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Abstract

Properties of granular materials or molecular structures are often studied on a simple geometric model - a set of 3D balls. If
the balls simultaneously change in size by a constant speed, topological properties of the empty space outside all these balls
may also change. Capturing the changes and their subsequent classification may reveal useful information about the model.
This has already been solved for balls of the same size, but only an approximate solution has been reported for balls of different
sizes. These solutions work on simplicial complexes derived from the dual structure of the ordinary Voronoi diagram of ball
centers and use the mathematical concept of simplicial homology groups. If the balls have different radii, it is more appropriate
to use the additively weighted Voronoi diagram (also known as the Apollonius diagram) instead of the ordinary diagram, but the
dual structure is no longer a simplicial complex, so the previous approaches cannot be used directly. In this paper, a method is
proposed to overcome this problem. The method works with Voronoi edges and vertices instead of the dual structure. Additional
bridge edges are introduced to overcome disconnected cases. The output is a tree graph of events where cavities are created or
merged during a simulated shrinking of the balls. This graph is then reorganized and filtered according to some criteria to get
a more concise information about the development of the empty space in the model.

Categories and Subject Descriptors (according to ACM CCS): 1.3.5 [Computer Graphics]: Computational Geometry and Object

Modeling—Hierarchy and geometric transformations

1. Introduction

A set of balls is a geometric model, which finds its use in many re-
search areas. For instance, the balls can represent atoms in a molec-
ular structure. Atom balls can have different radii and partially
overlap. This simplification of a complex reality has been success-
fully used by scientists for years. The empty space outside atom
balls is usually examined by a spherical probe of some predefined
radius to locate cavities in enzymes or the empty tunnels through
which a smaller molecule can reach the active site located in a cav-
ity and trigger a chemical reaction there. Choosing a different probe
radius may result in a different set of cavities, therefore probe vari-
ations are sometimes considered. Other use-cases include modeling
of liquids, granular or porous materials, the growth of crystals, etc.

The geometric model in this paper is a finite set of balls that can
have different radii. A probe radius can be added to all balls. Topo-
logical properties of the space outside all these balls may change
during probe radius variations. This paper is focused on just one
- the set of cavities. A method is proposed, which simulates the
shrinking of the probe and creates a tree graph of cavities creation
and merging. These events are detected on edges and vertices of the
aw-Voronoi diagram (additively weighted). However, the resulting
graph contains too much information. A hierarchical arrangement
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of cavities is proposed, which can be filtered according to user-
defined criteria to get a more concise information. Capturing the
changes in cavities during the shrinking of a spherical probes and
their subsequent analysis may provide domain experts a better in-
sight into the model. For instance in chemistry, experts will have
a better chance to identify candidates to active sites of enzymes
without specifying any probe radius.

The main idea is similar to previous methods of Delfinado and
Edelsbrunner [DE93, ELZ02]. The key difference is that the pre-
vious methods are not applicable to the problem if the balls have
different radii, as in the case of molecular structures because the
methods are not able to model uniform expansion/shrinking of non-
uniform balls. Other methods that detect cavities via aw-Voronoi
diagrams or via their dual structures [KCKS13, KSS*14] require
the probe radius to be specified prior to cavities detection, which is
something that we really want to avoid in this paper.

This paper is organized as follows. Related work is briefly de-
scribed in Section 2. Basic definitions of cavities and Voronoi dia-
grams are given in Section 3. The proposed method is described in
Section 4 - first the concept of bridges, then the construction of the
merge graph of cavities, and after that their hierarchy. Experiments
and results are in Section 5 and the paper is concluded by Section 6.
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2. Related Work

The situation is not complicated if all balls have equal radii and
grow uniformly. In this case, the underlying structure is the ordi-
nary Voronoi diagram of ball centers and its dual structure is a sim-
plicial complex. All simplices in the complex can be sorted into
a sequence, where each prefix represents an alpha complex. The
sequence of successive prefixes is called the family of alpha com-
plexes and it is an equivalent description of the system of growing
balls with equal radii. All topological features of this system can
be detected by the incremental algorithm of Delfinado and Edels-
brunner [DE93]. The algorithm can be conceptually divided into
three parts. In the first part, the sorted sequence of simplices is
processed from the beginning to the end, building components of
0- and 1-dimensional simplices (points and line segments). In the
second part, the processing order is reversed and components of
3-dimensional simplices (tetrahedra) are built. Two 3-dimensional
simplices are connected via a 2-dimensional simplex. Topological
changes are detected via changes in the number of components
and via detection of cycles. The simplices on which a topological
change occurred are marked. At last, the sequence of simplices is
processed once more to count topological features according to the
marked simplices. The union-find system [GF64] is used to manage
connected components of simplices.

The situation does not get much worse is the balls have differ-
ent radii which do not change. In this case, the underlying struc-
ture is the Voronoi diagram using the power distance and the re-
lated concept of weighted alpha-complexes can be used [Ede92].
Edelsbrunner and Fu developed a method for measuring the vol-
ume and surface area of a union of balls and for the detection
of cavities (voids) [EF94]. The dual structure forms a simpli-
cial complex of tetrahedra, triangles, line segments and points.
Simplices in the alpha-complex describe which pairs, triplets and
quadruplets of the balls overlap, whereas remaining simplices de-
scribe the empty space outside all these balls. Components of
the alpha-complex complement represent cavities. Later on, alpha-
complexes have been used to measure cavities and pockets in pro-
teins [EFFL95, LEF*98, LWE98]. Atoms in a protein are modeled
as partially overlapping balls of different radii and a spherical probe
of some predefined radius is used to inspect the empty space. Cav-
ities are detected among the balls expanded by the probe radius.

Using weighted alpha complexes is problematic if probe radius
variations are considered because the topology of the underlying
Voronoi diagram may change. Nevertheless, weighted alpha com-
plexes can still be used if only a few discrete variations of the
probe radius are considered. An example is the work of Liang
and Dill regarding the packing of proteins, liquids and crystalline
solids [LDO1]. A probe radius interval was sampled and the number
of cavities was computed for each sample.

An interesting extension of [DE93] is the work of Edelsbrun-
ner, Letscher and Zomorodian [ELZ02] regarding topological per-
sistence and simplification. As the balls grow, topological features
may appear and disappear, so the lifetime of a topological feature
can be measured. This is used to distinguish important long-living
features from the short-living ones. We should mention here that
the method was designed for weighted alpha complexes, but if the
balls have different radii, their growth is non-uniform.

For uniformly growing balls of different radii, the aw-Voronoi
diagram can be used as an underlying structure. It is also known
as the Apollonius diagram [BWY06]. Its regions have hyperbolic
boundaries, so they are harder to compute.

The most widespread algorithm is the edge tracing algorithm
of Kim et al. [KCKO5], or a similar Voronoi S-network algorithm
[LMOT99, MVLGO6]. They both use the idea of tracing Voronoi
edges to discover Voronoi vertices [TOO83]. The running time is
quadratic on protein models. Spatial filters and parallelism can be
used to speed it up [CKL*06, MK10,LBH11,0V 14]. Furthermore,
the Voronoi 1-skeleton (the union of edges) can have several com-
ponents. Disconnected cases were solved recently [MK16].

Kim et al. call the dual structure of the aw-Voronoi diagram
a quasi-triangulation [KKCS06, KCS10a] and they proposed the
concept of beta-shapes and beta-complexes [KSK*06, KCS*10b].
A beta-complex uses a parameter [ equal to the probe radius, which
controls the size of balls. This allows to grow the balls by any probe
radius and still have the description of overlaps. A weighted alpha-
complex has a similar parameter o, which also controls the size of
balls, but the balls of different sizes grow differently.

The aw-Voronoi diagram has also been used for the detection
of tunnels and cavities in proteins [KCKS13], for the computation,
visualization and analysis of Connolly surfaces [RKC*05, RPK07,
MIJK16] and molecular paths [LBH11]. The method [RKC*05]
also navigates a shrinking probe along diagram edges, but it does
not handle disconnected cases. The method [MJK16] extracts Con-
nolly surface elements from the aw-Voronoi diagram. The analyti-
cal description of these elements is then uploaded to GPU and ef-
ficiently rendered via ray-casting. Interactive changes of the probe
radius are possible. During this process, the creation and merging
of cavities can be observed. Nevertheless, some user interaction in
the form of changing the probe radius is required.

Yaffe and Halperin came up with an idea to approximate larger
balls by a number of balls having the same size as the smallest
ball [YH10]. Thanks to this approximation, they can still use the
ordinary Voronoi diagram.

3. Computational Geometry Background

This section provides basic definitions and computational geometry
background, which is necessary for the understanding of this paper.
It includes the definition of cavities, aw-Voronoi diagrams, and the
related concept of a Voronoi skeleton with extra structure.

3.1. Cavities

Let S be a set of balls and rp be the probe radius. The space

R\ U {x € R : ||x — center(s)|| < radius(s) + rp} may consist
sES
of one or more components. They will be called cavities. Exactly

one cavity has infinite diameter.

Figure 1 illustrates cavities for two probe radii rp and #p. The
balls are enlarged by the probe radius and the complementary space
of their union is classified into cavities A and B. As the probe radius
decreases, both A and B will eventually merge into one, which is
denoted as A’ in Figure 1(b).

(© 2016 The Author(s)
Computer Graphics Forum (© 2016 The Eurographics Association and John Wiley & Sons Ltd.



M. Manak / Exploration of Empty Space among Spherical Obstacles via Additively Weighted Voronoi Diagram 251

[

(a) Two different cavities A and B (b) A single cavity A’ for the probe

for the probe radius rp radius rj, <rp

Figure 1: Balls and cavities. As the probe radius shrinks, both cav-
ities A and B will eventually merge into one.

If we detect the creation and merge events for a shrinking probe,
we will be able to count cavities for any probe radius and to track
the development of cavities w.r.t. the probe radius. These events are
best detected if an appropriate Voronoi diagram is available for the
balls. This diagram will be discussed in Section 3.2.

3.2. Additively Weighted Voronoi Diagram

The aw-Voronoi diagram (additively weighted or Apollonius dia-
gram) is the set VD(S) = {VR(s}),...,VR(sn)} of Voronoi regions
defined as VR(s;) = {x € R®: Vsj € 8 daw(x,s;) < daw(x,5))},
where daw (x, ;) = ||x — ¢;|| — r; is the signed aw-distance of x from
si. The aw-distance of x € R’ from the whole set S is daw(x) =
minges(daw(x,s)). Figure 2 shows some examples.

(a) 2D example

(b) 3D example

Figure 2: Examples of aw-Voronoi diagrams

The boundary of a 3D Voronoi region consists of k-dimensional
elements: faces (k = 2), edges (k = 1) and vertices (k = 0). Such a
k-dimensional element is a component of the intersection of some
4 — k Voronoi regions. We will assume that the balls, to which these
regions are assigned, are associated with the corresponding ele-
ments in an appropriate data structure, so we will be able to get
the 4 balls for any vertex, the 3 balls for any edge, and the 2 balls
for any face. Then we can also evaluate duy (x) for any x lying on a
Voronoi element as daw (x, s;) for any s; assigned to the element.

The geometry of a face is a hyperboloid, the geometry of an
edge is a conic curve, and the geometry of a vertex is a point or
a pair of points. For each Voronoi element, the implicit function
can be constructed from the corresponding set of balls, e.g., the
hyperboloid of a face f with assigned balls {s;,s;} is given by
daw(x,5;) = daw(x,5}).

Edges with the geometry of an ellipse will be called elliptic
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edges. Elliptic edges that are not incident to any Voronoi vertex will
be called loop edges. The union of the geometric representation of
all vertices and edges will be called a Voronoi 1-skeleton.

Non-linear Voronoi elements cause certain problems. One prob-
lem is that the same set of 4 — k balls can be assigned to many
k-dimensional elements, which means that many faces can share
the same hyperboloid, many edges can share the same hyperbola,
and two vertices can share the same pair of points. The other and
more severe problem is disconnectedness of the Voronoi skeleton.
Voronoi faces may contain holes and the boundary of each hole is
formed by a cycle of one or more elliptic edges. These edges be-
long to a component of the skeleton, disjoint with the remaining
edges and vertices in the boundary of the face. Figure 2(b) shows
a 3D example of disconnected VD(S). The loop edge causes a hole
in a Voronoi face.

Aw-Voronoi diagrams can be computed by the edge trac-
ing algorithm [KCKO05, MVLGO06]. Implementations are avail-
able, e.g., the proprietary QTFier [VDR16] or the open-source
AwVoronoi [AWV16].

3.3. Voronoi Skeleton with Extra Structure

Possible movements of a shrinking probe can be described by a
Voronoi diagram with extra structure, so-called enriched Voronoi
diagram [Sie99,LBH11]. The extra structure is provided by includ-
ing critical points of duw(.) and orienting edges. For our purposes
it is just a directed graph G. It can be constructed as follows.

The Voronoi 1-skeleton is analyzed for local extrema of duw(.)
restricted to the Voronoi 1-skeleton. Extreme points of a Voronoi
edge e lie in the intersection of e with the plane passing through
the centers of three balls defining the geometry of e, provided by
an appropriate data structure. Coordinates of extreme points can
be computed by finding the center of a circle inscribed to three
other circles, i.e., solving the Apollonius 10th problem. Only ex-
trema lying on e are valid, but this can be decided with the an-
gular distance comparison [KCKO5]. The source code for comput-
ing extreme points can be found, e.g., in the open-source project
AwVoronoi [AWV16].

Vertices of G are exactly all Voronoi vertices together with all
extreme points and a vertex at infinity vy = voo. Edges of G are
constructed by splitting Voronoi edges in extreme points and ori-
enting the edges in the direction of increasing d(.). All Voronoi
edges leading to infinity are incident to vy. Figure 3 shows an ex-
ample of G.

The orientation of edges is useful for the navigation of a shrink-
ing probe. The probe center moves on edges and the probe radius
equals to day(center). In each vertex of G, edges point to vertices
where the probe could possibly came from, with the exception of
vertices representing maxima of duyw(.) on elliptic edges, e.g., as in
the case of v, in Figure 3(b), where this information is missing.

The output degree of any vertex is < 2. It is a consequence of
geometrical constraints that hold in Voronoi diagrams. It can be
proven by examining the cases how a quadruple of balls can hold
a probe and prevent the probe escape if the probe radius is locked
and cannot change.
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(b) Elliptic Voronoi edge: Ex-
treme vertices v{ (minimum) and
vy (maximum).

(a) Hyperbolic Voronoi edge:
Voronoi vertices vy, v3, extreme
vertex v, (minimum).

(c) A more complex example of G

Figure 3: The vertices of G are the Voronoi vertices (red) together
with extreme points (blue). Voronoi edges are split in these points
and oriented in the direction of increasing day(.).

4. Proposed Method

The description of the proposed method can be conceptually di-
vided into subsections. First, a new concept of bridges is intro-
duced to overcome certain difficulties with Voronoi diagrams. Next,
a method is presented, which detects all cavities in the union of
given balls for any probe radius. The resulting tree graph captures
the behavior of cavities during contiguous shrinking of the probe
radius. After that, this tree is transformed to get a more concise
representation. At last, the time complexity is discussed.

4.1. Bridges

A new concept of bridges is proposed in this section. Bridges
solve problems with elliptic Voronoi edges and they also solve dis-
connected cases by connecting one component of the Voronoi 1-
skeleton to another. A bridge is an oriented connection between
vertices of G with dgy(.) non-decreasing along the connection. For
each vertex vy, € G representing the local maximum of daw(.) on
an elliptic Voronoi edge, a bridge target can be computed by the
following strategy.

Three balls defining the ellipse of v, should be provided by
an appropriate data structure. Among them, the pair s;,s; is cho-
sen, which defines the Voronoi face domain F(s;,s;) = {x €
R ¢ daw(x,si) = daw(x,s j)} in which the ellipse carves a hole.
It is the pair s;,s; maximizing ||c; — ¢;j|| + r; + rj because the third
ball must be in the convex hull of s; and s; [Wil99]. After that we
define a circle {x € F(s;,s;) : daw(x,s;) = daw(vm,s;)}. It lies in
F(s;,s;) and passes through vy, as the dotted circles in Figure 4

for vin € {v1,v2,v4}. Then we compute intersection points of the
circle and the edges of G, find the edge with minimal non-zero Eu-
clidean distance of the intersection from v, and choose the target
vertex of the edge as the target point of the bridge. In Figure 4,
v — v4 and vy — v3 are such bridges. If there is no intersection, as
in the case of v, = v4 in Figure 4, we search through the vertices
of G in F(s;,s ;) for the vertex with minimal aw-distance greater
than daw (vm,s;) and use it as the target point. In Figure 4, vs is the
target point. If no such point can be found, then the vertex at in-
finity is used as the target. For efficiency reasons, required groups
of edges and vertices of G are collected in advance, mapped to the
corresponding pairs s;, s j, and retrieved later when the intersection
points need to be computed. Each group contains all edges/vertices
in the boundary of all faces that lie on F(s;,s;).

Figure 4: Bridges vi — v4, v) — v3 and vq4 — vs

Figure 5 illustrates bridges on a real example. The coor-
dinates (x,y,z,7) of the balls are as follows: (—2.5,7.51,0,1)
(2.5,7.51,0,1) (0.01,0.01,80,78) (0,0.01,—85,78) (0.5,4,—10,8)
(100.01,0.01,0.01,80) (0, 104,0,80) (—100,0,0,80) (0, —100.01,0,80).

f Vrmgjb;:“ Z‘X

Figure 5: The graph G was constructed from a Voronoi 1-skeleton.
The bridges are vip — vig, V19 — Vg and vg — Vvy.

4.2. Finding All Possible Cavities

The method presented in this section finds all possible cavities in
a given set of balls for all possible probe radii. If a probe radius
is added to the radii of all balls, the components of the space out-
side all these balls represent cavities. The method simulates a con-
tiguous shrinking of the probe radius. As the probe shrinks, new
cavities are created or existing cavities merge. These events occur
only on Voronoi vertices and edges. More precisely, in the local
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extrema of day (.) restricted to the Voronoi 1-skeleton. The method
processes the diagram and constructs a tree graph of the detected
events. Nodes in the tree are organized - this will be further dis-
cussed in Section 4.3. The method is formalized in Algorithm 1. Its
description follows.

First, the Voronoi graph G is created from the Voronoi 1-skeleton
by splitting Voronoi edges in their extreme points and orienting
them from low values of day (.) to higher values. This was discussed
in Section 3.3. The aw-Voronoi diagram and the split points can be
computed, e.g., by the open-source library AwVoronoi [AWV16].

Next, vertices of the graph are sorted in the non-increasing order
of daw(.). This is necessary to detect cavities in the right order.

After that, bridge targets are computed for the vertices of G that
lie in the maxima of elliptic Voronoi edges. Details to the compu-
tation of bridges are in Section 4.1.

Next, some initialization is performed (line 6). For the sake of
simplicity, we will assume only one vertex at infinity vg. The first
cavity is detected at vq as if the probe radius was co. Groups of
graph vertices will be maintained. Each group corresponds to ex-
actly one cavity (the cavity can be the result of several merges). The
union-find system [GF64,CLRS09] will be used to manage groups,
similarly as it was done in [DE93]. Each group will be realized by
a tree stored in the array parent.

After the initialization, all vertices of G need to be processed.
For each vertex v, the set N of its neighbors is obtained. These
neighbors are the destination vertices of all outgoing edges of v.
Several cases can occur. If the set N is empty, then dqy(v) is the
local maximum of dgay(.) on the Voronoi 1-skeleton. The following
two cases are distinguished from each other. If v is a Voronoi ver-
tex (line 11), then a new cavity is created and a new group is started
for v. Otherwise, v is necessarily the point of local maximum on an
elliptic edge. Note that we already have bridges for all such points.
In this case (line 14), v cannot trigger the creation of any cavity
because any probe centered in v having a constant radius could es-
cape along the bridge. Therefore, the group at v is simply inherited
from the bridge target. Similarly, the group is also inherited if v is
a Voronoi vertex with some neighbors (line 17). Thanks to the ge-
ometrical properties of aw-Voronoi diagrams, all the neighbors are
already in the same group, so no merging is needed. Two cavities
can merge only in points of local minima of dgayw(.). These minima
are on Voronoi edges, not in Voronoi vertices. This case is handled
in the end (line 19). If v is the point of local minimum, it has two
outgoing edges, i.e., two neighbors. The groups at these neighbors
are located and merged. If the groups were not the same, it means
that two cavities just merged into one, so a new merge node is cre-
ated. Children of the node are ordered for the purpose of building
the hierarchy of cavities in Section 4.3.

The output of Algorithm 1 can also be used to count cavities
in any interval of probe radii. Each cavity creation event increases
the number of cavities by one and each merge event decreases the
number by one. The events just need to be ordered by their creation
time (the value of the probe radius at which the event occurred).
The infinite cavity should not be counted by default, i.e., both the
initial and the final number of cavities is zero.

(© 2016 The Author(s)
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Algorithm 1: Find Cavities

Input : The set S of balls and the aw-Voronoi diagram VD(S)

Output: The root of the tree with cavities creation & merging
1 G = the Voronoi graph from VD(S);
V = vertices of G, sorted: i < j = daw(V[i]) > daw(V]}));
forveVdo

if isEllipticEdgeMaximum (v) then
bridgeTarget|v] = getTarget (v); // Sec. 4.1

nosE W

6 vo = V[0]; parent[vg] = vo; result[vg] = root = new Cavity(vy);
7 size[root] = o0;

g fori=1to|V|—1do

9 v=V[i]; N = neighbors of vin G; // 0 < [N| <2

10 if N==0then // local maximum in v

1 if isVoronoivVertex (v) then

12 result[v] = root = new Cavity(v);

13 parent[v] = v; size[root] = daw(v);

14 else // elliptic edge maximum in v
15 ‘ parent|v] = parent|bridgeTarget|v]];

16 end

17 elseif isvoronoivertex(v) then

18 | parent|v] = parent|any member of N|;

19 else // local minimum in v = merge

20 R={find (n, parent) : n€N};// 1 <|R| <2
21 parent[v] = union (R, parent) ;

2 if |R| ==2 then

23 I = result[R[0]]; r = result[R[1]];

24 if size[l] < size[r] then

25 swap (I, r); // Ensures size|l] > size[r]
26 result[parent[v]] = root = new Merge(v, [, r);
27 size[root] = sizell];

28 end

29 end

30 end

31 return root;

32 function union ({a,b}, p)
33 return (rank (a) < rank (b)) ? (p[a] =b) : (p[b] = a);
34 function £ind (n, p)
35 return (n == p[n]) ?n: (p[n] = £ind (p[n],p));
// See [GF64, CLRS09] for union-find
// Remaining functions are trivial

4.3. Cavities Hierarchy

The output of Algorithm 1 is a tree graph, which describes how
cavities were created and how they merged during the shrinking of
the probe used for their detection. This graph is often very deep
and not very informative, at least in molecular models. A hierarchy
proposed in this section aims to provide a better representation.

The hierarchy is based on a simple rule: If two cavities merge,
then the cavity that was detected by a smaller probe dies by merging
into the cavity detected by a larger probe. In the case of a tie, the
choice can be arbitrary. This way, the life of a cavity can be tracked
from its creation, i.e., from a leaf node up to the root until the cavity
dies by merging with another. This path is transformed to a single
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node in the hierarchy. Since the graph produced by Algorithm 1 is
already organized, right sub-trees always merge into left sub-trees.
The hierarchy is then constructed by Algorithm 2. An example of
the transformation is shown in Figure 6.

Algorithm 2: Build Hierarchy

Input : The root of the tree with cavities creation & merging
Output: The hierarchy of cavities

1 vg=1leftmostLeaf (root);

2 result.add(new Node (vg) );

3 push (stack, root) ;

4 while stack is not empty do

5 v = pop (stack) ;

6 if v is not a leaf then

7 lr=1eftmostLeaf (rightChild(v));

38 lv=1leftmostLeaf (v);

9 result.add(new Node (Iv) );

10 result.add(new Link (Ir — v, v));

11 push (stack, leftChild (v));

12 push (stack, rightChild (v));

13 end

14 end

15 return result;
// push (), pop(), leftmostLeaf () and
// rightChild() are easy to implement

(a) The tree of cavities creation (leaves)
and merging (inner nodes)

(b) The hierarchy

Figure 6: Creation of the hierarchy of cavities

The hierarchy is a tree rooted in the cavity of infinite size. Each
child in the hierarchy was born after its parent and dies before its
parent by merging into the parent. Therefore, we can consider par-
ents to be representatives of their children. In this interpretation,
the level of detail can be changed by hiding or showing children.

However, there is a catch. Not all children of a parent are so
important. For instance, the parent can have a large number of tiny
short-living children (less important) and a few of large long-living
children (more important). Some sort of filtering based on cavity
properties is necessary. Some useful properties of cavities in the
hierarchy may include the radius of the probe used to detect the
cavity, the radius of the probe for which the cavity died by merging,
the lifetime of the cavity as the difference between these two radii,
the depth in the hierarchy tree, etc.

The decision about importance of cavities should be let on users
by providing them a convenient way to define filters and specify
thresholds. In the experimental implementation of the proposed
methods, the hierarchy was exported to a graph and the Gephi soft-
ware tool [BHJ09] was used for visualization and filtering.

We should mention here, that a similar concept called topolog-
ical persistence and simplification was proposed by Edelsbrunner
et al. [ELZ02], but the lifetime of a cavity is measured differently.
Perhaps the lifetime proposed by Yaffe et al. [YH10] is more close
to the approach proposed in this paper.

4.4. Time Complexity

The topology of the Voronoi diagram can be directly downloaded
for most molecular structures from the VDRC website [VDR16] or
computed by the edge tracing algorithm [KCKO05, MVLGO06].

The edge tracing algorithm has the following time complexity.
Let n be the number of balls. The diagram has O(n*) edges in the
worst case [Aur87, BK03] and the edge tracing algorithm spends
O(n) time on each of them, which gives O(rn*) in the worst case.
The estimate is more optimistic on real data such as protein mod-
els: The diagram should have O(n) edges. The algorithm should
also spend much less time on every edge if spatial filters are used
[CKL*06, MK10, 0V 14], ideally O(1) on average, but it depends
on the efficiency of the filters.

In Algorithm 1, the graph G is constructed from the Voronoi dia-
gram in linear time w.r.t. the number of Voronoi vertices and edges.
All Voronoi vertices will become G vertices. Each Voronoi edge is
analyzed for extreme points in O(1). Voronoi edges are split in the
extreme points and will become graph edges.

To construct a bridge, all edges in the boundary of all affected
faces are examined. The worst case time complexity is quadratic
w.r.t. the number of such edges. This is not very efficient in theory,
but these cases are extremely rare in practice and the number of
such edges is often very low, ideally O(1).

The rest of Algorithm 1 has its time complexity dominated by
sorting the vertices of G, i.e., O(|V| log|V ). The merging of groups
can be done with the union-find algorithm [GF64, CLRS09], which
has the amortized cost per operation O(o(n)), where o(n) is the
inverse of the fast growing Ackermann function; oi(n) is often con-
sidered O(1) for any practical value of n.

The time complexity of Algorithm 2 is linear if results of
leftmostLeaf(.) are precomputed during the construction of inner
nodes of a merge graph.

5. Experiments and Results

The proposed methods were tested on sets of balls that produce dis-
connected aw-Voronoi diagrams and on models of molecular struc-
tures. The data of many molecular structures can be downloaded
from public databases via their PDB ID.

Table 1 illustrates real running time on a few PDB files. The im-
plementation is in Java and it was tested on CPU Intel i7 3.4 GHz
(6x2 threads). |V| is the number of Voronoi vertices. Ty is the time
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taken by Aw Voronoi [AWV16] to compute the quasi-triangulation.
T is the transformation time of the quasi-triangulation to the
Voronoi graph G, including bridges (only one in 1AON), i.e., lines
1-5 in Algorithm 1. Tgyy is the time of finding cavities in G, i.c.,
lines 6-31. Ty is the time of hierarchy construction. A reasonable
expectation is that the whole computation for small or medium-size
proteins will take units of seconds and for large molecular struc-
tures tens of seconds. The last row in Table 1 is a special dataset
of 10K points generated randomly in a cylinder with the radius 10
and the height 0.2 and two spheres with the radius 500, centered
in (0, 0, 500.1) and (0, 0, —500.1). AwVoronoi [AWV16] was
inefficient on this dataset. The diagram is shown in Figure 5. It has
292 components (142 loop edges). 2118 bridges were created.

Table 1: Performance. K - thousands, s - seconds.

Data Atoms VI Tvp T(; TCAV Ty
1GKI 20K 133K 1.9s | 0.5s 0.2s | 0.1s
1AON 60K 400K 5.6s 1.6s 0.4s | 0.1s
1132 90K 620K 8.0s | 2.4s 0.7s | 0.2s
70S_RF2 300K | 2060K | 31.0s | 9.0s 2.0s | 0.4s
Random 10K 35K | 25.1s | 2.9s 0.1s | 0.1s

Figure 7: Random data with many elliptic edges

An interesting property is the dependency of the number of cav-
ities on the probe radius. The results of the proposed method were
checked against an alternative method, which uses weighted alpha
shapes for cavities detection [LEF*98] and samples the probe ra-
dius interval by a constant step.

Figure 8 shows the results of one of such experiments. It is the
set of balls from Figure 5. The configuration of balls was care-
fully chosen to get a short-living cavity in the vertex vi4. The pro-
posed method detected all cavities in this setting of balls without
any problem. Bridges were used to propagate the information about
cavities in disconnected cases. The results were checked by count-
ing cavities with the method based on weighted alpha shapes, but
the interval of probe radii had to be sampled very densely to detect
also the short-living cavity in the probe radius interval (2,3).

The proposed method has been compared to other approaches,
which specialize on the detection of cavities for a fixed probe ra-
dius. Results are shown in Figure 9. With these approaches, the only
way to get the graph of the number of cavities w.r.t. the probe radius
is to sample a probe interval and get the result for each sample. The
values obtained in these samples should be the same as in the case
of the proposed method. BetaMol [CKR*12] uses the aw-Voronoi
diagram of atoms to extract cavities [KCKS13]. Voroprot [OMV11]
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Figure 8: The proposed method detected all cavities in a set of
balls that caused disconnected aw-Voronoi diagram. The method
based on weighted alpha shapes missed one cavity when the probe
interval was regularly sampled using the step size 0.5. The cavity
was detected when the step was set to 0.01.

also uses the aw-Voronoi diagram, but cavities are defined differ-
ently, so the results do not match. The results of an approach based
on weighted alpha shapes [LEF*98] is also shown. With a dense
probe axis sampling step 0.01, the alpha-shapes method has re-
sults very close to the proposed method. However, the whole alpha-
shape needs to be fully recomputed and analyzed for each sample,
since the topology of the underlying structure may change for dif-
ferent probe radii. All these recomputations may take quite a long
time and, in the end, some cavities can still be missing.

—— Proposed Method
—e— Beta Mol 0.91d (2011)

—=— Weighted Alpha Shapes
¥--- Voroprot 0.7.6.4 (2011)

-0.5 0.0 0.5 1.0 15 2.0 25 3.0
Probe Radius

Figure 9: Comparison of the proposed method with Beta-
Mol [CKR*12], Voroprot [OMVII1] and the method based on
alpha-shapes [LEF*98]. Voroprot gives different results because
it defines cavities differently. PDB ID: 4PIT (5075 atoms).

More experiments on molecular structures revealed that the num-
ber of cavities depends on the percentage of helix formations. A
small probe can be trapped by atoms in a helix formation and cre-
ate a micro-cavity. The periodic nature of helices results in a high
number of such micro-cavities. Normal cavities are shown in Fig-
ure 10(a) whereas micro-cavities in Figure 10(b). Atom balls are
hidden in these figures, but the backbone of the molecular structure
is shown to highlight helix formations. Cavities are visualized by
their Connolly surface and distinguished by different colors.

Figure 11 shows the difference between molecular structures
having a low percentage of helices and structures having a high
percentage of helices. The peek around the probe radius 0.35 in
Figure 11(b) is caused by helix formations.
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(o
(a) Cavities for rp = 1.4A

(b) Micro cavities for rp = 0.35

Figure 10: Cavities detected and rendered by CAVER Analyst
[KSS* 14] for the probe radius rp. PDB ID: 4CZ8.
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Figure 11: Cavities count in molecular structures

The rest of this section demonstrates the advantages of the pro-
posed hierarchy of cavities. The following examples were com-
puted by the implementation of the proposed method, converted to
a directed graph and rendered by the Gephi software tool [BHJ09].
Gephi allows to bind the visual appearance of nodes to their at-
tributes, filter the graph interactively, define layouts, etc. In the fol-
lowing graphs, nodes are labeled by the birth attribute (the radius
of the largest probe that detected the cavity) and edges are labeled
by the merge attribute (the radius of the probe for which the cavity
merged into its parent). Numbers are rounded to 3 decimal places.

The first structure on which we will demonstrate the hierarchy
of cavities is a large chaperonin complex with PDB ID: 1AON
(58 674 atoms). The hierarchy has 69 930 nodes and maximal depth
6. However, 99.45% of all nodes have their depth < 3, and 95.81%
have their depth < 2, and 75.92% have their depth < 1. We are
usually interested in nodes of depth 1 because they represent the
cavities that will directly merge with the infinite cavity. The num-
ber of nodes on this level is still too high. Some filtering is needed.

Figure 12(a) shows the hierarchy of cavities filtered to keep only
the nodes born > 9A. This filter reduces the hierarchy to 0.02%
of the total number of nodes. This hierarchy graph tells us that 10
cavities were born in the probe interval [9,00), but only 9 of them
merge directly with the cavity representing infinity. The four large
cavities born at 20.661, 21.33, 21.949 and 29.924 are shown in
Figure 13. They are visualized by their Connolly surface and dis-
tinguished from each other by different colors. The cavity 22.133
is not shown in Figure 13. It would be visible if the probe radius in
CAVER Analyst was set to, e.g., rp = 22.1332. Figure 12(b) shows
the hierarchy for 1AON filtered to keep only the cavities born in the
interval [3A,5A] and with a lifetime > 1.11A. The seven nodes on
the level 1 of the hierarchy correspond to the cavities where ADP
molecules are located (the PDB model has ADP molecules in these
places). If the lifetime filter was not used, there would be many
more cavities.

(a) Only the cavities born > 9A

2 168 I

2*159 2 097

3.365
3142633

)

3. 2633-261 2,127

2 192

(

23229214 76

@@bm

3.3
(b) Only the cavities with a strong lifetime, born between 2 — 5A

Figure 12: PDB ID: 1AON. The filtered hierarchy of cavities. Pro-
cessed with Gephi [BHJ09].
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Figure 13: PDB ID: IAON. Four large cavities, probe radius
20.66A. Rendered by CAVER Analyst [KSS* 14].

The next structure on which we will demonstrate the hierarchy
of cavities is an enzyme with PDB ID: 1CQW (2 358 atoms). The
hierarchy has 2 947 nodes. The maximum depth is 6, but 97.73%
of all nodes have their depth < 3, and 92.53% have their depth < 2,
and 70.65% have their depth < 1. Figure 14 illustrates how com-
plicated the situation is without filtering. Figure 15 shows the hier-
archy filtered by a composite filter. The filter restricts the cavities
directly connected with oo to the ones that were born > 1.4A, died
> 1.0A, and lived for > 0.2A . In other words, we are interested
in cavities, which can accommodate at least one water molecule,
are not entirely closed, and are relatively stable when the probe ex-
pands or shrinks a little bit. Only 0.98% nodes survived. The node
2.31 corresponds to the active site of the enzyme. The cavity is born
at 2.31A and dies at 1.477A. If we had used a standard approach
with the fixed probe radius 1.4A, we would have missed the cavity.

Figure 14: PDB ID: 1CQW. The hierarchy without filtering.

6. Conclusion

The number of cavities among balls depends on the radius of a
probe used to inspect the empty space. The proposed method simu-
lates a contiguous probe shrinking process, during which the empty
space reachable by the probe is explored, and the behavior of cavi-
ties is recorded. The probe center moves along aw-Voronoi edges.
Newly proposed bridges overcome problems with disconnected
cases. The proposed hierarchy of cavities provides a better insight
into the structure of the empty space among the balls than tradi-
tional approaches, which require the probe radius to be specified
prior to cavities detection. The intended application is the analysis
of bio-molecules, but the method is not limited to molecular data.
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Figure 15: PDB ID: 1CQOW. The filtered hierarchy of cavities.
Nodes are labeled with the birth radius (the greatest sphere that fits
in the cavity), edges are labeled with the merge radius. The node
2.31 corresponds to the active site. Processed with Gephi [BHJ09].
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