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Abstract. Earlierproposedantialiasingtechniquesfor voxelizationof geometric
objectsin somecasesdonot resultin completelyalias-freedataandimagerendi-
tions.This is oftenthecasefor someimplicit solidsandCSGtrees.In this paper
we proposea setof operations,which cancorrectsuchcorrupteddatasetsand
subsequentlyleadto alias-freeimagerenditions.

1 Intr oduction

The notion voxelizationrepresentsa setof techniquesaiming to representcontinuous
geometricobjectsby meansof 3-dimensional(3D) discreterastersof sampleswith
certainvalues(densities)assigned.Such3D grids are the basicbuilding component
of techniques,commonlyknown asVolumeGraphics[1]. Albeit still waiting for their
widespreaduse,volumegraphicstechniqueshave alreadyproven their superiorityin
numerousareas,wheretraditionalsurface-basedgraphicsrunsinto troubles:simulation
of fuzzyphenomena,volumedeformation,weatheringandsubsurfacescattering[2,3].

Thetopic of this paperis antialiasingvoxelizationtechniques,which in contrastto
binaryonesrepresentobjectsby meansof sampleswith densitiestakenfrom aninterval
of realvaluesin general.Thegreatpotentialof antialiasingtechniquesis theirability to
reconstructoriginal objectsurfacesandsurfacenormalswith high fidelity [4–7]. Thus,
volumegraphicsnot only extendsthe capabilitiesof surfacegraphics,but enablesits
replacementin its primarydomainof application(surfacerendering)dueto advantages
e.g.causedby improvedrenderingspeedsdueto theuniformity andsimplicity of object
representations[7].

Object voxelizationand the subsequentrenderingare, from the point of view of
signalprocessingtheory, a pair of sampling/resamplingoperations,andassuchthey
mustobey therulesspecifiedby Shannon’ssamplingtheorem.In otherwords,theinput
signalmustbe band-limitedbeforesampling,in orderto obtainaliasfree-dataand/or
renditions.However, a naive implementationof theserules [8, 9] is not sufficient for
obtainingimageswith goodvisualquality (i.e., reconstructedsurfaceswith correctpo-
sitionsandsurfacenormals).

As we have shown in our previouspapers[6,7,10], a distancebasedvoxelization
shouldbe preferredover plain filtering, sinceit enablesthe precisereconstructionthe
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surfacepositionandnormalfor awiderangeof surfacecurvatures.Two versionsof the
distanceapproachwereproposed:

– distancefield representation,and
– voxelizationusingV-model(voxelizationmodel)representationof objects.

Objectsin the former caseare representedby an unboundeddistancefield [4, 5,
11–13],which meansthat a singleobjectfills the whole volumegrid. Positive (neg-
ative) distancevaluesare assignedto voxels outsideand negative (positive) onesto
thoseinside,and the objectsurfaceis definedas the 0-level isosurfaceof the recon-
structedvolume.The distancefield is linear and,therefore,trilinear interpolationand
centraldifferencesareusedin the reconstructionphase.The latterversionstemsfrom
the conceptof V-models,which we introducedearlier [7]. A V-modelof an object is
sucha (continuous)volumetric representation(function) of the object,which canbe
reconstructedaftersamplingat leastin thesurfaceareawith a minimal error (i.e. it is
sufficiently smooth).A pointof aV-model,deepenoughin theobject,is assignedsome
insidevalue(typically 255in thecaseof an8 bit representation)and,similarly, a point
far outsidehassomeoutsidevalue(typically 0). The in-betweenvaluesfollow some
transitionprofile,whichhasto becarefullyselectedin accordancewith thedensityand
normalreconstructionfilters,to beappliedlaterin orderto ensuregoodvisualqualityof
therenditions.Theconceptof V-modelswasintroducedin orderto freethetheoretical
analysisanddesignof profile/filter pairsfrom objectspecificvoxelizationtechniques,
which canbespoiledby the presenceof sharpedges.Two V-modelprofile/filter pairs
werefoundto besuitable[7]:

1. Piecewise linear densityprofiles,with trilinear densityreconstructionandcentral
differencesfor normalestimation.Theresultingrepresentationis, in fact,thesame
asthedistancefield representation,however, objectsarenow keptlocalizedby the
finite thicknessof thetransitionlayer(Fig.1).

2. Error function (erfc) profileswith tricubic densityreconstructionandGaborfilter
for normalestimation.

Theoptimalhalfwidth � of the transitionregion shouldbring togethertwo contradic-
tory demands:objectlocalization(narrow transitionregion)andprecisereconstruction
andsurfacenormalestimation.Experimentally, thevalues���
	���
���� � and ����������
���� �
werefound,togetherwith thestandarddeviation of theGaborfilter in thesecondcase
beingalsoaround1.0.Thesevaluesarenot hardthresholdsand,especiallyin thesec-
ond case,the techniqueis quite robust and the resultingimagequality is insensitive
to their changewithin somerange.Sincethe transitionareahalfwidth influencesthe
curvatureof thesmallestrepresentabledetails,wegettwo slightly differenttechniques,
representinga trade-off betweenprecisionandcost:

1. a lessprecise,but computationallycheaperone(linearprofile/linearreconstruction
filters),and

2. a more precise,but also more computationallyexpensive one (erfc/tricubic and
Gaborfilters).

As we have alreadystated,the primary purposeof the V-model introductionwas
to provide a theoreticalenvironmentfor the searchof suitableprofilesandfilters. As



Solid
object

T

ω

T/2

surface

Fig.1. Surfacedensityprofileof a piecewiselinear V-modelof a solidobject.

such,it is an abstraction,which needsto be implementeddifferently for specificgeo-
metricmodels.Theearlierproposedobjectvoxelizationtechniques“quietly” assumed
suitability of anobjectfor voxelization(no sharpedgesandsmall details)[14]. Since
this is not alwaysassured,artifactsmayappear, especiallyat objectedgesandin areas,
wheretheobjectthicknessis comparableto thegrid resolution.

In thispaperwe proposearemedyfor thisproblemby meansof postprocessingthe
voxelizeddata.After anintroductorysummaryof possibleartifactscausedby smalland
sharpdetails(Section2), we formulatea morphologicalcriterionfor voxelizationsuit-
ability (Section3). andproposea techniquefor building V-modelsfor arbitrarysolids.
Further, we designnew extendedbinary openingandclosingoperations,working on
non-binarygrid dataandensuringvalidity of the aforementionedsuitability criterion
by meansof a postprocessingstep—revoxelization.Finally in Section4, we present
experimentalresults,remainingproblemsandideasfor furtherwork.

2 Voxelization artifacts

As alreadymentionedin the Introduction,theexisting anti-aliasingvoxelizationtech-
niquesfollow the assumptionof sufficient smoothnessof the surfaces.In this section
we critically review thesevoxelizationtechniquesputtinganemphasison their artifact
susceptibilitywhenthesmoothnessconditionis violated.

2.1 Implicit solids

All reviewedvoxelizationtechniquesfirst estimatethedistanceto aprimitivefor avoxel
andthencomputeavoxel density, dependingon theselectedsurfaceprofile.In thecase
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Fig.2. (a) Oneslice of a data setrepresentinga voxelizedsupersphere. Thesharpedgescause
reconstructionartifactsvisiblein renditions(b).

of animplicit solid �! #"%$�&'� , thedistanceis estimatedby a linearapproximation:(  #"%$)
 �! #"%$*+* , �! #"%$ *�*.- (1)

where" is thepointof interestin /�0 and
,

is thegradientoperator. It mayeasilyhap-
penthatvolumetricobjectsthusdefinedaretoothin or havesharpedges.Superquadrics
presenta typical exampleof suchamisbehavior. A superellipsoid:1�243 5%6879�:;24< =>6�79@? 9A :;24BCD6E7AGF �H&I� - (2)

where J and K areeast-westandnorth-southshapeparametersrespectively, hasboth
thin areasandsharpedgesfor J - KMLON (Fig. 2), whenvoxelizedin theaboveway.

2.2 CSGtr ees

Thereareseveralpossibilitiesfor implementingvoxel-by-voxelCSGoperations(union,
intersectionanddifference).Sinceit is necessarythat the surfaceprofile remainsun-
changedby theoperationin areasinfluencedby oneobjectonly, themin/maxversion
shouldbepreferred(Tab.1). Its straightforwardapplicationthoughleadsto sharpedges
(intersectionanddifference)andsharpcorners(union)(Fig. 3).

3 The morphological criterion

We have experimentallyshown before[7] thatbothsurfaceandnormalreconstruction
errorsgrow with the increasingsurfacecurvatureof the voxelized object. Later we
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Fig.3. (a) Onesliceof a datasetrepresentinga voxelizedtetrahedron,definedastheintersection
of 4 halfspaces.Thesharpedgescausereconstructionartifactsvisiblein renditions(b).

Table1. VoxelbasedCSGoperationsbetweenobjects.( P – voxeldensity)

Operation SymbolDensity
IntersectionQSRUTVP@WYX[ZG\^]`_#acbdP@WfegP�Zih
Union QSjUTVP@WYk[ZG\^]`l@m>bdP@Wce�P�Zih
Difference QonGTpP W>qrZ \s]`l�mtb#u�egP W nvP Z h

analyzedthis dependency theoretically[10] andconcludedthat a solid is suitablefor
voxelizationatagivenresolutionif it is simultaneouslyopen( w � -open)andclosed( w � -
closed)with respectto a sphericalstructuringelementw � with radius x . This radius x
canbederivedfrom theshapeof thereconstructionfilter: for thetrilinear interpolation
of densitiesthefilter needs8 samplesin voxel vertices,Therefore,theradiusx is equalsy z

. However, for thereconstructionof thesurfacegradientsweneed32samples,which
resultsin x{
�N y z . Thesevalueswereverifiedexperimentally[7]. Accordingto [10],
the w � -open/w � -closecriterion is equivalentto theconditionthat themedialsurfaceof
the solid is nowherecloserto the outersurfaceof the solid thanthe chosenx . In this
caseandonly thenall samplesof thereconstructionfilter kernellie on onesideof this
medialsurface.

We now proposea way to constructa V-modelof a solid following from the w � -
open/w � -closedcondition,and finally, a techniquefor correctionof the voxelization
artifactsmentionedin theIntroduction.



3.1 |~} -openingand |%} -closing

Formally, the w � -openand w � -closedsolid w~�c� for anarbitrarysolid w with respectto
a structuringelement(sphere)w�� canbedefinedasw �i�  �wD��$)� w �c�  �wD��$� #�c$)
��� ��� �w - w���$ - wD��$� #�c$ -v� �o��/ 0 � (3)

Thefirst operation,�� �w - wD��$ is illustratedin Fig. 4(a).Sinceclosingis dualto opening,
Eq.3 canberewrittenasw �c�  �w � $~� w �c�  �w � $� #�c$)
��%�� ��%�� �w - w � $ - w � $� #�c$ -G� ���v/ 0 - (4)

where � standsfor objectcomplement.Further, w � -openingcanbe definedby means
of theunionoperatoras�� �w - w � $~� �� �w - w � $� #�c$�
 ������ �����>� w �  �"!$� #�c$ -G� �M�G/ 0 - (5)

wherewD�@ �"!$ is aninstanceof the wD� kernelcenteredin " . Wecall the wD���Ow operation
fitting andthe wD� -kernela fit kernel. For each " , where wD�[ #"%$ fits we addthe wD�@ �"!$
kernelby meansof theunionoperation.Sincethis remindsusof thepopularsplatting
technique,in this context we call the wD�� �"!$ kernelsplator splattingkernel. Note that
weusethesamespherewD� in theroleof afit andasplatkernelfor both wD� -openingandwD� -closing.

3.2 V-openingand V-closing

A V-modelof a solid w canbe formally definedin a similar way as w �c� , but with
differentfit andsplatkernels.

Let thenew kernel �Y�[  �t$ beaV-modelof aspherewith radiusx andcenter" , i.e.a
trivariatefunction �Y�[ #"%$)� �Y¡8 �"!$� #�c$)
O¢> * � F " * $ - (6)

where¢ is a functiondefiningtheselectedsurfaceprofileof theV-model.For example,
for linearV-modelsthefunction ¢ is definedas¢D �J�$~
;£ � F �� � if �� � &��� otherwise

(7)

Thena V-model � of a solid object w is definedby meansof theV-openandV-close
functions �¥¤ and �¥¤ respectively:�{ �w -§¦ � - w � -§¦ � - w � $~�¨�� �w -©¦ � - w � -§¦ � - w � $� #�c$�

¨� ¤«ª � ¤  �w -©¦ � - w � $ -§¦ � - w �~¬  ��c$ - (8)

where ¦ � , ¦ � arefit kernelsand w � , w � aresplatkernelsfor the operationsrespec-
tively. In thecaseof theV-openfunction �¥¤ , ¦ � 
¨w�� and w � 
¨�Y� (Fig.4b):� ¤  �w -©¦ � - w � $��­� ¤  �w - wD� - �Y��$� #�c$®
 ¯±°�²����� � ��³ �[´��>� �4�� �"!$� #�c$ -G� �o��/ 0 � (9)



V-openis a trivariatefunction,which alreadyhassomeof thedesiredpropertiesof
V-models:it hasthe suitableprofile in all planarandconvex surfaceareas.However,
the profile is not the correctone in the vicinity of sharpconcavities. V-opentakesas
anargumentbinaryobjectsandthereforeits fit kernel( ¦ � ) hasto bealsobinary( wD� ).
However, the input argumentof theV-closefunction is a non-binaryfunction �¥¤ and
thereforethe fit kernel too shouldbe a non-binaryone,namelythe splattingkernel.
Thereforewe define� ¤  �� ¤  �w~$ -©¦ � - � � $)�­� ¤  �� ¤  �w)$ - � � - � � $� ��c$)

­� ¯±°@²���µ� ¤ � ³ �¶´g·>¸ � ³ �¶´ � �  #"%$� #�c$ -�� �o�v/ 0 - (10)

where � standsfor objectcomplementandthemodifiedinclusionoperationis defined
by 5{¹I= 
 £Hº x�»>J if � 3½¼ 5  3 $�& =  3 $� 5¶¾�¿ J otherwise

� (11)

Both theV-openandV-closefunctionsaredefinedover a continuousdomain(i.e.,
thefit andsplatoperationsneedto beperformedat infinite numberof points).Therefore
they aremoresuitablefor theexplanationof our approachthanfor animplementation.
Fortunately, we do not needto know theV-modelfunctionvaluefor eachspatialpoint;
it is sufficient to evaluateit only at grid point locations,sincewe work in the dis-
cretedomain.Therefore,in the practicalimplementationof the technique,we replace
thecontinuousobjectmodelby its (partially incorrect)preliminaryvoxelization À , de-
scribedin the Introductionandproposedearlier [6]. The techniqueproducescorrect
surfaceprofilesnearlyeverywhere,exceptin the vicinity of sharpedges,cornersand
smalldetails.Theerroneousregionsarethencorrectedin apost-processingstep(which
we call revoxelization),comprisinga subsequentapplicationof the discreteversions
of theV-openandV-closeoperators.As opposedto its continuousversion,theV-open
operator(Eq. 9) is applied,similarly astheV-closeone(Eq. 10), to multi-valuedgrid
data.Thereforeweuse �4� bothasthefit andsplatkernelandEq.9 changesto:��ÁÂ �À - �Y��$~� ��ÁÂ �À - �4��$� ��c$�
 ¯±°�²���µ� ¤ ��³ �[´�·tÃ �4�� #"%$� ��c$ -G� ���½Ä 0 (12)

Note that �Å�ÆÄ 0 now. However, in order to achieve subvoxel precisionof the
technique,which is necessaryfor a high quality andartifact-freevoxelization,we let"I�M/�0 . We show in thefollowing section,how to copewith this obstacle.Sinceboth
kernelsarethesame,theV-closeoperator(Eq.10)simplifiesto��Á� �À - �4��$~
��%��ÁÂ ��!À - �4��$ (13)

Thediscreteversionsof V-openandV-close,appliedto multi-valuedgridswith spe-
cial features(profile),arecounterpartsto thetraditionalopeningandclosingoperations
for binary grids. Sincethey implementthe sameoperation,but with subvoxel preci-
sion,wecall themextendedopeningandclosing(thereforethesuperscriptÇ in thelast
formulas).
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Fig.4. (a) ÈYÉ -openingof a geometricallydefinedsolid, (b) constructionof the V-openfunctionÊ�Ë
for a geometricallydefinedsolid, (c) revoxelizationof a discretedatasetwith sharpedges.

In each pair, oneinstanceof thefit kernel(FK) is depicted(right), togetherwith a corresponding
splatkernel(SK,left).



4 Implementation

The V-model basedvoxelized objectslie halfway betweencontinuousand discrete
binary representations:being discrete,they maintainthe precisionof the continuous
model (of course,within the limits definedby the samplingtheorem).Thereforethe
extendedopeningmustalsosatisfythesamedemands:discretenessandthepossibility
for arbitraryprecision.Thealgorithmimplementingthisoperationhasseveralsteps:

Input: A partially incorrectvoxelizationof a solid.
For the sake of simplicity we assumethat the densities

( �ÍÌ�� - ��Î . The
revoxelizationoperation shouldbeappliedonly to transitionareavoxels,
i.e. thosewith density

( �^ �� - ��$ .
Step1: ApplytheV-openoperation(Eq.12).
Step2: Computea complementaryvolumewith densities

(¶Ï 
�� F (
Step3: ApplytheV-openoperation(Eq.12).
Step4: Computea complementaryvolumewith densities

( Ï 
�� F (
Output: VoxelizedV-modelof thesolidobject.

Implementationof the � Á operation:

For each transitionvoxel � :

Step1: Find thenearest " such that � �  #"%$ ¹ À
Step2: Assignto � densityaccordingto

* � F " * andtheselectedV-modeltype
(linear or erfc).

We useda steepestdescendtechniquefor finding thenearestfitting instanceof �Y� ,
whichminimizesacostfunctionreflectingboththedistanceJE
 * � F " * andthedistanceÐ

of � �  #"%$ from theV-modelsurface.
Ð

wasdefinedas

1. � if the �4�� #"%$ (Eq.11),and
2. thesumof differencesbetween�Y� and À for thosesamples,wherethekernelvalue�Y� exceededthedensityof À for thenon-fittinginstancesof �Y�¶ #"%$ .

Figure5 depictsboth the dependency of
Ð

andthe minimized
Ð : J on the distance

from thesolid’s surface.
Minimization of thecostfunctionis costly, sinceit hasto beevaluatedmany times

during the minimization in the K 0 neighborhoodof eachpoint " (n=9 for the linear
V-modelprofile). This procedurecanbe acceleratedby precomputinglook-up tables
of the fit/splat kernels.Actually, we usedthe samelook-up tablesas thoseusedfor
voxelizationof parametricsurfacesby splatting[6].

Theotherspeed-uptechniquestemsfrom theobservationthatnotall transitionvox-
els but only thosein edgevicinity have to be revoxelized.Suchvoxels weredetected
by meansof theLaplacianoperator. Voxelsabovecertainthresholdwereidentifiedand
the resultingareaswere dilated by a Ñ 0 structuringelement.This operationenabled
us to speed-uptherevoxelizationoperationby nearlytwo ordersof magnitude,which
resultedin processingtimescomparableto the(first) voxelizationstep.
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Fig.5. Dependencyof Ò andminimizedcostfunction Ò'ÓMÔ ondistancefroma surface.

Figure6ashowsasliceof arevoxelizeddataset.Thecornersarenotsharpanymore,
which resultsin animagewith correctlyrenderedobjectedges(Figure6b).

Thework is not finishedyet.Unfortunately, theabove mentionedsteepestdescend
minimizationproceduresometimesfailsby gettingtrappedin localminima.Thisresults
in datawith acertainlevel of noisewhich,albeitnotvisibledirectly in thevolumedata,
is accentuatedby the gradientoperationusedfor shading.The trappingis probably
causedby thediscretecharacterof thesearchspace.In future,we want to concentrate
on alternative cost function designsand/oroptimizationmethodsnot sensitive to the
presenceof localminima.
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