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Abstract
Point sampling is widely used in several Computer Graphics’ applications, such as point-based modelling and rendering,
image and geometric processing. Starting from the kernel-based sampling of signals defined on a regular grid, which generates
adaptive distributions of samples with blue-noise property, we specialise this sampling to arbitrary data in terms of dimension
and structure, such as signals, vector fields, curves, and surfaces. To demonstrate the novelties and benefits of the proposed
approach, we discuss its applications to the resampling of 2D/3D domains according to the distribution of physical quantities
computed as solutions to PDEs, and to the sampling of vector fields, 2D curves and 3D point sets. According to our experiments,
the proposed sampling achieves a high approximation accuracy, preserves the features of the input data, and is computationally
efficient.

CCS Concepts
• Computing methodologies → Point-based models; Mesh models; Image processing;

1. Introduction

Measuring data and simulating complex phenomena typically gen-
erate a large amount of unstructured and noisy scalar and/or vector
data (e.g., natural events, diffusive processes, electric and electro-
magnetic fields), which are a challenging input for sampling and
for the reconstruction of a global representation. In these examples,
we typically have heterogeneous data (e.g., scalar values, vectors)
in terms of structures (e.g., vector fields, scalar functions), spatial
distribution or resolution (e.g., regular grids, meshes, sparse/dense
samples) and dimension. Then, the design of sampling algorithms
that can be applied to arbitrary data, in terms of structure, dimen-
sion, and resolution is generally difficult and time-consuming.

Point sampling is widely used in several Computer Graphics’
applications, such as point-based modelling [PKKG03] and render-
ing [SP04], image and geometric processing [PJH16,Mit87]. Point
sampling is strictly related to image half-toning [LA01], which
consists in simulating the full tone range of an image through a
proper pattern of dots. Further applications are image reconstruc-
tion [TV91], anti-aliasing [KH01], dithering [FH02], QR codes re-
construction [CCLM13], and artistic visualisation [OH95].

Important aspects of point sampling are the adaptation to the
input signal in order to guarantee that the sampling density is pro-
portional to the image density or to the complexity of the signal
in a given area; feature preservation without either over-smoothing
or artefacts in the sampling or in the reconstructed signal; spectral
properties (e.g., blue-noise property) that allow us to achieve vi-
sually superior images, as the distribution of photoreceptors in a
primate eye possesses the blue-noise characteristic [Yel83].

Overview and contribution Our starting point is the kernel-based
sampling [ZH16] (Sect. 2), which approximates an input signal
(e.g., a 2D or 3D image) as the sum of Gaussian kernels with a fixed
support, whose centres are computed through the minimisation of
an energy functional. The kernel-based sampling has been applied
to signals defined on regular 2D/3D grids and generally well pre-
serves the underlying geometries and features (Fig. 1). However,
this method is typically affected by outliers or pixel changes, or
when the geometries of the input image are too complex.

In this context, our overall goal is to increase the range of appli-
cability of the kernel-based sampling to arbitrary data (e.g., signals,
curves, 2D/3D point sets, vector fields) in terms of data structures
(e.g., vector fields, scalar functions), spatial distribution or resolu-
tion (e.g., regular grids, meshes, dense samples), and dimension. To
this end (Sect. 3), we define a signal-based sampling of a 2D/3D
domain according to the distribution of physical quantities, com-
puted as solutions to PDEs, and without constraints on the regular-
ity of the input grid. In this way, the sampling density is higher in
those regions where the signal is more significant and sparser where
its behaviour is almost constant. For instance, if the PDE models a
mechanical stress, then we expect to place a higher number of sam-
ples in those regions of the domain where the simulated stress is
higher. Following an analogous approach, we define the energy-
based sampling of a vector field that is guided by high-energy val-
ues and recovers the potential of its conservative component.

To sample a 2D curve, we apply the kernel-based sampling to
the 2D image defined by evaluating a meshless approximation of
the input curve on a regular 2D grid. Since the image-based curve
sampling well preserves the geometry of the input points but the
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Input Image Sampling
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Figure 1: Input 256× 256 image and sampling with 5K samples,
reconstruction, and reconstruction error; the white colour repre-
sents the regions where the error is lower.

sampling has a poor blue-noise property, we propose an isopara-
metric curve sampling. In this case, we maximise the minimum
distance among the samples with a constraint that forces the points
to belong to the underlying curve. According to our tests, the recon-
structed curve accurately interpolates the input points, the samples
belong to the underlying curve and are uniformly spaced along it.
The sampling correctly extrapolates incomplete input data, is gen-
erally robust with respect to the input sampling density and to noise.
The isoparametric curve sampling provides the best results in terms
of spatial distribution of the samples and preservation of geometric
features.

Finally, we generalise these results to an energy-based sampling
of 2D/3D point sets through the minimisation of an energy func-
tional, whose terms force the samples to be close to the input points
and not to overlap. The resulting sampling is generally accurate
and able to preserve the global and local shape features. Accord-
ing to our tests, the sampling results are comparable with respect
to state-of-the-art methods, such as the Poisson-disk point sam-
pling [Bri07].

2. Related work

The kernel-based sampling [ZH16] approximates an input signal as
a linear combination of Gaussian kernel functions, whose centres
(i.e., the samples) are computed through the minimisation of the
energy functional

E(µ) =
∫

Ω

|C(x)−Crecon(x,µ)|2ds, (1)

Input signal Sampling

(a) (b)
Reconst. Error

(c) (d)

Figure 2: (a) Input signal as solution to the Navier-Stoke equa-
tion on a 2D domain (25K input points), (b) kernel-based sampling
(n = 4K samples), (c) reconstructed solution recomputed on this
new sampling, (d) distribution of the approximation error (white
colour is associated with a lower error).

where C(x) is the input signal on a domain Ω of Rd and the recon-
structed function is defined as Crecon(x,µ) = k ∑

n
j=1 G(x,µ j),

G(x,µ j) := 1
(
√

2πσ)d exp(−‖x−µ j‖
2
2

2σ2 ),
(2)

where µ = {µ j}
n
j=1 is the set of n samples, k =

∫
Ω

C(x)ds/n is a
constant term, σ = cσ

d
√
|Ω|/n is the kernel width, cσ is a constant

term, and |Ω| is the area of Ω. The minima of E(·) can be computed
as the roots of its partial derivatives with respect to µ, i.e.,

∂E(µ)
∂µi

=−2
∫

Ω

[C(x)− k
n

∑
j=1

1√
2πσd

exp(−
‖x−µ j‖

2
2

2σ2 )]×

k(x−µi)

(
√

2π)dσd+2
exp(−‖x−µi‖

2
2

2σ2 )ds.

In the discrete setting, the input signal is known at a set
of points P = {xi}m

i=1 and the integral in Eq. (1) is dis-
cretised as a finite sum over the input points. The minimum
of the discrete energy functional is computed through the it-
erative optimisation method L-BFGS (Limited-memory Broy-
den–Fletcher–Goldfarb–Shanno) [ZBLN97], which finds the roots
of the derivative of the energy functional. For the L-BFGS method,
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Domain sampling Input vector fields
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Figure 3: Input wind flow field on a regular grid with 625 input
points, d = 2, kernel-based sampling (n = 120 samples), recon-
struction, and approximation error (white colour is associated with
a lower error).

the memory storage is O(u2), and the computational cost is O(uv)
at each iteration, where u is the total number of variables, and v
is the number of steps stored in memory. The computational cost
of the kernel-based sampling is O(u+m), where u is the number
of variables, and m is the number of input points, and the memory
storage is O(u2).

In [Fat11], the input signal is approximated in order to gener-
ate a point set with blue-noise properties. Each kernel function
has a predefined support, and a statistical model is defined to al-
low solutions that further reduce the minimum of the energy func-
tional. In [ÖAG10], the optimal sampling conditions are obtained
by combining spectral analysis with kernel functions, and the sam-
ples are used to reconstruct a continuous surface with the desired
smoothness. In [CP99], super-resolution images are reconstructed
by applying a convolution operation and assuming a similarity
among correlated neighbours. In [CGW∗13], a sampling method
with blue-noise properties is defined by considering both spatial
and non-spatial properties and modulating the samples’ position
with a domain-independent similarity. In [Han14], Gaussian ker-
nels are used for approximating a continuous probability density
function.

Physics-based sampling is driven by physical equations, such
as electrostatics [SGBW10], compressible flow [FHHA19] or me-
chanical laws [Bos96], principles of natural selection for biological
organisms [FT16], equilibrium in a truss structure [PS04]. Stochas-
tic sampling applies a probabilistic approach to generate a sampling
where points are tightly-packed, with a minimum distance con-
straint. Main examples include (i) dart throwing [Coo86, WCE07],
which has been specialised to surface sampling [BWWM10] and
image rendering [DW85], and (ii) Poisson-disk sampling [DH06].
Lloyd’s method and Voronoi tessellation compute a centroidal
Voronoi tessellation, whose vertices provide a sampling of the in-
put domain [Llo82b, DO07, DHVOS00, BSD09, Sec02, CYC∗12].
In [DHVOS00], the Lloyd’s algorithm is specialised to half-toning
applications. Finally, the kernel-based image sampling aims at op-

Domain sampling Input vector fields

Kernel sampling Reconstruction Error

Figure 4: Input vector field solution to the steady Navier-Stokes
equation on an irregular grid with 1000 input points, kernel-based
sampling (n = 200), reconstruction, and approximation error.

timising the approximation accuracy of the input image, through
the minimisation of an energy functional, such as luminance, con-
trast, and structure [PQW∗08], perceptually-based metrics [FP04],
spatial frequency bands [PFFG98], or constraints on edge preser-
vation [Li06] or accuracy of the reconstructed image [AA92].

Clustering (e.g., k-means clustering [Llo82a], PCA - Principal
Component Analysis [Jol86]) is applied to group those points that
satisfy a common “property” (e.g., planarity, closeness) and each
basis function is centred at a representative point of each cluster.
Kernel-baed clustering [CV95] (e.g., kernel PCA) evaluate the cor-
relation among points with respect to the scalar product induced by
a positive-definite kernel. Sparsification selects the basis functions
through a basis pursuit de-noising [CDS98], standard and orthog-
onality matching pursuit methods [CBL89, MZ93], or regularised
logistic regression [Ng04].

For the error evaluation, we reconstruct the input signal at any
point y as a linear combination of the kernel functions, by comput-
ing Crecon(y) in Eq. (2). We evaluate the accuracy of the reconstruc-
tion as the difference |Crecon(xi)−C(xi)| between the input and the
reconstructed signals at xi, ∀i. Given m input points, we evaluate
the normalised cross correlation

NCC =
∑

m
i=1[Crecon(xi)−C̄recon][C(xi)−C̄][

∑
m
i=1[Crecon(xi)−C̄recon]2

]1/2 [
∑

m
i=1[C(xi)−C̄]2

]1/2
,

where C̄recon, C̄ are the average of the reconstructed and
input signal values, and the normalised mean square er-
ror NRMSE2 = ∑

m
i=1[Crecon(xi)−C(xi)]

2/∑
m
i=1[C(xi)]

2.
We introduce the Pk-percentile, as the percentage
Pk = #{i : |Crecon(xi)−C(xi)|< k}/m of input points whose
reconstruction error is lower than k. For the comparison of
the samplings X ,Y , we compute the Hausdorff distance
d(X ,Y) := max{dX (Y),dY (X )}, with one-side Hausdorff
distance dX (Y) := maxx∈X {miny∈Y{‖x−y‖2}.
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Figure 5: Input vector field on a regular grid with 1024 input
points. Energy-based sampling with an increasing number of sam-
ples, reconstruction, and approximation error.

3. Proposed variants of the kernel-based sampling

We discuss novel applications of the kernel-based method to
the sampling of the solution of PDEs (Sect. 3.1), vector fields
(Sect. 3.2), curves and point sets (Sect. 3.3).

3.1. Signal-based sampling

The kernel-based sampling allows us to adaptively sample a do-
main according to the distribution of physical quantities, which
are computed as solutions to PDEs and without constraints on the
regularity of the input grid. In this way, we define a signal-based
sampling of the input domain, thus improving the sampling density
where the signal is more significant. For instance, if the PDE mod-
els a mechanical stress, then we expect to place a higher number of
samples in those regions of the domain where the simulated stress
is higher.

As test, we consider the solution f : Ω→ R of the steady Navier-
Stokes equation on a domain Ω (Fig. 2a), which is discretised as an
unstructured grid of 25K points. The kernel-based sampling is ap-
plied to f and (Fig. 2b) places more samples in those regions of the

Domain sampling Input vector field

Kernel sampling Reconstruction Error

50 samples

100 samples

200 samples

Figure 6: Input vector field on a regular grid with 996 input points.
Energy-based sampling with an increasing number of samples, re-
construction, and approximation error

domain where the signal intensity is higher. Reconstructing the sig-
nal (Fig. 2c) as solution to the Navier-Stokes equations on the mesh
whose vertices are the computed samples, the solution accuracy is
preserved in those regions where we have higher signal values, due
to the density distribution of the samples. To evaluate and visualise
the approximation accuracy of the reconstructed signal (Fig. 2d),
we compute the difference between the solution at each point in (a)
and the solution at its closest point in (c).

3.2. Kernel-based sampling of vector fields

To sample a vector field v(x) : Ω→ Rd on an arbitrary input do-
main, we define the energy-based sampling as the kernel-based
sampling of its norm C(x) := ‖v(x)‖2. In this way, we compute
a set of samples that are then used to recover the reconstructed
function in Eq. (2), which defines the conservative component
∇Crecon(x) of v(x). The resulting computational cost is equal to
the kernel-based sampling (Sect. 2).

In the following, we discuss the results of the energy-based sam-
pling of 2D vector fields defined on regular and irregular grids and
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Input points Image Final sampling

(a)

(b)

Figure 7: Input points (blue), approximating curve (cyan), con-
verted image (black and white), and final sampling (red) for two
examples: (a) 100 input points, 256×256 image, 500 samples; (b)
500 input points, 256×256 image, 500 samples.

analyse its performances with respect to the number of samples.
For each test, we show the domain grid, and the input vector field
with the related streamlines. Then, we plot the sampling, the recon-
structed signal in terms of vector representation and streamlines,
and the reconstruction error, which is computed as the angle be-
tween the input and the reconstructed vectors, for each point of the
input domain.

Vector field on a regular grid Applying the energy-based sam-
pling to a wind field defined on a regular grid (Fig. 3), the sam-
ples are denser in those regions where the intensity of the vector
field is higher, the reconstruction is very accurate and preserves
the flow lines of the vector field. The reconstruction is also more
precise where the intensity of the signal is higher; for example,
in the central region of the input domain. The error is generally
low, and it is mainly localised at the boundary regions, where we
have only a partial information on the behaviour of the input vec-
tor field. Finally, we measure the error of the reconstructed vector
field as the average error on all the components of the vector field,
i.e., NCC = ∑

d
i=1 NCCi/d, where NCCi is the NCC metric of the

reconstruction of the i-th component of the vector field. On regu-
lar grids (Table 1), the energy-based sampling has a NCC value of
0.991 and a P0.05 value of 97.8%.

Vector field on an irregular grid Considering a vector field com-
puted as the solution of the steady Navier-Stokes equations on an
irregular discretisation of a 2D domain (Fig. 4), the samples are
denser in those regions where the intensity of the vector field is
higher (e.g., around the top and bottom side of the rectangular
hole), the reconstruction is very accurate and preserves the flow
lines of the vector field. The error is generally low, localised at the
boundary regions and at the bottom of the ellipse, due to the com-
plexity of the flow lines. The error metrics (Table 1) show a lower
accuracy than the regular grid case, with a NCC value of 0.945 and
a P0.05 value of 75.3%.

Examples Fig. 5 and Table 2 show the sampling, reconstruction,
and error of the energy-based sampling applied to a vector field

Table 1: Accuracy of the energy-based sampling applied to a vector
field defined on a regular (Fig. 3) and an irregular (Fig. 4) grid.

Test NCC NRMSE P0.05 P0.10
Fig. 3 0.991 0.074 97.8% 100%
Fig. 4 0.945 0.32 75.3% 91.8%

Table 2: Approximation accuracy of the energy-based sampling
method, applied to a vector field defined on a regular (Fig. 5) and
irregular (Fig. 6) grid, varying the number of samples.

Samples NCC NRMSE P0.05 P0.10
Fig. 5

50 0.964 0.147 66.1% 87.2%
100 0.987 0.096 81.7% 95.7%
200 0.997 0.038 97.8% 99.9%

Fig. 6
50 0.997 0.060 99.0% 100%

100 0.996 0.062 98.7% 100%
200 0.998 0.047 99.9% 100%

defined on a regular grid, when varying the number of samples.
The reconstruction error is located mainly at the top-left corner.
The P0.05 value increases from 66.1% to 97.8%, when passing from
50 to 200 samples. Fig. 6 and Table 2 show the sampling, recon-
struction, and error of the energy-based sampling of a vector field
defined on an irregular grid, by varying the number of samples.
The reconstruction error is localised mainly around the bottom-left
corner; increasing the number of samples, the reduction of the re-
construction error is less evident than the regular grid case, e.g.,
the P0.05 value increases from 99.0% to 99.9%, when passing from
50 to 200 samples.

3.3. Point set sampling

To address the sampling of a 2D curve, we convert the input curve
to an image through a meshless approximation (Sect. 3.3.1), which
is improved by the isoparametric curve sampling (Sect. 3.3.2).
Then, we introduce the energy-based (Sect. 3.3.3) sampling of
2D/3D point clouds.

3.3.1. Image-based curve sampling

We sample a discrete curve by applying the kernel-based sampling
in Eq. (1) to a proper underlying image. More precisely, given a set
of input points that represent a discrete curve, we compute the in-
terpolating curve as the level-set γ(x) = ∑ j β jφ(x− c j) = 0, where
the centres c j are the input points and β j are the coefficients com-
puted through the solution of a linear system [TO99]. Once the
implicit representation of the curve has been computed, we trans-
form it to an image by sampling the implicit function γ on a regular
grid and apply the kernel-based sampling to this image. Selecting
compactly-supported radial basis functions, the evaluation of the
curve γ isO(n logn), where n is the number of input samples. Then,
the computational cost of the kernel-based sampling O(2n+m) is
determined by the dimension m = a×b is the sampling grid (e.g.,
128×128, in our experiments) and by the number n of 2D sam-
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300 input points 200 input points 8 Samples 8 Samples

100 input points 400 input points 8 Samples 8 Samples

Figure 8: Input point set (blue), approximating curve (cyan), and sampling (red).

Input point sets
200 Points 100 Noisy Points 95 Irr. sampled points

Sampling

n = 64 Samples n = 8 Samples n = 8 Samples
(a) (b) (c)

Figure 9: Input point set (blue), approximating curve (cyan), and
sampling (red).

ples. In Fig. 7, the sampling well preserves the geometry of the in-
put points; however, the poor blue-noise property of the sampling
motivates the following definition of the isoparametric curve sam-
pling.

3.3.2. Isoparametric curve sampling

We introduce the sampling of a 2D point set, that represents a
closed curve, also satisfying the blue-noise property. Firstly, we
compute the interpolating curve {x : γ(x) = 0} (Sect. 3.3.1); then,
we determine the optimal position of n samples (µi)

n
i=1 through the

solution of the following optimisation problem{
maxµ1,...,µn{mini, j=1,...,n

i 6= j
distγ(µi,µ j)}, (a)

subject to γ(µ1, . . . ,µn) = 0, (b)
(3)

where distγ(µi,µ j) is the distance along the curve γ between the
samples µi, µ j. In (a), we maximise the minimum distance among
the unknown samples and the constraint (b) forces the points to be-
long to the curve. The condition mini6= j distγ(µi,µ j) associates each
sample with its closest (distinct) sample; then, the corresponding
distance is maximised in order to uniformly distribute the samples
along the curve. For the solution to Eq. (3), we apply a non-linear
programming solver [Bro70] based on a quasi-Newton algorithm,
which starts from an inital point µ0 and iteratively computes a min-
imum of the constrained objective function.

According to Fig. 8, the reconstructed curve accurately interpo-
lates the input points, and the samples computed through the pro-
posed algorithm belong to the underlying curve, and are uniformly
spaced along it. Fig. 9 shows an analysis of the sampling accu-
racy with respect to a different number of samples, and its robust-
ness with respect to noise. In (a), changing the number of samples
(i.e., n = 64) does not affect the uniform distribution of the sam-
ples. In case of noisy input data (b), the approximating curve is
built by considering a small subset of the input points as centres of
the approximating function. The resulting curve well interpolates
the input points, and the samples are uniformly spaced. Finally, we
take the input point cloud introduced in Fig. 8(bottom right) and re-
move half of the points; the approximating curve (c) still correctly
fits the incomplete input data, and the samples are uniformly spaced
along the curve.

Analysis of the initial sampling Since the initial position of the
samples has a significant impact on their final position, we have
tested four different initial configurations (Fig. 10), showing the
initial position, the path (i.e., the movement of each sample from
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Initial sampling Samples path Final sampling

(a)

(b)

(c)

(d)

Figure 10: Initial position of the samples used as input of the
kernel-based sampling, path of the samples from the initial to the
optimal position, and final sampling computed through the minimi-
sation of the energy functional in Eq. (3).

the initial to the final position), and the final position of the sam-
ples. In (a), the samples have been placed randomly. In (b), each
new sample is proposed randomly, and it is accepted with more
probability as it is closer to the approximating curve γ, and farther
to its closest sample, among the ones already placed. In (c), the
samples have been randomly placed along the curve γ; in (d), the
samples have been placed along the curve γ, with a control on their
closeness.

Table 3 reports the values of the minimum distance among the
samples, with the four samples initialisation, and since we are using
four samples on a circle, the ideal distance is π/2. The error is
computed as the norm of the distance among the samples and the
ideal distance. All the approaches give good results; the random
initialisation has the higher error, while placing the samples on the
curve and sufficiently spaced (d) leads to an almost perfect solution,
with an error lower than 10−5.

3.3.3. Energy-based sampling of 2D/3D point clouds

For the sampling of an arbitrary point cloud, the samples are
computed through the minimisation of the energy functional

Input points = 5K Samples = 1K

Input points = 20K Samples = 5K

Figure 11: Sampling of 2D point clouds. Input points (blue) and
samples (red): (first row) Supermario (5K input points, 1K sam-
ples); (second row) Ferrari logo (20K input points, 5K samples).

E(µ) = w1E1(µ)+w2E2(µ)+E3(µ), where

E1(µ) =
∫

Ω

n1

∑
i=1

1
(
√

2πσ)d
exp(
‖x−µi‖

2
2

2σ2 )ds;

E2(µ) =
∫

Ω

n2

∑
i=1

1
(
√

2πσ)d
exp(
‖x−µi‖

2
2

2σ2 )ds;

E3(µ) =
n

∑
s=1

n3

∑
i=1

1
(
√

2πσ)d
exp(−‖µs−µi‖

2
2

2σ2 ).

The terms E1(µ) and E2(µ) force the samples to be close to the in-
put points. E3(µ) forces the samples not to overlap. Here, w1 and w2
are the weights of the components of the energy functional. The
difference between the definition of E1(µ) and E2(µ) is in the way
the neighbours are computed; in E1(µ), we search the n1 nearest
samples for each input point, and in E2(µ) we search the n2 nearest
input points for each sample. The derivative of the terms E1, E2,
and E3 are

∂Eh(µ)
∂µi

= −1
(
√

2π)d σd+2

∫
Ω

exp(‖x−µi‖
2
2

2σ2 )(x−µi)ds, h = 1,2,

∂E3(µ)
∂µi

=
1

(
√

2πσ)d

n

∑
s=1

[exp(−‖µs−µi‖
2
2

2σ2 )(−2)(µs−µi)+

n3

∑
h=1
h 6=i

exp(−‖µs−µh‖
2
2

2σ2 )2(µi−µh)].

For the minimisation of the energy, we apply a non-linear pro-
gramming solver [BGN00] based on a sequential quadratic pro-
gramming method with an accurate estimation of the gradient and
of the Hessian of the Lagrangian at each iteration.

c© 2020 The Author(s)
Eurographics Proceedings c© 2020 The Eurographics Association.

177



S. Cammarasana, G. Patanè: / Kernel-Based Sampling of Unstructured Data

Table 3: With reference to Fig. 10, we report the minimum distance
among the samples with four different samples initialisation.

Initialisation (a) (b) (c) (d)
Distance 1.295 1.429 1.453 1.570
Error 0.275 0.141 0.117 < 10−5

Input point cloud Energy-based Poisson-disk
sampling sampling

(a) 15K Input points 5K Samples

(b) 10K Input points 5K Samples

(c) 30K Input points 5K Samples

Figure 12: Energy-based and Poisson-disk sampling of 3D point
clouds: (a) kitten (15K input points, 5K samples); (b) human (10K
input points, 5K samples); (c) Lucy (30K input points, 5K samples).

Sampling 3D point sets In Fig. 11(first row), the sampling of Su-
permario (5K input points, 1K samples), well preserves the main
features (e.g., the profiles of the body, arm and right hand) of the
input point cloud. In (Fig. 11,second row), the sampling of the Fer-
rari logo (20K input points, 5K samples) well preserves the label
and the horse shape.

In Fig. 12, we compare the sampling of 3D point clouds with the
proposed energy-based sampling and the Poisson-disk sampling;
the corresponding meshes are generated through the ball-pivoting
algorithm [BMR∗99]. We briefly recall that the Poisson-disk sam-
pling method generates a distribution of samples of an arbitrary in-
put domain, by complying with the blue-noise property and propos-
ing new samples candidates only from a region near already placed
samples. Our method has good results in terms of preserved fea-
tures and satifies the blue-noise property; in particular, it well re-

(a) (b) (c)

Figure 13: With reference to Table 5, examples of the energy-based
sampling: (a) 2.5K input points, 1K samples; (b) 5K input points,
1K samples; (c) 15K input points, 1K samples.

Table 4: Hausdorff distance between three different point clouds
(i.e., kitten, human, Lucy) and the respective sampling, performed
with the energy-based method and the Poisson-disk method, both
with 5K samples.

Hausdorff
distance

Kitten
15K

Lucy
30K

Human
10K

Energy-based sampling 0.015 0.035 0.010
Poisson-disk sampling 0.009 0.008 0.006

constructs the tail and the ears of the kitten, the legs of the human,
and the complex geometries of Lucy’s wings.

According to the values of the Hausdorff distance between the
input point cloud and the energy-based and Poisson-disk sampling
methods (Table 4), the accuracy of our sampling method is compa-
rable with the results of the Poisson-disk method. Event though the
Poisson-disk sampling has a lower Hausdorff distance value, due to
the specificity of this method for the 3D sampling application, the
energy-based sampling method is enough general to be applied to
different data structures, such as 3D point clouds.

Table 5 reports the execution time of the energy-based sampling
method, applied to the kitten 3D point cloud (Fig. 13), with a differ-
ent number of input points and samples. Tests have been performed
with Matlab R2020a, on a workstation with 2 Intel i9-9900KF
CPUs (3.60GHz), and 32 GB RAM. Our method takes about 5 min-
utes to sample an input point cloud of 15K points, with 5K samples.
The sampling well preserves the main features of the kitten, even
when we reduce the number of input points (e.g., 2.5K), and the
number of samples (e.g., 1K).

Comparison of samplings of point sets representing 2D curves
To compare the three sampling methods, we compute the average
distance between the samples and the curve [Law13] underlying the
input point, and the minimum distance between each sample and its
closest one (i.e., a measure of the blue-noise property). According
to our tests (Fig. 14, Table 6), the isoparametric curve sampling
provides the best results in terms of spatial distribution of the sam-
ples, and preservation of the input geometry. In fact, the distance
between the samples and the input points is very small, while the
distance between each sample and its closest one is large.
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(a) 300 input points (b) 30 image-based samples

(c) 30 iso-par. samples (d) 30 energy-based samples

Figure 14: Curve sampling with the (b) image-based, (c) isopara-
metric curve, and (d) energy-based samplings.

Table 5: Execution time of the energy-based sampling applied to
the kitten 3D point cloud, with respect to a different number of input
points and samples.

Time [s]
Input points

500 2.5K 5K 15K

Sa
m

pl
es 200 1.1 1.9 2.6 8.6

1K - 9.3 13.2 19.5
5K - - 257.4 277.0

4. Conclusions and future work

In this paper, we have extended the kernel-based sampling of sig-
nals defined on regular grids to arbitrary signals in terms of di-
mensionality and structure, e.g., signals, vector fields, point sets,
etc. The main pros of the proposed approach are the generality
with respect to the input data, its simple implementation, and an
approximation accuracy of the same order of state-of-the-art meth-
ods (e.g., the Poisson-disk sampling). The main limitation of our
method is the higher computational cost with respect to standard
sampling methods (e.g., Lloyd’s method, Voronoi tessellation, clus-
tering, Poisson-disk sampling). Indeed, as future work we plan to
modify the kernel-based sampling method in order to improve the
sampling and the reconstruction accuracy, also reducing its com-
putational cost (e.g., through parallelisation) for real-time applica-
tions.
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Table 6: With reference to Fig. 14, we report the average distance
of the samples with respect to the bicorn curve, and the minimum
distance between the samples, for the three methods, with best re-
sult in bold.

Method

Image-
based
sampl.
(Sect. 3.3.1)

Isoparam.
curve
sampl.
(Sect. 3.3.2)

Energy
based
sampl.
(Sect. 3.3.3)

Curve-sample
distance 0.4940 0.0045 0.0318

Sample-sample
distance 0.0082 0.3886 0.0063
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