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Figure 1: The PARTYTUG scene with procedural textures, which we evaluate using our framework integrated into a path tracer. For each
material in this scene, we instantiate one randomly selected procedural texture graph. Through caching, our approach reduces total render
time for 256 samples per pixel to 38% of the time taken by rendering using shade-on-hit, i.e. evaluating each texture footprint individually.

Abstract

Procedural texturing is crucial for adding details in large-scale rendering. Typically, procedural textures are represented as
computational graphs that artists can edit. However, as scene and graph complexity grow, evaluating these graphs becomes
increasingly expensive for the rendering system. Performance is greatly affected by the evaluation strategy: Precomputing
textures into high resolution maps is straightforward but can be inefficient, while shade-on-hit architectures and tile-based
caches improve efficiency by evaluating only necessary data. However, the ideal choice of strategy depends on the application
context. We present a new method to dynamically select which texture graph nodes to cache within a rendering system that
supports filtered texture graph evaluation and tile-based caching. Our method allows us to construct an optimized evaluation
strategy for each scene. Cache-friendly nodes are identified using data-driven predictions based on statistics of requested texture
footprints, gathered during a profiling phase. We develop a statistical model that fits profiling data and predicts how caching
specific nodes affects evaluation efficiency and storage demands. Our approach can be directly integrated into a rendering
system or used to analyze renderer data, helping practitioners to optimize performance in their workflows.
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1. Introduction

Procedural materials are essential in modern 3D content creation,
providing a controllable, resolution-independent approach to mate-
rial generation. Tools like Blender [Ble25] and Adobe Substance
3D [Ado25] use procedural texture graphs (PTGs), where nodes
define texture generators or filters, and edges determine informa-
tion flow. By combining procedural primitives (e.g. noise func-
tions) with operations like gradient mapping and distortion, users
can efficiently create diverse, intricate textures. Adjusting node pa-
rameters reduces manual effort while achieving rich visual detail.

When rendering procedurally textured scenes, the task of evalu-
ating many PTGs can become a substantial part of the total render-
ing work. Optimization is challenging especially in Monte Carlo-
based rendering, e.g. path tracing, since the renderer requires ran-
dom access to all textures. Procedural texture graphs provide a
highly compact, generative representation and offer flexibility in
how they are implemented: a rendering system can decide which
parts of the texture to generate and when; this offers potential
for more efficient resource management, balancing memory usage,
performance, and visual fidelity.

A straightforward strategy is to precompute all output textures in
high-resolution. This allows to fully decouple procedural texturing
from rendering. Since textures are evaluated only once, multiple
accesses to the same texture regions share results of a PTG evalua-
tion. On the other hand, many texture regions will not be required in
high resolution, due to partial occlusion, distance to the camera, or
blur induced by camera lenses or a light scattering process. Since
information about this is not available in advance, upfront evalu-
ation potentially computes many unused results. In addition, pre-
computation increases latency and can require a significant amount
of intermediate storage space.

Graph-based shading systems like Open Shading Language
(OSL) [GSKC10] take the opposite approach by delaying graph
evaluation until render time. This allows to evaluate graphs only on
actual texture accesses by the renderer. Potential benefits include
the reduction of computation and storage overhead, as well as bal-
ancing the use of memory and compute resources. However, as dif-
ferent texture accesses in OSL evaluate the PTG individually, they
do not share evaluation results, thus impeding the overall efficiency.
Tile-based caching can sometimes offset this drawback. However,
it involves upfront work that has to amortize for it to increase effi-
ciency, similar to full precomputation.

There is no universal answer to the question of which of these
approaches is preferable in a given configuration. Therefore, our
goal is to avoid a fixed choice in advance and leverage the full flex-
ibility of the procedural representation instead. In this work, we
introduce a novel framework for efficiently evaluating procedural
texture graphs in a path tracer: We delay the choice of the evalua-
tion strategy to the rendering process itself. This allows to decide
whether to cache based on information about the rendered scene
in a fine-grained way, at the level of individual parts of a PTG.
Our framework also provides filtered PTG evaluation and predict-
ing computational costs to guide optimization. We review the state
of the art in the next section, before giving a more detailed overview
of our framework.

2. Background and related work

Keeping up with increasing shading and texturing complexity is
a recurring challenge in production rendering [CCC87; FHL*18;
CFS*18; BAC*18; KCSG18; GIF*18]. Rendering systems typi-
cally expose powerful programmable interfaces to artists for con-
trolling shading, through shader languages or shading graphs
[HL90; GSKC10]. These allow to combine many layers of textures
and procedurally defined patterns and noises. Executing many user-
provided shader programs can become a bottleneck for rendering.
Accessing textures involves lots of I/0, while procedural functions
can be computationally intensive.

With the shift towards path tracing [KFF*15], this has become
more difficult. In the typical shade-on-hit architecture, a shader
has to be executed at every path vertex interaction. The incoher-
ent nature of random paths leads to nonlocal memory access and
divergent execution between different paths, hindering the use of
SIMD instructions. Manuka [FHL*18] is designed around improv-
ing shading efficiency by fully decoupling shader execution and
path tracing (shade before hit). Another approach is to try find-
ing coherence in a larger batch of paths through sorting [ENSB13;
ABWMI6; LGXT17; CFS*18], sometimes with hardware support
[NVI22; Int22]. In large and complex scenes usually there remains
at least some level of incoherence.

Texture caching. Software caches got introduced early on [Pea90]
to improve random texture access, with their overall design mostly
standing the test of time [Gri08; CFS*18]. As the cache is discrete
while texture space is continuous, accessing a texture cache in-
volves reconstruction. The effectiveness of texture caching relies on
the assumption that the required level of detail for reconstruction is
often much lower than the original texture resolution is. Peachey
[Pea90] describes this as the “principle of texture thrift”, which
states that the amount of texture information used for rendering
should be limited by the output resolution, as any additional detail
would be imperceptible. This ensures that the working set of tex-
tures remains bounded and, most importantly, independent of the
original texture resolution, allowing it to fit efficiently into cache.
However, this assumption holds only if lower-resolution versions
of the texture can be efficiently stored and reconstructed, which in-
herently links caching to prefiltering. In practice, this is commonly
achieved using resolution pyramids [Wil83] (mipmaps).

Footprints. Reconstruction bandlimit is usually represented as the
linear transformation of a circular kernel, derived from a first-order
approximation of the light transport process. This results in an el-
liptical footprint, which we can use for efficient filtering, e.g. us-
ing EWA [GHS86; Hec89]. There exist various theories for com-
puting appropriate footprints in ray and path tracing, including
ray [Ige99] and path differentials [SWO1], conical approximation
[Ama84; ANA*19] or based on frequency analysis [BYRN17] or
half-vector distributions [KHD14; HKD15]. Accurate footprints
are generally difficult to obtain, since unidirectional methods ne-
glect the (unknown) frequency content of either illumination or
camera importance [BYRN17]. Bidirectional footprints are only
available once a complete path is formed, presenting a challenge to
incremental path construction. Due to discontinuities, in particular
visibility, even a complete path does not carry the required infor-
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Figure 2: Overview of our system. The algorithm is structured in three phases. First, during the profiling phase, path tracing generates
texture footprints which are collected and used to query the texture graph with direct (uncached) evaluation, to collect profiling data. Then,
an optimization is performed to determine the most cost effective position of cache nodes in the graph. Finally, the rendering phase continues
tracing paths and querying the texture graph for footprints, using the optimized cache locations. See the indicated sections for more details.

mation [ZD20] and aggregation would be necessary. Therefore, in
practice footprints are rather approximate and often overestimated
in order to favor caching.

Filtering with nonlinearities. Linear prefiltering is valid only for
values that occur linearly in the rendering integral. Nonlinearities
require more advanced methods [BN12]. This presents a challenge
for caching in a procedural texture graph, as caching and thus fil-
tering might occur before a nonlinear node. Note that in shading
graphs, this problem is often ignored in practice to facilitate effi-
cient caching using mip maps [GSKC10]. Heitz et al. [HNPN13;
HNPN14] and Grenier et al. [GSDT22] filter color maps applied
to Gaussian noises. Fournier and Sauvage [FS24] show that normal
distributions are relevant approximations in the context of nonlin-
ear texture transitions. Yang et al. [YB18] use normal distributions
to automatically transform shader programs to bandlimited vari-
ants using genetic search and additional approximate filtering rules
[DBLW15]. We also represent cached results as normal distribu-
tions in order to apply nonlinear operations to them.

Procedural texture graphs. Procedural texture graphs (PTG) are
directed acyclic graphs that describe a process for synthesizing tex-
tures. Source nodes produce parametric patterns or noise textures
[LLC*10], while inner nodes process and combine their inputs,
e.g. through color transformations, blending or warping. Nodes in
a PTG can access arbitrary pixels of their inputs, making them
more powerful than common shading graphs [GSKC10]. PTGs
thus present a very generic framework, in which lots of procedural
techniques can be implemented as custom nodes. Recent works ex-
plore the inverse problem of obtaining graph parameters [SLH*20]
or topologies [GHS*22] or both [LWS*25] from an example image,
while we focus on improving the integration of PTGs into render-
ing and their efficient evaluation.
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Caching procedurals. Reiner et al. [RLD*12] cache the evalua-
tion of costly implicit functions to accelerate rendering on GPU
hardware. Similarly, Fujieda et al. [FH22] cache the output of shad-
ing graphs. They always cache the largest subgraph that only de-
pends on texture coordinates, in order to maximize work saved by
reusing cached values. We instead try to maximize efficiency by
explicit search for nodes to cache and in addition consider filtering
of nonlinear results.

3. Overview

Our work revolves around maximizing shading performance by
balancing different computational strategies. In particular, these
are on-demand and upfront evaluation of footprints via tile-based
caching. Evaluating each footprint individually when requested by
the renderer limits shading work to the necessary, but misses the po-
tential of sharing results between individual evaluations. Caching
can leverage these redundancies, but necessitates resampling. This
leads to upfront evaluation of grids of footprints, which has to
amortize before any efficiency is gained. Available memory capac-
ity and bandwidth further limit efficient reuse of shading results.

Which of the two strategies is more efficient depends on many
parameters of the system and its use case, e.g. the cost of opera-
tions, available memory and Monte Carlo sample count. Further,
the choice between the two options also depends on properties of
the rendered scene. Shape and distribution of footprints is different
for each material, since it depends on camera position and (indirect)
visibility. The structure of the texture graph can make caching out-
puts of certain nodes preferable to others. A global choice for one of
the strategies might therefore limit overall efficiency. Our goal is to
leverage this unused potential by making more fine-grained choices
to optimize efficiency for any specific use case individually.
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In the following, we describe our framework to make these
choices as the result of an optimization that is driven by data we
collect from inside the rendering system in a profiling phase. We
show an overview of the different phases and components in fig. 2.

In a path tracer, we compute elliptical footprints. Our method
does not rely on a particular definition of these footprints, though
we document our derivation in a supplemental document to facili-
tate reproducibility. We evaluate texture graphs on footprints using
approximate filtering (section 4). This enables prefiltering inside
the texture graph, which is a prerequisite for efficient caching at
inner nodes. As a second option for graph evaluation, we introduce
our texture cache in section 5. Its design is similar to a traditional
tile cache commonly used in rendering systems. We discuss trade-
offs of using caching, in particular possibly insufficient amortiza-
tion and storage space requirements. These motivate a data-driven
decision of whether to enable caching for each node.

This decision is inherently a global optimization problem. On one

hand due to a global space constraint, which might require to pri-
oritize caching of nodes that benefit the most. On the other hand,
caching certain nodes reduces the value of caching others, e.g. there
would be redundancy in caching a linear chain of nodes. In the end,
we will formulate an ILP problem whose solution is the optimal
selection of nodes to cache (section 8). This ILP problem requires
several input parameters from the rendering system, namely evalu-
ation cost and space requirements of different evaluation strategies.
For this, we introduce a parametric measure of evaluation cost in
section 6. We describe how we estimate cost for different strate-
gies for a target sample count, based on data collected in the pro-
filing phase. While the cost without caching is roughly linear in
sample count and simple to extrapolate, we also require the total
number of tiles that will be requested by the rendering system. This
is needed to assess the cost of caching as well as its storage im-
pact. To this end, we introduce a statistical model to predict the
number of unique texture tiles requested at the target sample count
(section 7).

4. Texture graph evaluation with filtering

In our work, we assume each material in the scene to be defined
by a procedural texture graph (PTG) with a single output node. To
evaluate a PTG for a given footprint requested by the path tracer,
we evaluate the footprint at the output node of the PTG. Each node
can then recursively evaluate its input nodes as necessary, possibly
with transformed or duplicated footprints.

Prefiltering motivation. In our PTG, nodes are queried with foot-
prints and return solutions to a filtering integral (see eq. (1)). We
choose this approach over alternatives, such as stochastic evalua-
tion on sampled points, for multiple reasons. While stochastic eval-
uation can sometimes amortize additionally introduced noise by
reducing computation and memory traffic [PWSF24], nested inte-
grals as they occur in PTGs are much more challenging to handle
[WM24]. Further, for effective texture caching it is essential that
sparsity of requested evaluation points is compensated by lower
cache resolution. This is usually achieved by resolution pyramids
and the size of footprints being roughly proportional to their spac-
ing. Consequently, we need to carry footprint information through

the graph to support caching inside of it, or for using mipmapping
for image source nodes, or for leveraging built-in filtering of pro-
cedural models.

Filtering nonlinearities. Even though we use prefiltering inside
the graph, our goal is to preserve the appearance of filtering at
the output only. Results of footprint evaluation need to allow for
the application of subsequent nonlinear operations as if applying
them before prefiltering. As we show below, the distribution of val-
ues inside a footprint is a suitable representation of intermediate
results inside the graph, while its mean would be insufficient. In
practice, we approximate the full distribution using normal distri-
butions, similar to previous work [HNPN13; HNPN14; GSDT22;
YB18]. We assume that our graph output represents a value occur-
ring linearly in the shading integral (e.g. albedo) although similar
techniques are commonly used to filter normal maps [DHI*13].

4.1. Filtering theory

In the following, we show how the distribution of values allows
to apply subsequent nonlinear operations to an evaluated footprint.
Consider the node F in the graph in fig. 3 that represents a function
f on texture coordinates x € Q. Its filtered output is the inner prod-
uct of f with a footprint k, which is usually some kernel function:

I = [ 00k dx. )

We take a probabilistic view and interpret k as the probability den-
sity function (PDF) of a random variable X. Following eq. (1), fil-
tering F is equivalent to the expected value E[f(X)] = IF.

Returning to the more general problem, we want to compute an
intermediate result from F that we can use to filter the downstream
node G, which applies a function g pointwise to the outputs of F.
Its filtered output is

16 =E[g(f(X)] # g(ELf()]) = g(IFr), ()

X

Node F (w/o filtering) Outputs of F in footprint k Node G (filtered)

1.00
0.75
0.25
2
0.00 :
0 5 0 2 4 0 5

o o(y) o

— f) 8y
) I (ref.)

mean approx.

our approx.

Figure 3: We interpret the filter kernel k(x) as a probability density
of a random variable X and define Y = f(X) with density o(y).
Evaluating a footprint to o, we can apply the nonlinear function
g(y) afterwards and still get correct results. In practice, we ap-
proximate o using a normal distribution.
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Figure 4: Three different nodes evaluating the mean value uy for a footprint ky. The numbers signify the order of execution. For instance
the Blend node receives a request for ks (1) and passes this on to Input 1 (2), obtains uy in return (3), repeats the same with Input 2 (4, 5),
computes the output mean (6), before finally passing it on to the Output (7).

which shows that we cannot trivially use /r as an intermediate re-
sult. To compute I, we need to capture more information about the
distribution of f(X) =:Y (see fig. 3), which its PDF o achieves:

I6 = E[g(f(X))] = E[g(¥)] = /R s0or(dy. G

Therefore we use the PDF oF as the result of footprint evaluation.

4.2. Filtering approximation

Conceptually, nodes in our graph are queried with a footprint PDF
k and return an output PDF o. We coarsely approximate both as
normal distributions to make this approach efficient. In practice,
only pairs of mean and covariance are exchanged between nodes.
We show how some typical PTG nodes can be implemented in this
framework in fig. 4.

Footprint PDF k approximation. We represent footprints as 2D
normal distributions like in EWA filtering [GH86]. With this, linear
transformation and convolution are simple to implement, which is
useful when nodes query their inputs on a modified & (see fig. 4).

Output PDF o approximation. We approximate the output dis-
tribution of nodes as a normal distribution as well. We evaluate
eg. (3) on the fly for its first and second moment, unless there is a
more specialized implementation available for an operation. Other
approximations like the unscented transform [UhI95] might be a vi-
able alternative for some operations. For multi-channel output, we
treat each channel independently.

Filtering accuracy. In actual texture graphs, footprints and node
outputs are not exactly normally distributed at all scales and node
inputs and color channels can correlate, reducing the accuracy of
our approach. We show results of our approximation in fig. 5 and
timings and errors in table 1. We evaluate the output image for
1024 x 1024 pixels with one footprint per pixel. We compare to
a point-sampled reference with 256 samples per pixel, as well as a
naive filtering method (mean), which uses just the mean of o as the
output of nodes. Mean filtering shows some obvious patterned arti-
facts, while our approximation produces plausible results with con-
sistently lower error. Error tends to increase with wider footprints,
as nodes with multiple inputs get no information about their corre-
lation inside the footprint area. We also compare to reconstruction
from the cache (+ cache), which section 5 describes in detail. To

© 2025 The Author(s).
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reconstruct a footprint, the cache will require smaller footprints to
be evaluated than the original one. This generally reduces the er-
ror slightly compared to direct evaluation without the cache, but
increases the time to evaluate the base resolution (/ = 10). As spac-
ing of evaluated footprints in the cache depends on their radius,
the cache effectively decouples the density of evaluated footprints
from the output resolution. Therefore, caching is significantly faster
for coarse filtering (I = 7,5) evaluated at high resolution, i.e. if the
density of footprints to reconstruct is high in relation to their size.

Discussion. In principle, we could make the filtering error arbi-
trary small by closer approximation of the involved PDF, or super-
sampling. However, coarse results of filtering are often accepted
in practice, i.e. through mipmaps itself or nonlinear computations
on linearly filtered values in shading graphs. While improving ac-
curacy is an interesting avenue for future work, we believe our
approximation serves as a basic model for investigating efficient
graph evaluation and caching.

5. Texture cache

To reuse results of previously evaluated footprints, we introduce a
texture cache into our framework. It follows a conventional design
by managing texture tiles in a mipmap-like pyramidal structure.
Each tile stores an 8 x 8 grid of evaluated isotropic footprints. In
level i of the resolution pyramid, the footprint radius is 0.5 and
their spacing is 0.5 in texture space, i.e. a greater level index cor-
responds to a finer level. Organization into tiles helps to amortize
cache management and improves locality of operations. We assume
a global cache, where evaluated results of any node from any tex-
ture graph can be stored. In summary, tiles are indexed by texture
graph and node id, tile position and resolution level.

5.1. Footprint evaluation strategies

The introduction of the cache enables different options for evaluat-
ing a footprint at any node.

Direct evaluation. As before, we can evaluate a footprint by exe-
cuting the operation defined by a node, while evaluating all required
footprints from input nodes recursively.
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Level I =10

Level [ =7 Levell =5

FABRIC CARDBOARD BRICKS

TILES

Figure 5: Our Gaussian filtering approximation with footprint ra-
dius 0.5px (1 = 10), 4px (I =7) and 16px (I = 5) in comparison to
naive filtering (mean). We overlay a \LIP error map to a reference
on the right. Our filtering preserves appearance better than us-
ing just the mean, which shows obvious patterned artifacts. Recon-
structing our approximation from cache (+ cache) often improves
results, since it evaluates the graph using smaller footprints.

Table 1: Timing and mean \LIP errors for the comparison in fig. 5.
We list per sample timings for the point sampled references (*).

time (s) error (ALIP -1073)
Levell [=10 [=7 [=5 I=10 =7 1=5

BRICKS *13.0 *12.4 *13.1

mean 1.8 1.5 12 41.6 87.2 170.9

ours 4.9 4.6 4.1 27.5 81.2 154.0

+ cache 26.0 0.7 0.2 26.9 49.9 1147
CARDBOARD *6.5 *6.6 *6.2

mean 3.7 3.4 3.2 129.9 237.9 301.9

ours 115 10.0 9.7 47.6 59.1 51.6

+ cache 61.0 1.7 0.3 39.6 524 50.4
FABRIC *1.4 *1.4 *1.5

mean 2.6 2.6 2.6 71.0 54.7 51.9

ours 7.4 7.6 7.7 30.5 50.0 435

+ cache 38.9 1.4 0.3 19.7 437 40.4
TILES *46.4 *47.0 *47.1

mean 2.0 1.8 1.6 70.2 173.1 179.6

ours 7.3 6.9 6.7 61.0 94.8 123.0

+ cache 38.1 12 0.3 46.5 78.5 77.6

Caching evaluation. If using caching at a node, we use EWA fil-
tering to reconstruct arbitrary elliptical footprints from the cache
of isotropic footprints. This usually involves interpolation between
a coarse and a fine resolution level. We compute texture tiles on
demand that are missing in the cache, but required to evaluate a
footprint. For this, we use direct evaluation of the node on the foot-
print grid defined by the missing tile.

5.2. Choosing a strategy

For any footprint that we evaluate at a node, we now have two op-
tions for computing its result.Since there is not one universal strat-
egy that is the most efficient one in all situations, we have to con-
sider carefully which of the strategies fits best.

Amortization. Even though caching enables reuse of computed
results, without sufficient redundancy in requested tiles it might
not amortize its overhead. For caching, we generally have to recon-
struct a footprint from multiple footprints of finer resolution in or-
der to keep high frequencies. Therefore, the cost of reconstruction
is inherently higher at first, and caching only pays off when suf-
ficient reuse occurs. Evaluating isotropic footprints to reconstruct
from is thus an investment of additional upfront computation for a
future reduction in computation.

Available space. Another consideration for the efficiency of
caching evaluation is the available space for storing results. If we
would have to exceed available space because of newly evaluated
tiles, we have to either evict old tiles or drop new ones. Both op-
tions make amortization less likely, as they can significantly reduce
the period of potential reuse of a tile. Therefore, in cases were tiles
would need to be evicted from the cache, it is usually more benefi-
cial to never place them in the cache in the first place and instead
use direct evaluation. In our work we thus try to avoid eviction by
using caching only when we will not exceed the available storage
space. Once a tile was computed, we thus assume it to stay in cache
and not be evicted.

Data-driven caching decision. Since all of these considerations
depend on the specific distribution of footprints at hand, our goal
is to make a data driven decision about caching as part of the ren-
dering system. We decide which evaluation strategy to use for each
node of each PTG. While in principle a more fine-grained decision
would be possible, e.g. treating regions of the texture differently,
this adds additional complexity for reconstruction and for finding
suitable texture partitions.

6. Measure for computational cost

As input to our optimization, we need to assess how efficient differ-
ent strategies are at evaluating a texture graph on a set of footprints.
To this end, we introduce a parametric model as a measure for the
computational cost. This acts as a very simplified simulator: it al-
lows us to compare different options without actually running all
of them. It also allows us to reason about sensitivity of the outcome
on different properties of hardware or rendering systems. Measured
wall clock time can be incorporated into our model by setting pa-
rameter values according to timings.

© 2025 The Author(s).
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6.1. Cost components and coefficients

The basic unit of our model is the local cost of evaluating a node
with coefficients ® = (¢, A«) on a footprint x:

cost(x | ®) = ¢ (Aconst + Aigo - anisotropy (x)

+ knone . SiZe(X) ) . (4)

We use the same equation for modeling the cost of reconstruction
from cache with a global set of coefficients ®¢ycpe. It consists of
the following components:

e c is a node-specific constant, e.g. measured time per operation.
This could depend on parameters of the node and on the type of
its output (gray or color).

e anisotropy(x) is proportional to footprint anisotropy. This mod-
els the cost of evaluation for a node for isotropic prefiltering, and
simulates the cost of footprint assembly for anisotropic queries.

e size(x) is proportional to footprint area. This component models
the cost of evaluation, if no efficient prefiltering is available for
a node and simulates point sampling in base resolution.

® Aconst, Aiso, Anone are node-specific weights to blend between the
different filtering models, i.e. constant prefiltering, isotropic pre-
filtering, or no prefiltering. We constrain these to ¥ A« = 1.

6.2. Aggregate cost

The local cost from the previous section does not include the cost of
evaluating input nodes. In addition, for modeling the cost of cached
evaluation, we need to consider a set of footprints at once. We now
extend our definitions accordingly.
We begin by defining the set of input footprints as
In;(x) = {(j,y) | evaluating x at node i depends )

on evaluating y at node j}.

This is useful to express the total cost of the direct evaluation of a
footprint x at node i, including the evaluation of inputs, recursively:

costy (x | ©;) = cost(x | ©;) + Z costz(y] ©®;).  (6)
(J.y)En;(x)

Next, let 7 = (F,w) be a weighted set of footprints, i.e. F is a
set of footprints and w: F +— R is a weight function. The (total)
cost for direct evaluation of F is then defined by

Ostgirect(]_- | @) = Z w(x) cost«(x | ©). (@)
XEF

To model caching, we additionally introduce the function T
T(F)={r|tis atile required for reconstructing any x € F }, (8)
and the function z to map a set of tiles to their associated footprints
Z(T) = ({x| xis a footprint in tile ¢, € T },1). )

We can now define total cost of caching evaluation of F by

costf ™ (F | ©) =cost™"™(F | Ocehe)
reconstruction cost
+costd ™ (Z(T(F)) | ©).

cache fill cost

(10)
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6.3. Computing the value per node in practice

In order to compare different evaluation strategies for a node, we
require a representative set of footprints, on which we can evaluate
our cost model. We use a profiling phase to record such a set, i.e.
we render few samples per pixel using direct evaluation and store
the set of requested footprints at each node.

Histogram representation. To represent these recorded sets com-
pactly, we assume that the footprint queries are somewhat uni-
formly distributed for a node. In particular, we assume there is
no correlation between footprint shape and a particular tile in the
cache. We store the footprints in a 2D histogram at each node. Each
bin is indexed by the log, length of a footprint’s major and minor
axis. This information about a footprint is sufficient to evaluate all
terms in our local cost model, i.e. its size and anisotropy. This his-
togram representation is approximate due to discretization.

Cache tiles. In addition, we record the set of required cache tiles
T(F) at each node. The number of unique tiles per level is suffi-
cient information for evaluating the cost model for caching evalua-
tion, as well as for estimating the required cache space.

Propagating footprint sets. For the purpose of computing the to-
tal cost of a node i, i.e. including every evaluated upstream (i.e.
transitive input) node j, in general the footprint set at j will differ
from the recorded set. This is because the recorded set includes ev-
ery evaluation of j, even the ones not caused by an evaluation of i.
Secondly, caching node i would change the footprint set at i from F
to Z(T (F)). While we can easily simulate this change at i using the
recorded set of tiles, it is less obvious how it affects the footprint
set at upstream nodes.

Therefore, we introduce an approximation to the function In (see
eq. (5)), which we also record using the footprints we evaluated
during profiling. It allows us to simulate the distribution of foot-
prints at immediate input nodes, given the requested footprint dis-
tribution at a node. In this way, we propagate the recorded distribu-
tion to all upstream nodes and use it to evaluate the cost model. For
approximation, we again rely on discretization and store a 2D his-
togram of changes between incoming and outgoing footprints of a
node. We store separate histograms for each input node j to a node
i, and for each cache level at i, i.e. the log, minor axis length of in-
coming footprints at i. Each histogram is normalized to the number
of requested footprints at i. The histogram bins represent the log,
change in footprint axis length between the footprints requested at i
and j. We use these to transform a distribution of footprint requests
from i to the one that is requested from j.

Cost measure evaluation accuracy. We compare our practical
evaluation to the cost evaluated on the actual footprints in fig. 6.
We use all combinations of our graphs and scenes (see section 9)
and show the distribution of relative error, separated by the differ-
ent cost terms. For cache fill cost to be accurate, our approxima-
tion needs to be able to simulate a change in the footprint distribu-
tion. For both direct and cache fill cost, constant cost, i.e. footprint
count at each node, is predicted with almost no error, while foot-
print anisotropy (Aiso = 1) has a low error. The error of approximate
footprint size has high variance for the cache fill cost, while direct
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Figure 6: Distribution of relative error of our practical cost eval-
uation. While we achieve low error for most cost terms, simulated
cache fill cost are not fully reliable when Ayone # 0.

cost is always accurate. We presume this is because deviations from
the true footprint size have a quadratic influence on the cost. Con-
sequently, we cannot fully rely on predicted cost for Ayone # 0, sO
we leave Anone = 0 for almost all of our results.

7. Prediction of active texture area

For optimizing the choice of evaluation strategy, our goal is to es-
timate the cost at a target sample count, while observing only few
profiling samples. While for direct evaluation the cost is roughly
linear and can be scaled by sample count accordingly, caching be-
haves differently. In the beginning many newly requested tiles have
to be evaluated, leading to a high upfront cost. Once the cache
is filled sufficiently, this cost declines and only the usually much
lower reconstruction cost remains.

Ultimately, we would like to keep the profiling phase as short as
possible to make full use of potential optimization gains. Therefore
the following section is concerned with predicting the progression
of unique requested texture tiles at any sample count, based on data
from the profiling phase. This is not only important for predicting
the cost of caching for a higher sample count, but also for predicting
the required cache space. The overall idea we follow is to use a
Poisson process to model texture tile requests.

7.1. Idea

Let A, := T (F») be the set of active texture tiles at sample count n,
i.e. the ones that the renderer requested at sample count . Our goal
is to predict the number of unique tiles E[|A,|], given statistics ob-
tained from k < n initial sample about A;. For now, we assume that
each tile t € A will be requested with uniform probability. This
assumption is reasonable, since mipmap pyramids are designed to
achieve this approximately. We assume further that tile requests are
accurately described by a Poisson process with rate parameter A,
i.e. the frequency by which each tile is requested. Since each re-
quest is independent in the Poisson process, frequency is equal to
probability for selecting any specific tile. The number of tiles in the
limit will be the reciprocal of this probability, since we assumed it
to be uniform:

L

1
oo = ‘AOO|_X' (11)
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The Poisson assumption also allows us to predict the expected num-
ber of requested tiles at sample count n

E[|An|] = P[request count > 0 at sample count 1] |Aso|

(12)
— (1 —exp(—An) [Accl.

This reduces our problem to inferring the underlying Poisson rate
of the tile request process.

In principle, we found the idea as described above to work well,
even though tile requests are not truly independent, since a footprint
evaluation can lead to multiple requested tiles. There are however
some important considerations to take into account for making this
approach practical, which we address in the following.

7.2. Zero-truncated Poisson mixture model

Actual data reveals significant inhomogeneity of the Poisson pro-
cess, i.e. request probability is not actually uniform. This can be
explained by e.g. occlusion, where tiles are only partially visible.
In practice we solve this by using a mixture model, i.e. we assume a
finite number of different Poisson rates. Further, since we only ob-
serve tiles that were requested at least once, our average tile count
will be biased towards higher values. We correct this by modeling
the average tile count using a zero-truncated Poisson distribution.

Definition. The Poisson distribution has the probability

k,—A
Pois(k | 1) = z, : (13)
which we use to define its zero-truncated version by
Poi Poi
Pois. (k | A) ois(k | A) ois(k | A) (14)

1—Pois(0[A)  1—exp(—A)’

Together with the weights m, we define the M component zero-
truncated Poisson mixture, with which we model request counts:

M
p(k) =Y m; Poiss (k | )). (15)
j=1

7.3. Model parameter estimation

Data. During the profiling phase, for each requested footprint at
a node we compute which tiles would be requested and increment
a per-tile counter for each request. Afterward, we compute a his-
togram of all observed request counts r. Given N different observed
requests counts, the histogram is a sequence of tuples (r;,0;)1<i<n»
where o; is the occurrence count, i.e. how many tiles were requ_es_ted
r; times.

Maximum likelihood estimate. To obtain the maximum likeli-
hood estimate of a single zero-truncated Poisson component given
a mean count ¥, we solve the following equation in terms of the
Lambert W function:

%:x = A=i+W(-xe ") (16)
—e
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Expectation maximization (EM). We use the EM algorithm
[DLR77] to compute a maximum likelihood estimate of our mix-
ture model. In each iteration of the algorithm, it computes an as-
signment q; ; for each data point i to component j as the expecta-
tion under the current mixture:

EjPOiS+(}’i | 7\,])
dij =
p(ri)
Then it maximizes the likelihood of component parameters, condi-
tional on the assignments:

N N
Yiliaijoi  _  Yiliaijoiri

= Xi= .
J v Xj N
Zi:lal.jol

Ziy:1 0i
We obtain A; as in eq. (16).

a7

(13)

Initial mixture. To initialize the EM iteration, we begin with a
dense initial mixture, i.e. we choose M in the order N, e.g. M =
0.25N. To choose each initial A;, we sample from the empirical
data distribution D, i.e. the discrete distribution with Pr(R = r;)
0;, and apply a uniform jitter to obtain an initial mean X;:

R~D, J~ Uniform(—0.5,0.5),

. Jmax{R+|J[,1.01} ifR=1, 19
I R+J otherwise.

Since the initial means follow the data distribution, we set ; = ﬁ

Merging. To make EM converge more quickly, we remove redun-
dant components by merging after few initial iterations. We merge
greedily and proceed in ascending order of A;. We merge two com-
ponents with index j and j+ 1 if they are mutually contained within
a tolerance T of their standard deviations \/X, i.e. if

}"jzijrl_TU}"qul andXJ-H S?\.j-i-’c\/;j (20)

Merging can usually reduce the number of components greatly. Af-
terwards, we proceed with EM iterations until convergence.

7.4. Prediction

We now extend our idea for predicting E[|A|] to our mixture
model. Firstly, the inferred Poisson rates A; are with respect to
the number of observations made and need to be normalized for
egs. (11) and (12) to be applicable.

For estimating |Aoo |, we normalize A; to the total number of tile
requests 1 = Zﬁvzl o; ri. We divide these between components using
the assignments from EM (eq. (17)):

N
rj= Za,-yjoir,'. 21D

i=1

Our estimate for the total number of unique tiles of component j is

|Abo| = 7L (22)
Aj

We use the number of footprints at target sample count #.F, and

© 2025 The Author(s).
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at profiling sample count #F;, for estimating the expected number
of requested tiles, since we expect #F to grow linearly:

M . M .. #Fu i
IEHAM:ZE[\A{,\]:Z% (1—exp(— ! )) (23)
j=1 j=1" k

Conservative estimation In absence of sufficient data, our ap-
proach will underestimate |A,|. This is because mixture compo-
nents with very low A are unlikely to be observed. To prevent this
systematic bias, we add a single component to our mixture to rep-
resent unobserved tiles, such that it has negligible influence on the
prediction if enough data was observed. We extend our mixture to
M =M+1 components, use a fixed Ay = 0.01, and then choose
tyr, such that when we plug it into eq. (22), |Alglol | equals 10% of
the total estimated unique tiles:

) Mo Mo
A% =01Y ALl = nr= (0.1 Z|A{,o|> M. (24)
= =

Then we use eq. (23) as before, with M switched out for M’. Since
A is set very low, it will only influence the prediction if k < n.

Accuracy. We show results of our prediction in fig. 7, with vary-
ing samples per pixel (spp) for the profiling phase. We compare our
predicted tile count to actual tile count in all our scenes (see sec-
tion 9) and show the distribution of relative error. On average, our
prediction is accurate even with few profiling samples, although

after profiling for 1 spp

25 /
10 3

after profiling for 4 spp

rel. error [%]
|
=)

|
)
G

~50 \ E—
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Figure 7: Distribution of relative error of our tile number predic-
tion. While the prediction is accurate on average and produces low
error in most cases when taking sufficient profiling samples, some
outliers remain.
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with high variance. Taking more profiling samples generally re-
duces variance and leads to a low error for most predictions. How-
ever, some outliers still remain, even for longer profiling phases.
One possible explanation for this behavior could be that we predict
the expected value of the number of tiles. Therefore, the error is
not purely deviation of the ground truth from our estimate, but also
includes the variance of the underlying stochastic process itself.
While improving the robustness of this component of our frame-
work is interesting for future work, we believe most error to be low
enough for it to be useful in practice.

8. Optimization of caching decision

With the results from previous section, we can estimate how
caching a node would affect overall efficiency. We are, however,
still missing an algorithm for turning this information into a de-
cision about which nodes to cache. Our task is to solve an opti-
mization problem, where we want to maximize overall efficiency
by picking nodes to cache where this increases efficiency, while
staying below a threshold for cache capacity. This is essentially
the classic knapsack problem, but we will have to add one further
restriction by considering only one stage of caching. In the follow-
ing, we explain this restriction and the inputs to our optimization, as
well as an integer linear programming (ILP) formulation. To obtain
a solution, we use a general ILP solver without much overhead.

Restriction to single-stage caching. We support only one stage
of caching, i.e. we do not consider caching inputs to cached nodes.
More formally, there can be at most one caching node on every path
from any source node to the graph output (see fig. 8), since multiple
stages of caches are often unnecessarily redundant.

8.1. Integer linear programming formulation

In order to share the cache capacity between all graphs in a scene,
we perform a single global optimization after the profiling phase.
We use the data gathered during the profiling phase to compute
costs and predict tile counts.

Variables. For each node i of every graph, we define its weight
wj, i.e. its required cache space, using the expected number of tiles
E[Ay] (see section 7), its number of output channels C; and the
number of footprints in each tile S:

w; = E[An] C,’S7 (25)

and its value v;, i.e. the efficiency gained by caching the node (see
section 6), using J, to refer to the footprint set at node i:

Vi = max {costdzimt(Fn | @) — costs™ M (F, | ©)), 0} . (26)

As output of our optimization, we introduce the binary variable x;
for every node i:

@7

1 if node i is cached,
Xj = .
0 otherwise.
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Texture graph (PTG)

Conflict graph

Figure 8: Left: an example procedural texture graph with five
nodes. Node d is marked as a cache node. Right: conflict graph,
showing all nodes and edges between all nodes that are conflicted
with respect to their cache state. Node b would be in conflict with
d, since they share a sub-path on the way to the output node e, the
edge between d and e in this example. Node ¢ on the other hand is
not in conflict with d and could be cached at the same time.

Constraints. A solution to our optimization problem must not ex-
ceed the global available cache space W:

Y wixi <w. (28)
i

To implement our single-stage restriction, we compute pairwise
conflicts of nodes. Nodes i and j are in conflict if there is any path
from a source node to the output node that includes i and j. We
compute all conflicts using the reachability relation of all graphs,
and add the following constraint for every conflict between a node
iand j:

xi—O—xJ-g 1. (29)

Objective. Under the above constraints, we seek to maximize eval-
uation efficiency by maximizing the total value

Y vixi. (30)

9. Evaluation

Implementation. We provide source code of an implementation of
our method [SHS*25], which includes the procedural texture graph
evaluation with caching and the prediction steps. To obtain foot-
prints from a path tracer and for final renders, we use a CPU-based
research rendering framework. We use HIGHS [HSF*25; HH18] to
solve our ILP problem instances (see section 8). It usually finds an
optimal solution in the order of tens of milliseconds.

Methodology. We first record footprint requests when rendering
each of the scenes, separated by material ID. We then run a single
texture graph on footprints from one material ID at a time. By per-
forming this for each available combination of scene, texture graph
and material ID, we get a distribution of results. In some cases, we
will report the distribution with one of these variables kept fixed.
Since we are mainly interested in properties of footprint distribu-
tion and texture graphs and how they interact, we use our prediction
results as a reference. We evaluate the accuracy of our introduced
approximations separately in figs. 5 to 7. We presume our cost mea-
surement computation to be accurate enough to not skew results
heavily if not using Anone. When our tile number prediction fails, it

© 2025 The Author(s).
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CLASSROOM (80) LONEMONK (35)

PARTYTUG (110)

Figure 9: Primary (top row) and secondary (bottom row) camera
angle for the scenes used in our evaluation, with the number of
materials next to scene names.

mostly underestimates the total number of tiles, which would be an
advantage for other caching methods as well, e.g. always caching
the output node.

Data. We use the three scenes shown in fig. 9 to evaluate our
method. These are based on Blender demo files [Ble25]. We ad-
ditionally use a secondary camera angle of each scene for some
tests. We record footprints for an output resolution of 1280 x 720
and limit path length to 8 vertices. For texture graphs, we use the
four procedural textures shown in fig. 5, as well as two additional
ones (TOOTH, CONCRETE). These were converted from examples
files from Adobe Substance Designer [Ado25] to our custom im-
plementation and consist of 39-80 nodes.

Default parameters. We set the parameters of our cost measure
(see section 6.1) to conform with our implementation. Since our
cache reconstructs from isotropic footprints, we choose A, = 1
for O¢,che- We also assume only isotropic filtering to be available
for source nodes and set Ajzo = 1 for those, too. For inner nodes
we choose Aconst = 1, since they process footprints mostly inde-
pendently of their shape or size in our graphs. We set the cost con-
stant ¢ for each node based on benchmarking our implementation
on footprint evaluation. We use a profiling phase of k = 16 sam-
ples per pixel (spp) for predicting tile numbers, and leave the cache
capacity unconstrained (W = oo) for optimization.

Potential of caching. In fig. 11, we show the relative cost reduc-
tion of our approach compared to using direct evaluation of the
texture graph. We compare this to the baseline method of caching
requested texture tiles at the output node (output). While some tex-
ture graphs are more susceptible to caching than others, they dis-
play similar trends overall. Although caching will always pay off
at some sample count, this can be quite high, as the output strategy
shows. For a large share of material IDs, caching outputs will not
amortize for the considered sample count of 1024, and even lead
to an increase in evaluation cost by 2 —4x. As the solution space
of our optimization includes direct evaluation, it will never chose
an option that leads to increased cost, given accurate predictions.
It cannot improve results for very cacheable material IDs, since
for these output is generally a good strategy. However, our median
cost reduction is strictly better than caching outputs, although with
varying significance depending on the graph.

Since relative cost reduction does not consider the significance of
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Figure 10: Our method achieves lower total graph evaluation costs
in the three scenes shown. Caching efficiency overall depends on
camera angle, as the results with the secondary camera angle show.

the material to the whole scene, we also show absolute cost reduc-
tions for whole scenes in fig. 10. We average results for the avail-
able texture graphs. Here, our method can show a consistent cost
improvement of 2x for lower sample count and up to 4 x for higher
sample count, while caching outputs only pays off at high sample
counts, with still higher total cost. We presume the secondary cam-
eras to perform better for caching output nodes in CLASSROOM
and PARTYTUG, since these are more close-up views of the scene.

Limited cache capacity. We investigate the effects of limiting
cache capacity in fig. 12. For each material ID and graph combi-
nation, we limit cache capacity in relation to the space required for
caching requested texture tiles at the output node (output). Gener-
ally, our method is often able to find good strategies with equal
cache space usage as output. It also benefits from a slightly in-
creased cache capacity, although this trend does not seem to con-
tinue for further increases. For limited capacity, our method transi-
tions smoothly to equal cost with direct evaluation, but is still able
to improve upon it with little cache capacity.

Cost measure parameters. We compare the overall effect of dif-
ferent choices of cost coefficients (see section 6.1) in fig. 13. We
describe the following options in terms of their difference to the
default choice (BASE), which is to set A, = 1 for source nodes
and cache reconstruction, Aconst = 1 for inner nodes:

CONSTALL: Aconst = 1 for all nodes and cache reconstruction,
ANISO: A5, = 1 for inner nodes,

SIZE: Anone = 1 for all nodes,

CONSTSOURCE: Aconst = 1 for source nodes,

SIZESOURCE: Anone = 1 for source nodes.

When comparing CONSTALL to our default coefficients, there is
only a slight shift with our method, while caching outputs is much
worse overall. This could be explained by a higher cost to fill
the cache compared to direct evaluation. Respectively, we observe
that when inner nodes have a cost depending on footprint shape
(ANISO) or size (SIZE), caching output nodes is generally a good
and reliable strategy. In these cases, cache fill cost is low compared
to direct evaluation. Varying cost at source nodes, CONSTSOURCE
makes it more costly to cache footprints compared to direct evalu-
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Figure 11: Texture graphs vary in their suitability for caching. Generally, caching output nodes can achieve similar evaluation cost reduction

as our method if the target sample count is sufficiently high, but can also results in increased cost for many material IDs. Our method avoids
these cases and achieves lower cost on average.
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Figure 12: Constraining the available cache space W reduces the benefit of caching, ultimately resulting in the same cost as direct evaluation
of texture graphs. Our method is able to find compromises in between, trading an increase in cost for cache space. Providing more space
than for caching output nodes does not seem to further increase efficiency.

BASE CONSTALL ANISO SIZE CONSTSOURCE SIZESOURCE
\ \
2 23 e N s
3 o I S ! S —
3] S S S — —|
- \
3 el e —_———
8 e —
=l r : i
<
Z 2 18 —_— SRS ]
3

20 22 24 26 28 2]0 20 22 24 26 28 2]0 2() 22 24 26 28 210 20 22 24 26 28 2I0 20 22 24 26 28 2]0 20 22 24 26 28 2]0

samples per pixel samples per pixel samples per pixel samples per pixel samples per pixel samples per pixel

—-— median ours quart. ours —-— median output = quart. output ——direct eval. cost

Figure 13: Comparison of the effect of different parameters for our cost measure. Higher (CONSTALL, CONSTSOURCE) or lower (ANISO,
S1ZE, SIZESOURCE) relative cache fill cost make caching less or more attractive, respectively.
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Figure 14: Higher cost of reconstruction from cache reduces the best case benefits of caching overall. At the same time, worst case behavior
of output caching is not affected much, since it is dominated by cache fill cost.
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Figure 15: Optimizing the evaluation strategy on a different foot-
print distribution leads to suboptimal results. Top: We optimize us-
ing our primary camera and render from the secondary camera.
Relative cost of each material ID increases in many cases com-
pared to optimizing on the secondary camera (ref.). Bottom: Total
cost increases in the three scenes when using this setup. We also
include the reverse case, i.e. optimizing on the secondary camera
and rendering on the primary camera.

ation, setting back amortization, while SIZESOURCE has the oppo-
site effect.

We also consider varying cache reconstruction cost in fig. 14 by
using a multiple of our default cache cost constant c. While re-
construction cost has a visible influence on the cost reduction that
caching can achieve, it seems to not affect worst-case behavior.
This could indicate, that in these cases cost is dominated by the
cache fill cost.

Generalizability of solutions. We investigate how specific our
evaluation strategies are to a footprint distribution in fig. 15. For
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this, we use our method to obtain an evaluation strategy on the pri-
mary camera and evaluate it on the footprints generated from the
secondary camera. We compare the relative cost to an evaluation
strategy that was optimized for the secondary camera. While many
material IDs are not affected by the changed camera, in many cases
cost is much higher without the specific optimization. We also show
how the total cost of the scene is affected and include the reversed
test of using the secondary camera to optimize. This demonstrates
that the overall efficiency of evaluation strategies can depend sig-
nificantly on the distribution of footprints.

10. Conclusion

We introduced a framework to examine the performance and re-
source usage of rendering systems with a procedural texture graph
at the core of their shading system. We showed that the efficiency
of a shading strategy and evaluations crucially depends on the fre-
quency, distribution, and shape of the queries performed during ren-
dering. These requests to the shading system originate from a path
tracer and are decisively characterized by their pixel footprint. We
provide a statistical prediction method to optimize the location of
cache nodes in a procedural texture graph, taking performance, re-
source usage, and anticipated frequency of queries at a target sam-
ple rate into account. Our framework can indicate to rendering en-
gineers whether shade-on-hit or precomputation are viable options
for their application. Since our data collection and optimization
scheme is relatively light weight, it can also be implemented into
an offline rendering system directly, to select optimal cache node
locations. There are several directions for future research, includ-
ing adaptation to GPU rendering and more advanced path sampling
algorithms, as well as extension to the temporal domain. GPU ar-
chitectures might demand changes to the cost model as well as to
the implementation of our profiling phase to accomodate for in-
creased parallelism. More advanced sampling algorithms like path
guiding could affect the accuracy of our prediction, since we as-
sume path sampling to be invariable throughout rendering. The
temporal domain might be interesting to support rendering movie
sequences while exploiting shared, time-independent computations
in the shading.
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