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Abstract

Due to its realistic appearance, computational convenience, and efficient Monte Carlo sampling, Ward’s
anisotropic BRDF is widely used in computer graphics for modeling specular reflection. Incorporating the criti-
cism that the Ward and the Ward-Dir model do not meet energy balance at grazing angles, we propose a modified
BRDF that is energy conserving and preserves Helmholtz reciprocity. The new BRDF is computationally cheap
to evaluate, admits efficient importance sampling, and thus sustains the main benefits of the Ward model. We
show that the proposed BRDF is better suited for fitting measured reflectance data of a linoleum floor used in a
real-world building than the Ward and the Ward-Dur model.

Categories and Subject Descriptors (according to ACM CCS): 1.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Color, shading, shadowing, and texture

1. Introduction

A bidirectional reflectance distribution function (BRDF)
[NRH*77] f(8y,0;;6v,0v) describes the reflectance proper-
ties of a surface by specifying the amount of radiance in-
cident from direction (8;,¢,) that is reflected into direction

(ev,(Pv), ie.,

2n pm/2 .
Lv(v,0v) = /0 /0 Li(61,01) f(81,01;6v,0v)cos6 sind,d6,dg;.
@

The main characteristics of a physically plausible BRDF
are Helmholtz reciprocity and energy conservation [Lew94].
Helmbholtz reciprocity stands for the symmetry between in-
cident and reflected directions,

f(01,0150v,0v) = F(Bv, 9v;01,01), 2

that allows global illumination calculations by backward ray
tracing algorithms [Whi80]. Energy conservation — or en-
ergy balance — means that the albedo, i.e., the total reflected
power for a given direction of incident radiation,

2n pm/2 .
a@u.e) = [ [ F(6101:6,.0,)cos6y 56 B0y (3)
0 Jo
is bounded by 1.
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Over the last five decades numerous BRDF models were
introduced. Beckmann [BS63] and Torrance and Sparrow
[TS67] presented physically based microfacet BRDF models
that use the Gaussian distribution to define the microfacets’
surface normals. The model by Torrance and Sparrow was
used in computer graphics by Cook and Torrance [CT81]
and later improved by He et al. [HTSG91]. However, these
models are neither suitable for Monte Carlo integration due
to missing efficient importance sampling formulae, nor do
they provide anisotropic reflection. The first empirical and
probably most famous model that simulates specular re-
flections was introduced by Phong [Pho75] and later im-
proved by Blinn [BIi77]. Other physically plausible BRDFs
that model anisotropic reflection and are suitable for Monte
Carlo integration were proposed by Schlick [Sch94], Lafor-
tune et al. [LFTG97], Ashikmin and Shirley [AS00], and
Kurt et al. [KSKK10].

As a simplification of the Cook-Torrance model, Ward
[War92] presented an anisotropic BRDF that was later im-
proved by Dir [Dir06]. The main benefits of this model
are that it is computationally cheap to evaluate, it admits
efficient importance sampling for Monte Carlo integration,
and it is simple and intuitive to use with only three parame-
ters, one for specularity and two for roughness. Neumann et
al. [NNSK99] proposed modifications for the Phong, Blinn,
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and Ward models by specifying correction terms to make
them physically plausible.

2. TheWard-Dur BRDF and its Sampling

In [War92], Ward proposes a BRDF that models anisotropic
specular reflection by

fw (81, 01;8v,0v) = )]

Ps 5, [COS?Q sinZg 1

s 0 (-0 (5 ) aemare
where (8y,¢;), (Bv,@v), and (6,¢) denote the polar and azi-
muthal angles of the incident and reflected directions, and of
the halfway vector, respectively (see Figure 1). The material
properties are given by the specular reflectance ps and by the
roughness values o and B that equal v/2 times the standard
deviations in the perpendicular directions X and y of the 2D
Gaussian distribution.

Figure 1: Polar and azimuthal angles: fi is the surface nor-
mal, T'is the light source or sampling direction, ¥ is the view
point direction, and h is the halfway vector. All vectors have
unit length, and azimuthal angles are negative iff oriented
from ¥ to X.

Based on investigations on the energy balance of Ward’s re-
flection model, Dur [Duir06] presents an improved normal-
ization for the Ward BRDF that we refer to as Ward-Dur
BRDF:

fwo (61,01:6v,0v) = ®)
Ps 5 [ COS?Q sin%)) 1

P —tan“d . .

nap &P ( < a2 + p2 4.c0s8) cosBy

Following Ward’s sampling method [War92, WS98], for a
given reflected direction V = (8y,¢v) the incident direction
= (61,0) is determined via the halfway vector R that is
given by its angles

B _ —log=s)
0 = arctan (\/COSZ ¢/02+5in2¢/B2> and
¢ = atan2 (Bsin(2nt), orcos(2mt)) ©

where s and t are independent random numbers uniformly
distributed in [0,1) (compare [Dur06, Wal05]). Dir shows

that the distribution of the random direction T has the proba-
bility density function (PDF)
fWD(ela(PI;ew(Pv)

WL YL B V) 7
Ps-w(6y,91;6y,0v) O

da.B(eI L0130y, 0v) =
with
W(ehﬁol;ev:@v) = (8)

(cos8; +cos6y)®
4¢0s8y (1+ cos8; cosBy +sin 8, sinBy cos(gy —@;))

Because at non-grazing angles and for small values of a
and

o g (01,9150v,9v) ~ fwp(61,01;0v,9v)/ps, (©)]

weighting factors are mostly neglected in the Monte Carlo
integration (for details on the implementation in RADI-
ANCE [War94, WS98] see [GMD10]). However, at grazing
angles the difference between the BRDF fyyp and the sam-
pling PDF dg g is significant and can be clearly observed in
Figure 2. Figure 2(a) shows the set-up of a test scene where
a gray isotropic surface with 80% specular reflection (pg =
0.12, ps = 0.48) and roughness a = 0.1 is viewed at a graz-
ing angle of 1°. Below, the luminance distributions that re-
sult if the direct illumination is computed by evaluating the
Ward-Diir BRDF (Figure 2(b)) or by using Ward’s sampling
method (Figure 2(c)) are juxtaposed.

perfectly diffuse TTTTe-— L _view frustum
area light source Tl
view direction — ""----_ &
view angle: 1°~ .-~

reflecting surface

@

(b)

Figure 2: Grazing angle test scene: (a) set-up, and lumi-
nance distributions resulting from (a) Ward-Dir BRDF and
(b) Ward’s sampling method.

In [NNSK99] Neumann et al. criticize that the Ward
BRDEF is not physically plausible because at grazing angles
the BRDF diverges to infinity and its albedo violates energy
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balance, i.e. is greater than 1. Using max(cos6;,cos8y) in-
stead of \/cos6) cosBy in Equation (4), Neumann et al. pro-
pose a modification that meets energy balance but still has
the shortcoming that specular highlights are too dark, espe-
cially for low-lying light sources. We refer to this modifica-
tion as Ward-Neumann BRDF.

Because the Ward-Dir BRDF can be written as
fWD(T,V) = fW(r,V)/\/cose| cosBy the lower bound argu-
ment that proves the divergence of the albedo of the Ward
BRDF at grazing angles in Equation (41) in [NNSK98] also
holds for the Ward-Diir BRDF. In Figure 6 the albedos of
the Ward-Neumann BRDF, the Ward BRDF, the Ward-Dtir
BRDF, our new BRDF, and the PDF of Ward’s sampling
method are compared.

3. A New BRDF

Motivated by the discrepancy between the evaluation of the
Ward-Dir BRDF and the sampling by Ward’s method, and to
account for the criticism by Neumann et al. [NNSK99], we
propose the following modification of the Ward-Dir BRDF
that preserves Helmholtz reciprocity:

cos? sin?
Trew (81, 01;0v,9v) = % - eXp (—tan26< O(zq) + BZQ’)) ’

2 (14 cos6 cosBy +sin®; sin By cos(@v — @)

10
(cos®; +cos6y)* (10)

Expressing the BRDF as
o B 0160, 0) = - (1)

1 T+v,82 (47,92 1
exp<_<r+vﬁ>2'< @ >>'4<EH>2<ﬁ,ﬁ>4

proves that the new BRDF is different from both the Beck-
mann distribution [BS63] and the model by Kurt, Szirmay-
Kalos, and KFivanek [KSKK10]. Compared to the Ward-Diir
BRDF, the factor (I,f)(V,) in the denominator of Equa-
tion (5) is replaced by (I, h)(v,R)(h,/)* = (I,h)2 (h, /)4,

The polar plots in Figures 3 and 4 compare the isotropic
BRDF of our proposed model to the Ward and the Ward-Dr
model for roughness valuesa =3 =0.1ora=p3=0.2in
the plane of incidence. From Figures 3 and 4 one can see that
the new BRDF mainly coincides with the Ward-Dir BRDF
but does not diverge to infinity at grazing angles. The polar
plots in Figure 5 compare the BRDFs for constant polar an-
gles. The coincidence of the Ward-Dir BRDF and the new
BRDF in Figure 5 also indicates that for realistic roughness
values a and 3 up to 0.25 the two BRDFs almost match. In
particular

Ps

Trew (01, 01561, 91 +1) = anaBcos?6

= fwo (81, 1;01,0 +m).
(12)

Figures 3 and 4 predict that, in the plane of incidence, the
maximum of the BRDF frew(l,V) occurs below the mirror
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Figure 3: Ward BRDF, Ward-Diir BRDF, and new BRDF at

8, = 0°, 35°, and 70° for ps = 1 and (a) a = 3 = 0.1 and
(b)a=p=0.2.
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Figure 4: BRDF multiplied by cos6, and cos6y for Ward
BRDF, Ward-Diir BRDF, and new BRDF at 6, = 0°, 35°,
and 70° forps=1and (@) a =B =0.1and (b) a =B =0.2.

direction, whereas the maximum of the BRDF times the co-
sine of the polar angle of the reflected direction frew(I,V) -
cosBy is located in the mirror direction (the corresponding
proofs are given in the appendix). Thus, the new BRDF
shows the same behaviour as the Ward-Dlr BRDF concern-
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Figure5: Azimuthal variation at 8, = 8, = 0°, 35°, and 70°
(outside to center) of BRDF multiplied by cos8, and cos6y
for Ward BRDF, Ward-Dur BRDF, and new BRDF for ps =
and(@a=pB=0.1and (b)a=p=0.2.

ing off-specular peaks that were first described by Torrance
and Sparrow [TS67].

Figures 6 and 7 provide numerical evidence that our pro-
posed BRDF model meets energy balance, i.e. the albedo is
bounded by 1: for all 8, € [0,1/2)

2n ,m/2 o
a1,9) = /0 /0 frew (V) cOSBy 5inBydBydgy < 1. (13)

In the appendix we show that the albedo is close to 1 for
small roughness values and non-flat angles, and we prove
that the albedo converges to 1 for 8; — /2.

In Figure 6(a) the albedo functions of the Ward-Neumann
BRDF, the Ward BRDF, the Ward-Dir BRDF, the new
BRDF, and the PDF of Ward’s sampling method are com-
pared in the isotropic case for roughness valuesa =3 =0.1
and specular reflectance ps = 1. Note that the albedo of the
sampling method is calculated as a(V) because in backward
ray tracing V is the incident direction and T is the sampled
direction. Because the probability that a direction generated
by Ward’s sampling method has polar angle 6, < 1/2 con-
verges to 1/2 for 8y — 11/2, the albedo of the PDF converges
to 0.5 for 8y — /2. Figure 6(b) shows the behaviour of the
albedo functions for the Ward BRDF, the Ward-Dir BRDF,
and the new BRDF at grazing angles. In Figure 7 the albedo
functions of our proposed BRDF in the isotropic cases
a=p=0.01,a=p=0.05,a=p=0.1,anda=pf=0.2
are presented.
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Figure 6: Albedo functions forps=1anda==0.1: (a)
for various BRDF models and (b) at grazing angles for the
Ward BRDF, the Ward-Diir BRDF, and the new BRDF.

Writing the PDF dq, g of Ward’s sampling method (see Equa-
tion (7)) with respect to our new BRDF yields

frew (61,915 6v, 9v)

dos(01,01;0v,0y) = ———————— 14
(01,0136, o) Ps - Wnew (61,01 8y, 0v) a4
where the weighting factors
2 2
Wnew (01, @1; 6y, = = - 15
new (61, 15 8v, 9v) 1+cosy/cosl 14 (v,m)/ (1) (15)

are greater (less) than 1 if and only if the sampled direc-
tion is above (below) the mirror direction. Then the indirect
specular component can be approximated by

/L| fHEWIVdQ|~—ZL|

where R is the area of the hemisphere that is not subtended
by light sources, dQ; = cos8,sin8,d8,dg, is the projected
surface element, and the directions T*n are chosen randomly
by Ward’s sampling method in Equation (6). Compared to
the weighting factors for the Ward-Dir BRDF in Equa-
tion (8), the weighting factors wnew in Equation (15) are less
expensive to compute.

Dwnew (T V), (16)

(© 2010 The Author(s)
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Figure 7: Albedo functions of the new BRDF for ps = 1 and varying values of o = 3.

Finally, rewriting Equation (11) as

Ps
map

- y 5 o
oxp (- 1 ((4vR?  (T+0) (49149

(I+9,1)2 o? p? (I4-v,my
shows that the evaluation of the BRDF for the direct specu-
lar component

frew (81, 01;6v,Qv) = (17)

/ Ly (1) frew(T. ) dQ) & ZL| i) frew(Tmy 9)AQ  (18)

is computationally cheap and thus sustains one of the main

benefits of the Ward model. In Equation (18), S is the area
of the hemisphere subtended by light sources and r<m) are
directions to the light sources.

Grazing Angle Test Scene

We re-rendered the test scene of Section 2 (see Figure 2(a)
for the set-up) using Equation (18) for calculating the di-
rect specular component from the light source (Figure 8(a))
or using Equation (16) for computing the indirect specular
component from the luminaire now included in the indirect
calculation (Figure 8(b)). By using luminance contour lines
laid over the images it is clearly visualized that the resulting
distributions are the same for the new BRDF and the sam-
pling using the new weighting factors. Including our pro-
posed BRDF and weighting factors in the current version of
RADIANCE [Rad10] does not change the rendering times
observably.

4. Fitting Measured BRDF Data

The BRDF of an isotropic red linoleum floor was measured
with a gonioreflectometer for 222 pairs of incident/outgoing
directions by our cooperation partner Bartenbach LichtLa-
bor, Austria [DUr04]. The total reflectance p of the isotropic
linoleum floor illuminated by the CIE standard illuminant A
[CIEO4] is 17.5% and was measured by Bartenbach Licht-
Labor using an integrating sphere.

(© 2010 The Author(s)
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(b)

Figure 8: Luminance distributions laid over renderings for
the Grazing Angle Test Scene: specular reflection calculated
(a) by the new BRDF and (b) by Ward’s sampling method
using new weighting factors.

For the curve fitting we use a similar approach as Ngan et
al. [NDMO05], i.e. we define the objective function for fitting
as

9(61,91;6v,0v) = (19)
(data(9|,<0|:9v.,<pv) - (%d + f(e|,¢|;6v,tpv)>) -cos 9y,

where pq = p — ps is the diffuse reflectance, f = fyy for the
Ward BRDF, f = fyyp for the Ward-Diir BRDF, or f = fpew
for our proposed BRDF, respectively. The parameter estima-
tion is then performed using the MATLAB routine Isgnon-
lin() that computes ps and o such that

In Table 1 the results for ps and o of the three BRDF models
are presented together with the fitting error r that specifies
the computed minimum value in Equation (20). Expectedly,
compared to the Ward-Dlr BRDF we receive a higher value
for the roughness a that accounts for the tighter lobes of the
new BRDF at flat angles (see Figure 3). In turn also the spec-
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Figure 9: Measured BRDF data for the isotropic red linoleum floor and fits from the new BRDF model for incident angles from

25° to 75°. Note the varying scales.

Parameter Error

Ps a r
Ward BRDF fyy 0.08508 0.02935 6.8269
Ward-Dir BRDF fyp 0.02605 0.02122 2.8846
proposed BRDF frewy ~ 0.04982  0.03172 0.9241

Table 1. Fitting results for an isotropic red linoleum floor.

ularity ps increases and thus corrects the length of the lobe
that is shortened by the greater a. The decrease of the fitting
error by a factor of 3 demonstrates that, for the linoleum,
the new BRDF is better suited to approximate the measured
data. Figure 9 shows the measured BRDF data together with
the fits obtained from the new BRDF for incidence angles
from 25° to 75° every 10°.

Figure 10 shows a test scene for comparing the Ward-Dir
BRDF fyp to the proposed BRDF frew. The scene contains
an isotropic red linoleum sphere that is modeled with the
particular parameters from Table 1. Because the differences
between the highlights in Figures 10(a) and 10(b) are hardly
visible, a close-up of the right highlight was rendered. Fig-
ure 11 shows the results obtained from using the Ward-Dur
BRDF (Figure 11(a)) and the new BRDF (Figure 11(b)).

The falsecolor image below (Figure 11(c)) gives the rela-
tive brightness differences between the two images with Fig-
ure 11(a) (Ward-Dir BRDF) being the reference. Here the
maximal differences are located on a circular ring around
the center of the highlight.

@ (b)

Figure 10: Test scene containing an isotropic red linoleum
sphere. The specular highlights are calculated (a) by the
Ward-Dir BRDF and (b) by the new BRDF.

Compared to the Ward-Dur BRDF the new BRDF yields
more expanded specular highlights and thus up to five times

(© 2010 The Author(s)
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©

Figure11: Close-up of the right highlights in Figure 10: ren-
derings with specular highlights calculated (a) by the Ward-
Dir BRDF and (b) by the new BRDF, and (c) relative bright-
ness differences with Ward-Dur BRDF being the reference.

brighter reflections in off-center regions. Regarding the crit-
icism by Ngan et al. [NDMO05] that at grazing angles the
Ward-Dir BRDF produces much less pronounced high-
lights than the measured data, the behaviour of our proposed
BRDF seems to be desirable.

5. Conclusion

We presented a new BRDF model based on the Ward-Diir
BRDF [Dur06]. The proposed model is physically plausi-
ble, i.e., it satisfies Helmholtz reciprocity and meets energy
balance. For realistic roughness values up to 0.25 and for
non-flat angles the new BRDF is very close to the Ward-Dur
BRDF. Ward’s sampling method gives an efficient impor-
tance sampling formula and the evaluation of both the new
BRDF and the weighting factors for the Monte Carlo inte-
gration is computationally cheap. In the rendered test scenes
the computation times did not observably change when us-
ing the new BRDF and weighting factors.

For a red linoleum floor from a real-world building the

(© 2010 The Author(s)
Journal compilation (©) 2010 The Eurographics Association and Blackwell Publishing Ltd.

proposed model proved to be better suited for fitting the mea-
sured BRDF data. Using a cosine-weighted least squares ap-
proach, the fitting error decreased by a factor of 7 compared
to the Ward BRDF and by a factor of 3 compared to the
Ward-Dir BRDF. For the proposed model the estimated pa-
rameters yield more expanded specular highlights and up to
five times brighter reflections in off-center regions.
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Appendix

In Section 3 we state that, in the plane of incidence, the
maximum of the BRDF frew(6;,0;;0v,@v) occurs below
the mirror direction, whereas the peak of the BRDF times
the cosine of the polar angle of the reflected direction
frew (61, 01;0v,@v) - cosBy is located in the mirror direction.
Let ps =1 and ) > 0. In the plane of incidence ¢y = @ + Tt
and hence
1 2(1+4cos(8 +8v))

frew (61, @158y, 0 + 1) = maB " (cosB +cosBy)t (21)
2

2 2 N 2
exp [ — <cos (0] N sin (p.) (smev sin®; ) .
a2 B2 c0s 0 + cosBy

Partial differentiation with respect to 8y yields

1 sing,
= . > 0. 22
4nap  cos36, 22)

afnew(els(pl ; er o+ T[)
06y

6y=0;

Thus frew (8, 91;0v, @ + 1) is still increasing in the mirror
direction 8y = 6; and must have its maximum below. Using
the product rule and applying Equation (12) we find that

O (few (01,915 6v, @ + 1) - cOSBy)
00y

= (23)

6y=6,

1 sing,

4maB  cos? 9,

Thus frew (6, 9;8v, v + 1) - cosBy attains its maximum in
the mirror direction 8y = 6.

In Section 3 we state that the albedo of the new BRDF
is close to 1 for small roughness values and non-flat angles,
and converges to 1 for 6; — m/2. Rewriting Equation (13)
with respect to the sampling PDF dy g (see Equations (14)
and (15)) yields

a(v) = (24)

2z 2 Ao (61,01;0 0;5in6;d6d
/o /o 1+ cosby/cos8; . (81,913 8v,0v) COS By sin 8 d6; dg)

— fnew(9|,<p|;6|,(p| +m)-sin6 =0.
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Let € = tand and ¢, as given by Ward’s sampling method
(see Equation (6)). From the spherical coordinates

V = (sinBy cos@y,sinBysin@y,cosby),

h = (ecos,esing,1)/v/1+€2, (25)
and 1= (sin® cosgy,sind sing;,cosB)) = —V+2(h,V)h
we compute

cos®  1—g?+42etanBy cos(g —gy)

cosby 1+¢€2
By the transformation law for densities and by substituting
Equation (26) into Equation (24) it follows that

2

a(v) = .//D 1+ (1+€2)/(1—¢? +2€tanevcos((pfcpv))d5dt'
@7

. (26)

Here
D ={(s,t) € [0,1)%|1— % + 2ctanBycos(9 — ¢y) >0}  (28)

denotes the feasible domain where 8; < 11/2 and thus a sam-
ple ray is not rejected.

In the general case, i.e. when € is small and at non-flat angles
where tan 8y is not too large, the albedo is close to 1:

2
alv) ~ / —° _gsdt — 1. 29
@) o121+1 (29)

For grazing angles, let € # 0 and 6y — /2. Then
2
1+ (1+€2)/(1— €2+ 2etanBy cos(¢ — @v))

—2 (30

and
D — {(s,t) € [0,1)?| cos(¢ — gv) > O}. (1)

Although in general @ is not uniformly distributed in
(—m, ], the probability that a sample ray is not rejected

P{cos(¢p —q@y) >0} =1/2 (32)

because the distribution of @ is point symmetric about the
origin. Combining Equation (27) with Equations (30) to (32)
implies that a(V) — 1 if 68y — m/2.
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