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Abstract
A simpleinterpolatorysubdivisionschemefor quadrilateral netswith arbitrary topology is presentedwhich gen-
eratesC1 surfacesin thelimit. Theschemesatisfiesimportantrequirementsfor practicalapplicationsin computer
graphicsandengineering. Theserequirementsincludethenecessityto generatesmoothsurfaceswith localcreases
andcusps.Theschemecanbeappliedto opennetsin which caseit generatesboundarycurvesthat allow a C0-
join of several subdivisionpatches.Dueto thelocal supportof thescheme, adaptiverefinementstrategiescanbe
applied.Wepresenta simpledeviceto preservetheconsistencyof such adaptivelyrefinednets.

1. Intr oduction

The problemwe addressin this paperis the generationof
smoothinterpolatingsurfacesof arbitrarytopologicaltypein
thecontext of practicalapplications.Suchapplicationsrange
from thedesignof free-formsurfacesandscattereddatain-
terpolationto high quality renderingandmeshgeneration,
e.g.,in finite elementanalysis.The standardset-upfor this
problemis usuallygivenin a form equivalentto thefollow-
ing:

A net N � �
V � F � representingthe input is to be mapped

to a refinednetN � � �
V ��� F ��� which is requiredto beasuffi-

ciently closeapproximationof a smoothsurface.In this no-
tation thesetsV andV � containthedatapointspi � p �i � IR3

of the input or output respectively. The setsF andF � rep-
resentthe topological informationof thenets.Theelements
of F andF � arefinite sequencesof pointssk � V or s�k � V �
eachof whichenumeratesthecornersof onenotnecessarily
planarfaceof anet.

If all elementssk � F have lengthfour thenN is calleda
quadrilateral net. To achieve interpolationof thegivendata,
V � V � is required.Dueto thegeometricbackgroundof the
problemwe assumeN to be feasible, i.e., at eachpoint pi
thereexists a planeTi suchthat the projectionof the faces
meetingat pi onto Ti is injective. A net is closedif every
edgeis part of exactly two faces.In opennets,boundary
edgesoccurwhichbelongto onefaceonly.

Therearetwo major ‘schools’ for computingN � from a

given N. The first or classicway of doing this is to ex-
plicitely find a collection of local (piecewise polynomial)
parametrizations(patches) correspondingto thefacesof N.
If thesepatchessmoothlyjoin at commonboundariesthey
form an overall smoothpatchcomplex. The net N � is then
obtainedby samplingeachpatchon a sufficiently fine grid.
Themostimportantstepin thisapproachis to find smoothly
joining patcheswhich representa surfaceof arbitrarytopol-
ogy. A lot of work hasbeendonein this field, e.g.,16, 15,
17.

Anotherwayto generateN � is to definearefinementoper-
ator 	 whichdirectlymapsnetsto netswithoutconstructing
an explicit parametrizationof a surface.Suchan operator
performsboth,a topological refinementof thenet by split-
ting the facesand a geometricrefinementby determining
thepositionof thenew pointsin orderto reducetheangles
betweenadjacentfaces(smoothing). By iteratively apply-
ing 	 oneproducesa sequenceof netsNi with N0

� N and
Ni 
 1

� 	 Ni . If 	 hascertainpropertiesthen the sequence
	 i N convergesto a smoothlimiting surfaceandwe canset
N � : � 	 k N for somesufficiently largek. Algorithmsof this
kind areproposedin 2, 4, 14, 7, 10, and11. All theseschemes
are either non-interpolatoryor definedon triangular nets
which is not appropriatefor someengineeringapplications.

The schemewhich we presenthere is a stationary re-
finementscheme9, 3, i.e., the rules to computethe posi-
tions of the new points usesimple affine combinationsof
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pointsfrom the unrefinednet. The term stationaryimplies
thattheserulesarethesameoneveryrefinementlevel. They
arederivedfromamodificationof thewell-known four-point
scheme6. This schemerefinespolgonsby 	 :

�
pi ���
 �

p �i �
with

p �2i : � pi

p �2i 
 1 : � 8 � ω
16

�
pi � pi 
 1 ��� ω

16

�
pi � 1 � pi 
 2 �

(1)

where0 � ω � 2
���

5 � 1� is sufficientto ensureconvergence
to asmoothlimiting curve 8. Thestandardvalueis ω � 1 for
which theschemehascubicprecision.In orderto minimize
thenumberof specialcases,we restrictourselvesto there-
finementof quadrilateralnets.Thefacesaresplit asshown in
Fig.1andhence,to completethedefinitionof theoperator	 ,
we needrulesfor new pointscorrespondingto edgesand/or
facesof theunrefinednet.To generalizethealgorithmfor in-
terpolatingarbitrarynets,aprecomputingstepis needed(cf.
Sect.2).

Figure 1: Therefinementoperator splits onequadrilateral
faceinto four. Thenew verticescan be associatedwith the
edgesand facesof the unrefinednet.All new verticeshave
valencyfour.

The major advantagesthat this schemeoffers,arethat it
has the interpolationpropertyand works on quadrilateral
nets.This seemsto bemostappropriatefor engineeringap-
plications(comparedto non-interpolatoryschemesor trian-
gular nets),e.g., in finite elementanalysissincequadrilat-
eral (bilinear)elementsarelessstiff thantriangular(linear)
elements19. The schemeprovidesthe maximumflexibility
sinceit can be appliedto opennetswith arbitrary topol-
ogy. It producessmoothsurfacesandyields the possibility
to generatelocalcreasesandcusps.Sincethesupportof the
schemeis local, adaptive refinementstrategies can be ap-
plied.Wepresentatechniqueto keepadaptively refinednets
C0-consistent(cf. Sect.6) andshortlydescribeanappropri-
atedatastructurefor theimplementationof thealgorithm.

2. Precomputing:Conversion to Quadrilateral Nets

It is afairly simpletaskto convertagivenarbitrarynetÑ into
a quadrilateralnetN. Onestraightforwardsolutionis to ap-
ply onesingleCatmull-Clark-typesplit � 2 to every face(cf.
Fig. 2). This split operationdividesevery n-sidedfaceinto

n quadrilateralsandneedsthe positionof newly computed
face-pointsandedge-pointsto bewell-defined.Thevertices
of Ñ remainunchanged.Thenumberof facesin themodified
netN equalsthesumof thelengthsof all sequencessk ���F.

Thenumberof facesin thequadrilateralizednetN canbe
reducedby half if thenetÑ is closed,by not applying � but
ratherits (topological)squareroot

� � , i.e.,arefinementop-
eratorwhosedoubleapplicationis equivalentto oneapplica-
tionof � (cf. Fig.2).For thissplit,onlynew face-pointshave
to be computed.For opennets,the

� � -split modifiesthe
boundarypolygonin anon-intuitive way. Hence,onewould
have to handleseveralspecialcaseswith boundarytriangles
if oneis interestedin a well-behavedboundarycurve of the
resultingsurface.

3. Subdivision Rulesfor ClosedNetswith Arbitrary
Topology

Thetopologicalstructureof any quadrilateralnetaftersev-
eralapplicationsof auniformrefinementoperatorconsistsof
largeregularregionswith isolatedsingularitieswhichcorre-
spondto thenon-regularverticesof theinitial net(cf. Fig.3).
By topological regularitywemeanatensorproductstructure
with four facesmeetingat every vertex. Thenaturalway to
definerefinementoperatorsfor quadrilateralnetsis therefore
to modify atensorproductschemesuchthatspecialrulesfor
thevicinity of non-regular verticesarefound.In this paper
wewill usetheinterpolatoryfour-pointscheme6 in its tensor
productversionasthebasisfor themodification.

Figure3: Isolatedsingularitiesin therefinednet.

Considera portion of a regular quadrilateralnet with
vertices pi � j . The vertices can be indexed locally such
that each face is representedby a sequencesi � j ��
pi � j � pi 
 1 � j � pi 
 1 � j 
 1 � pi � j 
 1 � . Thepointsp �i � j of therefined

netcanbeclassifiedinto threedisjunctgroups.Thevertex-
pointsp �2i � 2 j : � pi � j arefixeddueto theinterpolationrequire-
ment.Theedge-pointsp �2i 
 1 � 2 j andp �2 j � 2i 
 1 arecomputedby
applyingthefour-point rule(1) in thecorrespondinggrid di-
rection,e.g.,

p �2i 
 1 � 2 j : � 8 � ω
16

�
pi � j � pi 
 1 � j ��� ω

16

�
pi � 1 � j � pi 
 2 � j ���

(2)
Finally, the face-pointsp �2i 
 1 � 2 j 
 1 arecomputedby apply-
ing thefour-pointrule to eitherfour consecutiveedge-points
p �2i 
 1 � 2 j � 2 ��������� p �2i 
 1 � 2 j 
 4 or to p �2i � 2 � 2 j 
 1 ��������� p �2i 
 4 � 2 j 
 1.
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N � N
� � N

Figure 2: Transformationof an arbitrary net Ñ into a quadrilateral net N by oneCatmull-Clark-split � (middle)or by its
square root (right, for closednets).

The resultingweight coefficient masksfor theserules are
shown in Fig. 4. Thesymmetryof the face-maskprovesthe
equivalenceof bothalternativesto computetheface-points.
Fromthedifferentiabilityof thelimiting curvesgeneratedby
the four-point scheme,the smoothnessof the limiting sur-
facesgeneratedby infinitely refininga regularquadrilateral
net,follows immediately. This is asimpletensorproductar-
gument.
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Figure 4: Subdivision masks for regular regions with
α � � ω

16, β � 8
 ω
16 andσ � α2, µ � αβ, ν � β2.

For therefinementof irregularquadrilateralnets,i.e.,nets
which include someverticeswhere other than four faces
meet,a consistentindexing which allows theapplicationof
theabove rulesis impossible.If otherthanfour edgesmeet
at onevertex, it is not clearhow to choosethefour pointsto
whichonecanapplytheabove rule for computingtheedge-
points.However, onceall the edge-pointsareknown, there
alwaysareexactly two possibilitiesto choosefour consecu-
tive edge-pointswhencomputinga certainface-pointsince
thenet is quadrilateral.It is an importantpropertyof tensor
productschemeson regularnetsthatbothpossibilitieslead
to thesameresult(commutingunivariantrefinementopera-
tors).In orderto modify thetensorproductschemeaslittle
as possiblewhile generalizingit to be applicablefor nets
with arbitrarytopology, we want to conserve this property.
Hence,we will proposea subdivision schemewhich only
needsoneadditionalrule:theonefor computingedge-points
correspondingto edgesadjacentto anon-regularvertex. All

otheredge-pointsand all face-pointsare computedby the
applicationof the original four-point schemeandthe addi-
tional rule will be suchthat both possibilitiesfor the face-
pointsyield thesameresult.

We usethe notationof Fig. 5 for pointsin the neighbor-
hoodof a singularvertex p. Theindex i is takento bemod-
ulo n wheren is thenumberof edgesmeetingatp. Applying
theoriginalfour-pointrulewhereverpossibleleavesonly the
pointsxi andyi undefined.If we requirethatboth possible
waysto computeyi by applyingthestandardfour-point rule
to succeedingedge-pointsleadto the sameresult,we get a
dependencerelatingxi 
 1 to xi

xi 
 1
� xi � w

8

�
hi � hi 
 1 ��� w2

8
�
4 � w�

�
k i � 2 � k i 
 2 ���

w
8

�
l i 
 2 � l i � 1 ��� 4 � w

8

�
l i 
 1 � l i ���

which canbe consideredascompatibility condition.In the
regular case,this conditionis satisfiedfor any tensorprod-
uctrule.Thecompatibilityuniquelydefinesthecyclic differ-
ences xi

� xi 
 1 � xi whichsumto zero(telescopingsums).
Hence,therealwaysexistsasolutionandevenonedegreeof
freedomis left for thedefinitionof thexi .

The points xi will be computedby rotatedversionsof
thesamesubdivision mask.Thus,thevicinity of p will be-
comemoreandmoresymmetricwhile refinementproceeds.
Hence,the distancebetweenp andthe centerof gravity of
the xi will be a goodmeasurefor the roughnessof the net
nearp andtherateby which this distancetendsto zerocan
beunderstoodasthe‘smoothingrate’.Thecenterof gravity
in theregular(n � 4) caseis:

1
n

n � 1

∑
i ! 0

xi
� 4 � w

8
p � 1

2n

n � 1

∑
i ! 0

l i � w
8n

n � 1

∑
i ! 0

hi � (3)
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Figure5: Notationfor verticesarounda singularvertex P.

In thenon-regularcase,wehave

1
n

n � 1

∑
i ! 0

xi
� x j � 1

n

n � 2

∑
i ! 0

�
n � 1 � i �" xi 
 j �

j �
�
0 �������#� n � 1� �

(4)
Combiningcommontermsin thetelescopingsumandequat-
ing theright handsidesof (3) and(4) leadsto

x j
� � w

8
h j � 4 � w

8
l j � 4 � w

8
p � w

8
v j � (5)

wherewedefinethevirtual point

v j : � 4
n

n � 1

∑
i ! 0

l i � �
l j � 1 � l j � l j 
 1 �$�

w
4 � w

�
k j � 2 � k j � 1 � k j � k j 
 1 ���

4w�
4 � w� n

n � 1

∑
i ! 0

k i �

(6)

Hence,the x j canbe computedby applying(1) to the four
pointsh j , l j , p andv j . The formula alsoholdsin the case
n � 4 wherev j

� l j 
 2. Sucha virtual point v j is defined
for every edgeandbothof its endpoints.Henceto refinean
edgewhichconnectstwosingularverticesp1 andp2, wefirst
computethetwo virtual pointsv1 andv2 andthenapply(1)
to v1, p1, p2 andv2. If all edge-pointsx j areknown, there-
finementoperationcanbecompletedby computingtheface-
pointsy j . Thesearewell definedsincethe auxillary edge-
pointrule is constructedsuchthatbothpossiblewaysleadto
thesameresult.

4. ConvergenceAnalysis

Thesubdivisionschemeproposedin thelastsectionis asta-
tionary schemeand thus the convergencecriteria of 1 and
18 canbe applied.In the regular regionsof the net (which
enlarge during refinement),the smoothnessof the limiting

surface immediately follows from the smoothnessof the
curvesgeneratedby theunivariatefour-pointscheme.Hence
to completetheconvergenceanalysis,it is sufficient to look
atthevicinitiesof thefinitely many isolatedsingularvertices
(cf. Fig. 3).

Let p0 ��������� pk bethepointsfrom a fixedneighborhoodof
thesingularvertex p0. Thesizeof theconsideredneighbor-
hooddependson thesupportof theunderlyingtensorprod-
uct schemeandcontains5 ‘rings’ of facesaroundp0 in our
case.The collectionof all rulesto computethe new points
p �0 ��������� p �k of the same‘scaled’ (5-layer-) neighborhoodof
p0

� p �0 in the refinednet canbe representedby a block-
circulantmatrix A suchthat

�
p �i � i � A

�
pi � i . This matrix is

calledtherefinementmatrix. After 1 and18 theconvergence
analysiscanbereducedto theanalysisof theeigenstructure
of A. For thelimiting surfaceto haveauniquetangentplane
atp0 it is sufficient thattheleadingeigenvaluesof A satisfy

λ1
� 1 � 1 % λ2

� λ3 �'&λ2 &(%)& λi & �+* i , 4 �
Table1 showstheseseigenvaluesof therefinementmatrixA
for verticeswith n adjacentedgesin thestandardcaseω � 1.
Thecomputationof thespectrumcanbedoneby exploiting
theblock-circulantstructureof A. We omit thedetailshere,
becausethedimensionof A is k - k with k � 30n � 1.

n λ1 λ2 λ3 λi . 4 /
3 1 � 0 0.42633 0.42633 0.25

4 1 � 0 0.5 0.5 0.25

5 1 � 0 0.53794 0.53794 0.36193

6 1 � 0 0.55968 0.55968 0.42633

7 1 � 0 0.5732 0.5732 0.46972

8 1 � 0 0.58213 0.58213 0.5

9 1 � 0 0.58834 0.58834 0.52180

Table1: Leadingeigenvaluesof thesubdivisionmatrix

In addition to a uniquelydefinedtangentplanewe also
have to have local injectivity in orderto guaranteetheregu-
larity of thesurface.This canbechecked by looking at the
naturalparametrizationof thesurfaceatp0 whichis spanned
by theeigenvectorsof A correspondingto thesubdominant
eigenvaluesλ2 andλ3. The injectivity of this parametriza-
tion is a sufficient condition.The detailscan be found in
18. Fig. 6 shows meshesof ‘isolines’ of thesecharacteristic
mapswhicharewell-behaved.

5. Boundary Curves

If a subdivision schemeis supposedto be usedin practical
modelingor reconstructionapplications,it mustprovidefea-
turesthatallow thedefinitionof creasesandcusps12. These
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Figure6: Sketch of thecharacteristicmapsin theneighborhoodof singularverticeswith n � 3 � 5 �������#� 9.

requirementscan be satisfiedif the schemeincludesspe-
cial rulesfor the refinementof opennetswhich yield well-
behavedboundarycurvesthatinterpolatetheboundarypoly-
gonsof thegivennet.Having suchascheme,creasescanbe
modeledby joining two separatesubdivision surfacesalong
a commonboundarycurve andcuspsresultfrom a topolog-
ical hole in the initial net which geometricallyshrinksto a
singlepoint, i.e., a faces � �

p1 ��������� pn � of a given net is
deletedto generatea holeandits verticesaremoved to the
samelocationpi

� p (cf. Fig. 7).

To allow a C0-join betweentwo subdivision patches
whoseinitially given netshave a commonboundarypoly-
gon,it is necessarythat their limiting boundarycurvesonly
dependon thesecommonpoints,i.e., they mustnot depend
on any interior point. For our scheme,we achieve this by
simply applying the original univariate four-point rule to
boundarypolygons.Thus, the boundarycurve of the lim-
iting surfaceis exactly thefour-pointcurve which is defined
by the initial boundarypolygon.Further, it is necessaryto
not only generatesmoothboundarycurvesbut ratherto al-
low piecewisesmoothboundarycurves,e.g.,in caseswhere
morethantwo subdivisionpatchesmeetatacommonpoint.
In thiscasewehaveto cuttheboundarypolygoninto several
segmentsby markingsomeverticeson theboundaryasbe-
ing cornervertices. Eachsegmentbetweentwo cornerver-
ticesis thentreatedseparatelyasanopenpolygon.

When dealing with open polygons, it is not possible
to refine the first or the last edge by the original four-
point schemesince rule (1) requires a well-defined 2-
neighborhood.Therefore,we have to find anotherrule for
the point pm
 1

1 which subdivides the edgepm
0 pm

1 . We de-
fineanextrapolatedpointpm� 1 : � 2pm

0 � pm
1 . Thepointpm
 1

1

then resultsfrom the applicationof (1) to the subpolygon
pm� 1 � pm

0 � pm
1 � pm

2 . Obviously, this additionalrule canbe ex-
pressedasastationarylinearcombinationof pointsfrom the
non-extrapolatedopenpolygon:

pm
 1
1 : � 8 � w

16
pm

0 � 8 � 2w
16

pm
1 � w

16
pm

2 (7)

The rule to computethe point pm
 1
2n � 1 subdividing the last

edgepm
n � 1 pm

n is definedanalogously.

This modificationof the original schemedoesnot affect
the convergenceto a continuouslydifferentiablelimit, be-
causetheestimatesfor thecontractionrateof themaximum
secondforwarddifferenceusedin theconvergenceproof of
6 remainvalid. This is obvioussincetheextrapolationonly
addsthezerocomponent 2pm� 1 to thesequenceof second
order forward differences.The main convergencecriterion
of 13 alsoapplies.

It remainsto definerefinementrules for inner edgesof
the net which have one endpointon the boundaryand for
facesincludingat leastoneboundaryvertex. To obtainthese
rulesweusethesameheuristicasin theunivariatecase.We
extrapolatethe unrefinednet over every boundaryedgeto
getanadditionallayerof faces.Whencomputingtheegde-
and face-pointsrefining the original net by the rules from
Sect.3, theseadditionalpointscanbeused.To completethe
refinementstep,theextrapolatedfacesarefinally deleted.

Let q1 ��������� qr betheinnerpointsof thenetwhicharecon-
nectedto the boundarypoint p then the extrapolatedpoint
will be

p 0 : � 2p � 1
r

r

∑
i ! 1

qi �
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Figure7: Modelingsharpfeatures(piecewisesmoothboundary, crease, cusp)

If the boundarypoint p belongsto the faces � �
p � q � u � v �

andis notconnectedto any innervertex thenwedefinep 0 : �
2p � u. For everyboundaryedgepq weaddtheextrapolated
faces0 � �

p � q � q 0 � p 0 � .
Again, thetangent-planecontinuityof theresultinglimit-

ing surfacecanbe proved by thesufficient criteriaof 1 and
18. This is obvioussincefor afixednumberof interioredges
adjacentto someboundaryvertex p, the refinementof the
extrapolatednetcanberewrittenasasetof stationaryrefine-
mentruleswhichdefinethenew pointsin thevicinity of p as
linearcombinationsof pointsfrom thenon-extrapolatednet.
However therefinementmatrix is no longerblock-circulant.

At every surfacepoint lying on the boundaryof a tan-
gentplanecontinuoussurface,onetangentdirectionis de-
terminedby the tangentof the boundarycurve (which in
this caseis a four-point curve that doesnot dependon in-
ner vertices).On boundaries,we canthereforedrop the re-
quirementof 18 that the leadingeigenvaluesof the refine-
mentmatrix have to beequal.Thissymmetryis only a con-
sequenceof theassumptionthattherulesto computethenew
points arounda singularvertex are identical modulo rota-
tions(block-circulantrefinementmatrix).Althoughλ2 1� λ3
causesanincreasinglocal distortionof thenet,thesmooth-
nessof the limiting surfaceis not affected.This effect can
beviewedasareparametrizationin onedirection.(Compare
this to thedistortionof a regularnetwhich is refinedby bi-
narysubdivision in onedirectionandtrinary in theother.)

We summarizethe different specialcaseswhich occur
whenrefining an opennet by the given rules.In Fig. 8 the
net to berefinedconsistsof thesolid white faceswhile the
extrapolatedfacesaredrawn transparently. Thedarkvertex
is markedasacornervertex. Wehave to distinguishfivedif-
ferentcases:

A: Within boundarysegments,weapply(1) to foursucceed-
ing boundaryvertices.

B: To the first andthe last edgeof an openboundaryseg-
ment,weapplythespecialrule (7).

C: Inneredge-pointscanbecomputedby applicationof (5).
If necessary, extrapolatedpointsareinvolved.

D: For every face-pointof this class,at leastonesequence
of four C-pointscanbe found to which (1) canbe applied.
If therearetwo possibilitiesfor the choiceof thesepoints

D

D

D

D

D

D

D

D
DC

C

C

C
C

C

C

C C
C

C
C

C

C
CC

CC

C

C

C

C

A

A

A

B
B

E

Figure8: Occurencesof thedifferentspecialcases.

thenbothleadto thesameresultwhich is guaranteedby the
constructionof (5).

E: In thiscasenoappropriatesequenceof four C-pointscan
be found.Therefore,onehasto apply (7) to a B-point and
thetwo C-pointsfollowing ontheoppositesideof thecorner
face.In orderto achieve independenceof thegrid direction,
evenin casethecornervertex is notmarked,weapply(7) in
bothdirectionsandcomputetheaverageof thetwo results.

6. AdaptiveRefinement

In most numericalapplications,the exponentiallyincreas-
ing numberof verticesandfacesduringthe iterative refine-
mentonly allows a small numberof refinementstepsto be
computed.If high acuracy is needed,e.g.,in finite element
analysisor high quality rendering,it is usuallysufficient to
performa high resolutionrefinementin regions with high
curvaturewhile ‘flat’ regions may be approximatedrather
coarsely. Hence,in orderto keeptheamountof datareason-
able,the next stepis to introduceadaptive refinementfea-
tures.

Thedecisionwhere high resolutionrefinementis needed,
stronglydependson the underlyingapplicationand is not
discussedhere.The major problemonealwayshasto deal
with when adaptive refinementof nets is performedis to
handleor eliminateC � 1-inconsistencieswhich occurwhen
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facesfromdifferentrefinementlevelsmeet.A simpletrick to
repairtheresultingtriangularholesis to split thebiggerface
into threequadrilateralsin an Y-fashion(cf. Fig 9). How-
ever this Y-split doesnot repair the hole. Insteadit shifts
the hole to an adjacentedge.Only combiningseveral Y-
elementssuchthat they build a ‘chain’ connectingtwo in-
consistenciesleadsto anoverallconsistentnet.Thenew ver-
ticesnecessaryfor theY-splitsarecomputedby therulesof
Sect.3. The fact that every Y-elementcontainsa singular
(n � 3) vertex causesnoproblemsfor furtherrefinementbe-
causethisY-elementis only of temporarynature,i.e., if any
of its threefacesor any neighboringfaceis to besplit by a
following local refinementadaption,thenfirst theY-split is
undoneanda properCatmull-Clark-typesplit is performed
beforeproceeding.While this simpletechniqueseemsto be
known in theengineeringcommunity, theauthoris notaware
of any referencewherethe theoreticalbackgroundfor this
techniqueis derived. Thus,we sketch a simple proof that
shows underwhichconditionsthis techniqueapplies.

p

q

r

s

Figure 9: A hole in an adaptivelyrefinednet and an Y-
elementto fill it.

First, in order to apply the Y-techniquewe have to re-
strict theconsiderednetsto balancednets.Theseareadap-
tively refinednets (without Y-elements)wherethe refine-
ment levels of neighboringfacesdiffer at most by one.
Non-balancedinconsistenciescannot behandledby theY-
technique.Hence,lookingataparticularfaces from then-th
refinementlevel, all faceshaving at leastonevertex in com-
monwith s arefrom thelevels

�
n � 1� , n, or

�
n � 1� . For the

proof we canthink of first repairingall inconsistenciesbe-
tweenlevel n � 1 andn andthenproceedwith higherlevels.
Thus,without lossof generality, we canrestrictour consid-
erationsto asituationwhereall relevantfacesarefrom level�
n � 1� or n.

A critical edgeis an edge,wherea triangularhole oc-
cursdueto differentrefinementlevels of adjacentfaces.A
sequenceof Y-elementscan always be arrangedsuchthat
two critical edgesare connected,e.g.,by surroundingone
endpointof the critical edgewith a ’corona’ of Y-elements
until anothercritical edgeis reached(cf. Fig. 10).Hence,on
closednets,we have to requirethenumberof critical edges
to be even. (On opennets,any boundaryedgecan stop a
chainof Y-elements.)We show that this is alwayssatisfied,
by inductionover the numberof facesfrom the n-th level
within anenvironmentof

�
n � 1� -faces.Facesfrom genera-

tions % n or � �
n � 1� do not affect the situationsincewe

assumethenetto bebalanced.

Figure10: Combinationof Y-elements

Thefirst adaptiveCatmull-Clark-typesplit onauniformly
refinednet producesfour critical edges.Every succeeding
split changesthenumberof critical edgesby anevennum-
ber between� 4 and4, dependingon the numberof direct
neighborsthat have beensplit before.Thus the numberof
critical edgesis always even. However, the n-facesmight
form a ring having in total anevennumberof critical edges
whichareseparatedinto anoddnumber‘inside’ andanodd
number‘outside’. It turnsout that this cannothappen:Let
the inner region surroundedby the ring of n-facesconsist
of r quadrilateralshaving a total numberof 4r edgeswhich
arecandidatesfor beingcritical. Everyedgewhich is shared
by two suchquadrilateralsreducesthenumberof candidates
by two andthusthenumberof boundaryedgesof this inner
region is againeven.

Theonly situationwheretheabove argumentis not valid,
occurswhentheconsiderednet is openandhasa holewith
anoddnumberof boundaryedges.In thiscase,every loopof
n-facesenclosingthisholewill haveanoddnumberof criti-
caledgesoneachside.Hence,wehave to furtherrestrictthe
classof netsto whichwecanapplytheY-techniqueto open
balancednetswhich haveno hole with an odd numberof
edges. This restrictionis not seriousbecauseonecantrans-
form any given net in order to satisfy this requirementby
applyingan initial uniform refinementstepbeforeadaptive
refinementis started.Suchan initial stepis neededanyway
if a givenarbitrarynethasto be transformedinto a quadri-
lateralone(cf. Sect.2).

It remainsto find an algorithm to placethe Y-elements
correctly, i.e., to decidewhich critical edgesshouldbecon-
nectedby a corona.This problemis not trivial becausein-
terferencebetweenthe Y-elementsbuilding the ‘shores’of
two ‘islands’of n-faceslying closeto eachother, canoccur.
Wedescribeanalgorithmwhichonly useslocal information
anddecidesthe orientationseparatelyfor eachfaceinstead
of ‘marching’aroundtheislands.

The initially given net (level 0) hasbeenuniformly re-
fined oncebeforethe adaptive refinementbegins (level 1).
Let every vertex of the adaptively refinednetbe associated
with the generationin which it was introduced.Sinceall
facesof the net arethe resultof a Catmull-Clark-typesplit
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(no Y-elementshave beenplacedso far), they all have the
propertythat threeof its verticesbelongto thesamegener-
ationg andthefourthvertex belongsto a generationg�2� g.
This fact yieldsa uniqueorientationfor every face.Theal-
gorithm startsby markingall verticesof the net which are
endpointsof a critical edge,i.e. if a

�
n � 1� -face

�
p � q ������� �

meetstwo n-faces
�
p � r � s������� � and

�
q � r � s������� � thenp and

q aremarked (cf. Fig. 9). After the marking-phase, the Y-
elementsareplaced.Let s � �

p � q � u � v � bea faceof thenet
wherep is theuniquevertex whichbelongsto aneldergen-
erationthan the other three.If neitherq nor v aremarked
thenno Y-elementhasto beplacedwithin this face.If only
oneof themis markedthentheY-elementhasto beoriented
asshown in Fig. 11 andif botharemarked this facehasto
berefinedby aproperCatmull-Clark-typesplit.

Thecorrectnessof thisalgorithmis obvioussincethever-
ticeswhicharemarkedin thefirst phasearethosewhichare
commonto facesof differentlevels.Thesecondphaseguar-
anteesthata coronaof Y-elementsis built aroundeachsuch
vertex (cf. Fig. 10).

7. Implementation and Examples

The describedalgorithmis designedto be useful in practi-
cal applications.Therefore,besidesthefeaturesfor creating
creasesandcuspsandtheability to adaptively refineagiven
quadrilateralnet,efficiency andcompactimplementationare
alsoimportant.Both canbeachievedby this algorithm.The
crucial point of the implementationis the designof an ap-
propriatedatastructurewhich supportsan efficient naviga-
tion throughtheneighborhoodof thevertices.Themostfre-
quently neededaccessoperationto the datastructurerep-
resentingthe balancednet, is to enumerateall faceswhich
lie aroundonevertex or to enumerateall the neighborsof
onevertex. Thusevery vertex shouldbe associatedwith a
linked list of theobjectsthatconstituteits vicinity. We pro-
poseto do this implicitely by storingthe topologicalinfor-
mationin adatastructureFace4Typwhichcontainsall the
informationof onequadrilateralface,i.e., referencesto its
four cornerpointsandreferencesto its four directly neigh-
boringfaces.By thesereferences,adoublylinkedlist around
every vertex is available.

Sincewe have to maintainan adaptively refinednet,we
needan additional datatypeto consistentlystore connec-
tionsbetweenfacesfrom differentrefinementlevels.Wede-
fineanotherstructureFace9Typ whichholdsreferencesto
nineverticesandeightneighbors.Thesemulti-facescanbe
consideredas ‘almost’ split faces,wherethe geometricin-
formation(the new edge-andface-points)is alreadycom-
putedbut thetopologicalsplit hasnotyetbeenperformed.If,
during adaptive refinement,somen-faceis split thenall its
neighborswhicharefrom thesamegenerationareconverted
into Face9Typ’s. Sincethesefaceshave pointersto eight
neighbors,they canmimic facesfrom differentgenerations
andthereforeconnectthemcorrectly. TheFace9Typ’sare

Face4Typ Face9Typ Face4Typ

Figure12: Referencesbetweendifferentkindsof faces.

the candidatesfor the placementof Y-elementsin orderto
re-establishconsistency. Thevariousreferencesbetweenthe
differentkindsof facesareshown in Fig. 12.

To relieve the applicationprogramwhich decideswhere
to adaptively refine, from keepingtrack of the balanceof
the net, the implementationof the refinementalgorithm
shouldperformrecursive refinementoperationswhennec-
essary, i.e., if an-faces is to berefinedthenfirst all

�
n � 1� -

neighborswhich have at leastonevertex in commonwith s
mustbesplit.

Thefollowing picturesaregeneratedby usingour exper-
imental implementation.The criterion for adaptive refine-
mentis a discreteapproximationof theGaussiancurvature.
Therunningtimeof thealgorithmis directlyproportionalto
thenumberof computedpoints,i.e.,to thecomplexity of the
output-net.Hence,sincethenumberof regionswheredeep
refinementis necessaryusuallyis fixed,we canreducethe
space-and time-complexity from exponentialto linear (as
a function of the highestoccurringrefinementlevel in the
output).
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