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Figure 1: Implicit surfaces represent the geometry of a shape as the zero level set of a function of 3D space. There are many varieties of
implicit surfaces used in practice (left). We study a method for a fundamental surface operation: uniformly random point sampling. Any
point on the continuous surface is equally likely to be chosen through our proposed process of sampling random rays in space and finding
intersections with the implicit (typically with sphere tracing). This white noise sampling can then act as the raw ingredient for downstream
recipes, including blue noise sampling, curvature-based importance resampling, deforming neural implicits, sampling-based regularization
terms for reconstruction, and direct estimation of basic shape quantities (surface area, enclosed volume, center of mass, etc.). ShaderToy
PseudoSDF credit to ©Xor (CC BY-NC-SA 3.0)

Abstract
Randomly sampling points on surfaces is an essential operation in geometry processing. This sampling is computationally
straightforward on explicit meshes, but it is much more difficult on other shape representations, such as widely-used implicit
surfaces. This work studies a simple and general scheme for sampling points on a surface, which is derived from a connection
to the intersections of random rays with the surface. Concretely, given a subroutine to cast a ray against a surface and find all
intersections, we can use that subroutine to uniformly sample white noise points on the surface. This approach is particularly
effective in the context of implicit signed distance functions, where sphere marching allows us to efficiently cast rays and sample
points, without needing to extract an intermediate mesh. We analyze the basic method to show that it guarantees uniformity, and
find experimentally that it is significantly more efficient than alternative strategies on a variety of representations. Furthermore,
we show extensions to blue noise sampling and stratified sampling, and applications to deform neural implicit surfaces as well
as moment estimation.
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1. Introduction

Sampling uniformly distributed points on surfaces is essential for
characterizing the underlying geometry in many downstream ap-
plications such as visualization and simulation. Concrete algorith-
mic use-cases include integrating surface areas or other geometric
properties [LWMB03], evaluating regularizers for geometric opti-
mization [YWOSH21], computing metrics such as Chamfer dis-
tance [HNSS∗24], and sampling BSSRDF exit points in render-
ing [KKCF13]. It is easy to draw samples on a surface explicitly
defined as a mesh, however it is not so straightforward when no
mesh is available, such as implicit surfaces. This is problematic,
as implicit surfaces are increasingly widely used, for instance as a
neural representation for shapes in machine learning. We consider
the problem of sampling uniformly-distributed points on surfaces
in this more general setting.

How might one sample points on an implicit surface? One pos-
sibility is rejection sampling, drawing random points in space and
keeping only those near the surface, but this wastes many samples
and requires an error-inducing projection onto the surface. Another
is to use isosurface extraction such as marching cubes to recover a
mesh, and sample from that, but this requires expensive sampling
to a grid and can alias fine features. Principled sampling processes
like Markov chain Monte Carlo guarantee a proper distribution in
an asymptotic limit, but convergence may be slow in practice.

Instead, we leverage a classic mathematical relationship to the
intersection of random lines with the surface (e.g., “Cauchy-
Crofton Formula” and “Buffon’s Needle Problem”). Taking ran-
dom lines drawn from an appropriate distribution and gathering
all intersections yields a uniform sampling of the surface—see
[PPK16] for one reference. Precisely, this strategy produces a
white-noise uniform distribution of samples, although other sam-
plings can also be obtained with our method (Figure 2). This re-
lationship is well-known in mathematics. It has sporadically and
briefly been studied in visual computing [DHJM08], but has not
previously been put to work in the context of modern implicit sur-
faces and neural representations, where we show that it offers sig-
nificant benefits.

Importantly, this sampling method applies to any surface rep-
resentation for which we have the ability to intersect rays with
the surface. Because ray casting is already a necessary operation
for rendering and visualization, it is widely and efficiently im-
plemented for a wide variety of implicit surfaces and other non-
standard shape representations. For instance, we can efficiently in-
tersect rays with implicit signed distance functions surfaces via
sphere tracing [Har96], with harmonic functions via Harnack trac-
ing [GYBC24], or more general implicit functions via interval trac-
ing [SDF97]. Even recent Gaussian particle representations allow
for efficient ray tracing [MLMP∗24].

In this paper we study ray intersection-based sampling in the
context of implicit surfaces and neural representations. We provide
self-contained proofs supporting the claim of uniformity and nu-
merically compare with other existing approaches, showing signif-
icantly improved efficiency and uniformity. We also demonstrate
extensions to downstream applications of the approach, including
stratified sampling (Section 4.3), blue noise sampling (Section 6.4),
implicit deformation (Section 6.5), and more.

Neus flat torus power spectrum

white noise

blue noise

Figure 2: White noise sampling is often useful as a raw ingre-
dient to downstream applications, such as blue noise generators
(e.g., [Yuk15, Bri07]. Our white noise samples on a neural im-
plicit [WLL∗21] (top left) are subsampled to a blue noise sample
set [Yuk15]. For reference, we show the same process on a periodic
square and its corresponding power spectrum images [SD11].

2. Related Work

Sampling surfaces is a core operation used across visual comput-
ing from rendering to numerical integration and beyond. Here we
focus specifically on past work for sampling when explicit mesh
representations are not available, such as implicit surfaces.

2.1. Sampling and Implicit Surfaces

Implicit surfaces are a flexible and general representation, defin-
ing surfaces as the level set of functions such as signed dis-
tance functions or occupancy functions. Recent research across vi-
sual computing has leveraged neural implicit functions as a shape
representation for tasks in learning and reconstruction [PFS∗19,
WLL∗21, YGKL21]. Across these works, sampling the level set
has proven to be helpful for many downstream tasks such as ren-
dering from the underlying shape [YGKL21, WLL∗21], improv-
ing its optimization by defining on-surface regularization terms
[AHY∗19, YWOSH21, YGKL21, HNSS∗24, HCHH24] and shape
manipulation [YBHK21].

2.2. Sampling Algorithms

Although it is useful to sample points from surfaces which lack
an explicit representation, it is not obvious how to do so. Many
strategies have been considered in past work.

Rejection Sampling A basic standard approach is rejection sam-
pling: drawing points at random in the domain and keeping only
those which lie on the surface, see e.g. [YBHK21, HNSS∗24]. Re-
jection sampling is simple and straightforward, but may require a
huge number of rejected samples. Furthermore, because surfaces
are co-dimensional sheets with no volume, points will never land
exactly on the surface—in practice one must either retain samples

© 2025 Eurographics - The European Association
for Computer Graphics and John Wiley & Sons Ltd.



S. Ling & A. Madan & N. Sharp & A. Jacobson / Uniform Sampling of Surfaces by Casting Rays 3 of 15

log(number of duplicates)
0 400404

[Chiu 2022] Rejection SamplingNeuS via Marching Cubes

296x evals

after
projection

before
projection

57x evals0.42x evals

Ours

Figure 3: We visualize 500,000 samples using our method and all baseline methods on the level set of a neural implicit function [WLL∗21]
learned from images of the ficus scene in the Blender dataset. Our method achieves similar or better sample quality as rejection sampling and
sampling via marching cubes on a grid of resolution 40963 while being a factor of 57× and 296× cheaper in terms of function evaluations,
respectively (for reference, ours took 2.3×108 function evaluations). Because the specialized Hamiltonian Monte Carlo method from [Chi22]
can only sample near the surface (left slice), it requires an additional non-trivial projection to result in on-surface samples (right slice). This
method also results in duplicated samples (which are necessary for correct statistics), so we also plot a histogram of duplicated sample
counts. Both rejection sampling and sampling via marching cubes also require projection, but is too small to visualize (though it does mildly
affect exact uniformity).

in a narrow band around the surface (not truly sampling the sur-
face), or project onto the surface as a post-process (concentrating
points in positively-curved regions).

Grid Based Another possibility is to evaluate an implicit func-
tion on a regular grid for sampling. Most commonly, isosurfac-
ing algorithms such as marching cubes [LC98] are used to con-
struct an explicit mesh as an intermediary for sampling [DBD∗22,
HNSS∗24, HCHH24]. Yan et al. [YWW14] apply a related grid-
decomposed sampling by observing that the surface can be repre-
sented as a height function per-cell, although the function is still lin-
earized within each cell. These strategies nicely leverage the well-
established tools of extraction and mesh sampling, but may suf-
fer from excessive computation and aliasing of fine features from
working on a grid.

Particle Evolution and MCMC Other methods iteratively update
a sample set to converge to the desired distribution to gradually dis-
cover a suitable set of samples. Wang et al. [YWOSH21] approxi-
mate blue noise samples to assist in training, via a three-stage pro-
cedure of projecting, resampling, and upsampling, although they
target improved training efficacy more so than any precise sam-
pling distribution. Such strategies can be formalized via Markov
chain Monte Carlo (MCMC), which provably converge to a uni-
form sample set in the asymptotic limit, as studied in the thesis
of Chiu [Chi22] for implicit surface sampling. Likewise, Langevin
dynamics-based formulations evolve to the desired distribution ac-
cording to a stochastic differential equation [CYAE∗20,YBHK21],
and [LLK∗22] sample from a mollified interaction energy. How-

ever, these methods may require large numbers of iterations to
“warm up” to a uniform distribution on complex geometry, and
most still require an error-inducing projection step to generate
points exactly on the surface.

Line Intersections The sampling method studied in this work fol-
lows from a classic relationship of random lines intersecting a sur-
face, see Section 3. Although this approach has not yet been utilized
in recently important applications with implicit surfaces where it
has significant advantages, it has occasionally appeared elsewhere
in visual computing, which we outline here. Detwiler et al. use ran-
dom lines to sample points specifically in the context of CAD ge-
ometry [DHJM08], although their approach requires specifying an
upper bound on the number of intersections a priori, which may
be prohibitive in practice. The same approach is adapted to point
clouds [LYZ∗06] via the ray tracing approach of [SJ00], and digital
binary-voxel geometry [LYZ∗10], both for the particular purpose of
estimating surface area. Some other works use low-discrepancy se-
quences to obtain surface samples on CAD objects [LWMB03] for
estimating surface area, and for sampling on meshes [RWCS05].
Beyond surface sampling, ray marching has also been used for sam-
pling on the medial axis [YDL∗14].

2.3. Other Notions of Sampling

We primarily consider uniform sampling in the sense of white
noise, but other kinds of sampling are also important in vi-
sual computing. Low discrepancy sequences and stratified sam-
pling [LWMB03, RWCS05, Qui09] seek to reduce variance at
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t=0 t=1interpolation

Figure 4: A neural field is learned to represent a smooth interpolation between two different chairs at t = 0 and t = 1 as in [LWJ∗22] (top).
Our method uniformly samples the implicit surface of the interpolated shape at any point in the sequence (bottom).

bounded sample counts by spatially distributing the sample se-
quence across the domain. Blue noise sampling seeks a different
distribution, with nicely-spaced samples on the surface which are
useful for texture synthesis and perceptual optimization [Bri07,
Yuk15, ÖAG10]; in Section 6.4 we show how our sampler can do
the same on surfaces.

3. Theory

Our method is derived from the relationship between random lines
and their intersections with a surface. These properties are well-
known in integral geometry—the Cauchy-Crofton Formula relates
the length of a curve to the number of intersections with a ran-
dom line, while Buffon’s needle problem considers the likelihood
of a line segment intersecting parallel strips. One introduction to
sampling via line intersections can be found in [PPK16]. In this
section, we provide a self-contained introduction to equidistributed
sequences and some intuition for why the algorithm works.

3.1. Equidistributed Sequences

A crucial building block of randomized algorithms is an underly-
ing sequence of random numbers that are uniformly distributed, as
they provide a simple and flexible primitive for stochastic com-
putation. Instead of attempting to obtain truly random numbers,
pseudo-random number generators (PRNGs) are used in prac-
tice, which produce long deterministic sequences with statisti-
cal properties that emulate truly random uniformly distributed se-
quences. One desirable property is that the proportion of sam-
ples in a given region of the sampling domain should be roughly
equal to the relative area of that region; sequences that exhibit
this property are called 1-equidistributed [Fra63]. An equiva-
lent characterization is that, for any function f over the sam-

pling domain Ω (an m-dimensional manifold embedded in Rn

for any 1 ≤ m ≤ n), the sequence {xi} can be used to construct
a Monte Carlo estimator of

∫
Ω

f (x)dx with uniform contribution
weights that converges as the sample count N approaches infin-
ity (i.e., limN→∞

1
N ∑

N
i=1 |Ω| f (xi) =

∫
Ω

f (x)dx) — such an esti-
mator is called consistent. The notion of equidistribution can be
extended to arbitrarily large k by instead considering the conver-
gence of the estimator limN→∞

1
N ∑

N−k+1
i=1 |Ω| fk(xi, . . . ,xi+k−1) =∫

Ωk fk(x1, . . . ,xk)dx1 . . .dxk for a function of k variables fk. If a se-
quence is k-equidistributed for all natural numbers k, it is com-
pletely equidistributed. Since k-equidistribution for increasingly
large k imposes more and more uniformity requirements on the se-
quence, it suffices to use k-equidistributed sequences for large k in
numerical computation, in place of samples from a truly uniform
distribution.

3.2. Sampling via Oriented Line Casting

The surface sampling algorithm is as follows: uniformly sample
M oriented lines, and for each line, append all of its surface inter-
sections with Ω into a list of points (this algorithm was previously
proposed by Palais et al. [PPK16]). At first glance, it is surpris-
ing that such a method truly produces uniform surface samples, but
building upon the Cauchy-Crofton formula from integral geome-
try [San76], by taking all surface intersections for each line rather
than, e.g., a single intersection per line, the resulting sequence is
k-equidistributed if the line distribution is also k-equidistributed.

Below we provide some intuition for the two key ideas be-
hind the proof for the 1-equidistributed case; the general k-
equidistributed case follows similarly (and see [PPK16] for a rigor-
ous proof). The first key idea is that each point on the surface is in-
tersected by exactly one line along each direction d⃗ ∈ S2, so as long
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Figure 5: An illustration of our uniform ray sampling algorithm as
in Algorithm 1. Given the blue [−1,1]3 cube around an implicitly-
defined teapot shape, we first sample a direction d⃗i uniformly.
Among all rays parallel to that direction, we only want the rays
that intersect the cube to add to our ray sample set L, which we
achieve by rejection sampling on the gray 2

√
3-sided square in the

plane spanned by normal n⃗i and bi-normal b⃗i. The points whose
emanated rays intersect the bounding box fall in the green region
on the plane, which is the orthographically projected area of the
bounding box onto the plane.

as we uniformly sample lines in every direction within a region en-
closing the surface, we can “average out” the contribution of a point
to an arbitrary integral over the surface over all line directions. The
second key idea is that different lines can intersect different num-
bers of points, which means the lines need non-uniform densities
(e.g., lines with more intersections should have a larger density).
Although it is intractable to obtain the true line densities a priori,
returning every intersection along the line essentially amortizes a
line’s true non-uniform density and gives each point the desired
uniform density, and so the consistent Monte Carlo estimator can
simply use uniform weights. An alternative strategy was used by
Detwiler et al. [DHJM08] where they rejected lines based on the
number of intersections relative to the maximum possible number
of intersections with Ω, but in our approach extracts at least one
surface sample from every ray and can extract several samples for
rays with many intersections, making it more efficient while still
maintaining uniformity.

The samples produced by this method are not independent
(though they are identically distributed), as the collinear points pro-
duced by intersections with the same line are correlated. However,
the definition of k-equidistribution ensures that the points are suf-
ficiently well-distributed such that the correlation between samples
does not influence downstream applications.

For the rest of the paper, we will refer to rays instead of oriented
lines; although rays have an associated origin and lines do not, as
we will describe in Section 4.1, rays are sampled by selecting an

Random Point in Box
(Non-Uniform)

Random Point in Normal Space
(Uniform)

Figure 6: Ray origin sampling is crucial for obtaining uniform
ray samples. If origins are simply chosen as random points within
the box (left), the rays will pass through the center of the box more
frequently than the edges (middle left). Meanwhile, if the origins
are chosen in the space normal to the line direction (middle right),
then the ray density is uniform over the box (right).

origin outside of the bounding cube, such that exactly one ray cor-
responds to each oriented line (see Figures 5, 6).

3.3. Ray Resampling

The one-to-many sampling procedure described above can also be
viewed through the lens of resampling [Rub87,Tal05]: each ray can
be given a weight proportional to the number of their intersections
with the surface, and then the rays can be resampled with replace-
ment with probabilities to their weights, after which an intersection
along the ray is randomly selected with equal probability. Taking
every single intersection for each ray is then a particular instantia-
tion of the aforementioned resampling process, where each ray ℓi
with ki intersections is resampled ki times, and each time a different
intersection along the ray is selected. We formally prove the equiv-
alence that resampling produces uniformly distributed samples in
Appendix A, and empirically show that resampling produces sam-
ples of comparable quality in Figure 7.

4. Method

In this paper, we propose a method that uniformly samples the level
set of a given implicit function via random ray casting and find-
ing the intersections between the rays and the level set within the
bounding domain. The inputs to our algorithm is a bounding box
defining the sampling domain and an implicit function with a Lip-
schitz constant bound λ. The samples extracted from our method
lies strictly on the implicitly-defined surface without needing addi-
tional projection and is uniformly distributed on the surface by the
definition of uniformity we provided in above section.

4.1. Uniform Ray Sampling

Sampling rays uniformly without any bias is an essential first step
in our method. However, it is impossible to sample directly in an
unbounded manner in the same way that sampling all points in R3 is
impractical. Our method is only interested in rays that will possibly
intersect the level set defining the surface, and therefore it is reason-
able to restrict the problem of uniform ray sampling to uniformly

© 2025 Eurographics - The European Association
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Algorithm 1 UniformRays: Sampling n uniformly distributed rays
within bounding box [−1,1]3.
Require: M: number of rays
Require: bbox: bounding box of size [−1,1]3

L←{}
while size(L)< M do

d⃗i← random unit direction
n⃗i ,⃗bi← normal, bi-normal direction of d⃗i via SVD
u0,u1 ← random offset values uniformly sampled in the in-

terval between 0 and the bounding box diagonal length [−
√

3,√
3]

oi← u0⃗ni +u1⃗bi
ℓi = oi + td⃗i
if IntersectBoundingBox(ℓi,bbox) then

Append ℓi to L
return L = {ℓi}

sampling all rays that intersect the bounding box of the surface.
Note that although many other alternative bounding volumes ex-
ist, e.g., a bounding sphere, we default to a non-tight bounding box
following the convention in deep learning of normalizing shapes
into the [−1,1]3 cube, though tight bounding volumes would re-
duce the number of sampled rays that miss the surface and would
thus be more efficient. While there are a variety of constructions,
we propose to first sample a direction uniformly, and then among
all rays parallel to that direction, uniformly sample ray origins so
the resulting ray intersects the bounding cube. We do this using re-
jection sampling, by uniformly sampling a point on a 2

√
3-sided

square in the plane defined by the normal and bi-normal directions
n⃗i and b⃗i, respectively, until the parallel ray passing through this
point intersects the bounding box. This intersection test between a
ray candidate and the bounding box can be done with a fast ray-slab
test, which has a low rejection rate if the bounding box is tight. See
Algorithm 1 for a more detailed version of this algorithm and Fig-
ure 5 for a explanatory diagram. This algorithm generalizes to any
bounding primitive (e.g., spheres, k-DOPs), but bounding spheres
can skip the rejection sampling step and instead directly sample ray
origins on the projected disc on the (⃗ni ,⃗bi) plane.

One might wonder if a simple ray sampling algorithm would suf-
fice, for example, picking a random point in [−1,1]3 and pairing it
with a random direction. However, this results in a non-uniform
distribution as shown in Figure 6.

4.2. Ray-Intersection Evaluation

Once we have M randomly sampled rays, we
want to find all intersections between the sam-
pled rays and the surface (see inset, green
points). For implicit functions, we consider a
known Lipschitz bound of λ, i.e.,

| f (p1)− f (p2)| ≤ λ∥p1− p2∥2 , λ > 0.

This means that at every query location x, we know we can safely
take a step of size | f (x)|/λ in any direction d⃗ without stepping over
the zero level set [Har96]. We slightly modify the classic sphere
tracing algorithm [Har96], originally designed to find only the first

Algorithm 2 UniformPoints: Sample uniformly distributed points
on the zero level set of an implicit function f with Lipschitz bound
λ via random ray casting.
Require: f : implicit function with Lipschitz bound λ

Require: ϵ= 1e−4: tolerance for ray-intersection finding
L← Sample M rays via UniformRays() in Algorithm 1
for i = 1,2 . . .M do

P = {}
t = 0
p← oi + td⃗i/λ

s← | f (p)|
while t < length(ℓi) do

if s < ϵ then
Append p to P
while s < ϵ do

t← t +max(s,ϵ)
p← oi + td⃗i/λ

s← | f (p)|
t← t + s
p← oi + td⃗i/λ

s← | f (p)|
return P

intersection of a given ray with the level set, to instead find all in-
tersections of a ray with the level set. In our modification, we ray
march from the origins of each ray with step size | f (x)|/λ until we
find an intersection at the zero level set when | f (p)|< ϵ. After each
intersection, we keep ray marching with step size max(| f (x)|,ϵ)/λ

until the implicit function value reaches above the threshold value
ϵ, and proceed as usual to find the next intersection, terminating
when we reach the end of the ray (i.e., the ray is outside of the
box). Please see Algorithm 2 for the detailed pseudocode.

As this part of our algorithm is largely based on sphere tracing,
our method can benefit from any improvements proposed for sphere
tracing such as [GGPP20].

Taking One Intersection A tempting alternative is to simply take
one random intersection instead of all intersections on each casted
ray. However, as shown in Figure 7, naively only keeping one sam-
ple on casted rays results in incorrect non-uniform samples.

4.3. Acceleration and Stratification via Sparse Voxels

Many neural implicit surface functions come with existing sparse
voxel structures built to accelerate its optimization [MESK22]. Our
method naturally benefits from sparse voxel structures as we can
divide every implicitly-defined surface into sub-surfaces with open
boundaries inside each voxel, and apply our method independently
within each voxel. Since our method only requires an implicit func-
tion of non-zero Lipschitz bound, it can work with shapes with non-
manifold junctures and open boundaries as shown in Figure 8.

Applying our method with sparse voxel structures not only ac-
celerates the sampling process but also provides a way to perform
stratified sampling to reduce variance in Monte Carlo estimates, as
shown in Figure 9. The sparse voxel structure is also useful for in-
put where sphere tracing-like algorithms cannot be efficiently used

© 2025 Eurographics - The European Association
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0 10000100

keep one
keep all
resampled
ground truth

0.2

log(number of samples)

log(TV)

0.04

Figure 7: We plot the total variation (TV) score measuring the
uniformity of sample sets acquired with uniform sampling on the
ground truth polyline (“ground truth”), our method (“keep all”),
the resampling procedure described in Section 3.3 (“resampled”)
and taking a single intersection (“keep one”). Our method and
the resampling approach produce uniform samples on the surface
comparable with comparable TV scores to directly sampling on the
polyline, while the keeping one sample along each casted ray pro-
duces worse TV scores.

open boundary 

our samplesunsigned distance function

Figure 8: Our method only requires the surface to define a
codimension-one shape as the level set of an implicit function. Non-
manifold junctures and open boundaries are no issue for our white
noise sampling, such as this sailboat modeled as a cascade of ana-
lytic unsigned distance functions.

everywhere, e.g., many formulations of neural implicits which en-
courage SDF-ness but do not guarantee it and may have large global
Lipschitz bounds.

5. Evaluations

An ideal uniformly distributed set of samples on the surface means
the ratio of samples belonging to each local surface region should
be the same as the area ratio of the local region. Therefore, if we can
divide the surface into disjoint local patches, one can measure the

4e-5

2e-5

0 128

var(Area)

duration

voxel resolution

4e-5

2e-5

20

10

0

Figure 9: Sparse voxel structures can accelerate our method and
act as a form of stratified sampling which reduces variance for es-
timations of shape quantities as described in Section 6.2. Here we
show one instance of such a voxel structure with a voxel grid reso-
lution of 16, along with a zoom-in view of one voxel, a set of sam-
pled rays (orange) in this voxel, and the resultant samples on the
zero level set (white). We plot the variance of a surface area esti-
mate over 30 runs using sparse voxel structures built with different
grid resolutions, which demonstrates the variance-reducing bene-
fits of stratified sampling through voxels. We also plot the total time
needed (in seconds) for our method across voxel resolutions using
the same number of rays and show its acceleration benefits.

uniformity of a sample set by computing statistical distance met-
rics, such as total variation (TV) distance and KL divergence, be-
tween the distribution of samples per patch and the area density of
these patches.

While in practice our method is not necessary for triangle
meshes, they nevertheless provide an ideal real-world test set for
measuring the behavior of our method and baselines against a
ground truth sampler. We can easily produce a “ground truth” uni-
form distribution over the mesh by sampling triangles proportional
to area and uniformly sampling on each selected triangle, and we
can also evaluate our method on triangle meshes through direct ray-
intersection queries or sphere tracing the minimum distance to the
mesh (in our experiments, we use the latter for the sake of gener-
ality). Therefore, we focus on evaluating our method and baseline
methods on signed implicit functions defined by an existing mesh
dataset [MPZ14].

The surface defined by a triangular mesh has a natural disjoint
decomposition into triangles, so for a given sample set on a mesh,
we can measure its uniformity via the discrete total variation (TV)
score by taking the sum over all triangles of the absolute differ-
ence between the proportion of samples in the triangle and the area-
proportional density of the triangle:

TV =
1
2 ∑

i

∣∣∣∣ni

N
− Ai

Atotal

∣∣∣∣ (1)

Lower TV scores indicate more uniform sample sets.

In addition to uniformity of samples, we measure the efficiency
of each sampling method by counting the number of implicit func-
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tion evaluation calls used during sampling. The reason we use the
number of evaluations instead of run time is because many of the
methods studied here can be dramatically optimized for run time
due to their parallelizable nature, such as marching cubes and even
our method. We believe the number of function evaluations is an
accurate measurement of the method’s efficiency that is agnostic to
the chosen implementation, so our research prototype still provides
meaningful performance statistics.

5.1. Warm Up: Analytic Torus

0.4

0.2
 # of samples 50k10k

TV

0.4

0.2

TV
Ground Truth

Ours

To start, we apply our method
to an analytic implicit distance
function of a torus, and compute
the TV score of the generated
samples. We can sample the torus
uniformly via an analytical for-
mula derived with the inverse CDF method as the ground truth.

To evaluate uniformity of our samples against the analytical sam-
ples, we parameterized the torus into a toroidal grid of resolution
100×100. Each grid patch’s surface area can be analytically com-
puted via integration. We then compute the TV distance between
the surface area distribution of the toroidal patches and the distri-
bution of number of samples per patch. See the figure on the right
for a plot of TV distance against the number of samples, from both
our method and the analytically-derived formula. The uniformity
of samples acquired from our method on the torus’s surface aligns
well with the ground truth uniform sampler, verifying the theoreti-
cal uniformity of our method.

Baselines We next compare our methods to three baseline meth-
ods on a dataset of implicit functions defined by 114 meshes
[MPZ14] for which we have access to the ground truth implicit
function and a ground truth uniform sampler, i.e., uniformly sam-
pling on the mesh. For baselines, we compare with (1) uniform
sampling on the extracted mesh via marching cubes, (2) sampling
using a Hamiltonian Monte Carlo algorithm [Chi22], and (3) re-
jection sampling as used in many existing neural implicit tech-
niques [YBHK21, HNSS∗24].

More specifically, baseline (2) is a Markov Chain Monte Carlo
method that generates a sequence of samples following a special-
ized density distribution proposed in the thesis of Chiu [Chi22],
which asymptotically converges to a uniform set of samples on
the surface. Implementation-wise, we mostly follow the experiment
setup specified in [Chi22] except we replace the initial 1000 gradi-
ent descent steps with 5 Newton descent steps before the burn-in
period. Given an initial sample x randomly sampled in the bound-
ing box and the signed distance function f , a Newton step is:

x = x− f (x)
∇ f (x)
||∇ f (x)||2

.

This effectively moves point x to be near the surface with fewer
steps than gradient descent. The rest of the hyperparameter choices
stay the same: mass size is 1, total integration time is 1, the number
of integration steps is 100, and the number of burn-in Hamiltonian
Monte Carlo steps is 500. Note that this specialized Hamiltonian
Monte Carlo method practically can only sample near the surface

TV
1.0

0.2

1e14 1e20
log(total number of evals)

Ours

Rejection 
Sampling

[Chiu 2022]

n=5000

n=50000

Figure 10: We compare our method with the specialized Hamil-
tonian Monte Carlo sampling algorithm proposed in [Chi22] and
rejection sampling, by drawing an increasing number of samples
from 5,000 to 50,000 on a subset of 8 different implicit functions
defined by meshes from a dataset [MPZ14]. For each sampling
run, we measure the uniformity of the resulted sample set via TV
distance and the total number of function evaluations needed. Our
method consistently outperforms both baseline methods in both TV
distance and function evaluation count, resulting in more uniform
sets of samples on surface while being less costly to evaluate.

samples generated per ray cast

0.6

0.2

surface area in [-1,1]3 8.00

theoretical estimate

Figure 11: We ran our method on 114 different implicit surface
functions from a dataset of meshes [MPZ14]. Here we plot the re-
lationship between ground truth surface area and the ratio between
number of samples and the number of casted rays (i.e., average in-
tersection count). We confirm that the the average number of sam-
ples generated per ray is linear in surface area, which corroborates
the surface area formula in Section 6.2. This also means the rejec-
tion rate and wasted evaluation cost from our method correlates
with the surface area, which we show in Appendix B.
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NeuS
Non-Manifold 
Swept SurfaceTriple Bubble Siren Latent Shape

t=0.3

Surface of Revolution Gaussian Splats

Figure 12: We apply our method to a variety of implicit functions. From left to right: a Möbius transformation of the “standard triple bubble”
from [Sul12], a swept unsigned distance function resulting in a non-manifold shape, a surface of revolution generated by a cubic Bézier curve,
another NeuS surface trained from the Lego scene in the Blender dataset [WLL∗21], another SIREN surface fitted on LiDAR point clouds
of scan55 from the DTU dataset [SMB∗20], an implicit surface from interpolating two surfaces using latent code t = 0.3 [LWJ∗22], and a
preliminary result on a Gaussian Splats scene.

Table 1: We compute the average total number of function evalu-
ations to sample 50,000 points on a dataset of surfaces [MPZ14],
as well as the total variation (TV) score measuring the uniformity
of the samples. Although our method is generally aimed at implicit
surfaces, we use meshes here for the sake of known geometry to
evaluate against. For marching cubes, the grid size is 10243. The
total variation “Ground truth” refers to uniform sampling using
the ground truth mesh, for which we use the average score across
10 sampling runs for each shape.

Method Ground Truth [Chi22] Rejection Sampling via Marching Cubes Ours

Number of Evals N/A 9.98×106 3.98×108 1.07×109 1.92×107

TV 0.373 0.989 0.373 0.383 0.372

with a small but non-zero T parameter and therefore requires an ad-
ditional projection step. Note also that both baselines of rejection
sampling and sampling via marching cubes can produce samples
far from the surface as well, depending on the chosen hyperpa-
rameters. We use the same Newton method for any projection step
needed across all methods.

Results Our method achieves the best trade-off along the axes of
sample uniformity and method efficiency compared to all baselines
as shown in Table 1.

In Figure 10, we compare with Hamiltonian Monte
Carlo [Chi22] and rejection sampling, which is a common
method used in prior work for uniformly sampling implicit
surfaces [YBHK21, HNSS∗24]. Here we sample an increasing
number of samples from 20 to 50,000 on all shapes using all
methods, and plot the TV distance scores and the total number
of function evaluations on a randomly-chosen subset of 8 shapes.
Our method is at the optimal front with respect to both metrics
compared to the other baselines, i.e. consistently resulting in more
uniform samples while being less expensive. As mentioned before,
the theory behind the Hamiltonian Monte Carlo algorithm only

guarantees uniform on-surface samples asymptotically when the
temperature parameter T goes to 0 [Chi22], which is practically
impossible. With a non-zero T , the samples usually end up floating
near the surface and require an additional projection step to exactly
lie on the surface. We show the samples before and after projection
in Figure 3. In addition, the sequential sample sets acquired
from such a Markov Chain Monte Carlo method often contain
duplicated samples, resulting in a much worse uniformity measure.

We compare to sampling via marching cubes in a separate figure
as the cost of function evaluation with marching cubes is tied with
the grid resolution instead of the number of samples. As shown
in Figure 13, we obtain 50,000 samples on one shape using our
method and sampling on marching cubes-extracted meshes from
grids of increasing resolution from 3003 to 10243, and plot the total
variation score using the ground truth mesh. Marching cubes is con-
sistently more expensive than ours with respect to total number of
queries as it grows cubically with grid resolution, and the samples
are less uniform as the mesh extracted with marching cubes tend
to miss thinner structures and details. While we focus on a single
example in this figure, the observations generalize as demonstrated
by metrics in Table 1 computed from a dataset of shapes [MPZ14].

In addition to comparing with baselines, we provide additional
analysis of our method itself. We focus on the relationship between
the ground truth surface area and average number of samples per
casted ray. As shown in Figure 11, we observe a strong linear cor-
relation between the average number of samples per casted ray and
the surface area of the underlying implicit surface, which is what
we expect from integral geometry [San76]. This means the rejec-
tion rate and the amount of wasted computation from our method
is closely tied with the underlying surface area as well, which we
show in Appendix B. At the same time, this relationship allows one
to use our method to estimate important shape quantities such as
surface area and volume (Section 6.2).
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Ours via Marching Cubes 
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total number of evals
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1e90.5
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Figure 13: We compare our method with sampling a mesh extracted via marching cubes, from grids with resolutions ranging from 2003 to
10243. With this particular shape, even though the uniformity of the sample set via marching cubes improves with increasing grid resolution,
the extracted surface still misses some parts of the surface with a relatively high resolution grid as shown in the zoom-in view on the right,
which degrades uniformity. For sampling the same number of points, our method results in a sample set that is more uniformly distributed
on the surface, measured by a lower total variation score (TV), while being much cheaper to evaluate (for reference, ours took 1.6× 107

function evaluations). We also plot the “Ground truth” total variation score, averaged over 10 sampling runs using the ground truth mesh,
for reference.

6. Applications

This section focuses on various applications of our method. Our
method can be used for a range of tasks including shape quantity es-
timation, offset surface sampling, and curvature-based resampling.
Meanwhile, extracting a uniformly distributed set of samples on
the implicit surface enables a range of downstream graphics appli-
cations including blue noise sampling, neural implicit shape defor-
mation, and many others.

6.1. Sampling Across Representations

Our method is applicable to a variety of surface representations,
including not just implicit surfaces but generally anything against
which we can cast rays and gather intersections. Figure 12 demon-
strates point samples across a collection of these representations.
Analytical implicit surfaces can be defined by sweeping and rev-
olution (Figure 12), or authored by an artist (Figure 15). Neu-
ral implicit representations (Figure 12) such as Siren [SMB∗20],
NeuS [WLL∗21], or latent interpolations [LWJ∗22] are used in re-
construction and generative modeling. We also include a prelim-
inary example on a Gaussian particle surface [KKLD23] (Figure
12); although there is no precise notion of a surface, our algorithm
produces reasonable point sets by casting rays as in [MLMP∗24],
marking an intersection when the transmittance drops below 50%
and casting new rays from the intersection points to obtain all in-
tersections along the same direction.

offset = 0
surface area = 1.92

offset = +0.01
surface area = 1.68

offset = −0.01
surface area = 1.17

Figure 14: White noise sampling can be straightforward with mesh
surfaces, but offset surface sampling is often non-trivial unless con-
verted to an implicit surface. Our method can easily sample offset
surfaces, along both positive and negative directions, in addition to
the surface defined at the zero level set.

Open Boundaries and Nonmanifold Geometry Open surfaces,
variable codimension, and non-manifold structure likewise pose no
problem for our approach, so long as we can intersect rays with the
surface. Figure 8 shows an example sampling from an open surface
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Volume:
Shell Centroid:

(-8.2e-4, -0.11, -2.4e-4)
Volume Centroid:

(-1.3e-3, 0.062, 1.7e-3)

Figure 15: Our method can estimate various shape quantities like
surface area, volume, surface centroids, and volumetric centroids,
as demonstrated here for this PseudoSDF ShaderToy example of a
burger as seen in Figure . ShaderToy PseudoSDF credit to ©Xor
(CC BY-NC-SA 3.0)

by tracing an unsigned distance function, while the swept surface
in Figure 12 is non-manifold.

Offset Surfaces Even when working with an explicit mesh rep-
resentation, our approach may useful to sample from implicit, de-
rived surfaces such as the offset surface from a mesh, defined as
the shifted surface which is a specific distance away from the input
mesh. We can easily cast rays against this offset surface by querying
and shifting the distance from the mesh at any point in space; Fig-
ure 14 shows one example of sampling points from such an offset
surface. In turn this also allows the estimation of derived quantities
like surface area of the offset surface, as described below.

6.2. Moment Estimation

Our ray-casting-based sampling can also be used to compute mo-
ments of the shape. For the calculations below we assume that the
shape is enclosed in the [−1,1]3 cube. All of these formulas, or
variants of them, are well-known, so we will only briefly discuss
each one. See Figure 15 for an example of moments estimation on
a pseudo-SDF ShaderToy example of a burger.

Surface Area If M random rays in the [−1,1]3 cube against an en-
closed surface S results in K intersections, then a Cauchy-Crofton-
like formula for the surface area of S is:

A =
∫
S

1dx = lim
M→∞

12K
M

. (2)

This formula can be derived by taking ratios of Monte Carlo esti-
mates from the Cauchy-Crofton formula between S and [−1,1]3, to
eliminate the proportional constant depending on the ray integra-
tion volume [DLI10].

Thin Shell For a surface S, averaging uniform samples directly on
S gives a Monte Carlo estimate of its centroid:

cshell =
1
A

∫
S

xdx = lim
M→∞

1
K

K

∑
i=1

xi. (3)

Volume Treating the shape as enclosing a solid volumetric region
Ω, our intersections also give a Cauchy-Crofton-like formula for
the total volume. Similar formulas can be derived using the diver-
gence theorem for rays in a single direction [KH10, TCL21].

V =
∫
Ω

1dx = lim
M→∞

6
M

M

∑
i=1

σi (4)

where σi is the chord length for the i-th ray (i.e., the total length
of the portion(s) of the ray inside the shape). The chord length can
be efficiently tracked during consecutive intersection tracing. We
can derive Eq. 4 using the fact that the average chord length of rays
passing through Ω is 4V/A [San76, Maz08], and taking the ratio
of volumes between Ω and [−1,1]3 to eliminate the proportional
constant.

Similarly, we can approximate the volumetric centroid:

csolid =
1
V

∫
Ω

x dx =

M
∑

i=1
∑

j∈Ci

σi j
2
(
ai j +bi j

)
M
∑

i=1
∑

j∈Ci

σi j

(5)

where Ci defines the (possibly empty) set of chords for the i-th ray
so that σi j is the length of the j-th chord of the i-th ray and ai j
and bi j are that chord’s corresponding start and end points. This
formula is a straightforward corollary of Eq. 4.

6.3. Curvature-based Resampling

our samples curvature-based
resampling

With a uniformly dis-
tributed set of samples
that covers every part of
the surface, one can then
estimate per-point metrics
such as curvature and
loss values for importance
sampling or hard sample
mining.

Such techniques have
shown benefits for tasks like neural implicit surface optimization
from images [YWOSH21]. On the right we show points obtained
via curvature-based resampling on the intermediate surface during
optimization [SMB∗20].

6.4. Low-Discrepancy Sequence Sampling

One direct downstream application that requires a uniform set of
samples is blue noise sampling via subsampling [Yuk15]. These
samples can then be used for texture synthesis, simulation or
remeshing. See Figure 2 for an example, where we subsample our
uniform a samples as blue noise.

One can also replace the uniform ray sampling specified in Sec-
tion 4.1 with low-discrepancy sequences of rays as proposed in
[LYZ∗06, LYZ∗10]. This does not necessarily yield a correspond-
ing low-discrepancy sequence on the surface, however we find
that it indeed improves convergence when estimating moments, as
shown in Figure 16.
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Figure 16: We plot the absolute surface area estimation error with
samples acquired from sampled rays using a low-discrepancy se-
quence as proposed in [LYZ∗06, LYZ∗10], as well as uniformly
sampled rays, as described in Section 4.1. We also plot asymptotes
O(N

2
3 ) and O(N

1
2 ), and observe that using the low-discrepancy se-

quence results in faster convergence, as pointed out in [LYZ∗06].

6.5. Neural Implicit Deformation

deformed 
[Yang et al. 2021]original

A set of uniformly distributed
samples on a surface is also
essential for defining surface
loss functions for neural im-
plicit deformation as described in
[YBHK21]. The original paper
considers a Langevin dynamics-
based sampling method which
suffers from clumping near high-
curvature regions and empirically uses rejection sampling with pro-
jection in their method, which we compared to as one of the base-
lines in Section 5.1. Here we replace the sampling module in the
original implementation with our method and show one result on
the right.

6.6. Two Dimensional Shapes

While our primary motivation is sam-
pling surfaces in 3D, our algorithm
trivially generalizes to 2D. The re-
cent surge of interest in genera-
tive vector graphics [YCC∗25] and
diffusion models for vector fonts
[TLA∗24] motivates the need for
sampling structured shape outlines in
the plane. There is already success
utilizing implicit functions for these tasks [RZW∗21]. The inset
figure shows a classic Metafont ‘a’ — defined as the Minkowski
sum of a rotated ellipse along a spline [Knu86] — treated as an im-
plicit function, whose boundary is uniformly sampled with our ap-
proach restricted to 2D, zoom to see samples. Generalization to 4D
and beyond is also exciting to consider, though the average chord
length formulas [San76,Maz08] indicate decreasing efficiency with
dimension.

7. Conclusions

This work considers the problem of uniformly randomly sampling
surfaces without an explicit mesh representation, such as implicit
surfaces. We presented a solution via randomly sampled rays cast
in space and finding ray intersections with the implicit level set.
While our method is grounded in existing theory and prior explo-
rations, we evaluate it on a wide variety of implicit surfaces in-
cluding modern neural representations. By leveraging the power
of modified sphere tracing, we show its advantages over common
baselines such as sampling on an extracted mesh, rejection sam-
pling, and a Markov Chain Monte Carlo-based method. We explore
many downstream applications that extend from our method or ben-
efit from a uniformly-distributed set of samples on a surface.

Limitations and Future Work For shapes with extremely thin
sparse features which occupy only a small fraction of their bound-
ing box, sampling may become inefficient as most rays do not in-
tersect the geometry. All sampling methods struggle with this case
in some form or another: grid-based approaches such as marching
cubes may be entirely alias and miss these features, while MCMC-
type methods (e.g., [Chi22]) may see proposal rejections increase
leading to undersampling and over-duplicating. We believe the be-
havior of our method is often preferential in this case, in that its
sampling is still accurate but merely less efficient. There are many
avenues to improve the efficiency of our method as well, by using
tighter bounding primitives and/or by using bounding primitives
that support faster ray sampling, such as spheres.

Many of our examples leverage sphere tracing of SDF-like im-
plicit functions; this fast tracing algorithm is only possible when
the function has a known (or estimable) Lipschitz constant, oth-
erwise this method must fall back on dense marching or special-
ized searches (e.g., [GYBC24]). Other common implicits such as
truncated signed distance fields or neural fields [XTS∗21] that are
constructed with accompanying space-skipping data-structures are
readily incorporated into our approach.

Some implicit formulations might model hard surfaces as a 0-
1 binary occupancy field or a similar density formulation; such
fields are difficult to efficiently trace and sample from, as there
is little information in the vicinity of the interface. The stochas-
tic framework for Poisson surface reconstruction [SJ22] provides
one promising starting point, modeling the smoothed near-surface
uncertainty which is inherently present.

There are still many interesting use cases that we would like to
explore as future work. For example, certain simulators require es-
timation of intersection volumes between two shapes [TLP∗18], for
which our shape quantity estimation property can be helpful. One
could also go one dimension higher, and instead of sampling points
via random ray casting, sample curves via random plane intersec-
tions as studied in [BM20].

Acknowledgments

We thank Derek Liu and Silvia Sellán for providing codes.
Our research is funded in part by NSERC Discovery (RG-
PIN–2022–04680), the Ontario Early Research Award program, the
Canada Research Chairs Program, a Sloan Research Fellowship,
the DSI Catalyst Grant program and gifts by Adobe Inc.

© 2025 Eurographics - The European Association
for Computer Graphics and John Wiley & Sons Ltd.



S. Ling & A. Madan & N. Sharp & A. Jacobson / Uniform Sampling of Surfaces by Casting Rays 13 of 15

References

[AHY∗19] ATZMON M., HAIM N., YARIV L., ISRAELOV O., MARON
H., LIPMAN Y.: Controlling neural level sets. Advances in Neural In-
formation Processing Systems 32 (2019). 2

[BM20] BREIDING P., MARIGLIANO O.: Random points on an algebraic
manifold. SIAM Journal on Mathematics of Data Science 2, 3 (2020),
683–704. 12

[Bri07] BRIDSON R.: Fast poisson disk sampling in arbitrary dimensions.
SIGGRAPH sketches 10, 1 (2007), 1. 2, 4

[Chi22] CHIU E.: Uniform Sampling over Level Sets. Master’s thesis,
Massachusetts Institute of Technology, 2022. 3, 8, 9, 12

[CYAE∗20] CAI R., YANG G., AVERBUCH-ELOR H., HAO Z., BE-
LONGIE S., SNAVELY N., HARIHARAN B.: Learning gradient fields
for shape generation. In Computer Vision–ECCV 2020: 16th European
Conference, Glasgow, UK, August 23–28, 2020, Proceedings, Part III 16
(2020), Springer, pp. 364–381. 3

[DBD∗22] DARMON F., BASCLE B., DEVAUX J.-C., MONASSE P.,
AUBRY M.: Improving neural implicit surfaces geometry with patch
warping. In Proceedings of the IEEE/CVF Conference on Computer Vi-
sion and Pattern Recognition (2022), pp. 6260–6269. 3

[DHJM08] DETWILER J. A., HENNING R., JOHNSON R. A., MARINO
M. G.: A generic surface sampler for monte carlo simula-
tions. IEEE Transactions on Nuclear Science 55, 4 (Aug. 2008),
2329–2333. URL: http://dx.doi.org/10.1109/TNS.2008.
2001063, doi:10.1109/tns.2008.2001063. 2, 3, 5

[DLI10] DAUGMAUDIS J. V., LAURYNĖNAS A., IVANAUSKAS F.: The
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Appendix A: Proof of Resampling Formulation

Here we show that the ray resampling method described in Sec-
tion 3.3 produces uniformly distributed samples over a surface S.
Before stating the theorem, we define L as a compact set of rays,
which contains all rays in R3 that intersect S. Now, we wish to
prove the following:

Theorem 1 Given a set of uniformly M distributed rays L = {ℓi}
sampled from L, where each ℓi intersects S ki times, resampling N
rays from L with probability proportional to ki and uniformly se-
lecting one intersection per resampled ray produces a set of points
X = {x j} that is uniformly distributed over S.

Proof We will prove the theorem by showing that X is 1-
equidistributed; that is, we can build a consistent Monte Carlo esti-
mator of integrals over S using X and uniform contribution weights.
We resample rays by following Resampled Importance Sampling
(RIS) [Tal05], using a target function of q(ℓi) = ki and noting that
the base distribution is p = p(ℓi) = 1/|L|. We assign a resampling
weight wi =

qi
p to each ℓi, and resample N rays proportional to

wi. From these resampled rays Lr = {ℓ j}, we uniformly select an
intersection with S, x j, with probability 1/k j. Through an exten-
sion of the Cauchy-Crofton formula for evaluating integrals over
S [PPK16], we know that in R3,

∫
S f (x)dx = 1

2π

∫
L ∑

k(ℓ)
i=1 f (xi)dℓ,

i.e., an integral over surfaces can be converted to an integral over
rays by summing the integrand over each of the k(ℓ) intersections
ℓ makes with S, denoted xi. Using RIS, the Monte Carlo estimator
for an arbitrary function f over S is then

I =
1

2π

1
N ∑

j

1
1/k j

f (x j)

q(ℓ j)

(
1
M ∑

i
wi

)

=
1

2π

1
N ∑

j
f (x j)|L|

∑i ki

M

From [PPK16], we know that as M →∞, ∑i ki
M → 2π|S|

|L|
†, so the

equation simplifies to I = 1
N ∑ j |S| f (xi) as M →∞, which is the

desired result.

Appendix B: Analysis: Evaluation Count vs. Surface Area

Besides analyzing the average number of samples per casted ray,
we also empirically analyzed the relationship between the total

† The proof of this result in [PPK16] has an error where they omit a fac-
tor of 2

|L| , though a corrected proof follows essentially the same argument
presented in the paper, by applying the Cauchy-Crofton formula and ac-
counting for |L| in Monte Carlo estimates over L.
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Figure 17: We ran our method to sample points with 50,000 rays
on 114 shapes from a dataset of meshes [MPZ14], and plotted the
total number of evaluations required and the ground truth surface
area.

function evaluation cost of our method and the surface area of the
shape being sampled. Not surprisingly, as shown in Figure 17, it
also has an approximately linear relationship as sphere tracing-like
methods are most costly near the surface.
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