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Lagrange interpolation A set of 1+n  points, nPPP ,,, 10 L , can be interpolated, 
 

( ) =tQ Curve
 _________________________________________________ 

where ( )tL
n

i  are Lagrange polynomials of degree n: 
 

( ) =tL
n

i   ____________________
( ) =≠   , ij

  _____________________________________
( )., ij ≠

. 

Example: 3
rd

 degree Lagrange polynomials (n = 3) are: 

 

( ) =tLi

3

________________________________________________
( )., ij ≠

. 

Piecewise continuous parametric polynomial curves 
 

 

 

 

 

 

 

 

 

 
 

Continuity at the join point between segments 
 

C
0
, C

1
, C

2
, ...  “______________” continuity.  G

0
, G

1
, G

2
, ... “______________” continuity. 

 

Two polynomial curve segments: 
( )
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1
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ttt

ttt

∈
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 C
0
, G

0
:  ( )21 tQ   = ________  (coordinates are equal at the join point) 

 

 G
1:  ( )21 tQ′   = ________ (parametric 1

st
 derivatives are proportional at the join point) 

 

 ___:  ( ) ( )2221 tQtQ ′=′  (parametric 1
st
 derivatives (tangents) are equal at the join point) 

 

 G
2
:  ________  = ( )22 tQk ′′  ( _____________________________________________ ) 
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2
:  ________  = ______  ( _____________________________________________ ) 
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Parametric linear polynomial curve: 

 

A “curve” ( )tQ  defined by two control points, 0P and 1P , using a linear polynomial (⇒ line). 

 

( )
( )
( )

( )
( )

yy

xx

btaty

btatx

ty

tx
tQ

+=

+=








=          ,  

 

0P and 1P  are called the “_____________________ constraints”. 

 

One function for each control point: ( ) ( )tBtB 10 , , 

 

called “_______________________________”:  

 

 

 

 

( )tQ  = _______ + _______ . 

 

 

Behavior of the curve at t = 0: ( )00B  = _____ and ( )01B  = _____  ⇒ ( )0Q  = _______ . 

 at t = 1: ( )10B  = _____ and ( )11B  = _____  ⇒ ( )1Q   = _______ . 

 

Parametric equation for a linear polynomial curve defined by two control points: 

 

( )tQ  = _______ + _______ .     ( … the familiar parametric equation of a _______ ) 

  

A point on the line is the sum of: the ________________ ( )10 , PP  

 

                    weighted by: the _________________ ( ) ( )tt ,1− . 

 

( ) =tQ
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Parametric cubic polynomial curves (in general) 

Cubic polynomials defining a curve segment ( ) 







=

         
tQ  are of the form: 

 ( ) =tx _____________________ 
 

 ( ) =ty _____________________, 10 ≤≤ t   
 

Rewrite: 
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 (M is called the _____________.) Then ( ) [ ]   1
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G is called the _____________, and contains 4 __________________ : 



















=



















=

___

___

___

___

4

3

2

1

4

3

2

1

x

x

x

x

g

g

g

g

G

G

G

G

G .  

Let 

xx

x

x

x

x

g

g

g

g

g

g

g

g

G



















=



















=

4

3

2

1

4

3

2

1

(similarly for yG ).  Then ( ) =tx _____________ , and ( ) =ty  _____________ . 
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   … similarly for ( )ty  

    

⇒ The curve is the _______________ of elements of the __________________ : ( ) ∑=
i

tQ ________ . 

 

( )tBi  are cubic polynomial _____________________ , given by =B __________  . 
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Cubic Hermite spline  ( )
( )
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Shape is determined by: 

 

 ● two __________________________________________, ___ and ___ . 

 

 ● two __________________________________________, ___ and ___ . 
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HM  is the __________________________ that relates the __________________________, GH , 

to the cubic polynomial coefficients (ax, bx, …, ay, by, …). 
 

To find HM : for each geometric constraint we _____________________________________________ , 

then solve for the unknowns. 
 

( ) xxxxHH dtctbtaGMTtx
x

+++=⋅⋅= 23  

 

( ) [ ]
xHH GMtx ⋅⋅=  

 

( ) [ ]
xHH GMtx ⋅⋅=′  

 

Endpoint constraints are given by:  ( )
x

Px 10 =   [ ]=
xHH GM ⋅⋅  

   ( )
x

Px 41 =   [ ]=
xHH GM ⋅⋅  

 

Tangent vector constraints are given by:  ( )
x

Rx 10 =′  [ ]=
xHH GM ⋅⋅  

   ( )
x

Rx 41 =′  [ ]=
xHH GM ⋅⋅   

 

 

 

Curve Geometric constraints given by 

Hermite 
 

 

Catmull-Rom 
 

 

Bezier 
 

 

B-Spline 
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Rewrite in matrix form: 
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Use GH and MH to solve ( ) ( ) ( )[ ]tytxGMTtQ HH =⋅⋅= : 
 

( ) [ ]
( )
( ) 












⋅⋅

⋅⋅
=








=



















⋅



















⋅=⋅⋅=
y

x

GMT

GMT

ty

tx
GMTtQ

HH

HH

HH

___

___

___

___

________

________

________

________

. 

 

The cubic Hermite ____________________________, BH, given by =HB ___________ ,  

are the polynomials weighting the elements of the geometry vector: 
 

( )

( ) ( ) ( ) ( )
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( ) =tBH0
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( ) =tBH1
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( ) =tBH2
 _________   

        

( ) =tBH3
 _________  
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Cubic Bezier spline 
 

Shape is determined by: ● two __________________________________________, ___ and ___ . 
 

● two __________________________________________, ___ and ___ . 
 

Geometry vector: ________________________ .     Endpoint tangent vectors:  _______, and _______ . 
 

A cubic Bezier curve _______________the 2 endpts     The cubic Bezier endpoint tangents are  

and __________________the intermediate 2 points:      related to the cubic Hermite endpoint tangents: 

 

 

=1R ____________ 

 

=4R ____________ 
 

 

 

 

 

HBM , relates _____________________________  to  ______________________________: 
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Hermite basis:    ( ) HH GMTtQ ⋅⋅=  

 

Substitute BHB GM ⋅  for HG :  ( ) ( )BHBH GMMTtQ ⋅⋅⋅=  

( ) ( ) BHBH GMMTtQ ⋅⋅⋅=  

          HBH MM ⋅ ⇒ MB, the ________________________ 
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
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BB BMT ⇒⋅ . the ________________________ . 
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( ) =tB
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1B _________ ( ) =tB
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

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Cubic B-spline: 
 

Approximates  _______ control points with a curve composed of _______ segments, where _______ . 

Each segment is defined by _______ control points ( 3=n  ⇒ minimum of _______ control points and 

_______  segment). 
 



















=BSG , 



















=
6

1
BSM , ( ) BSBS GMTtQ ⋅⋅=  

( ) (
6

1
=tQ

______
) (+1P

______________
) (+2P

_____________________
) (+3P

__
) 4P

 

( ) =tBBS0 ________ 

( ) =tBBS1 ________________ 

( ) =tBBS2 _______________________ 

( ) =tBBS3 ____ 

Cubic Cardinal spline 

 

Shape is determined by: ● two __________________________________________, ___ and ___ . 
 

● two __________________________________________, ___ and ___ . 
 

● a _________________ parameter. 

 

  

 Tangent at 2P :  _________________ 

 

 Tangent at 3P :  ________________ , where a is called the ___________ . 

 

 Define: =τ ___________ 

 























= CDM ,  ( ) CDi MTtB ⋅=  

 

When 0=a the spline is a ________________________ . 
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Cubic Hermite Blending Functions 
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Cubic B-spline Blending Functions 


