Curves

Lagrange interpolation A setof n+1 points, P, P, --, P,, can be interpolated,

Curve Q(r) =

where L (t) are Lagrange polynomials of degree n:

L ()= (j=i) = ,(jvfi)._

Example: 3" degree Lagrange polynomials (n = 3) are:

Li(t)= ,(jii).'

Piecewise continuous parametric polynomial curves
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Continuity at the join point between segments
CO, Cl, CZ, L ” continuity. GO, Gl, GZ, L ” continuity.
. Q1 (t) re [tptz] O\ t i
Two polynomial curve segments: , L.z
Qz(t) S [tz’t3] g 9,
c®, G" 0,(,) = (coordinates are equal at the join point)
G" 0/(t,) = (parametric 1% derivatives are proportional at the join point)

= [0 (zf2 )= 0, (tz) (parametric 1% derivatives (tangents) are equal at the join point)

G*: = k0Nr) ( )
Cc> = ( )




Curves

Parametric linear polynomial curve:

A “curve” Q(t) defined by two control points, P,and P, using a linear polynomial (= line).

x(t x(t) =at+b,
o=k
y(t) y(t)_ayt—i_by
P,and P, are called the * constraints”.
One function for each control point: B, (), B, (z), 1 B,(t)=
called " By(t)=____
T T >t
0 1
o) = +
Behavior of the curve at t =0: B,(0) = and B,(0) = = 0(0) =
att=1: B,(1) = and B, (1) = = 0() =

Parametric equation for a linear polynomial curve defined by two control points:

o) = + . (... the familiar parametric equation of a )
A point on the line is the sum of: the (P,,P)
weighted by: the (1-1),(z).




Curves

Parametric cubic polynomial curves (in general)

Cubic polynomials defining a curve segment Q(r) = { } are of the form:
x(t) =
y(t)= ,0<r<1

Rewrite:

x(t)] |af’ +bt* +ct+d,
Q(t):{y(t)}zl: :|:T'C:[ ]

3 2
a,r*+b i’ +ct+d,

my my, My My
Let C=M -G = My My My My,
My My My My
| My My, Myy My, |
my  my  omy; omy |G
m m m m G
(M is called the )Then Q(r)=T-M-G=l* > ¢ 1] > "= "= "™
my My My My, || Gy
| My My, Myz My, | G,
G, i —
. . G2 g2x _
G is called the , and contains 4 G = =
G, 83 ——
G, 84y —
8ix 81
g2x g2 . .
Let G, = = (similarly for G ). Then x(t) = ,and y(r)=
83« 83
8ax 84,
x(t): (t3m11 +t2m21 + 1y, +m4l)g1x +
(t3m12 + t2m22 +imy, +my, )g2x + .
, ) ... similarly for y(r)
(t My + 17 My + 1My +my, )g3x +
(t3m14 + t2m24 +imy, +my, )g4x
= The curve is the of elements of the :0(t)= Z

B, (t) are cubic polynomial ,given by B =




Curves

Curve Geometric constraints given by

Hermite

Catmull-Rom

Bezier
B-Spline
x( at’+bt*+ct+d
Cubic Hermite spline 0(t)= () = ", 7 ! :ZB,.(I)G,. =T -___ - .
ye)] |a+bit+cp+d, | 4
Shape is determined by:
® two , and
® two , and
G, = , Gy = , GH, =
x y
M, is the that relates the , Gu,
to the cubic polynomial coefficients (ay, by, ..., ay, by, ...).

To find M , : for each geometric constraint we

then solve for the unknowns.

t)=T-M, -G, =at’+bt’+ct+d,

x(e)=| M, -G,

X(t)=] |m, -G,
Endpoint constraints are given by: x(0)= B = M, -G,
x(1)=pP, = M, -G,
Tangent vector constraints are given by: x’(0)= R = [ ] My -Gy
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P
P,
R
R,

—_

Rewrite in matrix form: G,; =

—_

=M,

Use Gy and My to solve Q(t) =T-M, -G,

Q(t):T'MH'GH:[ ]

The cubic Hermite

Curves

are the polynomials weighting the elements of the geometry vector:

Q(t):T'MH "Gy

, By, given by B, =

)P, +(

)R, +(



Curves

Cubic Bezier spline

Shape is determined by: ® two , and
® two , and
Geometry vector: . Endpoint tangent vectors: , and
A cubic Bezier curve the 2 endpts  The cubic Bezier endpoint tangents are
and the intermediate 2 points:  related to the cubic Hermite endpoint tangents:
L

L2
I
Fa~linc T~ Ria
|
|
&
[

M, , relates to
_ 1 0 0 Of__
_ O 0 0 1| ___
Gy = - =My -Gy = 3 3 0o
_ 0 0 -3 3||___
Hermite basis: o)=T-M, G,
Substitute M, -G, for Gy : o)=T-M, - M, -Gg)
Q(t):T'(MH'MHB) GB
M, M, ;= Mg, the
2 =2 1 1 10 0O
MM = -3 3 -2 —1| 0 0 O 1_ Y
HoT e 0O 0 1 0[-33 00| SE
1 0 O o0 00 -3 3
T-My = Bj.the
Q(t)_T'MB'GB_BB GB
:( )P1+( )Pz+( )P3+( )P4



Curves

Cubic B-spline:

Approximates control points with a curve composed of segments, where
Each segment is defined by control points (7 =3 = minimum of control points and
segment).
1
Gps = ’MBS_E ’Q(t):T'MBS'GBS

BBS3 (t):

Cubic Cardinal spline

Shape is determined by: ® two , and
® two , and
®a parameter.

® ’\ Tangent at P, :
Tangent at P;: , where a is called the
L
Define: 7 =
M, = ’ B;(t):T M),

When a = 0 the spline is a




Curves
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Cubic Bezier Blending Functions
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Cubic Hermite Blending Functions
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Cubic B-spline Blending Functions



