EUROGRAPHICS98

Tutorial

A Subdivision Schemefor Smoothinter polation of
Quad-MeshData

Leif P. Kobbelt

Universityof Erlangen
kobbel t @ nf or mati k. uni - erl angen. de

Abstract

A simpleinterpolatorysubdivisionschemefor quadrilateml netswith arbitrary topolagy is presentedvhich gen-
eratesC! surfacesn thelimit. Theschemesatisfiesmportantrequirementgor practical applicationsin computer
graphicsandengineeringThesaequilementsncludethenecessityo geneatesmoothsurfacesvith local creases
and cusps Theschemecan be appliedto opennetsin which caseit geneatesboundarycurvesthat allow a C°-
join of several subdivisionpatches.Dueto thelocal supportof the scheme adaptiverefinemenstrategiescanbe
applied.We presenia simpledeviceto preservethe consistencyf sud adaptivelyrefinednets.

1. Intr oduction

The problemwe addressn this paperis the generatiorof
smoothinterpolatingsuriacesof arbitrarytopologicaltypein
thecontet of practicalapplicationsSuchapplicationsange
from the designof free-formsurfacesandscatterediatain-
terpolationto high quality renderingand meshgeneration,
e.g.,in finite elementanalysis.The standardset-upfor this
problemis usuallygivenin aform equivalentto the follow-
ing:

A netN = (V,F) representinghe inputis to be mapped
to arefinednetN’ = (V',F’) whichis requiredto be a suffi-
ciently closeapproximatiorof a smoothsurface.In this no-
tationthe setsV andV’ containthe datapointsp;, pj € IR3
of the input or outputrespectiely. The setsF andF’ rep-
resenthetopolaical informationof the nets.The elements
of F andF’ arefinite sequencesf pointssc CV org C V'’
eachof which enumeratethe cornersof onenotnecessarily
planarfaceof anet.

If all elementss, € F have lengthfour thenN is calleda
quadrilateal net To achieve interpolationof thegivendata,
V c V' is required.Dueto the geometrichackgroundbf the
problemwe assumeN to be feasible i.e., at eachpoint p;
thereexists a planeT; suchthatthe projectionof the faces
meetingat p; onto T is injective. A netis closedif every
edgeis part of exactly two faces.In opennets, boundary
edgesoccurwhich belongto onefaceonly.

Therearetwo major ‘schools’ for computingN’ from a

given N. The first or classicway of doing this is to ex-
plicitely find a collection of local (piecavise polynomial)
parametrizationgpatcheg correspondingdo the facesof N.
If thesepatchessmoothlyjoin at commonboundarieghey
form an overall smoothpatchcomple. The net N’ is then
obtainedby samplingeachpatchon a suficiently fine grid.
Themostimportantstepin this approachis to find smoothly
joining patcheswvhich represena surfaceof arbitrarytopol-

ogy. A lot of work hasbeendonein this field, e.g., 18, 15,
17

Anotherwayto generatédN’ is to definearefinemenoper
ator S whichdirectly mapsnetsto netswithoutconstructing
an explicit parametrizatiorof a surface. Suchan operator
performsboth, a topolaical refinemenif the net by split-
ting the facesand a geometricrefinementby determining
the positionof the new pointsin orderto reducethe angles
betweenadjacentfaces(smoothiny By iteratively apply-
ing S oneproduces sequenc®f netsN; with Ng = N and
Ni+1 = SN;. If § hascertainpropertiesthenthe sequence
S'N convergesto a smoothlimiting surfaceandwe canset
N’ := SKN for somesuficiently largek. Algorithms of this
kind areproposedn 2, 4, 14, 7,10 and?L. All theseschemes
are either non-interpolatoryor definedon triangular nets
whichis not appropriatdor someengineeringpplications.

The schemewhich we presenthereis a stationaryre-
finementscheme?, 3, i.e., the rules to computethe posi-
tions of the new points use simple affine combinationsof
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pointsfrom the unrefinednet. The term stationaryimplies
thattheserulesarethe sameon every refinementevel. They
arederivedfrom amodificationof thewell-known four-point
scheme?. This schemerefinespolgonsby S : (pi) — (p})
with

Py = Pi
8+ w @
16 |
where0 < w < 2(v/5— 1) is sufiicientto ensurecorvergence
to asmoothlimiting curve 8. Thestandardralueis w= 1for
which the schemehascubicprecision.In orderto minimize
the numberof specialcasesye restrictourselesto there-
finementof quadrilaterahets.Thefacesaresplitasshavnin
Fig. 1 andhenceto completahedefinitionof theoperators,
we needrulesfor new pointscorrespondingo edgesand/or
facesf theunrefinechet. To generalizehealgorithmfor in-
terpolatingarbitrarynets,a precomputingstepis neededcf.
Sect.2).

1 N T '
P2it1 Pi + Pi+1) 16(p|71+p|+2)

Figure 1: Therefinemenbpeiator splits one quadrilateml

faceinto four. Thenew verticescan be associatedvith the
edges and facesof the unrefinednet. All new verticeshave
valencyfour.

The major advantageshat this schemeoffers, arethat it
hasthe interpolationproperty and works on quadrilateral
nets.This seemgo be mostappropriatdor engineeringap-
plications(comparedo non-interpolatoryscheme®r trian-
gular nets),e.g.,in finite elementanalysissincequadrilat-
eral (bilinear) elementsarelessstiff thantriangular(linear)
elements!®. The schemeprovidesthe maximumflexibility
sinceit canbe appliedto opennetswith arbitrary topol-
ogy. It producessmoothsurfacesandyields the possibility
to generatdocal creasesndcusps Sincethe supportof the
schemeis local, adaptve refinementstratgies can be ap-
plied. We presengtechniqueo keepadaptvely refinednets
CO-consistentcf. Sect.6) andshortly describean appropri-
atedatastructurefor theimplementatiorof thealgorithm.

2. Precomputing: Conversionto Quadrilateral Nets

It is afairly simpletaskto corvertagivenarbitrarynetN into
aquadrilaterahetN. Onestraightforvard solutionis to ap-
ply onesingleCatmull-Clark-typesplit C 2 to every face(cf.
Fig. 2). This split operationdividesevery n-sidedfaceinto

n quadrilateralsand needsthe position of nevly computed
face-pointsandedge-pointsto bewell-defined. The vertices
of N remainunchangedThenumberof facesn themodified
netN equalshe sumof thelengthsof all sequences, € F.

Thenumberof facesin thequadrilateralizedietN canbe
reducedoy half if thenetN is closed by notapplyingC but
ratherits (topological)squargoot+/C, i.e.,arefinemenbp-
eratorwhosedoubleapplicationis equivalentto oneapplica-
tion of C (cf. Fig. 2). For thissplit, only new face-pointhave
to be computed.For opennets, the v/C-split modifiesthe
boundarypolygonin a non-intuitve way. Hence onewould
have to handleseveral specialcaseswith boundanytriangles
if oneis interestedn awell-behaed boundarycurwe of the
resultingsurface.

3. Subdivision Rulesfor ClosedNetswith Arbitrary
Topology

Thetopologicalstructureof ary quadrilaterahetafter ses-
eralapplication®of auniformrefinemenbperatoiconsistof
largeregularregionswith isolatedsingularitieswvhich corre-
spondo thenon-reyularverticesof theinitial net(cf. Fig. 3).
By topolagical regularity we meanatensoiproductstructure
with four facesmeetingat every vertex. The naturalway to
definerefinemenbperatordor quadrilaterahetsis therefore
to modify atensomproductschemesuchthatspeciakulesfor
thevicinity of non-rgyular verticesarefound. In this paper
wewill usetheinterpolatoryfour-pointschemé in itstensor
productversionasthebasisfor the modification.
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Figure 3: Isolatedsingularitiesin therefinednet.

Considera portion of a regular quadrilateralnet with
vertices pj j. The vertices can be indexed locally such
that each face is representedby a sequences | =
{Pi,j>Pi+1,j; Pi+1,j+1,Pi,j+1}. The pointspi’J of therefined
netcanbe classifiedinto threedisjunctgroups.The vertex-
pointspy; 2 = Pij arefixeddueto theinterpolatiorrequire-
ment.Theedge-pointsp; 1 »; andpy; 5, ; arecomputedy
applyingthefour-pointrule (1) in thecorrespondingrid di-
rection,e.g.,
8+w w
16 (Pii+Pi+1j) = 75 (Pi-1j +Pis2,j)-

)
Finally, theface-pointsp'ZiH 241 are computedby apply-
ing thefour-pointrule to eitherfour consecutie edge-points

’ ! ] !
Poiy1,2j-2>+ 1 P2it1,2j4+4 OF 10 Poi_22j415-++5Poiya2j41-

/ .
P2it1.2j =
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Figure 2: Transformationof an arbitrary netN into a quadrilateal netN by one Catmull-Clark-splitC (middle)or by its

squae root (right, for closednets).

The resultingweight coeficient masksfor theserules are
shavn in Fig. 4. The symmetryof the facemaskprovesthe

equivalenceof both alternatvesto computethe face-points.

Fromthedifferentiabilityof thelimiting curvesgeneratedby
the four-point schemethe smoothnes®sf the limiting sur
facesgeneratedy infinitely refining a regular quadrilateral
net,follows immediately Thisis asimpletensomproductar
gument.

Edge-point Face-Point

Figure 4: Subdivision masks for regular regions with
a=—-£,B=8Lando=0a? p=ap,v =P

Fortherefinemenof irregularquadrilaterahets,i.e., nets
which include someverticeswhere other than four faces
meet,a consistenindexing which allows the applicationof
the abore rulesis impossiblelf otherthanfour edgesneet
atoneverte, it is not clearhow to choosethefour pointsto
whichonecanapplytheabove rule for computingtheedge-
points.However, onceall the edge-pointsare known, there
alwaysareexactly two possibilitiesto chooseour consecu-
tive edge-pointsvhencomputinga certainface-pointsince
thenetis quadrilaterallt is animportantpropertyof tensor
productscheme®n regular netsthat both possibilitieslead
to the sameresult(commutingunivariantrefinemenbopera-
tors).In orderto modify the tensorproductschemeaslittle
as possiblewhile generalizingit to be applicablefor nets
with arbitrarytopology we wantto consere this property
Hence,we will proposea subdvision schemewhich only
needneadditionalrule:theonefor computingedge-points
correspondingo edgesadjacento anon-rgyularvertex. All

other edge-pointsand all face-pointsare computedby the
applicationof the original four-point schemeandthe addi-
tional rule will be suchthat both possibilitiesfor the face-
pointsyield the sameresult.

We usethe notationof Fig. 5 for pointsin the neighbor
hoodof a singularvertex p. Theindex i is takento be mod-
ulo nwheren is thenumberof edgesneetingatp. Applying
theoriginalfour-pointrulewherever possibldeavesonly the
pointsx; andy; undefinedlf we requirethatboth possible
waysto computey; by applyingthe standardour-pointrule
to succeedingdge-pointdeadto the sameresult,we geta
dependenceelatingX;1 to X;

-
8a+w) (Ki—2 —Kit2)+

w 4+w
g (2 —lima) + —g= (lisa =),

w
Xit1 = Xj + 3 (hi —hiy1) +

which canbe consideredas compatibility condition.In the
regular case this conditionis satisfiedfor ary tensorprod-
uctrule. Thecompatibilityuniquelydefineshecyclic differ-
ences\X; = X1 — Xj whichsumto zero(telescopingums.
Hence therealwaysexistsasolutionandevenonedegreeof
freedomis left for the definitionof thex;.

The points x; will be computedby rotatedversionsof
the samesubdvision mask.Thus,the vicinity of p will be-
comemoreandmoresymmetricwhile refinemenproceeds.
Hence the distancebetweenp andthe centerof gravity of
the x; will be a good measurdor the roughnesof the net
nearp andtherateby which this distancetendsto zerocan
beunderstoodisthe ‘'smoothingrate’. The centerof gravity
in theregular(n = 4) cases:

1 n-1 w n-1

p+%‘;|i—%';hi- 3)

1t 44w

nigoxi_ 8
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Figure 5: Notationfor verticesarounda singularvertex P.

In thenon-regularcasewe have

1n—1 1”—2 .
n -Z)Xi = Xj+ﬁ _Z)(nfl—l)AxiH,
i= i=

jed{0,...,n—1}.
4
Combiningcommontermsin thetelescopingumandequat-
ing theright handsidesof (3) and(4) leadsto

w 44w 4+w w
wherewe definethevirtual point
4 n-1
vi= o 'Ebli = (a1 +ljea) +
=l
w
m(kj_2+kj_1+kj+kj+1)f (6)
4 n—-1
W5k
(4+w)n £
Hence the x; canbe computedby applying (1) to the four
pointshj, Ij, p andv;. Theformulaalsoholdsin the case
n =4 wherev;j = lj;>. Sucha virtual point v is defined

for every edgeandboth of its endpointsHenceto refinean
edgewhichconnectswo singularverticegp, andpo, wefirst
computethetwo virtual pointsvy andv, andthenapply (1)
to vy, p1, P2 andv,. If all edge-pointx; areknown, there-
finementoperatiorcanbecompletedy computingtheface-
pointsyj. Thesearewell definedsincethe auxillary edge-
pointruleis constructeduchthatbothpossiblevaysleadto
thesameresult.

4. ConvergenceAnalysis

Thesubdvision schemegroposedn thelastsectionis asta-
tionary schemeand thus the convergencecriteria of 1 and
18 canbe applied.In the regular regions of the net (which
enlage during refinement) the smoothnessf the limiting

surface immediately follows from the smoothnesf the
cunesgeneratedtby theunivariatefour-pointschemeHence
to completethe corvergenceanalysisjt is suficient to look
atthevicinities of thefinitely mary isolatedsingularvertices
(cf. Fig. 3).

Let po,..., Pk bethepointsfrom a fixed neighborhoof
thesingularvertex pg. Thesizeof the consideredheighbor
hooddepend®n the supportof the underlyingtensorprod-
uctschemeandcontainss ‘rings’ of facesaroundpg in our
case.The collectionof all rulesto computethe new points
P - -+ Py Of the same‘scaled’ (5-layer) neighborhoocbf
Po = Pp in the refinednet can be representedby a block-
circulantmatrix A suchthat (p})i = A (pi)i. This matrix is
calledtherefinemenmatrix. After 1 and!8 the convergence
analysiscanbereducedo the analysisof the eigenstructure
of A. For thelimiting surfaceto have a uniquetangentplane
atpg it is sufiicientthattheleadingeigevaluesof A satisfy

M=1 1>N=2A3 [A[>N|Vix>4

Tablel shavsthesesigevaluesof therefinementatrix A
for verticeswith n adjacenedgesn thestandarc¢asew = 1.
The computatiorof the spectruncanbe doneby exploiting
the block-circulantstructureof A. We omit the detailshere,
becaus¢hedimensiorof A is k x k with k= 30n+ 1.

n A A A3 Aixa <

3 10 0.42633 0.42633 0.25

4 10 05 0.5 0.25

5 10 0.53794 0.53794 0.36193
6 1.0 0.55968 0.55968 0.42633
7 10 05732 05732 0.46972
8 10 0.58213 0.58213 0.5

9 10 0.58834 0.58834 0.52180

Table 1: Leadingeigervaluesof the subdivisiomrmatrix

In additionto a uniquely definedtangentplanewe also
have to have local injectivity in orderto guarante¢heregu-
larity of the surface.This canbe checled by looking at the
naturalparametrizationf thesurfaceatpy whichis spanned
by the eigervectorsof A correspondingo the subdominant
eigewvaluesA, andA3. The injectivity of this parametriza-
tion is a sufficient condition. The details can be found in
18, Fig. 6 shavs meshegf ‘isolines’ of thesecharacteristic
mapswhich arewell-behaed.

5. Boundary Curves

If a subdvision schemds supposedo be usedin practical
modelingor reconstructiompplicationsit mustprovide fea-
turesthatallow the definitionof creasesndcusps!2. These
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Figure 6: Sletch of thecharacteristicmapsin the neighborhoodf singularverticeswithn= 3,5,...,9.

requirementsan be satisfiedif the schemeincludesspe-
cial rulesfor the refinemenibf opennetswhich yield well-
behaedboundarycurvesthatinterpolateheboundarypoly-
gonsof thegivennet.Having sucha schemecreasegsanbe
modeledby joining two separatesubdvision surfacesalong
acommonboundarycurve andcuspsresultfrom atopolog-
ical holein theinitial netwhich geometricallyshrinksto a
single paint, i.e., afaces= {pi,...,pn} of a given netis
deletedto generatea hole andits verticesare moved to the
samedocationp; = p (cf. Fig. 7).

To allow a C%join betweentwo subdvision patches
whoseinitially given netshave a commonboundarypoly-
gon, it is necessaryhattheir limiting boundarycurvesonly
dependon thesecommonpoints,i.e., they mustnotdepend
on ary interior point. For our schemewe achieve this by
simply applying the original univariate four-point rule to
boundarypolygons.Thus, the boundarycurwe of the lim-
iting surfaceis exactly thefour-pointcurve whichis defined
by theinitial boundarypolygon. Further it is necessaryo
not only generatesmoothboundarycurves but ratherto al-
low piecavisesmoothboundarycurves,e.g.,in casesvhere
morethantwo subdvision patchesneetata commonpoint.
In this casewe have to cuttheboundarypolygoninto several
segmentsby markingsomeverticeson the boundaryasbe-
ing cornervertices Eachseggmentbetweertwo cornerver-
ticesis thentreatedseparatelyasanopenpolygon.

When dealing with open polygons, it is not possible
to refine the first or the last edge by the original four-
point schemesince rule (1) requiresa well-defined 2-
neighborhoodTherefore we have to find anotherrule for
the point plerl which subdiides the edgep('p]". We de-
fineanextrapolatedpointp™, :=2pg'—pY". Thepointp’l‘“rl

thenresultsfrom the applicationof (1) to the subpolygon
p™, P, P, P Obviously, this additionalrule canbe ex-
pressedsa stationanjinearcombinatiorof pointsfrom the
non-etrapolatecpenpolygon:

8—w 8+ 2w w
ptt = TDBW-I-TDT—ED? (7)

The rule to computethe point pg;tll subdviding the last
edgep , pR' is definedanalogously

This modificationof the original schemedoesnot affect
the cornvergenceto a continuouslydifferentiablelimit, be-
causehe estimategor the contractionrateof the maximum
secondorward differenceusedin the convergenceproof of
6 remainvalid. This is obvious sincethe extrapolationonly
addsthe zerocomponentA? p™, to the sequencef second
orderforward differences.The main convergencecriterion
of 13 alsoapplies.

It remainsto definerefinementrules for inner edgesof
the net which have one endpointon the boundaryand for
facedncludingatleastoneboundaryvertex. To obtainthese
ruleswe usethe sameheuristicasin the univariatecase We
extrapolatethe unrefinednet over every boundaryedgeto
getanadditionallayer of faces Whencomputingthe egde-
and face-pointsrefining the original net by the rules from
Sect.3, theseadditionalpointscanbe used.To completethe
refinemenstep,the extrapolatedacesarefinally deleted.

Letqy,...,qr betheinnerpointsof thenetwhicharecon-
nectedto the boundarypoint p thenthe extrapolatedpoint
will be

1 r
p*i=2p—— 3 i
r i; l
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Figure 7: Modelingsharpfeatues(piecavisesmoothboundary crease cusp)

If the boundarypoint p belongsto the faces= {p,q,u, v}
andis notconnectedo ary innervertex thenwedefinep* :=
2p—u. For everyboundaryedgep g we addtheextrapolated
faces’ = {p,q,q",p"}.

Again, thetangent-planeontinuity of the resultinglimit-
ing surfacecanbe proved by the suficient criteriaof 1 and
18, Thisis obvioussincefor afixednumberof interioredges
adjacentto someboundaryvertex p, the refinementof the
extrapolatechetcanberewritten asasetof stationaryrefine-
mentruleswhich definethenew pointsin thevicinity of p as
linearcombination®f pointsfrom thenon-etrapolatechet.
However therefinementnatrixis nolongerblock-circulant.

At every surface point lying on the boundaryof a tan-
gentplanecontinuoussurface,one tangentdirectionis de-
terminedby the tangentof the boundarycurve (which in
this caseis a four-point curve that doesnot dependon in-
nervertices).On boundariesye canthereforedropthe re-
quirementof 18 that the leadingeigewaluesof the refine-
mentmatrix have to be equal. This symmetryis only acon-
sequencef theassumptiorthattherulesto computehenew
points arounda singularvertex are identical modulorota-
tions (block-circulantrefinementatrix). Althoughio # A3
causesanincreasindocal distortionof the net,the smooth-
nessof the limiting surfaceis not affected.This effect can
beviewedasareparametrizatioin onedirection.(Compare
this to the distortionof a regularnetwhich is refinedby bi-
narysubdvisionin onedirectionandtrinary in the other)

We summarizethe different special caseswhich occur
whenrefining an opennetby the givenrules.In Fig. 8 the
netto berefinedconsistsof the solid white faceswhile the
extrapolatedfacesaredravn transparentlyThe dark vertex
is marledasacornervertex. We have to distinguishfive dif-
ferentcases:

A: Within boundaryseggmentswe apply(1) to four succeed-
ing boundaryvertices.

B: To thefirst andthe lastedgeof an openboundarysey-
ment,we applythespecialrule (7).

C: Inneredge-point€anbecomputeddy applicationof (5).
If necessaryextrapolatedoointsareinvolved.

D: For every face-pointof this class,at leastonesequence

of four C-pointscanbe foundto which (1) canbe applied.
If therearetwo possibilitiesfor the choiceof thesepoints

Figure 8: Occuencef thedifferentspecialcases.

thenbothleadto the sameresultwhichis guaranteedby the
constructiorof (5).

E: Inthiscasenoappropriatesequencef four C-pointscan
be found. Therefore onehasto apply (7) to a B-point and
thetwo C-pointsfollowing ontheoppositesideof thecorner
face.In orderto achieve independencef the grid direction,
evenin casethecornervertex is notmarked,we apply(7) in
bothdirectionsandcomputethe averageof thetwo results.

6. Adaptive Refinement

In most numericalapplicationsthe exponentiallyincreas-
ing numberof verticesandfacesduringthe iterative refine-
mentonly allows a small numberof refinementstepsto be

computedlf high acuray is neededg.qg.,in finite element
analysisor high quality renderingiit is usuallysufiicient to

performa high resolutionrefinementin regions with high

cunaturewhile ‘flat’ regions may be approximatedather
coarselyHence,in orderto keeptheamountof datareason-
able,the next stepis to introduceadaptve refinementea-

tures.

The decisionwhele high resolutionrefinemenis needed,
strongly dependson the underlyingapplicationand is not
discussedere.The major problemone always hasto deal
with when adaptve refinementof netsis performedis to
handleor eliminateC~1-inconsistenciesvhich occurwhen



Leif P. Kobbelt/ Subdivision

facedrom differentrefinementevelsmeet A simpletrick to

repairtheresultingtriangularholesis to split the biggerface
into threequadrilateralsn an Y-fashion(cf. Fig 9). How-

ever this Y-split doesnot repair the hole. Insteadit shifts
the hole to an adjacentedge.Only combining several Y-

elementssuchthat they build a ‘chain’ connectingtwo in-

consistenciekeadsto anoverall consistennhet. Thenew ver

ticesnecessarfjor the Y-splitsarecomputecby therulesof

Sect.3. The fact that every Y-elementcontainsa singular
(n= 3) vertex causesio problemdor furtherrefinemenbe-
causehis Y-elements only of temporarynature,.e., if ary

of its threefacesor ary neighboringfaceis to be split by a
following local refinementadaption thenfirst the Y-split is

undoneanda properCatmull-Clark-typesplit is performed
beforeproceedingWhile this simpletechniqueseemdo be
known in theengineeringommunity theauthoris notaware
of ary referencewherethe theoreticalbackgroundor this
techniqueis derived. Thus, we sketch a simple proof that
shavs underwhich conditionsthis techniqueapplies.

Figure 9: A hole in an adaptivelyrefinednet and an Y-
elemento fill it.

First, in orderto apply the Y-techniquewe have to re-
strict the consideredetsto balancednets.Theseareadap-
tively refined nets (without Y-elements)wherethe refine-
ment levels of neighboringfacesdiffer at most by one.
Non-balancednconsistenciesannot be handledby the Y-
techniqueHenceookingata particularfaces from then-th
refinementevel, all faceshaving atleastonevertex in com-
monwith sarefrom thelevels(n—1), n, or (n+ 1). For the
proof we canthink of first repairingall inconsistenciege-
tweenlevel n— 1 andn andthenproceedwith higherlevels.
Thus,withoutlossof generality we canrestrictour consid-
erationgo a situationwhereall relevantfacesarefrom level
(n—1) orn.

A critical edgeis an edge,wherea triangularhole oc-
cursdueto differentrefinementevels of adjacenfaces.A
sequencef Y-elementscan always be arrangedsuchthat
two critical edgesare connectedg.g., by surroundingone
endpointof the critical edgewith a’'corona’ of Y-elements
until anothercritical edgeis reachedcf. Fig. 10). Hence,on
closednets,we have to requirethe numberof critical edges
to be even. (On opennets,ary boundaryedgecan stop a
chainof Y-elements.)We shawv thatthis is alwayssatisfied,
by induction over the numberof facesfrom the n-th level
within anernvironmentof (n— 1)-faces.Facesfrom genera-
tions > n or < (n— 1) do not affect the situationsincewe
assumehenetto bebalanced.

Figure 10: Combinationof Y-elements

Thefirst adaptve Catmull-Clark-typesplit onauniformly
refinednet producesfour critical edges.Every succeeding
split changeghe numberof critical edgesby aneven num-
ber between—4 and4, dependingon the numberof direct
neighborsthat have beensplit before. Thusthe numberof
critical edgesis always even. However, the n-facesmight
form aring having in total aneven numberof critical edges
which areseparateihto anoddnumberinside’ andanodd
number‘outside’. It turns out that this cannothappen:Let
the inner region surroundeddy the ring of n-facesconsist
of r quadrilateralhaving a total numberof 4r edgeswhich
arecandidatesor beingcritical. Every edgewhichis shared
by two suchquadrilateralseduceghenumberof candidates
by two andthusthe numberof boundaryedgesof thisinner
regionis againeven.

Theonly situationwherethe abose argumentis not valid,
occurswhenthe consideredhetis openandhasa hole with
anoddnumberof boundaryedgesin thiscasegveryloop of
n-facesenclosinghis holewill have anodd numberof criti-
caledgesneachside.Hencewe have to furtherrestrictthe
classof netsto which we canapplythe Y-techniqueto open
balancednetswhich haveno hole with an odd numberof
edges This restrictionis not serioushecaus®necantrans-
form ary given netin orderto satisfythis requirementoy
applyinganinitial uniform refinemenstepbeforeadaptve
refinements started.Suchaninitial stepis neededcanyway
if agivenarbitrarynethasto betransformednto a quadri-
lateralone(cf. Sect.2).

It remainsto find an algorithm to placethe Y-elements
correctly i.e., to decidewhich critical edgesshouldbe con-
nectedby a corona.This problemis not trivial becausen-
terferencebetweenthe Y-elementsuilding the ‘shores’ of
two ‘islands’ of n-facedying closeto eachother canoccur
We describeanalgorithmwhich only usedocalinformation
anddecideghe orientationseparatelyor eachfaceinstead
of ‘marching’ aroundtheislands.

The initially given net (level 0) hasbeenuniformly re-
fined oncebeforethe adaptve refinementbegins (level 1).
Let every vertex of the adaptvely refinednetbe associated
with the generationin which it was introduced.Sinceall
facesof the netarethe resultof a Catmull-Clark-typesplit
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(no Y-elementshave beenplacedso far), they all have the
propertythatthreeof its verticesbelongto the samegener

ationg andthefourth vertex belongsto ageneratiornyy < g.

This factyields a uniqueorientationfor every face.Theal-

gorithm startsby markingall verticesof the netwhich are
endpointsof a critical edge,i.e. if a (n—1)-face{p,q,...}

meetstwo n-faces{p,r,s,...} and{q,r,s,...} thenp and
g aremarked (cf. Fig. 9). After the marking-phasgthe Y-

elementareplacedLets= {p,q,u,v} beafaceof thenet
wherep is the uniquevertex which belongsto aneldergen-
erationthanthe otherthree.If neitherq nor v are marked
thenno Y-elementhasto be placedwithin this face.If only

oneof themis marlkedthenthe Y-elementhasto beoriented
asshavn in Fig. 11 andif botharemarked this facehasto

berefinedby a properCatmull-Clark-typesplit.

Thecorrectnessf thisalgorithmis olvioussincethever
ticeswhicharemarkedin thefirst phasearethosewhichare
commonto facesof differentlevels. Thesecondhaseguar
anteeghata coronaof Y-elementss built aroundeachsuch
vertex (cf. Fig. 10).

7. Implementation and Examples

The describedalgorithmis designedo be usefulin practi-
cal applicationsTherefore pbesideghefeaturedor creating
creasesindcuspsandtheability to adaptvely refineagiven
quadrilaterahet,efficiengy andcompacimplementatiorare
alsoimportant.Both canbeachieved by this algorithm.The
crucial point of the implementationis the designof an ap-
propriatedatastructurewhich supportsan efficient naviga-
tion throughthe neighborhooaf the vertices The mostfre-

guently neededaccessoperationto the datastructurerep-
resentingthe balancedhet, is to enumerateall faceswhich
lie aroundonevertex or to enumeratell the neighborsof

one vertex. Thusevery vertex shouldbe associatedvith a
linkedist of the objectsthat constituteits vicinity. We pro-
poseto do this implicitely by storingthe topologicalinfor-

mationin adatastructure=ace4Typ whichcontainsall the
informationof one quadrilateraface,i.e., referenceso its

four cornerpointsandreferencedo its four directly neigh-
boringfacesBy theseaeferencesadoublylinkedlist around
every vertex is available.

Sincewe have to maintainan adaptvely refinednet, we
needan additional datatypeto consistentlystore connec-
tionsbetweerfacesrom differentrefinementevels. We de-
fine anotherstructureFace9Typ which holdsreferenceso
nine verticesand eight neighbors Thesemulti-facescanbe
consideredhs ‘almost’ split faces,wherethe geometricin-
formation (the nev edge-andface-points)s alreadycom-
putedbut thetopologicalsplithasnotyetbeenperformed]f,
during adaptve refinementsomen-faceis split thenall its
neighborsvhich arefrom thesamegeneratiorareconverted
into Face9Typ’s. Sincethesefaceshave pointersto eight
neighborsthey canmimic facesfrom differentgenerations
andthereforeconnecthemcorrectly TheFace9Typ'sare

Face4Typ Face9Typ FacedTyp

Figure 12: Refeencedetweerdifferentkindsof faces.

the candidatedor the placemenbf Y-elementsn orderto
re-establisttonsisteng. Thevariousreferencedetweerthe
differentkindsof facesareshavn in Fig. 12.

To relieve the applicationprogramwhich decideswhere
to adaptvely refine, from keepingtrack of the balanceof
the net, the implementationof the refinementalgorithm
shouldperformrecursie refinementoperationswhennec-
essaryi.e.,if an-facesis to berefinedthenfirstall (n— 1)-
neighboravhich have atleastonevertex in commonwith s
mustbesplit.

The following picturesaregeneratedby usingour exper
imental implementation The criterion for adaptve refine-
mentis a discreteapproximatiorof the Gaussiarcunature.
Therunningtime of thealgorithmis directly proportionalto
thenumberof computedpoints,i.e.,to thecompleity of the
output-netHence,sincethe numberof regionswheredeep
refinementis necessarysuallyis fixed, we canreducethe
space-andtime-complaity from exponentialto linear (as
a function of the highestoccurringrefinementlevel in the
output).
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