Corr ection of Voxelization Artifacts by Revoxelization
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Abstract. Earlierproposedantialiasingechniquesor voxelizationof geometric
objectsin somecasesionotresultin completelyalias-freedataandimagerendi-
tions. Thisis oftenthe casefor someimplicit solidsandCSGtrees.In this paper
we proposea setof operationswhich cancorrectsuchcorrupteddatasetsand
subsequentljeadto alias-freemagerenditions.

1 Intr oduction

The notion voxelizationrepresents setof techniquesaiming to representontinuous
geometricobjectsby meansof 3-dimensional(3D) discreterastersof sampleswith
certainvalues(densities)assignedSuch 3D grids are the basicbuilding component
of techniquesgcommonlyknown asVolumeGraphics[1]. Albeit still waiting for their
widespreadise,volume graphicstechniqueshave alreadyproven their superiorityin
numerousareaswheretraditionalsurface-basedraphicsrunsinto troubles:simulation
of fuzzy phenomenayolumedeformationweatheringandsubsurécescattering2, 3].

Thetopic of this paperis antialiasingvoxelizationtechniqueswhich in contrastto
binaryonesrepresenbbjectsby meansf samplesvith densitiesakenfrom aninterval
of realvaluesin generalThe greatpotentialof antialiasingechniquess their ability to
reconstrucbriginal objectsurfacesandsurfacenormalswith high fidelity [4—7]. Thus,
volume graphicsnot only extendsthe capabilitiesof surfacegraphics,but enablests
replacemenin its primarydomainof application(surfacerendering)dueto advantages
e.g.causedy improvedrenderingspeedsiueto theuniformity andsimplicity of object
representationf].

Objectvoxelization and the subsequentenderingare, from the point of view of
signal processingheory a pair of sampling/resamplingperationsand as suchthey
mustobey therulesspecifiedoy Shannors samplingtheoremIn otherwords,theinput
signalmustbe band-limitedbeforesampling,in orderto obtainaliasfree-dataand/or
renditions.However, a naive implementatiorof theserules[8, 9] is not sufficient for
obtainingimageswith goodvisual quality (i.e., reconstructedurfaceswith correctpo-
sitionsandsurfacenormals).

As we have shawn in our previous paperg6, 7,10], a distancebasedvoxelization
shouldbe preferredover plain filtering, sinceit enableghe precisereconstructiorthe
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surfacepositionandnormalfor awide rangeof surfacecurvaturesTwo versionsof the
distanceapproachwereproposed:

— distancdfield representatiorand
— voxelizationusingV-model(voxelizationmodel)representatioof objects.

Objectsin the former caseare representedby an unboundeddistancefield [4, 5,
11-13],which meansthat a single objectfills the whole volume grid. Positive (neg-
ative) distancevaluesare assignedo voxels outsideand negative (positive) onesto
thoseinside, and the objectsurfaceis definedasthe 0-level isosurbiceof the recon-
structedvolume. The distancefield is linear and, therefore trilinear interpolationand
centraldifferencesareusedin the reconstructiorphase The latter versionstemsfrom
the conceptof V-models,which we introducedearlier[7]. A V-modelof an objectis
sucha (continuous)volumetric representatiorffunction) of the object, which canbe
reconstructedfter samplingat leastin the surfaceareawith a minimal error (i.e. it is
sufficiently smooth) A pointof aV-model,deepenoughin the object,is assignedome
insidevalue(typically 255in the caseof an8 bit representatiordnd,similarly, a point
far outsidehassomeoutsidevalue (typically 0). The in-betweenvaluesfollow some
transitionprofile, which hasto be carefully selectedn accordancevith thedensityand
normalreconstructioriilters,to beappliedlaterin orderto ensuregoodvisualquality of
therenditions.The conceptof V-modelswasintroducedin orderto freethetheoretical
analysisanddesignof profileffilter pairsfrom objectspecificvoxelizationtechniques,
which canbe spoiledby the presencef sharpedgesTwo V-modelprofile/filter pairs
werefoundto be suitable[7]:

1. Piecavise linear densityprofiles, with trilinear densityreconstructiorand central
differencedor normalestimation Theresultingrepresentatiors, in fact,thesame
asthedistancefield representatiorhowever, objectsarenow keptlocalizedby the
finite thicknesof thetransitionlayer (Fig.1).

2. Error function (erfc) profileswith tricubic densityreconstructiorand Gaborfilter
for normalestimation.

The optimal halfwidth w of the transitionregion shouldbring togethertwo contradic-
tory demandsobjectlocalization(narrow transitionregion) andprecisereconstruction
andsurfacenormalestimation Experimentallythe valuesw;;, = 1.8 andwe, ¢ = 1.0
werefound, togethemwith the standarddeviation of the Gaborfilter in the secondcase
beingalsoaroundl.0. Thesevaluesare not hardthresholdsand,especiallyin the sec-
ond case the techniqueis quite robust and the resultingimage quality is insensitive
to their changewithin somerange.Sincethe transitionareahalfwidth influencesthe
curvatureof the smallestrepresentabldetails,we gettwo slightly differenttechniques,
representing trade-of betweerprecisionandcost:

1. alessprecise put computationallycheapeone(linearprofile/linearreconstruction
filters),and

2. a more precise,but also more computationallyexpensve one (erfc/tricubic and
Gabofrfilters).

As we have alreadystated,the primary purposeof the V-modelintroductionwas
to provide a theoreticalervironmentfor the searchof suitableprofilesandfilters. As



Fig. 1. Surfacedensityprofile of a piecaviselinear V-modelof a solid object.

such,it is an abstractionwhich needsto be implementedifferently for specificgeo-

metricmodels.The earlierproposedbjectvoxelizationtechniquesquietly” assumed
suitability of an objectfor voxelization (no sharpedgesandsmall details)[14]. Since

thisis not alwaysassuredartifactsmay appearespeciallyat objectedgesandin areas,
wherethe objectthicknesss comparablédo the grid resolution.

In this paperwe proposea remedyfor this problemby meansof postprocessinthe
voxelizeddata.After anintroductorysummaryof possibleartifactscausedy smalland
sharpdetails(Section2), we formulatea morphologicalcriterionfor voxelizationsuit-
ability (Section3). andproposea techniqueor building V-modelsfor arbitrarysolids.
Further we designnew extendedbinary openingand closing operationsworking on
non-binarygrid dataand ensuringvalidity of the aforementioneduitability criterion
by meansof a postprocessingtep—re&oxelization.Finally in Section4, we present
experimentakesults,remainingproblemsandideasfor furtherwork.

2 Voxelization artifacts

As alreadymentionedn the Introduction,the existing anti-aliasingvoxelizationtech-
niquesfollow the assumptiorof sufficient smoothnes®f the surfaces.In this section
we critically review thesevoxelizationtechniquesputtinganemphasisn their artifact
susceptibilitywhenthe smoothnessonditionis violated.

2.1 Implicit solids

All reviewedvoxelizationtechniquedirst estimatehedistanceo aprimitivefor avoxel
andthencomputea voxel density dependingn the selectedsurfaceprofile. In thecase
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Fig. 2. (a) Oneslice of a data setrepresentinga voxelizedsupesphee. Thesharpedgscause
reconstructiorartifactsvisiblein renditions(b).

(b)

of animplicit solid f(p) < 0, thedistancds estimatedy alinearapproximation:

f(p)
dP) = ro+ o 1)
V@Il
wherep is the point of interestin R? andV is thegradientoperatorlt mayeasilyhap-
penthatvolumetricobjectsthusdefinedaretoo thin or have sharpedgesSuperquadrics
presentatypical exampleof sucha misbehaior. A superellipsoid:

(B +®)7) +) -i<n @

wheree andn are east-westnd north-southshapeparametersespectiely, hasboth
thin areasandsharpedgedor e, n > 2 (Fig. 2), whenvoxelizedin theabove way.

[

2.2 CSGtrees

Thereareseveralpossibilitiesfor implementingvoxel-by-voxel CSGoperationgunion,

intersectionand difference).Sinceit is necessaryhat the surfaceprofile remainsun-

changedy the operationin areasinfluencedby oneobjectonly, the min/maxversion
shouldbepreferredTah1). Its straightforwardapplicationthoughleadsto sharpedges
(intersectioranddifference)andsharpcorners(union) (Fig. 3).

3 The morphological criterion

We have experimentallyshavn before[7] thatboth surfaceandnormalreconstruction
errorsgrow with the increasingsurface curvature of the voxelized object. Later we
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Fig. 3. (a) Onesliceof a datasetrepresentinga voxelizedetrahedon, definedastheintersection
of 4 halfspacesThesharpedgescausereconstructiorartifactsvisiblein renditions(b).

Table 1. VoxelbasedCSGopemtionsbetweerbbjects.(d — voxeldensity)

Operation SymbolDensity

IntersectionA N B danB = min(da,dn)
Union AUB daup = maz(da,ds)
Difference A — B da_ = max(0,da — dB)

analyzedthis dependeng theoretically[10] and concludedthat a solid is suitablefor

voxelizationatagivenresolutionif it is simultaneouslyppen(S,.-open)andclosed(S.-

closed)with respecto a sphericalstructuringelementS,. with radiusr. This radiusr

canbederivedfrom the shapeof thereconstructioffilter: for thetrilinear interpolation
of densitieghefilter needs3 samplesn voxel vertices Thereforetheradiusr is equals
/3. However, for thereconstructiomnf thesurfacegradientsve need32 sampleswhich

resultsin » = 21/3. Thesevalueswereverified experimentally[7]. Accordingto [10],

the S,-openf,.-closecriterionis equivalentto the conditionthatthe medialsurfaceof

the solid is nowherecloserto the outersurfaceof the solid thanthe chosenr. In this
caseandonly thenall samplesf thereconstructiorilter kernellie on onesideof this
medialsurface.

We now proposea way to constructa V-modelof a solid following from the S,.-
openk,.-closedcondition, and finally, a techniquefor correctionof the voxelization
artifactsmentionedn the Introduction.



3.1 S,-openingand S.,.-closing

Formally, the S,.-openandS,.-closedsolid S°¢ for anarbitrarysolid S with respecto
astructuringelement(sphere)S,. canbedefinedas

S9¢(S,) = S9°(Sn)(x) = C(O(S, 8), 5r)(x), ¥x € R 3)

Thefirst operation0(S, S,) isillustratedin Fig. 4(a).Sinceclosingis dualto opening,
Eqg. 3 canberewrittenas

SOC(ST) = SOC(ST)(X) = —|O(—|0(S, Sr)aSr)(X)v Vx € R3a (4)

where— standsfor objectcomplementFurther S,.-openingcanbe definedby means
of theunionoperatoras

0(8,8,)= 0(5,S)x) = ) S(px), ¥xeR’, (5)

vp:S,.CS

whereS,.(p) is aninstanceof the S,. kernelcenteredn p. Wecallthe S,. C S operation
fitting andthe S,-kernela fit kernel For eachp, where S, (p) fits we addthe S..(p)
kernelby meansof the union operation.Sincethis remindsus of the popularsplatting
techniquejn this context we call the S,.(p) kernelsplator splattingkernel Note that
we usethe samesphereS,. in therole of afit andasplatkernelfor both S,.-openingand
S,-closing.

3.2 V-openingand V-closing

A V-modelof a solid S canbe formally definedin a similar way as S°¢, but with
differentfit andsplatkernels.
Letthenew kernelV,.(p) beaV-modelof aspherewith radiusr andcenterp, i.e.a
trivariatefunction
Ve(p) = Vr(P)(x) = 9(|x — pI), (6)

whereg is afunctiondefiningthe selectedsurfaceprofile of the V-model.For example,
for linearV-modelsthefunctiong is definedas

1 % if % <1
g(e) = {O otherwise )

ThenaV-modelV of asolid objectS is definedby meansof the V-openandV-close
functionsO" andCV respectiely:
V (S, Fo,So0,Fc,Sc) =V (S, Fo, S0, Fc,Sc)(x) =
=CV (0Y(8,Fo,50), Fc, Sc) (x), (8)

whereFp, F¢ arefit kernelsand Sp, S¢ aresplatkernelsfor the operationgespec-
tively. In the caseof the V-openfunctionOV, Fp = S, andSp = V, (Fig.4b):

0" (S,Fo,50) =0V (S,S,,V;)(x) = max V,(p)(x), VxeR3 (9)
Vp:S-(p)CS



V-openis atrivariatefunction, which alreadyhassomeof the desiredpropertiesof
V-models:it hasthe suitableprofile in all planarand corvex surfaceareas However,
the profile is not the correctonein the vicinity of sharpconcaities. V-opentakesas
anargumentbinary objectsandthereforeits fit kernel(Fp) hasto bealsobinary (S,.).
However, the input argumentof the V-closefunctionis a non-binaryfunctionO" and
thereforethe fit kerneltoo shouldbe a non-binaryone, namelythe splattingkernel.
Thereforewe define

CY(0Y(S),Fc,0c) =CY(0V(S),V;,V;)(x)
Vi(p)(x),¥x € R®,  (10)

=

max
vp: V- (p)C—O(S)

where— standsfor objectcomplementaindthe modifiedinclusionoperationis defined
by
Wl b= {true if Vo : a(z) < b(x) ‘

false otherwise (11)

Both the V-openandV-closefunctionsaredefinedover a continuousdomain(i.e.,
thefit andsplatoperationsieedto beperformedatinfinite numberof points).Therefore
they aremoresuitablefor the explanationof our approactthanfor animplementation.
Fortunately we do not needto know the V-modelfunctionvaluefor eachspatialpoint;
it is sufiicient to evaluateit only at grid point locations,sincewe work in the dis-
cretedomain.Therefore,in the practicalimplementatiorof the techniquewe replace
the continuousobjectmodelby its (partially incorrect)preliminaryvoxelizationG, de-
scribedin the Introductionand proposedearlier [6]. The techniqueproducescorrect
surfaceprofilesnearly everywhere exceptin the vicinity of sharpedgescornersand
smalldetails.Theerroneousegionsarethencorrectedn a post-processingtep(which
we call revoxelization),comprisinga subsequenépplicationof the discreteversions
of the V-openandV-closeoperatorsAs opposedo its continuousversion,the V-open
operator(Eqg. 9) is applied,similarly asthe V-closeone(Eq. 10), to multi-valuedgrid
data.Thereforewe useV,. bothasthefit andsplatkernelandEq.9 changego:

oF(@G,V,)= 0%(G,V,)(x) = max V,(p)(x), Vxe 23 (12)
vp:Vr(p)CG

Note thatx € Z3 now. However, in orderto achiese subvoxel precisionof the
techniquewhich is necessaryor a high quality and artifact-freevoxelization,we let
p € R3. We shaw in thefollowing sectionhow to copewith this obstacle Sinceboth
kernelsarethe sametheV-closeoperator(Eq. 10) simplifiesto

CP(G,V;) = -0" (-G, V;) (13)

Thediscreteversionof V-openandV-close appliedto multi-valuedgridswith spe-
cial featureqprofile),arecounterpartso thetraditionalopeningandclosingoperations
for binary grids. Sincethey implementthe sameoperation,but with subvoxel preci-
sion,we call themextendedpeningandclosing(thereforethe superscripi in thelast
formulas).
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Fig. 4. (a) S,--openingof a geometricallydefinedsolid, (b) constructionof the V-openfunction
OV for a geometricallydefinedsolid, (c) revoxelizationof a discrete data setwith sharpedges.
In eadh pair, oneinstanceof thefit kernel (FK) is depicted(right), togetherwith a corresponding
splatkernel (SK, left).



4 Implementation

The V-model basedvoxelized objectslie halfway betweencontinuousand discrete
binary representationsbeing discrete,they maintainthe precisionof the continuous
model (of course,within the limits definedby the samplingtheorem).Thereforethe
extendedopeningmustalsosatisfythe samedemandsdiscretenesandthe possibility
for arbitraryprecision.The algorithmimplementingthis operationhassereral steps:

Input: A partially incorrectvoxelizationof a solid.
For the sale of simplicity we assumethat the densitiesd € (0,1). The
revoxelizationopemation shouldbe appliedonly to transitionareavoxels,
i.e. thosewith densityd € (0,1).

Step1: ApplytheV-openopemtion (Eg.12).

Step2: Computea complementaryolumewith densitiesd’ =1 —d

Step3: ApplytheV-openopemtion (Eq. 12).

Step4: Computea complementaryolumewith densitiesd’ =1 —d

Output: Voxelizedv-modelof the solid object.

Implementatiorof the O operation:

For eadh transitionvoxelx:

Stepl: Findtheneaestp suhthatV,.(p) C G
Step2: Assigntox densityaccodingto |x — p| andtheselected/-modeltype
(linear or erfc).

We useda steepestiescendechniquéfor finding the nearesfitting instanceof V.,
whichminimizesacostfunctionreflectingboththedistances = |x—p| andthedistance
D of V,.(p) from theV-modelsurface.D wasdefinedas

1. 0if theV,.(p) (Eq.11),and
2. thesumof differencedetweenV, andG for thosesampleswherethekernelvalue
V. exceededhedensityof G for thenon-fittinginstance®f V,.(p).

Figure5 depictsboth the dependeng of D andthe minimized D + e on the distance
from the solid’s surface.

Minimization of the costfunctionis costly, sinceit hasto be evaluatedmary times
during the minimizationin the n® neighborhoof eachpoint p (n=9 for the linear
V-model profile). This procedurecan be acceleratedy precomputingook-up tables
of the fit/splat kernels.Actually, we usedthe samelook-up tablesas thoseusedfor
voxelizationof parametricsurfacesby splatting[6].

Theotherspeed-upechniguestemsrom the obsenationthatnotall transitionvox-
els but only thosein edgevicinity have to be revoxelized. Suchvoxels weredetected
by meansof the LaplacianoperatorVoxelsabove certainthresholdwereidentifiedand
the resultingareaswere dilated by a 5 structuringelement.This operationenabled
usto speed-ughe revoxelizationoperationby nearlytwo ordersof magnitudewhich
resultedn processindimescomparabléo the (first) voxelizationstep.
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Fig. 5. Dependencyf D andminimizedcostfunction D + e ondistancefroma surface

Figurebashonsasliceof arevoxelizeddataset. Thecornersarenotsharparymore,
which resultsin animagewith correctlyrenderedbjectedgegFigure6b).

Thework is not finishedyet. Unfortunately the abose mentionedsteepestiescend
minimizationproceduresometimedails by gettingtrappedn local minima.Thisresults
in datawith a certainlevel of noisewhich, albeitnotvisible directlyin thevolumedata,
is accentuatedyy the gradientoperationusedfor shading.The trappingis probably
causedy the discretecharacteiof the searctspaceln future,we wantto concentrate
on alternatve costfunction designsand/oroptimizationmethodsnot sensitve to the
presencef local minima.
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