking line search. The search direction per
iteration is computed by solving the linear system

H(w)�w = -y(w) , (3.14)

where y(w) and H(w) are the gradient and Hessian of the objective function.
We use adaptive diagonal regularization [68] to ensure that the Hessian is
positive definite. Since all simulation variables are barycentric coordinates,
the resulting search direction yields endpoint updates expressed in the
barycentric coordinates of the corresponding mesh triangles. Inevitably,
endpoints will move across edges and vertices into neighboring triangles,
which requires updating the search direction to the new coordinate system.
To this end, we use the approach by Sharp et al. [48] for tracing straightest
geodesics [69] and update local coordinates as

wj+1 = wj +↵ · tracing(wj,�w) , (3.15)

where ↵ is a step size determined by line search to ensure monotonic
decrease in energy.

karcher means Using a slightly different formulation, our method can
be readily extended to compute so-called Karcher means on triangle meshes.
Consider a special case of a geodesic spring network, where a point p is
connected to several anchored points x on a surface. The energy in this case
amounts to the variational formulation for the Karcher mean,

EKarcher(w) =
1

2N

NX

i=1

g(p(w), xi)2 . (3.16)

Sharp et al. [70] showed that the gradient of this energy can be approxi-
mated efficiently by solving a sparse linear system. While their approach
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is robust and general, using only first-order derivatives precludes second-
order convergence. Our analytical second-order derivatives of geodesic
distance, in contrast, enable Newton-type minimization, which leads to
significantly improved convergence (see Sec. 3.5.2).

3.4.3 Elastic Geodesic Triangles

In the previous examples, we considered potentials defined on geodesic
networks. We now extend our formulation to model elastic membranes
made of geodesic triangles, i.e., finite element-like triangles with geodesic
edges.

For linear triangle finite elements in Euclidean geometry—also known
as constant strain triangles—the deformation gradient maps edge vectors
from the undeformed configuration to corresponding deformed edges as

Fēij = eij , (3.17)

where ēij = (x̄j - x̄i) and eij = (xj - xi) are undeformed and deformed
edges, respectively. Squaring both sides, we obtain

ēT
ij

Cēij = |eij|2 , C = FTF , (3.18)

where C is the Cauchy-Green tensor. A direct translation of this deformation
measure to geodesic triangles would require geodesic edges, expressed in a
common coordinate system. This representation, however, is not available
since the vertices of a geodesic triangle generally fall into different triangles
of the hosting surface. Fortunately, we can construct the Cauchy-Green
tensor using only edge lengths (see inset figure). To this end, we first note
that

ēT
ij

Cēij = g
2

ij
, (3.19)

!!

"!

""
"#

!" !#

2D rest shape

geodesic triangle

for all three edges of a geodesic triangle. Us-
ing the fact that C is a symmetric 2⇥ 2 tensor,
it is evident that its three unknown entries
can be computed by solving the three equa-
tions (3.19). With this nonlinear deformation
measurement at hand, we can then use a
standard Neo-Hookean constitutive model
for membrane elasticity. The corresponding
energy density function is given as

 (C) =
µ

2
(tr(C)- 2- 2 log(J)) +

�

2
log(J)2 , (3.20)
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where J =
p

det(C). Since it only involves the lengths of geodesic edges,
this energy density is a continuous function of the simulation variables w.

discussion We assume that triangles are intrinsically flat when com-
puting deformation gradients from edge lengths. While this is an approxi-
mation, it allows us to measure and penalize deformations in any direction,
not just along edges. As another point, although it is possible to compute
the area enclosed by a geodesic triangle, this area can be discontinuous

as the geodesic path flips in the vicinity of spherical vertices. An exam-
ple is shown in the inset figure, where a small perturbation of one vertex
changes the area of the two adjacent triangles abruptly. Instead of directly
computing the area of geodesic triangles, our formulation captures changes
in area through the determinant of the Cauchy-Green tensor, det(C). Since
computing C requires only the lengths of geodesic edges, not their paths,
we avoid discontinuities in area.

3.4.4 Two-way Coupling

The previous examples focused on geodesic elastic systems embedded in
a rigid hosting surface. However, our approach can also be extended to
full two-way coupling with deformable hosting objects. For these cases, the
geodesic distance function takes the form

g(c(w, v), x(t(c(w, v), v)), v) , (3.21)

where v are the vertices of the hosting surface. The first and second deriva-
tives of this expression can again be obtained using sensitivity analysis; see
App. A.1. We describe the coupled system through its potential energy,

Ecoupling(q) = Enetwork(q) + Ehost(q) , (3.22)

where q = (w, v)T concatenates the barycentric coordinates of the embedded
system and the vertices on the hosting surface. The first term Enetwork(q)
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models the energy of the embedded elastic system, whereas Ehost(q) is the
elastic potential of the hosting object. We consider two types of models for
the hosting object: a discrete shell model [71] and a standard volumetric
finite element model [72].

3.4.5 Differentiable Geodesic Voronoi Diagrams

Up to this point, we have focused on elastic geodesic systems embedded in
rigid and deformable hosting objects. We now extend our formulation to
another application of intrinsic distances, geodesic Voronoi diagrams.

geodesic voronoi diagrams For a given set of sample points (sites)
on a surface, a surface Voronoi diagram partitions the surface mesh M into
cells. A cell Ci is the set of all points x⇤ satisfying

Ci = {x⇤ 2M | g(x⇤, si) < g(x⇤, sj), 8j 6= i} , (3.23)

where si and sj are the barycentric coordinates of two sites. The corre-
sponding surface Voronoi diagram, using geodesic distance as the metric, is
referred to as a geodesic Voronoi diagram (GVD). To represent the Voronoi
diagram, we use only the site locations s as explicit degrees of freedom.
The cell boundary vertices x̃, which are either Voronoi vertices (with 3 or
more adjacent cells) or intersections between Voronoi edges and mesh edges
(with 2 adjacent cells), are given implicitly as the unique solution to the
equidistance constraint

g(x̃i, s0)- g(x̃i, sj) = 0, j = 1 . . .Ni - 1 (3.24)

where Ni is the number of adjacent cells to cell boundary vertex x̃i and
s0, . . . , sNi-1 are the sites of adjacent cells. We compute the geodesic
Voronoi diagram by solving

x̃i = arg min
x̃⇤

Ni-1X

j=1

(g(x̃⇤, s0)- g(x̃⇤, sj))2 (3.25)

for each boundary vertex. Note that this requires prior knowledge of cell
connectivity, which we obtain using a fast GVD approximation [73]; see
also Algorithm 1.
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bi-level optimization We now turn to optimizing geodesic Voronoi
diagrams for higher-level objective functions. Consider a constrained opti-
mization problem of the form

min
x̃,s

O(x̃, s) s.t. f(x̃, s) = 0 , (3.26)

where O is an outer design objective function and f is the vector-valued
equidistance constraint function given by the gradient of the inner objective
(3.25). The states x̃ are coupled with the variables s through the constraint
and we write x̃ = x̃(s) to eliminate x̃ as explicit degrees of freedom. Opti-
mizing this objective with gradient-based methods requires the derivative
dx̃
ds , which we obtain through sensitivity analysis. We refer to App. A.3 for
derivations.

The equidistance constraints derive from the definition of Voronoi di-
agrams, i.e., a point on a Voronoi edge must have the same distance to
all adjacent sites. This includes Voronoi vertices as well as intersections
between Voronoi edges and mesh edges, for which f takes different forms.
For intersections between Voronoi edges and mesh edges, x̃i is equidistant
to two sites and f takes the form

fi(x̃i, s0, s1) = g(x̃i(s0, s1), s0)- g(x̃i(s0, s1), s1) . (3.27)

!!

!"

!#!

In this case, only one constraint equation is necessary to
define a unique point along the intersected mesh edge,
parameterized by a scalar as in Eq. (3.1). For Voronoi vertices
that are equidistant to three or more sites (see inset), we use
two constraint equations

fi,0(x̃i, s0, s1) = g(x̃i(s), s0)- g(x̃i(s), s1) ,
fi,1(x̃i, s0, s2) = g(x̃i(s), s0)- g(x̃i(s), s2) .

(3.28)

We minimize the inner objective (3.25) using Newton’s method and the
outer design objective (3.26) using quasi-Newton methods. A standard
back-tracking line search is applied to both optimization processes.

3.4.6 Implementation Details

Our code is implemented in C++ using Eigen [74] for primary data struc-
ture and Intel TBB for parallelization. Linear systems are solved using
CHOLMOD [75]. We use the MMP algorithm [30] implemented in the Ge-
ometry Central Library [76] for computing exact geodesics. Finally, we credit
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Polyscope [77] for producing figures. Our code is available through the
repository https://github.com/liyuesolo/DifferentiableGeodesics.

3.5 results

3.5.1 Energy-minimizing Geodesic Networks

In the first set of examples (Fig. 3.4), we simulate elastic curve networks
comprised of zero-length geodesic springs. We showcase our approach
on two challenging setups where the endpoints of the geodesic springs
are positioned close to mesh vertices or edges. Our approach converges
robustly in both scenarios. As can be seen in the close-up views, we arrive
at energy minima that differ significantly from the initial network.

minimize

minimize

Figure 3.4: Elastic geodesic spring networks. We initialize the nodes (shown in
red) in close proximity to either the vertices of the hosting mesh or its
edge midpoints. Our method converges robustly in both scenarios.

https://github.com/liyuesolo/DifferentiableGeodesics
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Figure 3.5: Qualitative comparisons with the Vector Heat Method [70] for com-
puting Karcher Means on a selection of meshes. The yellow curves
show the optimization trajectories toward the Karcher mean of a given
set of points (shown in red). The initial guesses (chosen randomly)
are shown in white and the Karcher mean in blue. The color gradi-
ent indicates steps toward the solution. As can be seen from these
examples, our second-order solver allows for larger steps toward the
minima (col 1-3) and significantly fewer iterations to convergence (col
4-5).

3.5.2 Karcher Means

Our approach enables second-order optimization for computing Karcher
means on triangle meshes. We compare our approach to the state-of-the-art
Vector Heat Method [70] on a set of examples with different geometries and
resolutions. While Sharp et al. [70] propose an efficient method to compute
the energy gradient by solving sparse linear systems, their approach is
limited to linear convergence. As can be seen from the qualitative compar-
isons in Fig. 3.5, our second-order solver enables larger steps and converges
to the solution in significantly fewer iterations. We use the open-source
reference implementation from the Geometry Central Library [76], which
adopts a relative convergence criterion based on the current triangle area
and step size. For our experiments, we impose an absolute convergence
criterion based on the gradient norm. Details on the convergence criteria
are given in App. A.2. We report statistics for both convergence criteria in
Table 3.1, showing that our approach converges to much tighter tolerances
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Examples Triangles Time[s]
(Heat*/Heat/Ours)

Iterations
(Heat*/Heat/Ours)

GradientNorm (Heat*/Heat/Ours) Objective (Heat*/Heat/Ours)

sphere 1,280 0.0162 / 0.916 / 0.0284 2 / 200 / 2 4.35 ⇥10-4/ 3.04 ⇥10-5 / 2.31 ⇥10-11 0.0206 / 0.0204 / 0.00744

screwdriver 6,786 0.119 / 17.5 / 0.291 3 / 200 / 3 3.04 ⇥10-4 / 2.67 ⇥10-4 / 1.57⇥10-11 0.00387 / 0.00383 / 0.00121

ear 45,312 1.15 / 120 / 4.99 3 / 200 / 3 1.13 ⇥10-5 / 1.85 ⇥10-6 / 3.20⇥10-12 0.00974 / 0.00972 / 0.00225

protein 60,820 17.0 / 120 / 12.8 25 / 200 / 8 1.81 ⇥10-1 / 9.64 ⇥10-2 / 3.05 ⇥10-7 0.970 / 0.991 / 0.208

spiral cup 34,874 0.576 / 19.3 / 0.291 13 / 200 / 10 3.04 ⇥10-4 / 1.05 ⇥10-5 / 1.99⇥10-11 1.34 / 1.58 / 0.280

Table 3.1: Comparison to the Vector Heat Method [70] for computing Karcher
Means. We report the runtimes and optimization statistics for the exam-
ples shown in Fig. 3.5. Heat* indicates using the convergence criterion
in the official implementation [76], whereas Heat denotes using the
same criterion as ours. While the Vector Heat Method converges to
visually acceptable solutions in similar numbers of iterations, their
gradient-based update is limited to linear convergence. Leveraging a
Newton solver with analytical second derivatives, our approach con-
verges quadratically.

with comparable performance. We set a maximum iteration of 200 for all
approaches.

Another baseline for computing Karcher means is provided by Mancinelli
and Puppo [78], which leverages approximate first and second derivatives
of geodesic distance. While these approximations enable fast computations,
the underlying convexity assumption for geodesic distance does not gener-
ally hold for arbitrary triangle meshes. Unfortunately, the publicly available
algorithm1 did not yield successful outcomes for any of the problem in-
stances shown in Fig. 3.5. We therefore conduct a simpler test, computing
the Karcher mean of five randomly placed points on a spherical mesh
(Fig. 3.5, column 1). We repeat this experiment 100 times and report the
average runtime, residual norm, and success rate in Table 3.2. Despite being
an order of magnitude slower, our approach ensures robust convergence
across all test cases.

Method Avg Time [s] Avg |Grad| Success Rate

MancinelliPuppo 9.54⇥ 10
-3

1.40⇥ 10
-2 17%

Ours 9.23 ⇥10-2 6.52 ⇥10-12 100%

Table 3.2: Quantitative comparison with Mancinelli and Puppo [78] using 100
randomized problem instances on a spherical mesh. Averaged runtimes
and gradient norms exclude failure cases.

1 https://github.com/Claudiomancinelli90/RCM_on_meshes



40 part ii : embedded elasticity

3.5.3 Energy-minimizing Geodesic Triangles

We simulate membranes defined by elastic geodesic triangles. Inspired
by previous work from Li et al. [59], we simulate an elastic membrane
made of geodesic triangles embedded in a rigid torus mesh (see Fig. 3.6).
The torus mesh is stretched along the horizontal axis of the image plane
in a non-uniform way. Simply keeping the barycentric coordinates of the
embedded membrane unchanged leads to large isolated distortions (Fig. 3.6,
top row). Optimizing these coordinates such as to minimize the membrane’s
elastic energy yields smoothly distributed deformations (Fig. 3.6, bottom
row). Whereas simulating this effect in a 2D parametric space requires UV
unwrapping [59], our approach operates directly on the 3D surface mesh.
Our Newton solver converges in fewer than 5 iterations on average for this
sequence.
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Figure 3.6: Simulation of an elastic membrane using geodesic triangles. We
stretch the hosting torus mesh anisotropically to induce deforma-
tion of the embedded triangles. Keeping the (barycentric) membrane
coordinates unchanged leads to large isolated distortions (top row).
Optimizing coordinates such as to minimize the membrane’s energy
leads to smoothly distributed deformations (bottom row).
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3.5.4 Two-way Coupling

We now consider two-way coupling between a geodesic elastic network
and its hosting surface. In the first example, we simulate the tightening
of an elastic geodesic network embedded in an inflated spherical shell
(see Fig. 3.7). As the minimization proceeds, many regions of the shell
bulge out in response to the compression forces induce by the embedded
network. The hosting surface is simulated using a discrete shell model [71]
augmented with a volume preservation term. To avoid factorizing a dense
Hessian matrix resulting from the volume preservation term, we use the
Sherman–Morrison formula [79] to compute the Newton step. In Fig. 3.1,
we show that our intrinsic minimization pipeline can be coupled with a
volumetric mesh discretized using tetrahedron finite elements. The hosting
elastic object is simulated using a Neo-Hookean constitutive model. The
ears of the bunny bend down and the back bulges in response to the
tightening of the geodesic spring network.

tightening

Figure 3.7: Two-way coupling. Simulation of a geodesic spring network on an
inflated spherical shell. Realistic bulging effects emerge upon tighten-
ing the embedded curve network.
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3.5.5 Optimization of Geodesic Voronoi Diagrams

We consider three examples with different design objectives defined on
geodesic Voronoi diagrams. Each example is formulated as a bi-level op-
timization problem using sensitivity analysis as described in section 3.4.5.

length similarity In the first example, we optimize for uniform edge
lengths such as to facilitate potential manufacturing with equal-length rods.
To this end, we minimize the design objective

min
s

O(x̃(s), s) =
1

2

X

(i,j)2E

(g(x̃i, x̃j)- L)2 , (3.29)

where E is the index set of all Voronoi edges and L is the target edge length,
which we set to the average Voronoi edge length in the initial configuration.
As can be seen in Fig. 3.8, the optimized structures exhibit much less
variation in edge length compared to the initial configurations.

initial optimized initial optimized

Figure 3.8: Optimizing for uniform edge length. By minimizing the deviation
of all Voronoi edges from the target length, the optimized structure
significantly reduces the length variation compared to the initial
configuration.
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cell planarity We consider the task of designing Voronoi diagrams
with as-planar-as-possible cells such that the 3D structure can be assembled
from flat panels. We define a corresponding objective as

min
s

O(x̃(s), s) =
1

2

NX

i=1

NiX

j=1

1

Ni

d(x̃j,Pi(x̃))2 , (3.30)

where N denotes the total number of Voronoi vertices and Ni is the number
of vertices for Voronoi cell i. For each cell, we compute the least squares-
fitting plane Pi and penalize the corresponding point-to-plane distance d

for each cell vertex. As can be seen from Fig. 3.9, minimizing this planarity
objective with our method leads to an order of magnitude reduction in
average and maximum vertex-to-plane distance.

maximum distance :
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Figure 3.9: Optimizing for planarity. We optimize site locations such that the
vertices of each Voronoi cell are as planar as possible. Our approach
successfully reduces the average and maximum vertex-to-plane dis-
tance by an order of magnitude or more.
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cell regularity Finally, we consider an objective to regularize cell
shapes by minimizing the squared distances between each site and its
surrounding vertices,

min
s

O(x̃(s), s) =
1

2

NX

i=1

NiX

j=1

g(si, x̃j(s))2 . (3.31)

Fig. 3.10 illustrates the effect of this objective on a set of Voronoi diagrams
with irregular initial cell shapes. Despite the complexity of the hosting sur-
faces, the resulting cell shape distributions show significant improvements.
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Figure 3.10: Optimizing cell regularity. Minimizing our regularity objective leads
to quasi-isotropic cells when starting from a poorly shaped initial
diagram.

3.5.6 Timings

We report detailed simulation statistics and averaged timings for all exam-
ples. The timings listed in Tables 3.1—3.4 are measured on a workstation
with an AMD Ryzen Threadripper PRO 5995WX CPU.
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Example Triangles DoFs Two-way Exact Geodesics Constructing Hessian Solving Linear System Newton Step

Fig. 3.1 9,396 20,838 yes 221.55 ms 2.38 s 690.8 ms 3.64 s

Fig. 3.4 torus 576 1,152 no 73.43 ms 48.47 ms 42.58 ms 172.31 ms

Fig. 3.4 duck 2,000 4,000 no 791.46 ms 188.47 ms 114.28 ms 1.218 s

Fig. 3.5 sphere 1,280 2 no 8.19 ms 112.5 µs 63.5 µs 12.52 ms

Fig. 3.5 screwdriver 6,786 2 no 63.20 ms 12.24 ms 43.67 µs 94.47 ms

Fig. 3.5 ear 45,312 2 no 1.18 s 45.86 ms 59.6 µs 1.65 s

Fig. 3.5 protein 60,820 2 no 710.72 ms 948 ms 40.86 µs 1.668 s

Fig. 3.5 spiral cup 34,874 2 no 214.67 ms 285.3 ms 40.4 µs 555.91 ms

Fig. 3.6 2,304 282 no 89.36 ms 5.91 ms 596 µs 96.75 ms

Fig. 3.7 1,280 30 yes 8.28 ms 42.80 ms 65.64 ms 129.63 ms

Table 3.3: Simulation statistics and average timings.

Examples Construct
GVD[ms]

Time/Iter [s] #Tri #Sites

Fig. 3.8 sphere 5.87 1.90 1,280 98
Fig. 3.8 duck 9.97 4.39 2,000 125
Fig. 3.8 cactus 9.71 4.03 2,000 107
Fig. 3.9 sphere 14.37 0.474 1,280 396
Fig. 3.9 torus 6.41 0.0733 576 155
Fig. 3.9 duck 21.67 1.17 2,000 487
Fig. 3.10 fertility 66.46 7.09 2,250 2,250
Fig. 3.10 cow 93.12 39.3 5,856 2,928
Fig. 3.10 armadillo 262.6 180 20,000 10,000

Table 3.4: Statistics and average timing for energy-minimizing GVDs.

3.5.7 Ablation Study

comparison with l-bfgs We show that our analytical Hessian sig-
nificantly improves convergence compared to first-order or quasi-Newton
methods without sacrificing performance. We compare the convergence and
performance of different methods on two energy minimization problems
involving geodesic spring networks. As can be seen from Fig. 3.11 (left),
while L-BFGS offers better convergence than gradient descent (GD), New-
ton’s method outperforms both by a large margin. In Fig. 3.11 (right), we
show that our second-order approach also offers significant performance
gains. Thanks to the compact analytical expression of the second derivative,
computing the analytical Hessian of the geodesic distance only takes a
fraction of the overall computation time. The initial and optimized configu-
rations can be found in the inset figures. Dashed lines in the figures indicate
residual tolerances that lead to qualitatively on-par results. We consider the
results obtained from Newton and L-BFGS to be visually indistinguishable
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when the maximum difference in nodal position is smaller than 1% of the
scene bounding box diagonal.
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Figure 3.11: Convergence comparison. We use our second-order approach, gradi-
ent descent (GD), and L-BFGS to find equilibrium states of geodesic
networks. Our approach exhibits quadratic convergence and demon-
strates significantly better performance. Dashed lines indicate resid-
ual tolerances below which results become visually indistinguishable.
Inset figures show the system states corresponding to the blue dots
on the curves.

euclidean distance Using Euclidean distance instead of geodesic
distance greatly simplifies computation but leads to additional and undesir-
able local minima in intrinsic simulation. We illustrate this problem on an
embedded curve consisting of three vertices and two connecting segments
modeled as zero-length springs (shown in Fig. 3.12). The endpoints are
anchored to the hosting surface while the central vertex is free to move.
We compare simulations using Euclidean and geodesic distance metrics.
In the left example, the hosting surface exhibits a right angle, creating a
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local energy minimum for Euclidean-distance springs. In the right example,
multiple local minima exist for Euclidean springs and the eventual equi-
librium configuration depends on the initial position of the central vertex.
Using geodesic distance, however, the simulation converges to the global
optimum in both cases.
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Figure 3.12: Spurious local minima when using Euclidean distance. In these
two examples, we consider two zero-length springs connected by a
free vertex and minimize the total elastic energy. Using Euclidean
distance for the spring energy leads to undesired local minima while
using geodesic distance resolves this problem. Geodesic paths are
shown in all cases for visualization.

mollification To study the influence of our smooth mollifier, we set
up a two-way coupling example, where the geodesic path passes through
a hyperbolic vertex in the minimum-energy state (Fig. 3.13, right). In this
example, a rectangle with an inner crossbar is embedded in a deformable
shell. The four corner vertices of this rectangle are fixed to the surface and
all edges are zero-length geodesic springs. In this case, energy minimization
results in the inner edge passing through the hyperbolic vertex of the shell.
As can be seen in the convergence plot to the left, without the mollifier,
Newton’s method struggles to converge even after 200 iterations. When
the energy is mollified into a C

2-continuous function, Newton’s method
exhibits quadratic convergence.
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Figure 3.13: Mollification. In this two-way coupling example, the corners of the
orange rectangle are fixed while the two inner vertices are free
to slide on the surface. All embedded vertices are connected by
geodesic springs with zero rest length. To arrive at the energy mini-
mum, the inner spring must pass through the hyperbolic vertex of
the hosting mesh. As can be seen from the convergence plot, without
the mollifier (orange), Newton’s method does not achieve quadratic
convergence due to the lack of C2-continuity at the minimum. With
the mollifier, however, our approach converges quadratically (blue).

3.6 conclusion & future work

We proposed a novel differentiable geodesic distance formulation for in-
trinsic minimization on triangle meshes. By applying the implicit func-
tion theorem to the variational formulation of shortest-path geodesics, we
demonstrate that closed-form first and second derivatives can be obtained
and significantly simplified, allowing for the use of Newton-type minimiza-
tion solvers. We use our method to minimize a diverse set of objectives,
including two-way coupling of embedded elastic structures with hosting
geometries, Karcher means on arbitrary triangle meshes, and differentiable
geodesic Voronoi diagrams.

limitations While our intrinsic minimization paradigm enables robust
second-order optimization on many instances of embedded elasticity, in
almost all cases, the geodesics are under tension and the energy increases
with geodesic length. However, when a geodesic curve is under compression
and increasing length is energetically favorable, local distance maxima along
the cut locus may lead to convergence failure.

We use the open-source implementation of the MMP algorithm for com-
puting geodesic distance. While we perform this computation largely in
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parallel, it remains the computational bottleneck of our method. While
our triangle elements based on geodesic edge lengths are promising for
simulating embedded elastic membranes, the approximation accuracy de-
creases as the curvature within each geodesic triangle increases. Using
denser geodesic triangulations can alleviate this issue to some extent, but
using internal quadrature points and additional degrees of freedom could
be a promising direction. Finally, we only focused on triangle meshes in
this work. Extending our intrinsic minimization paradigm to polygonal
meshes is another avenue for future exploration.
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Figure 4.1: Inverse design with Neural Metamaterial Networks. For this custom
shoe design, we aim to find metamaterials that best approximate
given nonlinear stiffness targets in the forefoot, midfoot, and heel
regions as shown on the left. Starting from a homogeneous hexagonal
pattern, our method leverages a differentiable neural representation
to optimize over entire metamaterial families, resulting in structures
that closely track the desired strain-stress curves.

Nonlinear metamaterials with tailored mechanical properties have ap-
plications in engineering, medicine, robotics, and beyond. While modeling
their macromechanical behavior is challenging in itself, finding structure
parameters that lead to ideal approximation of high-level performance
goals is a challenging task. In this work, we propose Neural Metamaterial
Networks (NMN)—smooth neural representations that encode the nonlin-
ear mechanics of entire metamaterial families. Given structure parameters
as input, NMN return continuously differentiable strain energy density
functions, thus guaranteeing conservative forces by construction. Though
trained on simulation data, NMN do not inherit the discontinuities re-
sulting from topological changes in finite element meshes. They instead
provide a smooth map from parameter to performance space that is fully
differentiable and thus well-suited for gradient-based optimization. On this
basis, we formulate inverse material design as a nonlinear programming

51
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problem that leverages neural networks for both objective functions and
constraints. We use this approach to automatically design materials with
desired strain-stress curves, prescribed directional stiffness and Poisson
ratio profiles. We furthermore conduct ablation studies on network nonlin-
earities and show the advantages of our approach compared to native-scale
optimization.

4.1 introduction

Thanks to their programmable microstructures, mechanical metamaterials
boast a wide range of macroscopic properties. There has recently been
growing interest in flexible metamaterials that offer tailored mechanical
properties in the finite-deformation regime [80]. Their ability to sustain
large deformations makes these metamaterials interesting and useful for
myriad applications including micro-electromechanical systems and pre-
cision instruments, functional sportswear and rehabilitation medicine, as
well as robotics and architecture. A common trait shared by these examples
is that they operate at very large deformations, which means that nonlinear
effects in both geometry and material become predominant: beams in the
microstructure rotate and straighten under stretching, whereas compression
leads to buckling and self-contact.

To design in this nonlinear setting, we must be able to determine struc-
ture parameters that lead to an ideal approximation of given high-level
performance goals. This problem is challenging for two main reasons. First,
creating a nonlinear macromechanical model for a given metamaterial is
a highly nontrivial task. While Finite Element simulations can be used to
generate large amounts of stress-strain data, combining these data into an
accurate representation that preserves first principles such as objectivity,
convexity, and integrability is difficult unless limiting assumptions on ma-
terial symmetries and nonlinearities are introduced. Second, changing a
material’s structure parameters will entail changes in the simulation meshes.
While these changes are often smooth, there will inevitably be singular
points at which mesh topology must change to accommodate changes in
geometry. These topology changes, and the corresponding discontinuities
in simulation derivatives, are challenging the robustness of gradient-based
optimization methods.

In this work, we propose Neural Metamaterial Networks (NMN) to model
the nonlinear macromechanical behavior of entire metamaterial families.
Given structure parameters as input, NMN return a continuously differen-
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tiable strain energy density function, which guarantees conservative forces
by construction. Though trained on simulation data, NMN do not inherit the
discontinuities resulting from topological changes in finite element meshes.
They instead provide a smooth map from parameter to performance space
that is fully differentiable and thus ideally suited for gradient-based op-
timization. Using neural metamaterial networks as a basis, we formulate
inverse material design as a nonlinear programming problem that leverages
neural networks for both the objective function and the constraints.

We demonstrate our approach on a set of inverse material design ex-
amples where we automatically compute structure parameters that best
approximate desired strain-stress curves, prescribed directional stiffness,
and Poisson ratio profiles. We furthermore conduct ablation studies on our
choice of network nonlinearities, and show the advantage of computing
gradient information from our neural representation compared to simple
finite-differencing on native scale simulations.

This chapter is based on our previous publication [81].

4.2 related work

structured metamaterials . Through careful tuning of their micro-
scale geometry, metamaterials can cover a wide range of marcomechanical
properties. Designing metamaterials with desired macromechanical proper-
ties is a problem that spans many areas explored in graphics, including ge-
ometry processing, physics-based modeling, and computational fabrication.
Consequently, there has recently been a surge in works that explore various
types of metamaterials [5, 6, 8, 82–86]. For example, Schumacher et al. [5]
characterize the in- and out-of-plane behavior of structured sheet materials.
Li et al. [6] proposed a methodology for creating 3D-printable, weave-like
materials with desired mechanical properties. Based on star-shape met-
rics, Martínez et al. [8] and Efremov et al. [86] introduce spatially graded
meta-materials that cover a wide range of elastic properties. Martínez et
al. [84] leverage procedural Voronoi foams to efficiently create orthotropic
microstructures. Moreover, Thibault et al. [85] generate freely-orientable mi-
crostructures with locally controllable anisotropy. While the above methods
explore specific types of metamaterials, we address the fundamental prob-
lem of generating smooth representations of nonlinear macromechanical
properties for entire metamaterial families—a problem that is at the core of
inverse metamaterial design.
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Figure 4.2: Pipeline. Our metamaterials leverage families of isohedral tiling pat-
terns as geometries. For a given set of tiling parameters T, we sample
the nonlinear response of the corresponding unit cell by computing
equilibrium configurations for uni- and bi-axial states of strain with
different directions and magnitudes. Using these simulation data,
we perform homogenization on the unit patch to extract macroscale
descriptions, i.e. Green strain E, Second Piola-Kirchhoff stress S, and
the energy density  . To capture the constitutive relationship for an
entire metamaterial family, we train a deep neural network to learn
the map from strain E and tiling parameters T to energy density
functions �. The resulting Neural Metamaterial Networks are ideally
suited for inverse material design with analytical derivatives.

nonlinear material design. Vast parameter spaces for complex,
nonlinear materials require inverse design approaches for efficient, perfor-
mance driven navigation. With the goal of matching desired deformation
behaviors, Bickel et al. [87] optimize for the best arrangements of layered
microstructures. By varying beam density and radii, Martínez et al. [88]
find 3D Voronoi foams for prescribed Young’s modulus targets. Zehnder et
al. [89] optimize for the sizes, numbers, and locations of stiff inclusions to
generate silicone metamaterials with desired mechanical properties. Panetta
et al. [90] introduce a library of elastic truss-like structures and a two-stage
shape optimization process to find the best matching structure for a given
target elasticity tensor. Building on this approach, Panetta et al. [91] further
perform shape optimization to reduce peak stresses for worst-case loads.
Schumacher et al. [92] find a set of microstructures with smoothly varying
material properties, and Tozoni et al. [93] map material parameters to fam-
ilies of rhombic microstructures. Our method shares the same high-level
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goal of finding metamaterials that best approximate macromechanical per-
formance goals. However, instead of interpolating strain-stress samples in
parameter space, we leverage deep neural networks to learn energy den-
sity functions for a large range of deformations across entire metamaterial
families.

Previous work has successfully used sampling-based strategies for inverse
metamaterial design [90, 92, 94] in the context of linear elasticity. Whereas
linear materials are described by a single elasticity tensor, our work targets
nonlinear materials, which require significantly more data (i.e., multiple
stress-strain samples). While interpolation between linear elasticity tensors
can lead to reasonable behavior, it is unclear how to interpolate between
nonlinear materials. Close to our work that also uses isohedral tilings,
Schumacher et al. [5], constructs stiffness profiles in a pre-processing step
and retrieves the closest matches for given targets at runtime. Whereas they
only support isotropic strains with two pre-defined magnitudes, our method
extends to arbitrary states of strain with a continuous range of magnitudes.
More importantly, Schumacher et al. only provide a few snapshots of a
material’s performance whereas our method offers a complete and smooth
material model that can be used for inverse design and forward simulation.

An alternative strategy for metamaterial design is to use topology op-
timization [94–102]. This approach can automatically discover optimal
microstructures for given performance goals. However, whereas topology
optimization returns a single microstructure for a given target behavior,
our approach explores entire metamaterial families. While another stream
of research explores triply periodic minimal surfaces as a design space for
microstructures for two scale topology optimization [103–105], they target
linear elasticity and small displacements, whereas we address nonlinear
elasticity for large deformations. Moreover, we use machine learning for
macromechanical characterization.

differentiable simulation A recent stream of graphics research
focuses on differentiable simulation, which requires derivatives of simu-
lation outputs w.r.t. input parameters. Whereas some works rely on auto-
differentiation [106–108], others employ the adjoint method to compute the
analytical derivative [90, 91, 109–113]. Panetta et al. [90, 91] optimize for
structure parameters using analytical shape derivatives obtained from a
level set formulation. Different from their work, which requires re-meshing
and native-scale simulation per optimization step, we propose a novel
learning-based approach that removes the need for native-scale simulation
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and re-meshing during inverse design. Similar in spirit to previous work
that replaced simulation with a learned model for optimization [114, 115],
we leverage deep neural networks as analytically differentiable surrogates
for nonlinear metamaterial design.

data-driven constitutive model . Modeling material behavior is a
problem that has received much attention from the graphics community in
recent years. One stream of research focuses on fitting material parameters
of existing models to real-world data [116–119]. Another line of works
explores dedicated material models, e.g. for cloth [120, 121] and hyperelastic
solids [122–125]. Most similar to our approach are methods based on neural
networks [126–130]. While machine learning approaches for modeling
constitutive relationships have been explored since the early 90s [131, 132],
the vast majority do not guarantee conservative forces. For example, Wang
et al. [126] learn corrective stresses for nominal models from simulation
data. However, as stress corrections do not derive from a potential, they
are generally not conservative. A notable exception is the work by Masi
et al. [127], who propose a method for learning constitutive models using
neural networks with guaranteed thermodynamical consistency. Whereas
Le et al. [128] directly map linear strain tensors to energy density, Linka
et al. [129] precompute generalized strain invariants and then learn an
energy density function whose derivatives best approximates nonlinear
stress-strain data. Beyond the purely elastic regime, Li et al. [130] learn
energy representations for metal, sand, and snow plasticity. Similar to these
works, our method also leverages deep neural networks to learn constitutive
models from simulation data. To the best of our knowledge, however, our
method is the first to model entire families of metamaterials using neural
networks.

homogenization. Computational homogenization [133–135] aims to
extract the macromechanical behavior from micro-scale geometry. Within
the graphics community, homogenization theory has been explored for
distilling coarse-scale material properties from fine-scale simulations [136–
138] as a means to reduce computation times.

Using different computational models for micro- and macro-scale sim-
ulations, Sperl et al. [139] conduct homogenization on yarn-level simula-
tion data to enable efficient knitwear simulation using a macro-scale shell
solver. Most closely related to our work are methods that use homogeniza-
tion to compute the macromechanical properties of metamaterials [5, 6,
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90, 92]. While we also compute homogenized properties from simulation
data distributed across strain space, we learn a continuous, analytically-
differentiable energy density function whose derivatives best approximate
the simulated strain-stress behavior.

4.3 method

In this section, we describe the machinery required for nonlinear meta-
material design using Neural Metamaterial Networks. See also Fig. 4.2
for an overview. We use finite element simulation to model the nonlinear
mechanics of metamaterials at their native scale (Sec. 4.3.2), and extract
corresponding macromechanical properties using concepts from homoge-
nization theory (Sec. 4.3.3). We use this data to train Neural Metamaterial
Networks, i.e., deep neural networks that smoothly map structure parame-
ters to macromechanical descriptions in the form of energy density functions
and corresponding nonlinear stress-strain relationships (Sec. 4.3.4). Finally,
we demonstrate the potential of Neural Metamaterial Networks for a set
of inverse design tasks, leveraging the analytical derivatives of the neural
networks (Sec. 4.3.5).

4.3.1 Isohedral Tilings

Our method targets parametric metamaterial families that are described
through a set of variables defining the material’s microstructure. Here we
focus on isohedral tilings, a particular class of parametric families that
span a large and diverse space of two-dimensional patterns [5, 140]1. An
isohedral tiling family consists of patterns made by repeating a single
base shape without gaps and overlaps. The geometry of the base shape is
controlled by a number of continuous structure parameters T (see Fig. 4.3).
There are no topology changes within families, but topologies generally
vary across families. We extrude these patterns out of their plane to obtain
three-dimensional materials that are simple to manufacture using, e.g., 3D
printers based on fused filament fabrication.

1 See also https://isohedral.ca/software/tactile/
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!! !" !#

Figure 4.3: Tiling parameters of family IH01. Varying structure parameters leads
to continuous changes in the basic tiling geometry (black hexagon).
The effect of each parameter in this family is shown in the insets.

4.3.2 Microscale Simulation

Since we are only interested in their in-plane behavior, we assume that loads
along the normal direction are negligible. The corresponding plane stress
assumption allows for an entirely two-dimensional treatment. For a given
set of tiling parameters T, we first assign a width to all the tiling edges
and then discretize them with quadratic triangle elements for simulation.
We perform simulation on a periodic patch made of a 2⇥ 2 tiling of the
minimal unit cell, see also Fig. 4.5.

We compute static equilibrium configurations for given macroscopic
strains by minimizing the potential

Etotal = Eelastic(xr(T), Xr(T))
+ Estrain(xr(T), Xr(T)) + Econtact(xr(T)) ,

(4.1)

where xr and Xr are the reduced simulation degrees of freedom (DoF) in
the current and rest configurations, respectively. We define xr := (x, tij, tkl),
where tij and tkl are the translational DoF, with which the vertex positions
on one side of the periodic patch is obtained from vertices on the other
side. Therefore x excludes vertices on two adjacent boundaries of the unit
patch. With this treatment, periodicity is imposed implicitly as a hard
constraint. We use a standard incompressible Neo-Hookean material [141]
for the elastic potential Eelastic, setting its Young’s modulus and Poisson
ratio according to the specifications of the printing filament. We impose
uni- and bi-axial strain conditions through penalty function Estrain, asking
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Figure 4.4: Simulation Samples. Here we show the static equilibrium config-
urations for uni- and bi-axial loading as indicated in orange. As
can be seen from these images, our simulation framework reliably
captures the substantial nonlinear buckling behaviors without any
self-intersections.

that displacements of corresponding boundary vertices comply with target
deformations. Specifically, we define Estrain as

Estrain = !✏

X

i

(bT

i
d↵ - E↵BT

i
d↵)

2 + (bT

i
n↵ - E

?
↵BT

i
n↵)

2 , (4.2)

where !✏ is the penalty weight, d↵ is the direction vector

d↵ = [cos(↵), sin(↵)]T , (4.3)

and n↵ is the vector orthogonal to it. Furthermore, E↵ and E
?
↵ are the

corresponding strain magnitude in the loading direction (for uni-axial
loading) and the orthogonal direction (for bi-axial loading). The distance
vectors for a given periodic boundary pair in its deformed and undeformed
location are given by bi and Bi. We set !✏ = 10

6 for all our experiments.
The constraint violation is practically zero (5.432⇥ 10

-5% on average) and
we observe no failure cases for convergence. Finally, we use the logarithmic
barrier potential Econtact with an adaptive weighting strategy proposed by
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Li et al. [142] to handle self-contacts. Note that contacts need to be resolved
both within and across the simulation unit. For this purpose, we compute
Econtact with a 2⇥ 2 tiling of the simulation unit, while retaining the DoF
of a single unit. The corresponding derivatives are trivial to compute for
this linear map. The total energy is minimized with Newton’s method
augmented with a back-tracking line search strategy that ensures inversion-
and intersection-free steps [142] and adaptive diagonal regularization on
the Hessian.

4.3.3 Macroscale Homogenization

homogenization We describe the macromechanical behavior of our
metamaterials through the second Piola-Kirchhoff stress tensor S as a
function of the Green-Lagrange strain tensor E. These two quantities are
work-conjugate [141], i.e., they satisfy the differential relation

S(E) =
@ (E)
@E

, (4.4)

where  is the strain energy density function. While we use the Green-
Lagrange strain and the second Piola-Kirchhoff stress, our formulation
readily extends to other work-conjugate pairs such as deformation gradient
and first Piola-Kirchhoff stress. We compute the deformation gradient F

Undeformed Deformed

Figure 4.5: Homogenization. We compute the deformation gradient from corre-
sponding vertex pairs on opposite boundaries of the simulation patch
in its deformed (right) and rest (left) state. The averaged Cauchy
stress is computed from the internal forces on the boundaries and
their corresponding normals.
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and the Cauchy stress ��� from the boundary of the simulation patch as

F =
h
xj - xi xl - xk

i h
Xj - Xi Xl - Xk

i-1

,

��� =
h
f0 f1

i h
n0 n1

i-1

,
(4.5)

where x and X denote the deformed and undeformed locations of corre-
sponding vertex pairs i, j and k, l on opposite boundaries of the simulation
patch. Furthermore, f0, f1 and n0, n1 are the forces and normal direc-
tions on adjacent boundaries. See also Fig. 4.5. Having computed these
macroscale quantities, the corresponding Green-Lagrange strain and second
Piola-Kirchhoff stress follow as

E =
1

2
(FTF - I) , S = JF-1

���
TF-T , (4.6)

where J = det F. Finally, the energy density of the unit patch is computed
as

 =
Etotal
V

, (4.7)

where V is the volume of the simulation patch.

data generation To sample a given material’s stress-strain response,
we impose macroscopic strains corresponding to uni- and bi-axial loading
with different directions and magnitudes. Although uni-axial loading could
be considered a special case of bi-axial loading, it is arguably the scenario
that occurs most frequently in applications. It is also worth noting that uni-
axial loading generally leads to bi-axial strain: the lateral strain orthogonal to
the axial load is the one that minimizes the elastic energy—and, depending
on the material’s Poisson ratio, the energetically-optimal lateral strain is
generally nonzero.

Instead of uniformly sampling bi-axial load cases, we, therefore, create a
dedicated set corresponding to uni-axial loading such as to properly cap-
ture this characteristic material response. We start by uniformly sampling
directions ranging from 0 to ⇡. For uni-axial loading, we create a 1D grid of
samples along the given direction, ranging from 30% compression to 50%
tension. For bi-axial loading, we generate a 2D grid of equidistant samples
ranging from 10% compression to 20% tension along either axis. For a given
set of tiling parameters, we thus run 2,250 simulations in total.

When sampling the tiling parameters, we first define a region of interest
in parameter space such that no self-intersection occurs in the unit cell and
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perform uniform sampling within this range. Depending on the number of
structure parameters, we arrive at a total of 900,000 to 4,500,000 simulations
per metamaterial family.

4.3.4 Neural Metamaterials

With the simulation data in hand, our goal is to find a smooth representa-
tion of the macromechanical behavior across entire metamaterial families.
Interpolating stress-strain data with radial basis function is an option that
has been explored in the past [117]. While we can expect reasonable be-
havior close to samples, stresses will generally not be conservative away
from the data and it is unclear how to estimate, or even bound, integrability
error a-priori. To avoid these problems by construction, we turn to machine
learning and use deep neural networks to learn a differentiable energy
density function whose derivatives best approximate the stress-strain data
obtained from simulation. Training this network on simulation data from
many different structures means that the resulting energy density function
will describe the constitutive behavior across entire metamaterial families.
This neural representation—which we term Neural Metamaterial Networks
(NMN)—has two important advantages. First, stresses are obtained from
the network through standard back-propagation. Since these stresses derive
from a potential, they are guaranteed to be conservative everywhere—even
away from data points. Second, the network is agnostic to parametric discon-
tinuities that would arise due to mesh connectivity changes in native-scale
simulations. Consequently, the derivatives of the network with respect to
structure parameters are smooth and, as discussed in Sec. 4.3.5, can thus be
used for inverse material design.

As illustrated in Fig. 4.6, our Neural Metamaterial Network uses a two-
branch Multi-Layer Perceptron (MLP) architecture that receives tiling pa-
rameters T and strain E as separate inputs and returns the corresponding
energy density � as output. Both inputs are fed into sub-blocks of 3 layers
and then concatenated together to pass through the remaining layers. We
use 256 neurons and Swish activation functions [143], i.e., x! x · sigmoid(x),
for all layers except the final one, which uses a softplus activation function,
x! log(1+ exp(x)), to ensure positive energy. We refer to Sec. 4.4.3 for an
ablation study on the influence of different activation functions.
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Figure 4.6: Network Architecture. We use a two-branch MLP that maps strain
and tiling parameters to energy density.

For training, we use both energy densities  i =  (Ei) and stress-strain
pairs (Si, Ei) from the simulation data and minimize the loss function
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(4.8)

with respect to the network parameters ✓✓✓. The first and second terms in this
expression penalize the differences in energy and gradient across all Nsp

samples. We further normalize each sample’s contribution with respect to
its target values, thus ensuring proper relative weighting for different strain
magnitudes.

4.3.5 Optimization-based Inverse Design

Neural Metamaterial Networks offer a smooth representation of the macrome-
chanical stress-strain behavior of a given metamaterial family. This descrip-
tion directly supports interactive explorations of the parameter space with
instant feedback on the nonlinear mechanics of any material inside the
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corresponding family. What is more, derivatives of energy density and
stress-strain behavior with respect to structure parameters can be obtained
in closed form through simple back-propagation. As we describe below,
this gradient information opens the door to optimization-based material
design algorithms that automatically compute tiling parameters such as to
best approximate macromechanical performance goals.

uniaxial stress-strain profile . A basic inverse design task is
to ask for a material whose strain-stress curve best interpolates a set of
target pairs (E↵,i,S↵,i) under uniaxial loading in a given direction ↵. We
formulate this task as a bi-level optimization problem

min
T

O(T, E(T)) =
X

i

0

@
 

dT
↵

@�(T, E↵,i(T))
@E↵,i

d↵

!

- S↵,i

1

A
2

(4.9a)

s.t. Tmin 6 T 6 Tmax, (4.9b)

E↵,i = argmin
E⇤
↵

�(E⇤
↵, T), 8i

s.t. dT
↵E⇤

↵d↵ = E↵,i

(4.9c)

where Tmin, Tmax are the parameter bounds used to generate the training
data. The outer objective penalizes deviations from the target stress S↵,i,
whereas the inner optimization ensures that the associated strains E↵,i have
the prescribed magnitude E↵,i in the direction of loading while minimizing
the elastic energy orthogonal to it.

directional stiffness profile . Instead of prescribing a particular
strain-stress behavior in a given direction, we can also specify directional
stiffness profiles. Working with these directional stiffness profiles also en-
ables control over isotropic, orthotropic, or completely anisotropic behavior.
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We cast directional stiffness design as another bi-level optimization problem

min
T

O(T, E(T))

=
X

↵
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(d↵dT

↵) : S(T, E↵(T))↵ : (d↵dT
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, (4.10a)

s.t. Tmin 6 T 6 Tmax, (4.10b)

E↵ = argmin
E⇤
↵

�(E⇤
↵, T), 8↵

s.t. dT
↵E⇤

↵d↵ = E↵

(4.10c)

in which the outer objective aims to match the directional stiffness targets
k↵ and S↵ is the compliance tensor for direction ↵. The inner objective
again ensures that strain corresponds to uni-axial loading. It should be
noted that the compliance tensor, which is defined through

S↵ : C↵ = I , C↵ =
@�

2(T, E↵)

@E2
↵

, (4.11)

involves second derivatives of the network. In practice, we compute S↵ by
inverting C↵ in matrix form.

poisson ratio profile . Optimizing for stiffness curves along given
directions, or profiles spanning all directions, corresponds to designing
for generalized Young’s moduli. We can likewise define design objectives
for generalized Poisson’s ratios that control the contraction (or expansion)
rate in the directions orthogonal to uni-axial loading. To this end, we pose
another optimization problem,

min
T

O(T, E(T))

=
X

↵

 

-
(d↵dT

↵) : S(T, E↵(T))↵ : (n↵nT
↵)

(d↵dT
↵) : S(T, E↵(T))↵ : (d↵dT

↵)
- ⌫↵

!2

,
(4.12)

where ⌫↵ are target values for Poisson’s ratio and n↵ is the direction
orthogonal to d↵. It should be noted that this expression is subject to the
constraints defined in Eq. 4.10a, which we omitted here for brevity.
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optimization. The constrained optimization problems introduced above
can be expressed in general form as

min
T

O(T, q(T))

s.t. g(T, q(T)) = 0,
(4.13)

where g is a vector-valued constraint function, and q = [E,���]T is the con-
catenation of strain variables and Lagrange multipliers associated with
the directional strain magnitude constraints. We solve these optimization
problems using a combination of sensitivity analysis for the outer problem
and sequential quadratic programming (SQP) for the inner problem. To this
end, we express the total derivative of the objective function as

dO
dT

=
@O

@T
+
@O

@q
dq
dT

, (4.14)

where we have used the fact that equilibrium strain and Lagrange multi-
pliers are completely determined by the choice of tiling parameters and
we can therefore write q = q(T). While the partial derivatives in (4.14) are
straightforward to compute using auto-differentiation, the remaining total
derivative requires more attention. The relation between equilibrium q and
T is implicitly given through the inner optimization problem. To obtain an
expression for this term, we start by writing out the Lagrangian of the inner
optimization problem as

L(q) =
X

↵

�(E⇤
↵)- �↵(d

T
↵E⇤

↵d↵ - E↵) . (4.15)

The first-order optimality conditions require that the gradient of the La-
grangian vanish at the optimum, i.e.,

g :=
dL
dq

= 0 . (4.16)

Differentiating both sides w.r.t. the tiling parameters T, we obtain the
closed-form expression

dg
dT

=
@g
@T

+
dg
dq

dq
dT

= 0 , (4.17)

dq
dT

= -
dg
dq

-1
@g
@T

. (4.18)
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With the total derivative of the design objective in hand, we can lever-
age quasi-Newton methods for efficient, gradient-based minimization. We
choose the L-BFGS-B method with a backtracking line search, which proved
a robust and efficient choice for all our examples. Whenever we evaluate the
objective function or its gradient, we must first solve the inner optimization
problem. We use sequential quadratic programming (SQP) for this purpose,
with analytical gradient and Hessian of the objective function obtained
via network auto differentiation. For increased robustness, we additionally
enforce the Hessian to be positive definite. Since the size of this matrix is
relatively small, we perform eigen decomposition and shift eigenvalues
such that the smallest one is equal to 10

-7.

4.4 results

We analyze our Neural Metamaterial Networks on a set of examples that
highlight the advantages of this smooth neural representation for inverse
material design. We first report the training statistics for multiple metama-
terial families (Sec. 4.4.1). Leveraging these neural representations, we then
perform inverse design for strain-stress profile, stiffness, and Poisson ratio
optimization (Sec. 4.4.2). Finally, we conduct ablation studies on the bene-
fits of the smooth neural representation and different choices of network
activation functions (Sec. 4.4.3).

4.4.1 Training

We use Adam as our optimizer with a learning rate of 10
-4 for all of

our experiments. Training is performed using a GeForce RTX 3080 with
a batch size of 40,000, and we train for 8,000 epochs. We set aside 5% of
the simulation data for testing, whereas the remainder is used for training
the network. Test errors are summarized in Table 4.1, with energy and
gradient error measuring the relative difference in energy densities and
the second Piola-Kirchhoff stresses. With a maximum test error of 1.63%
across all families, we conclude that our approach is well-suited to represent
the macromechanical behavior of metamaterial spaces. Depending on the
number of structure parameters, the training time can vary between 2 to 4
days.

In addition to validations on the test set, we further analyze the accuracy
of the network predictions using uni-axial loading tests. We create a sepa-
rate test set by randomly sampling 50 combinations of different structure
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parameters and loading directions per family. We use strains in the range
of 30% compression and 50% tension at 25 uniformly distributed locations,
i.e. 1,250 testing points per family. We evaluate the relative error between
the directional stress computed from optimizing over the network and
native-scale simulation. We obtain average and maximum errors of 0.475%
and 3.57% across all families, which we consider sufficiently accurate for
inverse design. We refer to the supplementary material on the publication
site of this paper for the directional strain-stress curves for all test cases.

Tiling Family # Params Rel. Gradient Err. Rel. Energy Err.
IH29 1 1.38% 0.709%
IH21 2 1.61% 0.883%
IH50 2 1.14% 0.921%
IH67 2 1.63% 0.739%
IH28 2 1.05% 0.472%
IH22 3 1.57% 1.13%
IH01 4 1.20% 0.579%

Table 4.1: Error evaluated on the test set for different tiling families. As can be
seen from the two rightmost columns, we consistently achieve low
error for both energy and gradient loss.

4.4.2 Inverse Design

We analyze the ability of our network to perform inverse design tasks. To
this end, we select three representative criteria that are intuitive as user
inputs: uni-axial stress, directional stiffness, and directional Poisson ratio,
as defined in Sec 4.3.5. All tasks can be formulated as bi-level constrained
optimization problems, in which we leverage the analytical derivatives from
auto differentiation over the network. In the first example, we optimize
for the strain-stress behavior in a given direction for uni-axial loading,
whereas in the second and third tasks, we optimize for the directional
stiffness and Poisson ratio profile for a given strain magnitude. For all
examples discussed in this section, we compute the ground-truth values
for the optimized structures using native-scale simulation (shown as dotted
curves). These comparisons indicate that our neural representation offers
very good agreement with the simulation reference.
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Figure 4.7: Optimization of Strain-Stress Curves. Here we perform inverse design
on different tiling families to obtain structures whose strain-stress
curve passes through prescribed targets. Orange crosses mark target
points, and cyan curves indicate the initial profile. Solid sky-blue
curves show the optimized structure, while the dotted blue curves
plot the reference from native-scale simulation. We showcase exam-
ples of mapping between highly nonlinear and quasi-linear profiles
(first row), significantly decreasing stiffness for tension (second row),
and modifying the mechanical responses under both tensile and com-
pressive loading (third row). The uni-axial loading directions are
indicated with red arrows.

uni-axial stress . In the set of examples shown in Fig. 4.7, we apply
uni-axial loading along a given direction and seek optimal tiling parameters
such that the stresses for different strain magnitudes match prescribed target
values. In the examples shown in the first row, we set directional stress
targets such as to map between nonlinear and quasi-linear profiles. For the
two examples on the second row of Fig. 4.7, we set targets that significantly
decrease stress in the given directions. The optimized structures change
stress by creating geometries that modify the deformation range compared
to the initial structure. For the design target in the bottom row, we decrease
stiffness both under compression and tension. As can be seen in all these
examples, tiling geometries change significantly to minimize the design
objectives. The strain used for these examples is within 10% compression
and 20% tension.
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Figure 4.8: Directional Stiffness Optimization. We optimize for structure param-
eters such as to transform initial stiffness profiles (cyan) into given
target profiles (orange). As can be seen that, while showing good
agreement with their simulation counterparts (dotted blue curves),
our approach performs robustly for various types of design tasks,
e.g. significantly changing the stiffness for an orthotropic material
(1, 2), transforming an anisotropic material into nearly isotropic (3)
and orthotropic (4) ones, and mapping between different anisotropic
targets (5–8).

directional stiffness . In a second series of experiments, whose
results are shown in Fig. 4.8, we investigate the ability of our method
to optimize for directional stiffness profiles. For these tests, we impose
tensile strains between 2% and 20% In the first and second examples,
we start with orthotropic materials and ask for a significant decrease in
stiffness in one of the principal directions. As can be seen from the resulting
geometry, the horizontal beams fold to allow for a larger range of low-
energy deformations, thus reducing stiffness in the corresponding direction.
In the remaining examples, we transform an initially anisotropic material
into an isotropic and orthotropic one, and map between different anisotropic
targets.

directional poisson ratio. Complementing the previous examples
for stiffness design in the direction of loading, we now turn to lateral
coupling in terms of Poisson’s ratio.

As can be seen from Fig. 4.9, our method successfully turns a high-
frequency profile into an isotropic one (first example), transforms Poisson
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Figure 4.9: Poisson Ratio Optimization. We optimize for structure parameters
such as to transform initial Poisson ratio profiles (cyan) into given
target profiles (orange). It can be seen that optimized structures
closely match the prescribed target and show good agreement with
the simulation reference (dotted curves).

ratios in a given direction from positive to negative (second example),
and vice versa (third example). The remaining examples further showcase
our approach on a range of anisotropic targets. We impose tensile strains
between 1% and 10% for these tests.

target specification. In order to specify target profiles in an intu-
itive and convenient way, we built a simple interface that allows users to
change the control points of an underlying spline representation. Fig. 4.10
demonstrates the process of creating the Poisson ratio target for the last
example (8) shown in Fig. 4.9.

timings . Our network architecture allows for real-time inference. Specif-
ically, the average time for evaluating the energy and its first and second
derivatives are 3.26⇥ 10

-4
s, 2.14⇥ 10

-4
s and 2.77⇥ 10

-4
s, respectively.

The timings for the inverse design examples can vary depending on the
objective and initial parameters provided by the user. For brevity, we only
report timings for the first examples shown in Fig. 4.7, 4.8, and 4.9, which
are 3.93s, 49.3s and 36.1s, respectively. These timings were obtained on a
workstation with a GeForce RTX 3080 GPU and an AMD Ryzen 9 5950X CPU.
The simulations used to generate training data are performed in parallel on
a cluster. Although the exact timing depends on the available computation
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editedit

Figure 4.10: Interactive Target Profile Modifier. The user can edit target profiles by
modifying the control points of an underlying spline representation.
The initial and optimized structures are shown in the bottom right
corners.

resources, the time for generating the training data used in this paper is
roughly the same time required for training the corresponding networks.

implementation details . Our customized simulator is implemented
in C++ using Eigen [74] for linear algebra operations, Intel TBB for par-
allelization, and CHOLMOD [75] for solving linear systems. To create
microstructure geometry from parameters, we use the Clipper2 library2 to
assign thickness to the wired edges, and Gmsh [144] for boolean operations
as well as generating periodic meshes. These two procedures together take
on average 1.2s.

4.4.3 Ablation Study

comparsion to native-scale simulation. All our inverse design
examples involve an inner loop that ensures uni-axial loading. Unlike simple
network evaluation, this process requires solving an optimization problem
as in Eqs. (4.9c) and (4.10c). Nonetheless, our neural representation offers
significant computational advantages compared to native-scale simulation.
Since our approach targets large deformations, it is likely that the native-
scale simulation will encounter numerically challenging cases, e.g. when
beams are under compression or contact. These cases, on the other hand, do
not pose any additional challenges for the learned model. We compare the

2 https://github.com/AngusJohnson/Clipper2
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computation time for finding the equilibrium states under uni-axial loading
using network prediction and native-scale simulation. As can be seen in
Fig. 4.11, the time required for native-scale simulations varies substantially
with imposed strain magnitude. The reason for these fluctuations is that
the Newton solver can require many iterations for challenging load cases,
and each iteration can require several regularization and line search steps.
In contrast, our neural representation exhibits nearly constant computation
time, regardless of the loading conditions, thus achieving performance
gains of up to 2000%. For this example, the underlying mesh has 109, 362
degrees of freedom.

Strain Percentage

Ti
m

e 
in

 S
ec

on
ds (b)

(a)

Figure 4.11: Timing comparison between network prediction and native-scale
simulation. We compare the time required for finding equilibrium
states under uni-axial loading using our neural representation (cyan
curve) and native-scale simulation (orange curve). Optimizing over
our neural representation yields consistently lower computation
time (0.077s on average) for finding equilibrium states. This comes
with no surprise as the native-scale simulation has to cope with
compression (a) and contacts (b) under large deformation, The per-
formance of native-scale simulation varies strongly with loading
conditions and can take up to 148s.

smooth neural representation. Our method removes the need for
native-scale simulation and re-meshing at design time. As one particular ad-



74 part iii : neural metamaterials for nonlinear material design

(a)

(b) (c)

Parameter Value

O
bj

ec
tiv

e 
V

al
ue

Simulation Unit Mesh Overlay (a) Mesh Overlay (b) Mesh Overlay (c)

Figure 4.12: Non-smoothness due to meshing. From left to right: objective values
obtained by sampling along a given direction in parameter space
through both native scale simulations and optimization over the
network (1). As can be seen from the insets in panel 1, the objective
values from the simulations show clear zig-zag patterns due to the
meshing process, whereas our neural metamaterial networks lead to
perfectly smooth behavior. To visualize the meshing inconsistency, in
panels (3—5) we overlay the simulation meshes for three consecutive
steps for three critical regions of the structure (2) with different
colors. While parameter values only vary by 10

-6, the discretization
changes significantly both in nodal positions and topology.

vantage, our neural representation provides smoother behavior of macrome-
chanical properties across parameter space compared to simulation-based
methods with meshing in the loop. To examine this smooth behavior, we
sample a given objective function along a given direction in parameter
space and compare results obtained through native-scale simulations and
our neural representation, respectively. This inverse design example is
taken from Fig. 4.7-(5). As can be seen from Fig. 4.12, when evaluating
the design objective based on native-scale simulations, the plot exhibits
high-frequency oscillations around a quasi-linear trend. To identify the
source of this non-smoothness, we overlay the simulation rest state meshes
for three consecutive steps in parameter space using a step size of 10-6.
The close-up views shown in Fig. 4.12 (3–5) reveal that the change in
discretization is rather significant compared to the small magnitude of
parameter perturbations. Although our neural representation is trained on
mesh-based simulations, it does not require meshing-in-the-loop and thus
produces smooth behavior across the entire parameter space.

While adaptive re-meshing and smoothing could alleviate this issue
to some extent, they cannot remove non-smoothness for cases where the
mesh topology must change to accommodate changes in geometry. To
isolate this problem, we consider a metamaterial family whose parameter
space contains a topological singularity. As illustrated in Fig. 4.13(a—d),
the single parameter of this metamaterial controls the size of an inner
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Figure 4.13: Topological Singularity. We consider a metamaterial family whose
single parameter p 2 [-1, 1] controls the size of an inner square
as shown in (a—d). After training, we probe the macromechanical
behavior of this material under uniaxial loading by plotting the
energy density from our neural network. We sample across the entire
parameter space using a step size of 10-5. While moving through
parameter space, the geometry of the structure passes through a
singular point (c) where mesh topology must change and native-
scale simulation gradients are undefined. As can be seen from the
plots on the right our neural representation is smooth even when
stepping through the singularity located at p = 0.0.

square, which first contracts to a single point and then expands again.
Shortly before and after the point of full contraction (c), there are two points
that correspond to a change in genus. It is evident that there cannot be a
mesh of constant connectivity that would be valid for the entire parameter
space. As can be seen from the right plot, our neural representation, on the
other hand, shows perfectly smooth behavior when passing through this
singularity. Although these discontinuities do not necessarily imply failure
for native-scale methods, our neural representation provides a simple and
effective way to obtain smooth analytical derivatives that avoid meshing
discontinuities from the outset.

network activation functions . To study the influence of activa-
tion functions, we compare different choices on the simple task of fitting
an isotropic Neo-Hookean model [141], whose analytical derivatives are
readily available. Specifically, we compare Swish (our choice), tanh, and sine
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Figure 4.14: Impact of Activation Functions. We compare three activation func-
tions on the task of fitting an isotropic Neo-Hookean material. While
all choices approximate energy and first derivatives accurately, only
the Swish activation function produces smooth second derivatives.

activation functions, all of which provide sufficient smoothness for our appli-
cation. While tanh is a common choice, sinusoidal activation functions [145]
recently showed promising results in physics-informed learning [146]. In
Fig. 4.14, we show network predictions and ground truth values for the di-
rectional energy, gradient, and Hessian for the different activation functions.
Since the underlying constitutive model is isotropic, the material response
should be identical for all directions, i.e., all plots should be perfect circles.
While all three choices lead to a very good approximation of energy and
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gradient values, only the Swish activation function produces smooth second
derivatives.

4.5 conclusion

We have presented Neural Metatmaterial Networks—a new approach for
representing the nonlinear macromechanics of metamaterial families. Dif-
ferent from previous methods, we use deep neural networks to represent
the macromechanical behavior through a continuous space of structure
parameters. Using isohedral tilings as an example, we demonstrated the po-
tential of our network to learn constitutive relationships for a wide range of
materials. In particular, the smooth analytically-differentiable nature of our
network enables gradient-based optimization in parameter space, which we
demonstrated on various inverse material design tasks. We further showed
that, by directly learning from macromechanical quantities, our network
avoids gradient discontinuities due to meshing that arise when working
with native-scale simulations.

4.5.1 Limitations and Future Work

Our current implementation relies on a comparatively simple sampling
strategy. While regular sampling in strain space allows for efficient simu-
lation warm starts, adaptive strategies might be able to improve sample
efficiency. As the number of structure parameters grows, the number of
samples required to probe regions of interest quickly explodes. A strategy
to mitigate this curse of dimensionality could be to explore reparameteriza-
tion and dimension-reduction in parameter space such as to focus sampling
density where variation in structure is the largest.

We have used data obtained from native-scale simulations to train our
networks. While we observed very good agreement between network predic-
tions and simulation baselines, an interesting avenue for future research is
to combine synthetic data with real-world measurements. Although energy
density cannot be captured from experiments, training only on gradient
data is a possibility, in principle. Another direction to explore is to conduct
calibration of the native-scale model to experimental data. While we expect
our Neo-Hookean material model to provide accurate predictions for actual
rubber materials, 3D-printed materials such as thermoplastic polyurethane
might require more advanced constitutive models. Extending our method to
support continuously graded metamaterials is another exciting direction for
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future work. The parametric space of Voronoi diagrams with star-shaped
metrics would be a promising place to start [8]. Finally, although we focused
on structures extruded from planar patterns in this work, extending our
core formulation to 3D would only require a change in the number of strain
inputs (from 3 to 6). We plan to apply our methodology to general 3D
metamaterial families, e.g. those from Panetta et al. [90], in the future.



5
C O N C L U S I O N & F U T U R E W O R K

In this thesis, we have proposed three novel computational models to ad-
dress challenges occurring in forward and inverse elasticity problems for
complex systems. In the first project, we introduced a novel 3D-printed,
fabric-like metamaterial that utilizes small-scale tunnels to permit sliding
motions. We endow Eulerian-on-Lagrangian simulation with a C

2 continu-
ous rest shape representation that allows for smooth sliding motions for
curved rods. The resulting simulation framework supports exploration of
various nonlinear and anisotropic designs without resorting to physical
trial-and-error experiments. In the second project, we shift our focus to dis-
crete geodesic distance on triangle meshes. As the endpoints of a geodesic
curve move, its path crosses vertices, edges, and faces of the embedded
mesh. However, our analysis demonstrates that, with a suitable mollifier, the
geodesic distance is almost always a C

2 continuous function—with excep-
tions that do not occur during distance minimization. We further provide
a convenient method for computing the second derivative of the geodesic
distance with respect to its endpoints. This framework enabled a wide
range of applications, such as simulating energy-driven geodesic Voronoi
diagrams on surfaces. Finally, we dive deeper into inverse design tasks
and seek to optimize metamaterial parameters for high-level design goals.
Changes in metamaterial geometry parameters lead to discrete changes in
the simulation mesh, posing potential discontinuities for gradient-based
inverse design. To mitigate this issue and to obtain a smooth representation
of families of metamaterials, we turn to deep learning and utilize neural
networks to encode their constitutive models as functions of their geometry
parameters. We demonstrate that this neural framework is ideally suited
for gradient-based inverse design.

future work Although this thesis explored the potential of leverag-
ing neural representations as a smooth alternative to discrete simulation
counterparts, machine learning was not its primary focus. Nonetheless,
employing neural networks for efficient forward and inverse elasticity
problems represents an exciting direction for future research.

One possibility is to eliminate discretization entirely by using neural
networks to represent solutions for both forward and inverse problems. In

79
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related work developed during this PhD [146]—though not included in this
thesis—we introduced a mesh-free topology optimization framework in
which one network represents equilibrium states for linear elasticity prob-
lems and another parameterizes feasible material distributions. Extending
this approach to solve nonlinear partial differential equations and a broader
range of inverse design tasks is a promising avenue for further study.

Similarly, implicit neural representations have been leveraged for dis-
cretization agnostic simulation of deformable objects [147], for example,
through Gaussian splats and CT scans. This opens the door to enforcing
physics-based supervision in other fields, such as computer vision, robotics,
and beyond. An exciting opportunity is to adopt this paradigm for un-
structured real-world data, where simulation, classification, and parameter
identification—among other tasks—must be solved jointly. Developing sim-
ulation models that are both efficient and robust in these settings remains a
significant challenge.

Throughout this thesis, we consistently employed second-order opti-
mization methods to efficiently solve the forward problems. Although
higher-order methods demonstrated significantly better convergence than
their first-order counterparts, computing second-order derivatives and
performing Newton-type optimization will most likely prohibit real-time
applications. A promising alternative is to leverage neural networks—for
example, by directly learning a dynamic or static integrator from data
generated by a higher-order solver, either in a supervised or unsupervised
manner [148].

Alternatively, integrating neural networks within an optimization-based
framework is a viable strategy [149]. Recent work in subspace simula-
tion has shown that latent-space, optimization-based time integration can
effectively incorporate higher-order derivatives [150, 151]. Maintaining real-
time performance while utilizing higher-order derivatives from network
auto-differentiation, however, remains a non-trivial task.
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A P P E N D I X

a.1 first and second derivative of geodesic distance for
two-way coupling

The geodesic distance in this case is given by (3.21), which we also include
here for completeness

g(c(w, v), x(t(c(w, v), v)), v). (A.1)
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Following the same procedure as detailed in Sec. 3.4.1, we again use the
first-order optimality condition,
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to simplify the gradient expression to
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The hessian is more complex due to the coupling. The complete expression
include these individual blocks,
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We begin by simplifying the hessian expression using (A.4), and after
removing the second derivatives of linear functions we obtain:
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The mixed second-order partial derivative of g w.r.t. w and v reads
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Now that all terms can be evaluated in close form except for @t
@c and @t

@v
which can be computed using sensitivity analysis. We begin by differentiate
both sides of (3.6) w.r.t. c,

@x
@t

T
 
@
2
g

@c@x
+
@
2
g

@x2
@x
@t
@t
@c

!

= 0. (A.12)

To obtain @t
@c we rearrange the terms and solve for
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Differentiating both sides of Eqn. A.4 w.r.t. v, we arrive at
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To obtain @t
@v we again rearrange the terms and solve for

C
@t
@v

= D, (A.16)
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Therefore, as in the one-way coupling case, @
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a.2 convergence criteria

Here we provide the details for computing the convergence criteria shown
in Fig. 3.5. Let us use dO

dw
i

to define the gradient of the energy shown
in (3.16) w.r.t. the barycentric coordinate w of the Karcher mean point in
iteration i, and the convergence criterion defined in Geometry Central is
given by ����↵ · dO

dw

���� <
1

3

p
Ai, (A.20)

where A is the area of the triangle that the Karcher mean point lies on in
iteration i, and ↵ is the line search scaling factor to ensure energy decrease.

Our absolute convergence criterion is defined as
����
dO
dw

���� < 10
-6. (A.21)

As a reference of scale, for a given input geometry, we perform a uniform
scaling such that the diagonal of its bounding box is unit length. While we
set the tolerance to be 10

-6, our approach often arrives at values orders-of-
magnitude smaller thanks to the quadratic convergence.
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a.3 geodesic voronoi diagram

In this section, we demonstrate how to leverage sensitivity analysis to
compute the gradient of the objective function defined on the GVDs, i.e.,
(3.26) in Sec. 3.4.5. The gradient of this objective is given by

dO
ds

=
@O

@s
+
@O

@x̃

T dx̃
ds

. (A.22)

Whereas @O

@s and @O

@x̃ can be computed algebraically, dx̃
ds requires the follow-

ing sensitivity analysis

df
ds

= 0 =
@g
@s

+
@f
@x̃

T dx̃
ds

,

dx̃
ds

= -
@f
@x̃

-1
@f
@s

.
(A.23)

pseudocode Here we provide the pseudocode for computing the exact
geodesic Voronoi diagram and the general recipe we follow for minimizing
objectives defined on GVDs.

ALGORITHM 1: Compute Exact Geodesic Voronoi Diagram
Data: triangle mesh M, number of Voronoi sites n, Voronoi site location s
Result: Voronoi boundary vertex position x̃
x̃⇤  ComputeGVDApproximation(M,n, s) // [73]
parallel for i 1 to len (x̃⇤) do

x̃i  ComputeExactGVD(M,n, s, x̃⇤) // Eqn.(3.25)
end
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ALGORITHM 2: Energy-minimizing Geodesic Voronoi Diagram
Data: triangle mesh M, number of Voronoi sites n, Voronoi site location s
Result: Voronoi site location s⇤

s⇤  s, ✏ 10
-6 // initialize

while True do
x̃ ComputeExactGVD(M,n, s⇤) // Alg.(1)
rO computeGrad(M,n, s⇤, x̃) // Eqn.(A.22)
if |rO| < ✏ then

return s
⇤;

end
O0  computeObj(M,n, s⇤, x̃) // Eqn.(3.31)
r2

O computeHessApprox(M,n, s⇤, x̃)
4s -(r2

O)-1rO // linear solve
↵ 1 // line search step size
while True do

s⇤  s⇤ +↵ ·4s // Eqn.(3.15)
x̃ ComputeExactGVD(M,n, s⇤) // Alg.(1)
O1  computeObj(M,n, s⇤, x̃) // Eqn.(3.31)
if O1 < O0 then

break;
end
↵ 0.5 ·↵

end
end
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