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Abstract

In this paper we present a novel approach to efficiently simulate
the deformation of highly detailed meshes using higher order fi-
nite elements (FE). An efficient algorithm based on non-linear opti-
mization is proposed in order to find the closest point in the curved
computational FE mesh for each surface vertex. In order to ex-
trapolate deformations to surface points outside the FE mesh, we
introduce a mapping scheme that generates smooth surface defor-
mations and preserves local shape even for low-resolution compu-
tational meshes. The mapping is constructed by representing each
surface vertex in terms of points on the computational mesh and its
distance to the FE mesh in normal direction. A numerical analysis
shows that the mapping can be robustly constructed using the pro-
posed non-linear optimization technique. Furthermore it is demon-
strated that the numerical complexity of the mapping scheme is lin-
ear in the number of surface nodes and independent of the size of
the coarse computational mesh.

CR Categories: I.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling —Physically based modeling; I.3.7
[Computer Graphics]: Three-Dimensional Graphics and Realism
—Animation;

Keywords: deformable models, higher order FE

1 Introduction

Co-rotated finite elements (FE) are used in many applications
for physically and visually accurate interactive simulation of de-
formable models. The method does not only produce visually
pleasant deformations in real-time, but also converges to a true
physical solution. This is an import feature for medical simulations,
where physical correctness is required. In the realm of mechani-
cal engineering it is well known that quadratic tetrahedra usually
perform much better than linear tetrahedral meshes [Cifuentes and
Kalbag 1992]. This is in particular true for the simulation of in-
compressible objects. However, despite the widespread use of FE
based simulations in computer graphics, to the best of our knowl-
edge only three groups have investigated quadratic volumetric FE
in the context of real-time deformable models [Kaufmann et al.
2009][Mezger et al. 2009][Weber et al. 2011]. They all concluded
that higher order elements are superior to linear elements in terms
of speed and accuracy.

The main obstacle that prevents a use of higher order FE methods
is, despite their slightly more complex implementation, the difficult
integration into the visualization pipeline. It is in particular chal-
lenging to accurately map high resolution surface meshes to the
computational FE grid. Weber et al. showed that basis functions
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in Bernstein-Bézier form yield a high quality embedding [Weber
et al. 2011]. However, the presented approach did not make use of
curved, isoparametric elements. Mezger et al. showed that isopara-
metric FE clearly improve the geometric approximation of coarse
computational meshes [Mezger et al. 2009]. They use a special
meshing approach to make sure that all FE nodes lie on the surface
mesh. If the geometry approximation of the computational grid is
sufficiently close, this allows to extrapolate the displacements to
surface points outside the FE mesh without visible artifacts.

In this context we present an efficient algorithm based on non-linear
optimization in order to find the closest point in the curved compu-
tational FE mesh for each surface vertex. The algorithm makes use
of the topology of both the surface and the volume mesh in order to
achieve a numerical complexity that is linear in the number of sur-
face nodes and independent of the size of the computational mesh.
Furthermore, we propose a novel mapping scheme that allows to
robustly extrapolate displacements from the computational to the
visual mesh even for vertices that are further away from the FE grid.
We represent each surface vertex in the undeformed configuration
in terms of a point on the computational mesh and its distance to
the FE mesh in normal direction. By computing a smooth normal
field for every timestep, this representation yields a smooth map-
ping scheme that preserves local shape even under large rotations.
The proposed optimization algorithm is extended in order to ob-
tain this representation in a stable and efficient way for arbitrary FE
meshes.

The main contributions of this paper are:

• We propose a surface representation that defines each surface
vertex in terms of a point on the computational mesh and its
distance to the FE mesh in normal direction. This representa-
tion yields a novel mapping scheme that allows to accurately
embed high resolution surface meshes into higher order FE
grids.

• We introduce an efficient algorithm based on non-linear opti-
mization to find the closest point in the curved computational
FE mesh for each surface vertex and to extract the aforemen-
tioned representation.

• A numerical analysis show that the algorithm’s computational
complexity is nearly independent of the resolution of the
coarse FE mesh and linear in the number of surface vertices.

2 Related work

Co-rotated finite elements have become an established method for
the real-time simulation of deformable bodies [Hauth and Strasser
2004][Muller and Gross 2004]. Several improvements such as sta-
ble extraction of element rotations and fast multigrid solvers have
been proposed [Georgii and Westermann 2008]. The use of higher
order isoparametric elements for real-time deformations has been
investigated for the first time by Mezger et al. [Mezger et al. 2009].
Furthermore, Kaufmann et al. studied quadratic basis functions in
the context of a Discontinuous Galerkin FEM framework [Kauf-
mann et al. 2009] and Weber et al. proposed a quadratic tetrahe-
dron based on polynomials in Bernstein-Bézier form [Weber et al.
2011].

A straight forward approach to surface embedding is to completely
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Figure 1: Linear tetrahedron with 4 nodes (tet4) and quadratic
tetrahedron with 10 nodes (tet10)

submerge the high resolution surface mesh into the computational
grid [Lee et al. 2009]. Unfortunately this approach is very inac-
curate in comparison with boundary conforming FE meshes [Zhu
et al. 2010].

Our novel embedding approach based on the surface normal is mo-
tivated by developments in the field of shape editing techniques.
There, both the pyramid coordinate scheme developed by Sheffer
et al. as well as the Green Coordinates introduced by Lipman et al.
use a representation that includes the surface normal [Sheffer and
Kraevoy 2004] [Lipman et al. 2008].

It has been shown that deformable models can be efficiently solved
using multigrid schemes on structured hexahedral grids [Dick et al.
2011]. Although this approach allows to simulate large models in
real-time, a lot more degrees of freedom are necessary in compar-
ison with boundary conforming unstructured FE grids [Zhu et al.
2010]. However, volume locking of linear tetrahedral grids can
severely degrade the performance of multigrid schemes. An accu-
rate mapping scheme is an essential component in order to develop
a multigrid scheme based on unstructured, isoparametric quadratic
elements.

3 Co-rotated quadratic tetrahedra

The finite element method allows to find the exact solution of a
variational formulation in the finite dimensional space Vh, that is
spanned by the basis functions NI . When using nodal basis func-
tions, the position inside an n-node element

x(t) = NIxI(t) (1)

is given by the linear combination of the n basis functions NI

weighted with the position of the element nodes xI(t) (in the above
equation and from here on out summation over repeated indices is
implied).

Typically, the shape functions are defined in a local coordinate
system (r, s, t) and all element based operations such as calculat-
ing deformations, extracting rotations or numerical integration are
performed in this local coordinate system. Polynomial functions
(’shape functions’) are used to map the local coordinates to the
global coordinate system. If the polynomial degree of the shape
functions matches the order of the basis functions, the element is
called isoparametric.

The isoparametric 4-node tetrahedron interpolates the position lin-
early between the nodes (Fig. 1). Consequently, the stress is con-
stant over the element and the element shows significant volumet-
ric locking for nearly incompressible materials [Belytschko et al.

2000]. In contrast, the 10-node tetrahedron interpolates positions
with 2nd order polynomials and doesn’t suffer from volume lock-
ing. Furthermore, the mapping from local to global coordinate is
also quadratic, which allows curved boundaries and therefore bet-
ter approximation of geometry (see Fig. 1). However, the quadratic
mapping is not bijective and not analytically invertible. Instead,
numerical optimization techniques have to be employed in order to
find the local element coordinates for a given global position. For
a detailed description of the tetrahedral shape function we refer to
standard FE literature [Belytschko et al. 2000].

4 Closest point search in higher order

meshes

In this section we present an efficient scheme to find the closest
point p(r, s, t) in the FE mesh M for each vertex vi of the triangu-
lar surface mesh S. First, we demonstrate how to find p(r, s, t) for
a single vertex vi, before intruducing a recursive mapping scheme
that computes p(r, s, t) for all vi in S.

The distance d(r, s, t) from a point p(r, s, t) in the element E to an
arbitrary surface vertex vi is given by

d(r, s, t) = ‖vi − xINI(r, s, t)‖ . (2)

As si can be outside of M, we have to constrict (r, s, t) such that
p(r, s, t) is indeed in E. The corresponding constrained optimiza-
tion problem reads

min d(p(r, s, t)) s.t.

r > 0, s > 0, t > 0 and r + s+ t ≤ 1. (3)

If the shape functions NI are linear, then the solution to this prob-
lem can be computed analytically using barycentric coordinates.
However, in the quadratic case, non-linear programming has to be
used. We solve problem (3) with an extended Levenberg-Marquardt
algorithm and use finite differences to calculate the Jacobian [No-
cedal and Wright 1999] [Kanzow et al. 2005]. It is noteworthy that
a simple Newton-Raphson scheme is not guaranteed to converge
even in the unconstrained case when vi is inside E.

The solution to problem (3) is the local optimum for p(r, s, t) ∈ E.
We use a recursive algorithm to efficiently select the element Emin

where p(r, s, t) attains its global minimum distance dmin in M (see
algorithm 1).

Starting with an initial guess E, we first determine the closest point
p to v in E. The basic idea of the algorithm is to recursively call
this procedure on the neighboring tetrahedra, if p is on a face of E.
The recursion is finished if a point p inside a tetrahedron is found
(d = 0) or if the considered neighbor tetrahedron has already been
visited (i.e. is in set T ). During each recursion step, the minimum
distance dmin in Emin is updated if a closer point p̂ is found.

The algorithm efficiently computes the local minimum distance
dmin for a given initial guess E. However, this local minimum only
corresponds to the global minimum, if E is close enough to the real
solution.

4.1 Recursive mapping scheme

An outer recursion to algorithm 1 is introduced in order to map the
whole surface mesh S and to efficiently find the global minimum
dmin for all Ei in M. We first establish an initial mapping by find-
ing the closest surface vertex s0 in S for an arbitrary point p0 in
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Algorithm 1 Recursively find p(r, s, t) ∈ M

procedure CLOSESTPOINT(v,E, dmin,Emin, T )
Solve (3) to find closest point p with distance d
to v in E

if d < dmin then
dmin = d, Emin = E

if p is on face of E then
if p is on surface of M then

if p is on surface edge then
Find neighbour tetrahedron E1 that contains
surface triangle which shares edge

else
Find tetrahedron E1 that shares face

if E1 exists and E1 /∈ T then
Add E1 to T
(p̂, d̂, Ê) = CLOSESTPOINT(v,E1, dmin,Emin, T )

if d̂ < dmin then
d = d̂, E = Ê, p = p̂
dmin = d, Emin = E

return p, d,E

E0. Please note that this inverse mapping problem can be robustly
solved as the resolution of S is much higher than the resolution of
M.

We arbitrarily select a triangle T0 that contains v0 and start the
recursive scheme detailed in algorithm (2). The basic idea is to map
all points in a given triangle T and then use the current mapping
result (p,E) as the initial guess for mapping the neighbor triangles
of T.

Algorithm 2 Recursively map triangles in S

procedure MAPTRIANGLE(T,E, dt,P )
triangleMapped = true
for all Surface vertices v in T do

if v /∈ P then
Initialize empty T , dmin = inf

(p, d, Ê) = CLOSESTPOINT(v,E, dmin,Emin, T )
if d < dt then

E = Ê

Map vertex v to point p in E

Add v to P
else

triangleMapped = false

if triangleMapped then
for all Neigbour triangles Tn do

MAPTRIANGLE(Ti,E, dt,P)
return

The initial guess that is used for algorithm 1 thus depends on the
order in which the triangles are mapped. Due to this reason the ini-
tial guess is not guaranteed to lead to a global optimum for dmin.
That’s why we control the mapping order by introducing the dis-
tance threshold dt. The triangle T is only mapped (and the recur-
sion only continues) if the distance for each surface vertex in T

is below dt. During the mapping, this distance threshold is incre-
mentally raised in an outer iteration that calls algorithm (2) until all
triangles are mapped.

We note that the recursive scheme has to be unrolled into a loop in
the implementation in order to guarantee efficiency and stability for
large meshes.

s_i

n

p_i

Figure 2: Sawtooth surface attached to 1D quadratic edge. The
deformation of the edge can be extrapolated to the surface while
preserving local shape features.

5 Accurate surface embedding

The goal of our approach is to map the surface mesh S onto the FE
mesh M in such a way that the deformed surface S ′ can be extrap-
olated from the deformed FE mesh M′ in a fast and correct way.
In this section we present a mapping that preserves the smoothness
of the deformation (and thus local shape features) even for points
outside the computational mesh. This is achieved by representing
each surface model vertex vi in terms of a point pi on the FE mesh
and its distance di to the computational mesh in normal direction
(see Fig. 2). The deformed vertex position

v
′

i = p
′

i + din
′

i (4)

can subsequently be constructed using the position of pi in the de-
formed configuration (p′

i) as well as the deformed normal n′

i.

5.1 Smooth normal field

At any surface point pi on the mesh given in local coords ri, si with
respect to the quadratic surface triangle, the spatial derivates

∂x(pi)

∂r
= xI

∂NI(ri, si)

∂r
,
∂x(pi)

∂s
= xI

∂NI(ri, si)

∂s
(5)

can be calculated using the position of the nodes and the shape func-
tion derivatives at ri, si of the 6 node quadratic triangle. The nor-
mal ni at pi is then given by

ni =

(

∂x(pi)

∂r
×

∂x(pi)

∂s

)

/

∥

∥

∥

∥

∂x(pi)

∂r
×

∂x(pi)

∂s

∥

∥

∥

∥

. (6)

The smoothness of the proposed mapping scheme stems from a
smooth normal field. However, the FE mesh is only C0-continuous,
which means that the partial derivatives (and thus the normals) are
discontinuous at the element boundaries. In order to overcome
this problem we average the normals at each node using the an-
gle weighted average scheme. In this way we obtain a normal nI

for each surface vertex of the FE mesh and the normal

ni = (nINI(ri, si))/ ‖nINI(ri, si)‖ (7)

can be interpolated using the standard shape functions of the
quadratic triangle. The resulting normal field is not only smooth,
but can also be efficiently computed. We note at this point that it is
not necessary to re-compute the deformed vertex normals n′

I every
timestep according to eq. (6). As detailed in section 5, we can in-
stead define rotation matrices at each node of the FE mesh that can
be used to rotate the normal to the deformed configuration.
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5.2 Normal correction

The construction of the aforementioned representation (pi, di) can
be regarded as a global optimization problem. For complex, non-
convex meshes the solution to this problem is not necessarily
unique. Our strategy is to first find the closest point p ∈ M to
si. Afterwards a correction step is performed, in order to make sure
that the normal ni at pi does indeed point in the direction of vi.

Due to the nature of the normal smoothing, the normal ni at pi does
not necessarily point in the direction of vi. We therefore introduce
a final correction step to guarantee that the position of vi can be
expressed as pi + d · ni. We start by defining the difference vector

δ(r, s, t) = vi − (xINI(r, s, t) + d · nINI(r, s, t)), (8)

where d denotes the distance as defined in eq. (2). The correction
step can then be expressed in terms of the minimization problem

min δ(r, s, t) s.t.

r > 0, s > 0, t > 0 and r + s+ t ≤ 1. (9)

We solve this optimization problem in the same way we solve prob-
lem (3): A recursive scheme along the lines of algorithm 1 is em-
ployed on top of a constrained Levenberg-Marquardt optimizer that
uses finite differences to approximate the Jacobian.

6 Results

A co-rotated quadratic FE method and the novel mapping scheme
were implemented in the SOFA framework [Faure et al. 2012].
The constrained Levenberg-Marquardt implementation from the
Levmar library was used to solve the minimization problem (3)
[Lourakis Jul. 2004]. All CPU computation are performed on a
single core of an Intel i7-930.

6.1 Accuracy

We consider the deformation of a seahorse model in response to
a volumetric force. Starting from a high resolution surface mesh
with 40k triangles three low resolution volumetric meshes for FE
computations are constructed: A linear tetrahedral (tet4) mesh with
258 DOF and 181 elements, a linear tetrahedral mesh with 992 ele-
ments and 1488 DOF as well as a mesh with 171 quadratic elements
(tet10) and 1260 DOF (see Fig. 3). The high resolution surface
mesh is mapped to the linear tetrahedral FE meshes using barycen-
tric mapping, while it is embedded into the higher order FE mesh
using the proposed mapping scheme. All models are assumed to be
nearly incompressible (Poisson’s ratio ν = 0.49).

If subjected to the volumetric force, the linear meshes show severe
volume locking and consequently do not deform nearly as much as
the quadratic FE mesh. In order to quantify the locking behavior
we performed a comparable experiment on a simple beam geome-
try. This experiment showed that linear tetrahedral meshes need up
to 40x more DOF than quadratic FE meshes to achieve the same ac-
curacy. For the following visual comparisons, we subject the linear
meshes to higher forces in order to overcome this artificial stiffness
and achieve comparable deformation patterns for the three meshes
(see Fig. 3, 4).

It is evident that the low resolution tet4 mesh does not only fail to
capture the deformation, but the barycentric coupling with the sur-
face mesh also produces large visible artifacts. In the presence of

Figure 3: Deformation of a seahorse model: Linear tetrahedral
FE mesh with 992 elements, quadratic tetrahedral mesh with 171
elements (middle) and the deformed surface mesh mapped to the
higher order FE mesh using the proposed mapping scheme (right)

Figure 4: Seahorse subjected to volumetric force: High resolution
surface mesh mapped to a linear tetrahedral mesh with 182 ele-
ments (left) and 992 elements (right) using barycentric mapping

strong local rotations the surface features such as the dorsal fin are
highly distorted (Fig. 4 left). In contrast, the proposed mapping
scheme smoothly extrapolates the the deformation of the quadratic
mesh is to the surface mesh and preserves local shape features (Fig.
3). The visible artifacts are substantially reduced if the higher reso-
lution linear tetrahedral mesh is used for the FE computation. How-
ever, the volumetric locking can still be observed at the end of the
Seahorse’s tail; although the linear mesh has slightly more DOF
(1488 vs. 1260) than the tet10 mesh, the movement of the tail is
much better resolved by the quadratic FE.

Upon closer inspections, it can be seen that even for the higher reso-
lution tet4 mesh, the thorns on the surface of the model are still vis-
ibly distorted (see Fig. 5 left). In the quadratic case, the proposed
mapping scheme ensures that the shape of the thorns is preserved.
Since the dorsal fin of the seahorse is not included in the tet10 mesh
(Fig. 3), it has to be extrapolated from the body of the model. Fig.
5 shows that this might lead to undesired results (i.e. deformation
of the fin) even if the rotation invariant mapping is employed.

6.2 Speed

In order to evaluate the performance and robustness of the mapping
scheme, we construct surface and volume meshes in different reso-
lutions from the Asian dragon model that is included in the Stanford
3D scanning repository. We then map surface meshes of different
resolution to a volume mesh of 3000 elements and 1000 elements,
respectively. In all cases the optimization algorithm robustly finds
the correct surface representation in terms of each associated point
on the computational mesh and the corresponding distance to the
FE mesh in normal direction. It is clear from the design of the re-
cursive mapping scheme that its numerical complexity should be
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Figure 5: While the barycentric coupling leads to visible distor-
tions (left), the proposed mapping preserves local shape features
(right).

Figure 6: Asian dragon model with 100k surface triangles (right)
is mapped to a computational mesh with 1000 quadratic tetrahedra
(left).

linear in the number of surface nodes and independent of the size
of the coarse computational mesh. The results of the convergence
analysis (Fig. 7) exactly reproduce this expectation.

Due to these excellent convergence properties, even large surface
meshes with several 100k elements can be mapped in less than a
minute, although the constrained Levenberg-Marquardt optimiza-
tion for each element is numerically complex. As the construc-
tion of the proposed surface representation is done in a pre-process,
the obtained coordinates can also be saved and simply loaded upon
startup of the simulation similar to texture coordinates.

The application time of the mapping during the simulation is neg-
ligible even for larger surface meshes. The only additional compu-
tation in comparison with standard barycentric mapping is the cal-
culation of the node normals for the deformed computational mesh.
This can be done very efficiently by simply applying nodal rotation
matrices to the normals in the undeformed configuration.

7 Conclusion

In this paper we proposed a novel mapping scheme for embed-
ding highly detailed triangular surface meshes to a coarse com-
putational grid. This mapping preserves local shape features and
causes only negligible overhead during the simulation. It is con-
structed by representing each surface vertex in terms of points on
the computational mesh and its distance to the FE mesh in nor-
mal direction. We proposed a recursive mapping scheme based
on non-linear optimization to robustly construct this representation
for curved isoparametric higher order FE meshes. The numerical
complexity of the mapping scheme is linear in the number of sur-
face nodes and independent of the size of the coarse computational
mesh.

The proposed method permits the use of a small higher order FE
meshes to animate complex surface models. It is thus possible to
leverage the computational efficiency of higher order isoparametric
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Figure 7: Different surface meshes are mapped to a 3000 element
mesh (blue) and a 1000 element (mesh). The mapping time is linear
in the number of points of the surface mesh and independent of the
computational mesh size.

elements for real-time computations.

We would like to point out that the mapping scheme is neither re-
stricted to quadratic elements nor to tetrahedral elements. The ap-
proach can be used to map highly detailed surface mesh to shell or
volume meshes of arbitrary order and element type.

It is well known that multigrid based techniques constitute very ef-
ficient solving scheme for elastic problems [Zhu et al. 2010]. In
the context of incompressible materials the performance of multi-
grid schemes based on unstructured linear tetrahedral meshes can
be severely degraded by the volume locking effect. In this scenario,
quadratic elements provide a promising alternative. The proposed
mapping is an essential building block in such a scheme as it can
be used to transfer displacements between the grids at different res-
olution.
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