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Abstract

This thesis develops novel Monte Carlo methods for solving a wide range of partial differ-
ential equations (PDEs) relevant to computer graphics. While traditional discretization-
based approaches efficiently compute global solutions, they often require expensive global
solves even when only local evaluations are needed, and can struggle with complex or fine-
scale geometries. Monte Carlo methods based on the classical Walk on Spheres (WoS)
approach [Muller 1956] offer pointwise evaluation with strong geometric robustness, but in
practice, their application has been largely limited to interior Dirichlet problems in volu-
metric domains. We significantly broaden this scope by designing versatile Monte Carlo
solvers that handle a diverse set of PDEs and boundary conditions, validated through
comprehensive experimental results.

First, we introduce the Walk on Boundary (WoB) method [Sabelfeld 1982, 1991] to
graphics. While retaining WoS’s advantages, WoB applies to a broader range of second-
order linear elliptic and parabolic PDE problems: various boundary conditions (Dirichlet,
Neumann, Robin, and mixed) in both interior and exterior domains. Because WoB is based
on boundary integral formulations, its structure more closely parallels Monte Carlo ren-
dering than WoS, enabling the application of advanced variance reduction techniques. We
present WoB formulations for elliptic Laplace and Poisson equations, time-dependent diffu-
sion problems, and develop a WoB solver for vector-valued Stokes equations. Throughout,
we discuss how sampling and variance reduction methods from rendering can be adapted
to WoB.

Next, we address the nonlinear Navier–Stokes equations for fluid simulation, whose
complexity challenges Monte Carlo techniques. Employing operator splitting, we separate
nonlinear terms and solve the remaining linear terms with pointwise Monte Carlo solvers.
Recursively applying these solvers with timestepping yields a spatial-discretization-free
method. To deal with the resulting exponential computational cost, we also propose cache-
based alternatives. Both vorticity- and velocity-based formulations are explored, retaining
the advantages of Monte Carlo methods, including geometric robustness and variance re-
duction, while integrating traditional fluid simulation techniques.

We then propose Projected Walk on Spheres (PWoS), a novel solver for surface PDEs,
inspired by the Closest Point Method. PWoS modifies WoS by projecting random walks
onto the surface manifold at each step, preserving geometric flexibility and discretization-
free, pointwise evaluation. We also adapt a noise filtering technique for WoS to improve
PWoS.

Finally, we outline promising future research directions for Monte Carlo PDE solvers
in graphics, including concrete proposals to enhance WoB.
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Chapter 1

Introduction

1.1 Motivation

Partial differential equations (PDEs) play a central role in a wide range of applications in
computer graphics and beyond, including, but not limited to, geometry processing, tex-
ture generation, and fluid simulation. Since analytical solutions to these PDEs are rarely
available, numerical methods are employed to approximate solutions. The popular choices
today are finite difference, finite element, finite volume, and boundary element methods.
These numerical methods are based on discretizing the domain or the boundary, and then
solving a resulting globally coupled matrix equation. However, such discretization-based
methods can become tedious, computationally expensive, or even fail when dealing with
complex geometries. For instance, generating conforming meshes of the volume [Hu et al.
2018, 2020] (or the surface [De Goes et al. 2022]) can consume substantial time and mem-
ory [Sawhney and Crane 2020]. Moreover, even when the solution is only needed at a few
specific points or in a small region of interest, these methods still require solving for the
solution globally over the entire domain.

To overcome these limitations in the context of geometry processing, Sawhney and
Crane [2020] introduced a novel Monte Carlo PDE solver to the graphics community: the
Walk on Spheres (WoS) method [Muller 1956]. WoS estimates solutions by simulating the
effect of continuous random walks through discrete random walks on spheres within the
domain. This Monte Carlo approach offers several advantages over conventional methods,
including greater flexibility in geometric representation, robustness, trivial parallelism,
and the ability to estimate the solution pointwise without a global solve. This shift toward
Monte Carlo PDE solvers parallels the transition in computer graphics from radiosity-
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Figure 1.1: This thesis explores general-purpose Monte Carlo PDE solvers. We discuss the
Walk on Boundary method for linear PDEs, which supports various boundary conditions
within both interior and exterior domains (top-left), and its application to time-dependent
diffusion (top-right) and vector-valued Stokes (bottom-left) equations. We also develop
Monte Carlo PDE solvers for the Navier–Stokes equations (bottom-middle), and present
the Projected Walk on Spheres method for surface PDEs (bottom-right).
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based light transport simulation [Cohen and Greenberg 1985; Goral et al. 1984; Nishita
and Nakamae 1985] to Monte Carlo rendering methods [Cook 1986; Cook et al. 1984;
Kajiya 1986; Pharr et al. 2018]. Sawhney and Crane [2020] and others indeed showed that
the connection between WoS and Monte Carlo ray tracing enables various techniques from
Monte Carlo ray tracing to be modified and adapted to WoS, such as in recent work by Qi
et al. [2022] on bidirectional WoS.

PDE problems encompass a variety of boundary conditions and equations. However,
the basic WoS algorithm is limited to linear PDEs posed on volumetric, interior domains
with Dirichlet boundary conditions. With this context in mind, this thesis investigates
general techniques and applications of Monte Carlo methods for a range of PDE problems
we encounter in the context of graphics.

1.2 Problem Scope and Approach

In this thesis, we aim to advance the design of general-purpose Monte Carlo PDE solvers,
primarily targeting graphics applications (Fig. 1.1). After reviewing relevant background
and related work (Chapter 2), we present Monte Carlo PDE solvers addressing a broad
range of problems, including various linear PDEs with various boundary conditions (Chap-
ters 3 and 4), the nonlinear Navier–Stokes equations (Chapter 5), and surface PDEs (Chap-
ter 6). We conclude by outlining promising future research directions (Chapter 7).

In Chapter 3, we introduce the Walk on Boundary (WoB) method, originally proposed
by Sabelfeld [1982, 1991], to the computer graphics community, focusing on the Laplace and
Poisson equations. Like WoS, WoB is a pointwise Monte Carlo method. While WoS simu-
lates Brownian motion within the domain, WoB is derived directly from boundary integral
equations (BIEs) obtained by reformulating the PDE. This reformulation leads to an algo-
rithm that traces rays between points on the boundary (Fig. 1.2), analogous to the Monte
Carlo ray tracing algorithm for the rendering equation [Kajiya 1986]. This boundary-
focused formulation fundamentally differs from the domain interior random walks used by
WoS.

Although arguably less well-known than WoS, WoB shares with WoS many advantages
over spatial discretization-based methods. WoB also offers several unique advantages,
which we explore and demonstrate:

• Generality: WoB naturally handles boundary value problems for which WoS is inef-
ficient or inapplicable. WoS struggles with Neumann or Robin boundary conditions,

3
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Figure 1.2: While WoS takes random walks on spheres, WoB takes random walks on the
boundary to compute a sample contribution.

especially on non-convex domains [Simonov 2008, 2017], and only very recent concur-
rent work [Miller et al. 2024b; Sawhney et al. 2023] addresses this efficiently. Exterior
domain problems require complicated transformations in WoS [Nabizadeh et al. 2021],
while WoB seamlessly handles interior and exterior problems with various boundary
conditions, without changing the core formulation (see Fig. 1.1 top left).

• Accuracy: WoB can accurately estimate solutions right on or near the boundary,
whereas WoS’s random walks must terminate in an ϵ-shell, introducing bias and errors.
Fig. 1.3 illustrates these differences. Solutions on the boundary are relevant for Neumann
and Robin problems, since the boundary values are unknown, and they are the main
quantity of interest for certain cases [Da et al. 2016; Sugimoto et al. 2022].

• Similarity to Monte Carlo ray tracing: WoB samples points on the boundary, mak-
ing it algorithmically and mathematically closer to Monte Carlo ray tracing than WoS,
which operates inside the domain with closest point queries. This similarity allows WoB
to leverage existing ray tracing frameworks and to adapt advanced rendering techniques
more readily.

In Chapter 4, we extend WoB to a broader class of PDEs beyond the Laplace and
Poisson equations. Specifically, we introduce WoB for the diffusion equation [Sabelfeld
1991] and develop a new WoB formulation for the Stokes equations, which govern viscous,
incompressible fluid flow. Diffusion equation introduces time dependence, requiring tem-
poral variables to be incorporated into the boundary walks, while the Stokes equations
are vector-valued, necessitating an extension of WoB from scalar to vector- and matrix-
valued quantities. In both cases, only modest modifications to the basic WoB estimators
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Figure 1.3: Unlike WoS, WoB does not introduce any errors associated with the ϵ-shell
that WoS uses to terminate their random walk. The indicated region (left) displays visible
banding artifacts with WoS (middle), where WoB presents no such error (right).

for the Laplace and Poisson equations are necessary. We demonstrate that the core ad-
vantages of WoB—pointwise solution evaluation and compatibility with variance reduction
techniques—remain intact even for these more complex equations.

In Chapter 5, we explore the application of Monte Carlo PDE solvers to the nonlinear
Navier–Stokes equations, which govern the behavior of fluids. These equations are consid-
erably more complex than linear PDEs to which Monte Carlo PDE solvers are typically
applied. This complexity is due in part to the presence of a nonlinear advection term,
along with several other terms. We address this challenge using the operator splitting
method [Park and Kim 2005; Stam 1999]. This method decomposes the Navier–Stokes
equations—either in their vorticity or velocity formulation—into simpler subproblems.
Within each timestep, we solve these subproblems as substeps sequentially, isolating the
nonlinear advection from the remaining terms. We can then handle the latter using Monte
Carlo PDE solvers, such as WoB or WoS. We design all substep solvers as pointwise es-
timators. By recursively applying these estimators, we obtain a spatial-discretization-free
solver; given a query point in space and time, this solver can directly estimate the so-
lution of the Navier–Stokes equations, mirroring the capabilities of existing Monte Carlo
PDE solvers. However, this fully pointwise recursive formulation incurs exponential com-
putational cost with respect to the number of timesteps. As a practical alternative, we
also introduce discrete caching into the formulation. While caching sacrifices the fully
discretization-free property, it preserves other key advantages of Monte Carlo PDE solvers,
including the ability to handle complex geometries. Moreover, cached data can be exploited
to improve Monte Carlo sampling for variance reduction. Overall, this work represents a
first step toward extending Monte Carlo PDE solvers to more complex, nonlinear PDEs
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for practical applications.

The methods discussed thus far are primarily aimed at volumetric PDEs, i.e., equa-
tions whose solutions are defined on an n-dimensional manifold embedded in n-dimensional
space. In Chapter 6, we lift this restriction by introducing ideas from the Closest Point
Method (CPM) [King et al. 2024; März and Macdonald 2012; Ruuth and Merriman 2008],
which solves surface PDEs using volumetric differential operators. The resulting Projected
Walk on Spheres (PWoS) method for surface PDEs takes random walks on spheres in the
neighborhood of the surface, followed by a projection of the sample point onto the surface.
This simple modification extends WoS to surface PDEs, including PDEs defined on mixed-
codimensional geometries, while retaining some of the key advantages: independence from
specific surface discretizations or resolutions, no need for conforming meshes, trivial par-
allelism, and pointwise evaluation. We also investigate extending the mean value filtering
method [Bakbouk and Peers 2023] to reduce noise in PWoS solutions when the surface is
discretized.

Together, these contributions explore the design of general-purpose Monte Carlo PDE
solvers. While motivated by computer graphics, the methods have potential impact across
scientific and engineering fields. In Chapter 7, we discuss several promising avenues for im-
proving applicability, WoB’s efficiency, and hybrid integration with traditional discretization-
based solvers.

In summary, this thesis makes the following key contributions:

• Introduction of the Walk on Boundary (WoB) method to computer graphics for the
Laplace, Poisson, and diffusion equations, providing a unified framework capable of
handling diverse boundary conditions (Chapters 3 and 4).

• First application of WoB to the Stokes equations, extending the formulation to handle
the vector-valued PDE governing viscous incompressible flow (Chapter 4).

• Development of Monte Carlo PDE solvers for the Navier–Stokes equations using
operator splitting in both vorticity and velocity formulations, enabling pointwise or
cached evaluations without global discretization (Chapter 5).

• Formulation of Projected Walk on Spheres (PWoS) for surface PDEs, generalizing
WoS with the Closest Point Method to solve PDEs defined on surfaces without re-
quiring conforming meshes (Chapter 6).

• Bridging the above Monte Carlo PDE solvers with Monte Carlo rendering tech-
niques, adapting advanced sampling and variance-reduction strategies to PDE con-
texts (Chapters 3, 4, 5, and 6).

6



• Identification of promising future research directions, including concrete proposals to
enhance WoB’s efficiency, along with ideas for extending applicability and integrating
with discretization-based methods (Chapter 7).
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Chapter 2

Background and Related Work

2.1 Monte Carlo Methods in Graphics

Monte Carlo methods have been successfully applied to a diversity of problems in, e.g.,
statistical inference, simulation, and integration [Metropolis and Ulam 1949]. In graphics,
Monte Carlo methods have been used most extensively in physically-based light transport
simulation, where they outpaced traditional finite element methods to treat challenging
radiometric effects with increasingly complex geometric and reflectance models [Kajiya
1986; Pharr et al. 2018]. In 2020, Sawhney and Crane [2020] proposed the application of
Monte Carlo methods to geometry processing to further evidence its broader applicability
in graphics.

2.1.1 Monte Carlo Ray Tracing for Rendering

Cook et al. [1984] introduced the use of Monte Carlo methods in rendering to simulate
effects such as soft shadows, motion blur, and depth of field. Following the formalization
of the now foundational rendering equation [Cook 1986; Kajiya 1986], Monte Carlo ren-
dering has become a dominant approach. At the time of its introduction, Monte Carlo
rendering was considered too computationally expensive to be practical. Finite element
radiosity methods [Cohen and Greenberg 1985; Goral et al. 1984; Nishita and Nakamae
1985] were the prevailing standard for solving radiative transfer problems. However, with
advances in sampling techniques [Müller et al. 2017; Veach and Guibas 1995, 1997], GPU
hardware acceleration [Parker et al. 2010; Purcell et al. 2002], and machine learning-based
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denoisers [Kalantari et al. 2015], Monte Carlo rendering has become viable even in real-time
contexts [Bitterli et al. 2020]. Monte Carlo rendering has evolved to capture increasingly
complex radiometric phenomena while scaling effectively with the growing complexity of
virtual environments [Pharr et al. 2018]. Today, modern industrial-caliber renderers employ
Monte Carlo rendering [Pharr 2018] along with specialized variance reduction techniques
to achieve practical efficiency. The long-term goal of the research presented in this thesis is
to extend such Monte Carlo techniques to broader problem domains in computer graphics
beyond rendering, and potentially to scientific computing more generally.

2.1.2 Monte Carlo Integration Basics

The Monte Carlo methods explored in this thesis are based on reformulating a given PDE
as integration problems, which we then solve using Monte Carlo integration. As such,
Monte Carlo integration lies at the core of the methodologies, and we briefly review its
basic concepts here. For a more comprehensive review, see Pharr et al. [2018] in the context
of graphics, or Owen [2013] for a general treatment.

We consider the problem of estimating an n-dimensional integral over a domain Ω, for
example:

I =

∫
Ω

f(x) dx. (2.1)

Deterministic Quadrature

In general, this integral cannot be evaluated analytically, necessitating numerical tech-
niques. One classical approach is to use a deterministic quadrature rule. For example, we
can subdivide the domain into uniform hypercubes, evaluate the integrand at the center
of each subdomain, and average the results. Multiplying the average by the hypervolume
of each subdomain yields an estimate of Eq. 2.1. More accurate results can be obtained
using non-uniform sample points, for instance via Gaussian quadrature. While quadrature
is conceptually simple and deterministic, its convergence rate deteriorates rapidly as the
dimension increases. In particular, the rate typically scales as O(N−1/n), where N is the
number of evaluation points and n is the dimension. This phenomenon is often referred to
as the curse of dimensionality.
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Monte Carlo integration

Monte Carlo integration offers an alternative that overcomes some of these limitations. In
Monte Carlo integration, we generate N typically independent and identically distributed
(i.i.d.) samples {xi}Ni=1 from a probability density function (PDF) p(x) defined over Ω. We
then estimate the integral as:

ÎN =
1

N

N∑
i=1

f(xi)

p(xi)
. (2.2)

Here, the hat notation ÎN indicates that this is an estimator of the true integral. Note
that the PDF p(x) is normalized, i.e., it integrates to 1 over Ω and it must be nonzero
whenever x is nonzero within Ω. In practice, we may say we generate samples according
to an unnormalized function, with the understanding that the PDF is the corresponding
normalized function.

To discuss the properties of the Monte Carlo estimator in Eq. 2.2, we introduce several
key concepts. First, we consider the expectation of ÎN . If E[ÎN ] = I, we say the estimator is
unbiased. Otherwise, it is biased, and the difference E[ÎN ]− I is referred to as the bias. We
also examine the behavior of the estimator as the number of samples increases. If ÎN → I
as N →∞, we say the estimator is consistent.

However, bias and consistency alone do not provide a complete picture, as in practice
we can only afford a finite number of samples. The variance of the estimator, Var[ÎN ] =

E
[
(ÎN − E[ÎN ])2

]
, quantifies the level of noise in the estimate due to sampling randomness.

A lower variance generally results in a less noisy result and more reliable results, as we
can see from an associated confidence interval analysis. When the estimator is unbiased,
the variance is equal to the mean squared error (MSE). In general, we define MSE to be

MSE[ÎN ] = Var[ÎN ] +
(
E[ÎN ]− I

)2

.

As the name suggests, the MSE quantifies the expected squared error. To understand
the scale of the error itself, we often consider the square root of the MSE. For an unbiased
estimator, the MSE reduces to the variance, which decreases proportionally to 1/N . Con-
sequently, the standard deviation (i.e., the square root of the variance) decreases at the rate
of O(1/

√
N), independent of the dimension of the integral. This dimension-independence is

a key advantage of Monte Carlo methods over deterministic quadrature techniques, whose
convergence rates typically deteriorate rapidly in high-dimensional settings.

Focusing on the MSE, we observe that the source of error in Monte Carlo estimators
arises from two components: variance and bias. Even with an unbiased estimator, a large
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variance can lead to significant noise in the estimate, resulting in large errors. Conversely,
an estimator with low or zero variance can still produce large errors if it has substantial
bias. In practice, these two quantities often exhibit a trade-off relationship: reducing
variance may require accepting some bias, and reducing bias may increase variance. The
primary goal in designing an estimator in our application is to minimize the overall error
given a fixed computational budget. However, in certain applications, such as real-time
rendering with temporal information reuse, we apply Monte Carlo estimators repeatedly.
In these situations, it can become important to use unbiased estimators to prevent error
accumulation that can degrade the final result over time.

Variance reduction

To improve the efficiency of Monte Carlo integration, a variety of variance reduction tech-
niques have been developed and applied to different problems. Two representative ap-
proaches are importance sampling and control variates.

With importance sampling, the idea is to concentrate samples in regions of the domain
that contribute more significantly to the integral, thereby reducing the estimator’s variance.
In Eq. 2.2, the most naive strategy would be to sample uniformly over the domain. For
simplicity, assume the integrand f(x) is a nonnegative scalar function. If we could instead
sample from a PDF p(x) proportional to f(x), then the resulting estimator would have
zero variance—the Monte Carlo estimate would give the exact result even with a single
sample. Of course, such a sampling strategy is not practical in general, as being able to
sample exactly from such a p(x) implies we already know the integral I. Nevertheless, this
ideal case serves as a useful guide, and we aim to set p(x) so it is roughly proportional
to the integrand in some sense. In practice, the integrand is often a product of multiple
functions, and we may design p(x) to match one of them, and we can expect that it yields
a lower-variance estimator.

In the method of (difference) control variates, we reduce variance by leveraging knowl-
edge of an auxiliary function with a known integral. Suppose we have a function g(x)
such that its integral Ig =

∫
Ω
g(x) dx is known analytically. We then rewrite the original

integral Eq. 2.1 as

I =

∫
Ω

{f(x)− g(x)} dx+ Ig, (2.3)

and apply Monte Carlo integration to the difference f(x)− g(x). If we can have a Monte
Carlo estimator for the integral of this difference that has lower variance than the original
integral, we achieve variance reduction.
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These are just two of the simplest and widely used variance reduction techniques. In
practice, many problem-specific strategies exist. In the methods we discuss throughout this
thesis, we will utilize several variance reduction techniques, including the ones introduced
here.

2.2 Partial Differential Equations and Boundary In-

tegral Equations

PDEs are fundamental tools in computer graphics and many areas of scientific comput-
ing. The WoB solver introduced in this thesis reformulates PDEs as boundary integral
equations (BIEs) and applies Monte Carlo integration techniques to solve them. In this
section, we review the core concepts underlying this approach. The book by Sabelfeld
and Simonov [1994] and notes by Pechstein [2013] discuss the details of PDEs and BIEs
summarized here.

2.2.1 Partial Differential Equations

PDEs can model a wide range of phenomena in physics and geometry. This thesis primarily
focuses on linear second-order PDEs. To introduce the core concepts, we begin with the
Poisson equation—a representative scalar-valued elliptic PDE that is time-independent.
The ideas discussed in this section naturally extend to a broader class of problems.

In particular, the formulation generalizes to other elliptic PDEs, such as the Helmholtz
and screened Poisson equations. Later in the thesis, we also discuss how the WoB solver can
be extended to handle time-dependent (parabolic) and vector-valued PDEs, along with the
necessary modifications to both the PDE and BIE formulations (Chapter 4). Also, building
on solvers for linear PDEs, we show that it is possible to develop methods for the nonlinear
Navier–Stokes equations as well (Chapter 5). The PDEs we discuss here are written for
volumetric PDEs, and we will discuss a solver for highly related surface PDEs in Chapter 6,
too.

The Poisson equation, a representative linear second-order PDE, is commonly given as

∇2v(x) = b(x) for x ∈ Ω (2.4)

where Ω is a closed domain in R2 or R3, ∇2 is the Laplacian operator defined as the
divergence of gradient, v(x) is the unknown field, and b(x) is a known source function
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defined inside the domain. The Poisson equation with b(x) = 0 is also called the Laplace
equation. In Section 3.2.5, we will consider exterior problems where the domain is R2\Ω or
R3\Ω. Let us denote the boundary of Ω by Γ = ∂Ω; note that Γ is not included in Ω. The
boundary value problems in this thesis concern solving for v(x) in Eq. 2.4 with boundary
conditions

v(x) = uD(x) for x ∈ ΓD ⊆ Γ,

∂v

∂n
(x) = qN(x) for x ∈ ΓN ⊆ Γ, (2.5)

∂v

∂n
(x) + α(x)v(x) = gR(x) for x ∈ ΓR ⊆ Γ,

where the normal derivative ∂v
∂n
(x) = n(x)·∇v(x), the weight α(x) ̸= 0, and a bar indicates

that the function is given. Any point x ∈ Γ belongs to strictly one of ΓD,ΓN , or ΓR. When
ΓD = Γ, ΓN = Γ, or ΓR = Γ, we call the problem a Dirichlet, Neumann, or Robin problem,
respectively. Otherwise, we call it a mixed boundary problem.

The analytical solution to the Poisson equation is typically not known, and we there-
fore resort to numerical methods such as the finite difference [Thomas 1995], finite ele-
ment [Reddy 1993], or finite volume method [LeVeque 2002]. By discretizing the domain,
these methods exploit local relationships in the PDE and construct a matrix system. In
contrast, the WoB approach avoids any discretization of the domain (or boundary) by
leveraging the integral equation formulation.

One can always convert the Poisson equation for v(x) (Equations 2.4 and 2.5) into the
Laplace equation for u(x) using a relation u(x) = v(x) + V0(x) as follows. Let u be a
function satisfying the Laplace equation

∇2u(x) = 0 for x ∈ Ω,

u(x) = uD(x) + V0(x) for x ∈ ΓD,

∂u

∂n
(x) = qN(x) +

∂V0
∂n

(x) for x ∈ ΓN ,

∂u

∂n
(x) + α(x)u(x) = gR(x) +

∂V0
∂n

(x) + α(x)V0(x) for x ∈ ΓR,

(2.6)

where V0(x) =
∫
Ω
G(x,y)b(y) dy and G(x,y) is the fundamental solution as we define in

the next section. One can confirm that v(x) = u(x)− V0(x) satisfies the Poisson equation
by noting that ∇2V0(x) = −b(x) for x ∈ Ω. Thus, in Chapter 3, we will focus on solutions
to the Laplace equation since it is easy to handle the additional contribution from V0(x).
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2.2.2 Fundamental Solutions

The fundamental solution G(x,y) for the Laplace operator is a solution to the Poisson
equation in an infinite domain with a (negative) Dirac delta source: ∇2G(x,y) + δ(x −
y) = 0. Note that different texts may use different sign conventions. In 3D, we have
G(x,y) = 1

4πr
and its derivatives are

∂G

∂xk
(x,y) =

r · ek
4πr3

,
∂G

∂ny

(x,y) = −r · ny

4πr3
,

∂G

∂nx

(x,y) =
r · nx

4πr3
,

∂2G

∂xk∂ny

(x,y) =
1

4π

[
ny · ek
r3

− 3
(r · ny)(r · ek)

r5

]
.

In 2D, we have G(x,y) = − 1
2π

log r and its derivatives are

∂G

∂xk
(x,y) =

r · ek
2πr2

,
∂G

∂ny

(x,y) = −r · ny

2πr2
,

∂G

∂nx

(x,y) =
r · nx

2πr2
,

∂2G

∂xk∂ny

(x,y) =
1

2π

[
ny · ek
r2

− 2
(r · ny)(r · ek)

r4

]
.

where r = y − x, r = ∥r∥, and ek is the k-th basis vector. Note that the fundamental
solutions and their derivatives exhibit singular behavior: as r → 0, these functions become
unbounded. Consequently, special care is required when handling them, particularly near
singularities.

For an infinite domain problem (Ω = Rd), we can convolve the fundamental solution
and the source term to get the solution to Eq. 2.4:

v(x) = −
∫
Rd

G(x,y)b(y) dy, (2.7)

which we can evaluate with quadrature or Monte Carlo integration.

Beyond isolating the contribution of the source term in the Poisson equation and solving
PDEs in an infinite domain, fundamental solutions allow us to reformulate PDEs as BIEs
for problems with boundaries, as we discuss next.

2.2.3 Boundary Integral Equations

WoB builds upon BIE formulations. Such formulations are applicable to many second-
order linear elliptic PDEs [Clements 2004] and some other PDEs [Liu et al. 2012], but we
again focus on the BIE formulation for the Poisson equation here.
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Direct Boundary Integral Equations

The basic idea of boundary integral formulations is to define the solution based on integrals
only of boundary values. They can actually take several different forms. We first explain
one such formulation called a direct BIE formulation. As the name suggests, direct BIEs
describe the relationship between the solution values in the interior or on the boundary
directly, and are derived based on Green’s third identity. One common such direct BIE is
given as

c(x)u(x) =−
∫
Γ

∂G

∂ny

(x,y)u(y) dy +

∫
Γ

G(x,y)
∂u

∂n
(y) dy (2.8)

for x ∈ Ω ∪ Γ, where c(x) is an integral free term that evaluates to 1 if x ∈ Ω, and to 1
2
if

x ∈ Γ when the boundary is smooth in the sense of Lyapunov. We consider only smooth
surfaces in the following, but the extension to non-smooth surfaces is straightforward. Note
that polygonal boundaries do not violate the smoothness assumption, unless x is evaluated
exactly on a vertex of the polygon.

Eq. 2.8 says that the solution u(x) within the domain and on the boundary satisfies
this integral equation involving only boundary integrals. The boundary conditions alone
do not directly provide u(y) and ∂u

∂n
(y) everywhere along Γ, so one must solve for such

unknown boundary values first to evaluate the solution u(x) inside of the domain.

One can also derive a BIE for the directional derivative of the solution by taking the
directional derivative of Eq. 2.8:

∂u

∂xk
(x) = −

∫
Γ

∂2G

∂xk∂ny

(x,y)u(y) dy +

∫
Γ

∂G

∂xk
(x,y)

∂u

∂n
(y) dy, (2.9)

for x ∈ Ω. We denote the first order derivative with respect to the k-th direction by
∂u/∂xk. This equation is valid only in the interior of the domain, so we omitted the
integral free term c(x) = 1.

Indirect Boundary Integral Equations

In contrast to direct BIEs, an indirect BIE describes the relationship between an unknown
source density function on the boundary and the known boundary values, and expresess
the solution only indirectly based on the source density function. There are two types of
indirect formulations, derived from potential theory.
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Single layer potential The solution u(x) to the Laplace equation can be expressed in
the form of a single layer potential given by

u(x) =

∫
Γ

G(x,y)µ(y) dy for x ∈ Ω ∪ Γ, (2.10)

where the unknown source density function µ corresponds to the jump of the normal deriva-
tive of u across the boundary. In short, Eq. 2.10 expresses the solution inside the domain
(and on the boundary) in terms of monopole sources, distributed over the boundary, which
decay according to the fundamental solution G(x,y). Taking the directional derivative of
Eq. 2.10 and taking the limit to the boundary gives an integral equation for µ(x):

∂u

∂n
(x) = c(x)µ(x) +

∫
Γ

∂G

∂nx

(x,y)µ(y) dy for x ∈ Γ. (2.11)

Similarly, the directional derivative at any interior point x is

∂u

∂xk
(x) =

∫
Γ

∂G

∂xk
(x,y)µ(y) dy for x ∈ Ω. (2.12)

This equation is invalid exactly on the boundary because of jump discontinuities across Γ.

Double layer potential An alternative is a double layer potential which uses dipole
source on the boundary:

u(x) = −
∫
Γ

∂G

∂ny

(x,y)ν(y) dy for x ∈ Ω (2.13)

where ν is an unknown source density function, corresponding to the jump of the solution
across the boundary. In the limit as x→ Γ, one finds an integral equation for ν(x):

u(x) = [1− c(x)]ν(x)−
∫
Γ

∂G

∂ny

(x,y)ν(y) dy for x ∈ Γ. (2.14)

The normal derivative can be computed with

∂u

∂nx

(x) = − ∂

∂nx

∫
Γ

∂G

∂ny

(x,y)ν(y) dy for x ∈ Γ, (2.15)

and the directional derivative can be computed with

∂u

∂xk
(x) = −

∫
Γ

∂2G

∂xk∂ny

(x,y)ν(y) dy for x ∈ Ω. (2.16)

In Chapter 3, by adopting different formulations for different problems, we will develop
practical numerical WoB methods.
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2.2.4 Boundary Element Method and Method of Fundamental
Solutions

In this thesis, we explore the WoB method for solving the BIEs described above. While our
approach is based on Monte Carlo techniques, BIEs have traditionally been tackled using
boundary discretization-based methods, such as the boundary element method (BEM) [Liu
et al. 2012] and the method of fundamental solutions (MFS) [Cheng and Hong 2020].

BEM solves a BIE by approximating the unknown boundary density functions using
a discrete basis. For example, in 2D, one can discretize the boundary into segments and
represent the boundary density functions using piecewise linear functions over these seg-
ments. A key advantage of BEM is the reduction in problem dimensionality, as only the
boundary requires discretization. This feature also makes it well-suited for problems in
infinite domains (e.g., for sound simulations). However, BEM leads to a large, dense lin-
ear system that one must solve to obtain the boundary values. In addition, accurately
evaluating integrals involving singular kernels becomes tedious.

The MFS also relies on the same underlying BIEs but avoids exact boundary discretiza-
tion by placing point sources (fundamental solutions) slightly outside the domain. While
this can simplify implementation in some settings, the method struggles with generality,
particularly for complex boundary shapes, because the placement of the point sources can
become problematic. Moreover, it still requires solving a dense linear system.

In computer graphics, these discretization-based BIE solvers and related techniques
have been applied to various problems, including diffusion curves [Bang et al. 2023; Chen
et al. 2024; Ilbery et al. 2013; Sun et al. 2014, 2012; van de Gronde 2010; Xie et al. 2014],
linear elasticity [Hahn and Wojtan 2015, 2016; James and Pai 1999, 2003; Sugimoto et al.
2022; Zhu et al. 2015], liquid simulation [Da et al. 2016; Huang and Michels 2020; Huang
et al. 2021; Keeler and Bridson 2014; Ni et al. 2024], sound simulation [Chadwick et al.
2009; James et al. 2006; Umetani et al. 2016; Zheng and James 2009, 2010], and several
geometry processing tasks [Chen et al. 2023; Levi and Weber 2016; Lipman et al. 2008;
Solomon et al. 2017; Wang et al. 2013].

In contrast to these approaches, the WoB method avoids explicit discretization and
dense linear solves, offering a flexible and potentially more scalable alternative depending
on problem settings. This relationship between WoB and these methods is analogous
to that between rendering techniques based on Monte Carlo methods and the radiosity
method [Cohen and Greenberg 1985; Goral et al. 1984; Nishita and Nakamae 1985] for the
rendering equation. These traditional BIE-based techniques also suggest other potential
application domains of WoB.
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2.3 Monte Carlo PDE Solvers — Walk on Spheres

Recently in computer graphics, Sawhney and Crane [2020] introduced a Monte Carlo frame-
work for solving PDEs in geometry processing. Their work brought the WoS method [De-
laurentis and Romero 1990; Elepov and Mikhailov 1969; Muller 1956] to the graphics com-
munity, highlighting its advantages over discretization-based methods, including greater
flexibility in geometric representation, robustness, trivial parallelism, and the ability to
estimate the solution pointwise without a global solve.

While the WoS method shares conceptual similarities with our WoB approach, WoS
operates in a bottom-up fashion, recursively applying a local relationship within spheres
contained in the domain. In contrast, the WoB method adopts a top-down strategy: it first
derives a BIE defined globally over the boundary and then employs Monte Carlo sampling
to solve it, similarly to how Monte Carlo rendering operates.

Tangentially, while WoS and WoB are designed for volumetric PDEs, this thesis also ex-
plores the generalization of WoS to surface PDEs, as discussed in Chapter 6. Consequently,
the methods we summarize here serve as the basis of PWoS.

In the following, we summarize the WoS method and review recent advancements in
WoS-type techniques that were developed concurrently with this thesis work. Further
details can be found in the PhD thesis by Sawhney [2024].

2.3.1 Solution Estimate for the Poisson Equation

WoS solves volumetric PDEs such as the Poisson equation over a bounded domain Ω in Rd,
and the problem we consider here is an interior Dirichlet problem for the Poisson equation.
To estimate the solution at point x ∈ Ω, we first consider a d-ball BR(x), centered at x
with radius R, fully contained within the domain. We can easily compute the radius of
such a ball via a closest point query against the boundary geometry ∂Ω. The integral
equation

u(x) =
1

|∂BR(x)|

∫
∂BR(x)

u(y) dy +

∫
BR(x)

f(z)GR(x, z) dz (2.17)

holds for the Poisson equation ∇2u = f in general, where |∂BR(x)| denotes the surface
area of the sphere that bounds the ball BR(x) and GR denotes the Green’s function for
the Poisson equation on BR(x) [Sawhney and Crane 2020]. Note that this differs from the
fundamental solution discussed in Section 2.2.2. A fundamental solution refers specifically
to a Green’s function defined in an infinite domain, whereas the Green’s function in this
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context is the one within the ball. On the right-hand side of Eq. 2.17, the first term is a
boundary integral over the (d − 1)-sphere, and the second term is a volume integral over
the d-ball. If we perform Monte Carlo integration of the first term by uniformly sampling
a point on the sphere and of the second term by sampling NV points zi inside the ball with
PDF p(zi), we get the recursive relationship used in WoS:

û(x) = û(y) +
1

NV

NV∑
i=1

GR(x, zi)f(zi)

p(zi)
, (2.18)

where the hat notation indicates that a variable is a Monte Carlo estimate. The first term
on the right-hand side is also a Monte Carlo estimate because the solution u(y) is unknown
at point y in general. At each recursion step, WoS applies this recursive relationship to
the largest ball inside the domain bounded by Dirichlet boundaries. It terminates the
recursion when the sample point x during the recursion falls within a small distance ϵ of
the domain boundary, by using the known solution at the closest boundary point x as the
solution estimate: û(x) := u(x). WoS thereby estimates the solution at each evaluation
point independently, offering intrinsic parallelism. The geometric flexibility and robustness
of WoS also follow from the algorithmic design that uses only closest point queries.

2.3.2 Solution Estimate for the Screened Poisson Equation

There exists a generalization of WoS to the screened Poisson equation ∇2u − σu = f ,
where σ is a positive constant [Elepov and Mikhailov 1969; Sawhney and Crane 2020].
The modified integral equation for the screened Poisson equation is

u(x) =
cσR

|∂BR(x)|

∫
∂BR(x)

u(y) dy +

∫
BR(x)

f(z)Gσ
R(x, z) dz, (2.19)

where Gσ
R is the Green’s function for the screened Poisson equation on BR(x) and c

σ
R is a

positive number smaller than 1.

To evaluate the first term, instead of multiplying the contribution from the recursion by
cσR, we can use a Russian Roulette strategy: we terminate the path early with probability
1 − cσR with zero contribution and otherwise we use the estimate of the solution without
multiplying by cσR. This scheme allows us to terminate the WoS path early without waiting
for it to reach the boundary and without introducing additional bias for the screened Pois-
son equation. It also makes it possible to apply WoS to problems in an infinite domain. We
can even use this estimator for the screened Poisson equation as a Tikhonov regularization
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for the Poisson equation without boundaries: solving the screened Poisson equation with
small σ yields an approximate solution to the Poisson equation. Similar regularization
ideas appear in multiple contexts [Sabelfeld and Simonov 1994, Section 6.3; Sawhney and
Miller et al. 2023].

2.3.3 Gradient Estiamte

With WoS, we can estimate the spatial gradient of the solution as well. The gradient
estimator replaces the integral equation for the first step of the recursion with

∇u(x) = 1

|BR(x)|

∫
∂BR(x)

u(y)n(y) dy +

∫
BR(x)

f(z)∇xGR(x, z) dz, (2.20)

where |BR(x)| is the volume of the ball and n(y) is the outward unit normal of the ball at
y. For the screened Poisson equation, we multiply the first term by cσR and replace ∇GR

in the second term with ∇Gσ
R to get a similar integral equation. To evaluate the integrals,

we can uniformly sample a point on the sphere for the first term, and generate the samples
with, e.g., p(zi) ∝ 1/∥x− zi∥22 in 3D, for the second term. The WoB algorithm we present
in this thesis similarly allows gradient estimation by modifying the first step of the walk.

2.3.4 Neumann and Robin boundaries — Walk on Stars

The WoS method was originally proposed for solving Dirichlet problems [Muller 1956].
While some early extensions enabled WoS to handle Neumann and Robin boundary con-
ditions [Ermakov and Sipin 2009; Mascagni and Simonov 2004; Simonov 2008], these ap-
proaches often suffered from limited efficiency. To address this issue, concurrently with the
work in this thesis, Sawhney and Miller et al. [2023, 2024b] introduced a different gener-
alization of the WoS method, which they termed the Walk on Stars (WoSt) method. In
this thesis, we regard WoSt as a member of the broader WoS family, and denote this class
of methods as WoS(t).

The intuition behind the design of WoSt is that Neumann boundary conditions should
reflect random walks, in contrast to Dirichlet boundaries, which absorb them. Robin
boundaries, in this framework, act as partially absorbing boundaries. WoSt replaces the
ball-shaped domains used in the classic Walk on Spheres (WoS) method with star-shaped
domains, enabling a recursive algorithm that naturally handles mixed boundary conditions.

Consider, for example, a Laplace problem defined on a domain Ω with a mixture of
Dirichlet and homogeneous (or zero) Neumann boundary conditions. Around a given
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evaluation point x, we define a local star-shaped domain St(x) as the intersection of Ω
with a ball of radius R centered at x: St(x) = Ω∩BR(x). The radius R is chosen to be the
largest possible such that (i) the nearest Dirichlet boundary point to x lies outside the ball,
and (ii) any ray cast from x intersects at most one Neumann boundary point. Given this
star shape, we sample a random direction uniformly on the unit sphere and cast a ray from
x and take the intersection point as the next point in the recursive walk algorithm. If this
point lies within a distance ϵ of a Dirichlet boundary, we treat it as an absorption event and
use the boundary value as the contribution of that path. Otherwise, the process repeats.
Crucially, the algorithm allows sample points to land on Neumann boundaries without
terminating, thereby reflecting the walk in accordance with the Neumann condition.

This construction generalizes to more complex settings, including problems with Robin
boundaries (where walks are partially absorbed), Poisson problems with nonzero source
terms, and screened Poisson problems.

In the design of this algorithm, several geometric queries must be implemented, in-
cluding the closest point query, the closest silhouette point query, and the ray intersection
query. Sawhney and Miller et al. [2023, 2024b] proposed an efficient implementation of
these queries for domains with polygonal boundaries in 2D and triangle mesh boundaries
in 3D. However, it remains unclear whether these queries can be implemented efficiently
with other boundary geometry representations. In contrast, WoB allows for more flexible
sampling strategies, e.g., requiring only ray intersection and uniform surface-area sampling
queries, which are supported across many geometry representations.

Another challenge of WoS(t) arises when dealing with exterior (or unbounded) do-
mains. In such cases, random walks may fail to terminate naturally and escape to infinity,
necessitating special treatment. Sawhney and Crane [2020] proposed a stochastic path
termination scheme based on Russian roulette; however, this approach can lead to sig-
nificantly increased variance. An alternative strategy is to apply the Kelvin transform,
which maps the unbounded domain into a bounded one, ensuring that all paths eventu-
ally terminate [Nabizadeh et al. 2021]. Yet another method introduces an artificial exit
sphere surrounding the evaluation point; walks that reach this sphere are either treated
as having reached infinity or are remapped to continue from a point on the sphere [Zhou
et al. 1994]. Despite their effectiveness, both approaches require substantially different
treatments for interior and exterior problems. In contrast, WoB supports both interior
and exterior domains within a single, unified algorithmic framework.
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2.3.5 Other Extensions

Beyond the extensions of WoS discussed so far, Monte Carlo approaches for non-rendering
tasks are gaining increasing attention in computer graphics and related fields, with several
developments occurring concurrently with this thesis.

Notable efforts that broaden the applicability of WoS and related techniques include
the following: Sawhney and Seyb et al. [2022] extended WoS to support problems with spa-
tially varying coefficients. Bati et al. [2023] studied a related solver for infrared rendering
problems. De Lambilly et al. [2023] applied WoS for real-time heat simulation. De Goes
and Desbrun [2024] proposed an efficient use of WoS for cage-based deformation. Tian and
Günther [2025] employed WoS to visualize two-dimensional flow fields. Miller et al. [2025]
developed a solver for microparticle geometries modeled as participating media. Miller
et al. [2024a]; Yilmazer et al. [2024]; Yu et al. [2024] proposed using WoS(t) to solve for
the gradient of the solution with respect to some scene parameters, and applied them to
optimization problems.

In parallel, there has been substantial work aimed at improving the efficiency of WoS.
Qi et al. [2022] introduced a reverse WoS method, where walks originate from boundary or
source points, akin to the global WoS strategy proposed by Sabelfeld and Kireeva [2020].
Miller and Sawhney et al. [2023] proposed a boundary value caching strategy, where they
store required values on the boundary of the entire domain or a subdomain to enable the
reuse of information across query points. Bakbouk and Peers [2023] and Czekanski et al.
[2025] introduced variance reduction techniques that exploit spatial relationships among
nearby queries. Himmler and Günther [2025] proposed to use non-spherical shapes to
construct an algorithm similar to WoS to remove the epsilon-shell bias from the solver in
2D. Additionally, several works incorporate neural networks to either cache the solution
for future queries or enhance the efficiency of WoS [Belhe et al. 2023; Huang et al. 2025;
Li and Yang et al. 2023, 2024; Nam et al. 2024; Song et al. 2025].

While some of these approaches are deeply coupled with the core formulation of WoS,
many are more broadly applicable. In particular, any method compatible with a black-
box, pointwise Monte Carlo PDE solver can be used with WoB as well. Furthermore,
techniques such as reverse walks and boundary value caching naturally arise in WoB due
to its conceptual similarity to Monte Carlo rendering. We demonstrate these ideas in the
context of WoB in Chapter 3.

As for PWoS, most methods discussed here are tailored for volumetric PDEs and thus
are not directly applicable. However, we show in Chapter 6 how to adapt the volume mean
value filtering strategy of Bakbouk and Peers [2023] to the surface setting.
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Chapter 3

Monte Carlo PDE Solvers for
General Boundary Value Problems

Building on the boundary integral equation (BIE) formulation of partial differential equa-
tions (PDEs) introduced in Chapter 2, we present theWalk on Boundary (WoB) method for
solving boundary value problems. WoB is a grid-free Monte Carlo solver for general bound-
ary value problems, capable of handling a wide range of boundary conditions—Dirichlet,
Neumann, Robin, and mixed—in a unified, top-down framework. This stands in contrast
to the previously proposed bottom-up Walk on Spheres (WoS) approach [Muller 1956;
Sawhney and Crane 2020], which, in its basic form, was limited to interior Dirichlet prob-
lems. WoB shares with Monte Carlo ray tracing the core idea of formulating problems as
BIEs over the domain boundary. This analogy enables the direct application of advanced
variance reduction techniques from rendering to PDE solving, and we demonstrate several
numerical results using such techniques. We begin by introducing WoB in the context
of the Laplace equation, followed by simple extensions to support the Poisson equation.
Chapter 4 will further generalize WoB to other classes of PDEs, and Chapter 5 will show
an application to an even more complex problem.

3.1 Overview

Let us examine instances of WoS and WoB estimators to highlight the differences. Consider
a boundary value problem in which a function uD(x) is specified along the boundary of a
convex domain D, for simplicity. We will relax this assumption of convexity in Section 3.2.
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We seek a function u(x) that conforms to uD(x) on the boundary while satisfying the
Laplace equation, ∇2u(x) = 0, inside the domain.

The WoS estimator in this case is defined as the mean of sample contributions û(x0)
defined recursively as

û(xi) =

{
uD(xi) xi ∈ ∂Dϵ,

û(xi+1) otherwise.
(3.1)

Starting from an evaluation point x0 within the domain, each subsequent xi+1 is generated
by sampling a point on the largest ball centered at xi that fits within the domain. The
set ∂Dϵ is a shell-like region that lies within a small distance of the boundary. WoS
thus returns uD(xi) when xi is only approximately on the boundary; indeed, none of the
generated points are exactly on the boundary.

The WoB estimator with path length M we introduce is defined as

û(xi) =

{
uD(xi+1) i =M − 1,

2uD(xi+1)− û(xi+1) otherwise.
(3.2)

Like WoS, WoB forms a sequence of xi starting from the evaluation point x0. Each xi+1,
however, is generated by tracing a random ray from xk and finding the intersection with
the boundary. Unlike WoS, all the points (after x0) are exactly on the boundary, and thus
uD(xi+1) is well-defined, without approximation via the ϵ-shell ∂Dϵ. As in Monte Carlo
ray tracing, the recursion terminates after some number of steps M and does not depend
at all on the ϵ-shell ∂Dϵ. Algorithm 1 summarizes this method.

Just like Monte Carlo ray tracing, in both WoS and WoB, one would run the estimator
multiple times and take its average as a final estimation of u(x0). However, because WoB
is also based on sampling and tracing rays recursively, the analogy with Monte Carlo
ray tracing is much stronger, in sharp contrast to the random walk on spheres process
used by WoS. One of our contributions is to demonstrate WoB’s strong mathematical and
algorithmic similarity to Monte Carlo ray tracing.

The ray tracing approach to diffusion curves [Bowers et al. 2011] also solves a boundary
integral and estimates the solution by sampling points on the boundary using ray inter-
sections, similarly to WoB. While this approach provides a visually faithful approximation
for diffusion curves [Orzan et al. 2008], it does not actually solve the Laplace equation. By
contrast, the WoB formulation does solve the specified PDE (i.e., the Laplace equation)
and can handle more general problems, such as Neumann problems.
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Algorithm 1: Interior, convex-domain, and Dirichlet WoB

Input: domain Ω, evaluation point x0 ∈ Ω, path length M , sample count N

Function EstimateSolution(Ω, x0, M , N):
ûsum ← 0
for n← 1 to N do

û ← RecursiveEstimate (Ω, x0, M , 0)
ûsum ←ûsum + û

end
return ûsum/N

Function RecursiveEstimate(Ω, xi, M , depth ):
xi+1 ← RayIntersectionSampling(Ω, xi)
if depth =M − 1 then

return uD(xi+1)
else

ûi+1 ← RecursiveEstimate(Ω, xi+1, M , depth+ 1)
return 2uD(xi+1)− ûi+1

end

Function RayIntersectionSampling(Ω, x):
d ← UniformRayDirectionSampling(Ω, x)
return GetIntersectionPoint(Ω, Ray(x, d))
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3.2 Walk on Boundary Method

WoB is a stochastic estimator for certain classes of second-order PDEs based on BIEs. It
uses a sequence of stochastically chosen sample points on the boundary, hence the name
“Walk on Boundary”. Sabelfeld [1982] first proposed WoB for the Lamé equation for
linear elasticity. Subsequent books by Sabelfeld [1991] and Sabelfeld and Simonov [1994]
generalized the method and established theoretical foundations for Dirichlet, Neumann,
and Robin problems for the Poisson equation using the indirect BIE formulation, along
with extensions to a few other equations, including screened Poisson, linear elastostatics,
and diffusion problems. Karaivanova et al. [2004] considered the applicability of quasi-
Monte Carlo methods, and Sabelfeld [2012] studied how WoB can be combined with the
method of fundamental solutions to improve its efficiency.

None of this prior work has considered the application of WoB ideas to direct BIE for-
mulations or mixed boundary problems; these extensions are our contributions. We have
also identified that using double layer potential indirect BIEs for Dirichlet boundary prob-
lems, single layer potential indirect BIEs or direct BIEs for Neumann boundary problems,
and single layer potential indirect BIEs for Robin and mixed boundary problems will result
in practical solvers. We summarize the equations for formulations for all of our estimators
discussed in this paper in Table 3.1.

3.2.1 Dirichlet Problems with Double Layer BIE

For Dirichlet problems, reordering terms in Eq. 2.14 and substituting in the boundary
condition u = uD gives

ν(x) =

∫
Γ

2
∂G

∂ny

(x,y)ν(y) dy + 2uD(x) for x ∈ Γ, (3.3)

assuming that x lies on a smooth boundary (c = 1/2). Since uD(x) is a known quantity,
Eq. 3.3 is a Fredholm equation of the second kind for ν, as the rendering equation is also
commonly understood to be. Section 3.4.1 elaborates on this point. We can thus apply
a recursive estimate for ν(x) similarly to what is done for the rendering equation in light
transport simulation [Pharr et al. 2018].

Monte Carlo Estimation

Let us consider estimating ν(x1) where x1 ∈ Γ based on Monte Carlo integration. We
can estimate the integral in Eq. 3.3 via Monte Carlo integration by first sampling a point
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Table 3.1: List of equations for WoB estimators. The highlighted equations are the second
kind Fredholm equations (or the modified first-kind equation for mixed boundary problems
at Dirichlet boundaries) we use to get the unknown direct or indirect quantities on the
boundary. It can be combined with other equations to find the unknown quantities of
interest in the interior (or exterior) or on the boundary. It is assumed that the left hand
side unknowns are functions of x, and the integrals are taken over boundary points y. The
explicit dependencies on variables are omitted for brevity when it is not confusing. For
interior problems, ϕ = 1, and for exterior problems, ϕ = −1.

Problem Formulation Quantity to Estimate Evaluation Point x Equation

Dirichlet
indirect BIE
double layer
potential

solution
interior/exterior u = −

∫
∂G
∂ny

ν dA

boundary u = uD (given)

normal derivative boundary [Sabelfeld and Simonov 1994, Section 3]

gradient interior/exterior ∂u
∂xk

= −
∫

∂2G
∂xk∂ny

ν dA

source density boundary ν = 2ϕ
∫

∂G
∂ny

ν dA+ 2ϕuD

Neumann direct BIE

solution
interior/exterior u = −ϕ

∫
∂G
∂ny

u dA+ ϕ
∫
GqN dA

boundary u = −2ϕ
∫

∂G
∂ny

u dA+ 2ϕ
∫
GqN dA

normal derivative boundary ∂u
∂n

= qN (given)

gradient interior/exterior ∂u
∂xk

= −ϕ
∫

∂2G
∂xk∂ny

u dA+ ϕ
∫

∂G
∂xk
qN dA

Mixed or
degenerate
problem

indirect BIE
single layer
potential

solution interior/exterior/boundary u =
∫
GµdA (or given)

normal derivative boundary ∂u
∂n

= 1
2
ϕµ+

∫
∂G
∂nx

µ dA (or given)

gradient interior/exterior ∂u
∂xk

=
∫

∂G
∂xk
µ dA

source density

Dirichlet boundary µ = µ− k
∫
GµdA+ kuD

Neumann boundary µ = −2ϕ
∫

∂G
∂nx

µ dA+ 2ϕqN

Robin boundary µ = −2ϕ
∫ (

∂G
∂nx

+ α(x)G
)
µ dA+ 2ϕgR
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x2 ∈ Γ with a probability density function (PDF) p(x2|x1) (e.g., tracing a random ray
from x1 to x2). A sample ν̂(x1) to estimate ν(x1) can be written as

ν̂(x1) :=
2 ∂G
∂ny

(x1,x2)

p(x2|x1)
ν(x2) + 2uD(x1) for x1 ∈ Γ. (3.4)

Because ν(x2) is unknown, we again use a Monte Carlo estimate ν̂(x2) in the equation
above. Thus a recursive definition for the i-th step is:

ν̂(xi) :=
2 ∂G
∂ny

(xi,xi+1)

p(xi+1|xi)
ν̂(xi+1) + 2uD(xi) for xi ∈ Γ. (3.5)

Just like Monte Carlo ray tracing, we perform the recursive estimate of ν(x) up to a certain
recursion depth M , forming a path of vertices on the boundary with length M . We can
use ν̂(x1) to construct a Monte Carlo estimate for the solution u at an interior point x0.
Applying another Monte Carlo integration with a PDF p(x1|x0) and ν̂(x1) to Eq. 2.13
gives

û(x0) := −
∂G
∂ny

(x0,x1)

p(x1|x0)
ν̂(x1) for x0 ∈ Ω. (3.6)

Therefore, the Monte Carlo estimate for u(x0) in the domain interior is u(x0) ≈ 1
N

∑N
n=1 û(x0).

One can think of the PDF p(xi+1|xi) as the PDF of sampling a ray from xi toward xi+1,
the term 2 ∂G

∂ny
(xi,xi+1) as the geometry term times BRDF term (i.e., the integrand) of the

rendering equation, and the term 2uD(xi) as the emission term in the rendering equation.
Implementation of WoB on top of ray tracing systems is thus straightforward.

Path Truncation

One difference between the rendering equation and the above BIE is that, for the render-
ing equation, as the path length increases, the contribution coming from each recursion
becomes smaller and smaller due to the nature of light transport. However, the integral
kernel 2 ∂G

∂ny
above will not “attenuate” its contribution per recursion, but will rather main-

tain it. It thus appears that it never converges, just like having reflectance equal to one
everywhere does not converge in light transport. This intuition contradicts the fact that
solutions usually uniquely exist for Dirichlet problems, and it is incorrect.

A solution to this issue is surprisingly simple. We just need to multiply the contribu-
tion 2uD(xi) coming from the last recursion step by a factor of 1/2 before it terminates:
ν̂(xM) := uD(xM). While this strategy deceivingly looks the same as just truncating a path
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while reducing the contribution from the last “bounce”, its derivation is more involved than
that. Below, we briefly summarize the rough reasoning behind this strategy.

Let us first define an integral operator H when applied to a function f defined over the
boundary as

(H f)(x) =

∫
Γ

2
∂G

∂ny

(x,y)f(y) dy. (3.7)

Then, Eq. 3.3 can be rewritten as

ν = H ν + 2uD, (3.8)

where we dropped the variable dependence for brevity. Using the identity operator I, we
can write the expression above as

(I−H)ν = 2uD. (3.9)

One can use the Neumann series expansion to solve for ν as

ν = (I−H)−1 2uD = (I+H+H2+ · · · ) 2uD, (3.10)

where the operator Hi for any positive integer i is defined by

Hi f = Hi−1(H f). (3.11)

The same approach is used for building a recursive Monte Carlo estimator for the rendering
equation, where the operator is defined by BRDF and the geometry term instead [Pharr
et al. 2018].

As noted earlier, the key difference from the rendering equation is that (Hi)2uD(x)
does not approach zero as i increases. Simply truncating this series at M thus introduces
non-negligible truncation error. We instead transform the series as(

1

2
(I+ · · ·+Hi−1+ · · · ) + 1

2
(I+ · · ·+Hi+ · · · )

)
2uD(x)

=
1

2
(I+(I+H) + · · ·+ (Hi−1+Hi) + · · · )2uD(x).

(3.12)

Just like multiple bounces in light transport, the average of the integrals (1/2)(Hi+Hi+1)2uD(x)
now converges to zero as i → ∞ due to the alternating sign in the series because of the
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negative factor included in the operator H, so it is safe to truncate this modified series at
i =M :

f(x) ≈ 1

2

(
I+(I+H) + · · ·+ (HM−1+HM)

)
2uD(x)

=

(
I+ · · ·+HM−1+

1

2
HM

)
2uD(x)

(3.13)

Therefore, the term for the last point xM should now be multiplied by 1/2, when compared
to just truncating the original series at the M -th term. For such fixed-length truncation,
the resulting estimator is biased, just like Monte Carlo rendering with a finite path length.
One could potentially apply the Russian roulette technique to truncate the path without
introducing bias, but this requires a careful investigation of its impact on the modified
Neumann series. We leave this as future work.

Formally, this transformation of a Neumann series can be mathematically interpreted
as an analytic continuation of the series, and many other transformations are possi-
ble [Sabelfeld 1991; Sabelfeld and Simonov 1994]. Sabelfeld [1991] numerically compares
some transformations, and our initial experiments also suggest that series acceleration,
such as the van Wijngaarden transformation [van Wijngaarden 1953], can reduce the error
of the estimator based on Neumann series. While the optimal path truncation strategy
and the weights assigned to contributions from different path lengths would vary depend-
ing on the specific problem, and the discussion here does not strictly apply beyond interior
Dirichlet problems, all results presented in this work use the modified Neumann series with
a factor of 1/2 applied to the final term.

Derivative and Boundary Value Estimators

With WoB, in addition to the solution within the domain, we can easily estimate the
gradient inside the domain, the solution on the boundary, and the normal derivative on the
boundary, just by replacing the first step of our recursive Monte Carlo solution estimators.
For example, we can apply a Monte Carlo estimator based on the equation for the interior
gradient, ∂u

∂xk
= −

∫
∂2G

∂xk∂ny
ν dA, instead of Eq. 3.6, to get a gradient estimate in the

case of the Dirichlet problem estimator with double layer potential formulation. Similar to
WoS [Sawhney and Crane 2020], we can reuse the same paths to get samples for the solution
and the gradient in the interior by changing the initial weight at almost no additional cost.
We, however, observed increased noise near the boundary in the gradient estimates for
this Dirichlet problem estimator. This additional noise is likely due to the presence of the
hypersingular kernel ∂2G

∂xk∂ny
in the computation, which has a very large variance when the
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interior point x is placed very close to a sampled boundary point y. To overcome this
issue, we could separate the gradient into the normal and tangential components defined
with respect to the nearest boundary point and carefully evaluate each term as described
by Sabelfeld and Simonov [1994].

The estimates of the normal derivatives on the boundary with WoB use the equations we
get by taking the limit of the integral equations for gradient estimation to the boundary. For
this Dirichlet estimator, however, the normal derivative estimator derived this way involves
a hypersingular integral, which has an infinite variance and cannot be used directly; we
will need to transform it to another form for evaluation [Sabelfeld and Simonov 1994].

3.2.2 Neumann Problems with Direct BIE

The strength of WoB is that we can apply essentially the same approach of building
a recursive Monte Carlo estimator to address other boundary problems than Dirichlet
problems. While Sabelfeld and Simonov [1994] proposed using single layer potentials to
solve Neumann problems, we propose another formulation based on direct BIEs since
this formulation allows us to utilize a different estimator than the one with single layer
potentials, as we will explain later. Our formulation uses Eq. 2.8 in combination with the
Neumann boundary conditions qN as

u(x) = −
∫
Γ

2
∂G

∂ny

(x,y)u(y) dy +

∫
Γ

2G(x,y)qN(y) dy, (3.14)

at a point x on the boundary; the second term can be estimated with another Monte Carlo
estimator without recursion because qN is a known boundary value. We have found that it
usually suffices to sample one boundary point to estimate the integral of the second term
per recursion, though it is possible to have more samples.

The rest is similar to the Dirichlet case described above — we expand u recursively.
We can estimate the unknown u(xi) as

û(xi) := −
2 ∂G
∂ny

(xi,xi+1)

p1(xi+1|xi)
û(xi+1) +

2G(xi,x
′
i+1)

p2(x′
i+1|xi)

qN(x
′
i+1). (3.15)

In general, the two PDFs p1 and p2 can differ, sampling two distinct points xi+1 and x′
i+1

based on the current point xi. This estimator can be used to estimate the interior value
based on Eq. 2.8 with

û(x0) := −
∂G
∂ny

(x0,x1)

p1(x1|x0)
û(x1) +

G(x0,x
′
1)

p2(x′
1|x0)

qN(x
′
1), (3.16)
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where x0 is an interior point and x1 and x′
1 are boundary points. Estimating the gradient

is also possible, but with a high variance, similar to the case of the Dirichlet problem
estimator.

3.2.3 Mixed Boundary Problems with Single Layer BIE

For mixed boundary and Robin problems, we adopt a single layer potential formulation
(Eq. 2.10) where the boundary unknown we need to estimate is µ. This formulation was
used for pure Dirichlet, Neumann, and Robin problems by Sabelfeld and Simonov [1994],
but not for mixed boundary problems. This formulation leads to a Fredholm equation
of the second kind for parts of the boundary where Neumann or Robin conditions are
specified (see Table 3.1 for the equations). However, for parts of the boundary where
Dirichlet boundary conditions are specified, this formulation would result in an equation
in the form of a Fredholm equation of the first kind:

uD(x) =

∫
Γ

G(x,y)µ(y) dy for x ∈ ΓD. (3.17)

Unlike the second kind equation, the unknown quantity µ appears only inside the integral.
One cannot simply apply recursive Monte Carlo estimation for equations in the form of
a first kind equation since there is no recursion relationship we can utilize. A common
approach is to discretize and solve the corresponding matrix equation, which ruins the
advantages of WoB over the conventional alternatives.

Inspired by a similar technique by Sabelfeld and Simonov [1994], we propose to trans-
form Eq. 3.17 by multiplying by a nonzero constant k on both sides and adding µ(x) to
both sides:

µ(x) = µ(x)− k
∫
Γ

G(x,y)µ(y) dy + kuD(x) for x ∈ Γ. (3.18)

This equation now has a structure similar to the second kind equation, with the additional
µ(x) on the right-hand side. This equation can be estimated recursively, just like the second
kind equation. We estimate the unknown quantity on the left-hand side by sampling the
next point, and estimate the contribution by

µ̂(xi) :=

{
− 1
pk
· kG(xi,xi+1)

p(xi+1|xi)
µ̂(xi+1) + kuD(xi) with prob. pk

1
1−pk

µ̂(xi+1) + kuD(xi) with prob. 1− pk.
(3.19)

We sample one of the first two terms in Eq. 3.18 based on the given probability pk. In the
second case, when we sample the term µ(x), we remain at the same point, i.e., xi+1 := xi,
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in the next recursion step. With this method of handling the first kind equation, we can
construct a recursive Monte Carlo estimator for µ for mixed boundary problems to recover
the solution by another Monte Carlo integration of Eq. 2.10.

The choice of the multiplication constant k is critical in this estimator, and we picked a
value by trial and error. If it is too small, the bias is higher given the same path length. If
it is too large, the Neumann series diverges and the estimator fails as justified by [Sabelfeld
and Simonov 1994] in the case of pure Dirichlet problems. Sabelfeld and Simonov [1994]
also discuss the restriction on the mixture weight α of Robin boundary problems. We found
that deriving theoretical bounds in the case of mixed boundaries is extremely involved and
is left for future work.

The gradient estimator with this formulation does not exhibit the additional noise as
with the other formulations because this formulation uses an integral kernel with a lower
order of singularity. For the normal derivative estimator, we get µ in two terms, in the
integral and outside of the integral. We need to sample either one of the terms or run two
paths for the estimates of µ for the two terms.

One could alternatively employ direct BIEs to get a similar estimator for mixed bound-
ary problems. However, we would still encounter a first kind equation, and in practice, the
resulting schemes are not much different from the indirect BIE-based method above.

3.2.4 Sampling Strategies

WoB can use various strategies to sample paths, as in Monte Carlo ray tracing, and a well-
designed strategy can sharply reduce the variance of the estimator. Both WoB and Monte
Carlo ray tracing have a vast design space of sampling strategies for different problems,
and our proposed strategies in this paper are by no means exhaustive. We leave further
exploration of different strategies as future work and briefly explain the strategies we
implemented in the following.

Ray Intersection Sampling

The integral kernel 2 ∂G
∂ny

is in fact proportional to the differential solid angle of y from

another point x. Similar to the fact that sampling a ray will cancel out the geometry
term in rendering, we can use ray tracing from x to perfectly importance sample 2 ∂G

∂ny

at any y. The main difference from rendering is that we do not have the visibility term
between y and x. We thus have to sample a ray from a sphere, not a hemisphere, and
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sample all the intersection points (not just the first hit) along the ray from xi via “all-
hits” ray intersection queries in general. Such all-hits queries are available and used in ray
tracing [Gribble et al. 2014].

Due to our recursive formulation, using all hits would cause exponential branching of
paths, which may not be ideal for GPU ray tracing [Parker et al. 2010]. We can instead pick
one intersection out of the m such intersections at random, which results in multiplying the
PDF by 1/m, and the sample contribution is thus multiplied by m but with no branching
in recursion. We used this approach in all of our results in this paper. Since this approach
leads to an exponential increase in variance instead of exponential computation cost per
sample, we do not claim that this strategy is always better than using all hits and branching
exponentially.

Although selecting one intersection uniformly may seem counterintuitive, this strategy
naturally samples distant points with smaller probabilities than closer points. This sam-
pling strategy correctly reflects the structure of the underlying PDE, where even faraway
points may have small influences on the solution.

For the special case when the domain is convex, we revert to the original hemispherical
sampling strategy with closest-hit query and the PDF in this strategy simplifies to p(y|x) =
−2 ∂G

∂ny
(x,y) because there is only one hit for a direction within the hemisphere. The

solution estimator for the Dirichlet problem with path length M then becomes û(x0) =
2[uD(x1)− uD(x2) + · · · ] + (−1)MuD(xM). This estimator is the one introduced in Section
3.1 (and Algorithm 1).

Another strategy is to use only the first hit point, but combine it with direct sampling
of a point on the boundary (like sampling a point on light sources in rendering) via multi-
ple importance sampling (MIS) [Veach and Guibas 1995]. While the first-hit-only strategy
would not cover the entire integration domain, MIS ensures an unbiased estimator since
direct sampling of a point will cover the entire domain. We did not employ this strat-
egy since it often had higher variance in our experiments. However, similar to different
strategies in Monte Carlo rendering, there might be certain scenarios where this particular
strategy works better than the others. We suggest that readers explore different options
to determine a suitable strategy for a given problem.

Backward Estimator

We have so far considered tracing a path by sampling a series of points starting from
the evaluation point x0. We call this estimator a “backward” estimator, consistent with
“backward tracing” in rendering, which traces a path of light in a backward manner from
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the sensor (pixel) all the way to the light source. One can think of our evaluation point as
a pixel and a boundary as a light source. Note that Qi et al. [2022] adopted the opposite
definitions of backward and forward from those in rendering, so their forward estimator
corresponds to our backward estimator.

Forward Estimator

Sabelfeld and Simonov [1994] proposed an adjoint estimator in WoB, which forms paths
starting from a point on the boundary. We have found that it is analogous to light tracing
in rendering, which traces a path starting from a point on the light source and can also be
explained via the adjoint of the rendering equation [Christensen 2003]. We call it a “forward
estimator” as in “forward tracing” in rendering. In the forward estimator, we will need to
make an explicit connection between each point along the path and the evaluation point to
compute the contribution of a path to the evaluation point. The forward estimator has less
variance than the backward estimator in some of the formulations where the integral kernel
is proportional to ∂G

∂nx
as opposed to ∂G

∂ny
. In this case, we want to generate a ray from y to

sample a point x proportional to its differential solid angle. For Neumann problems, the
formulation with single layer potential [Sabelfeld and Simonov 1994] is easier to importance
sample by a forward estimator, while our formulation with the direct BIE matches better
with a backward estimator.

Other Strategies

Importance sampling only the integral kernel does not perfectly importance sample all the
terms, which is also true in rendering. For example, the Dirichlet boundary value uD will
not be importance sampled that way. Because our WoB is based on a Fredholm equation
of the second kind and we can use ray tracing, it is easy to apply more advanced sampling
techniques used in rendering, such as MIS, resampled importance sampling (RIS) [Talbot
et al. 2005], Markov chain Monte Carlo (MCMC) [Kelemen et al. 2002; Veach and Guibas
1997], or the zero variance theory [Křivánek and d’Eon 2014] to implement WoB. It con-
trasts with WoS where applications of these techniques are not necessarily straightforward
(e.g., an MIS bidirectional estimator is not available in WoS [Qi et al. 2022]). We show
preliminary results with bidirectional estimators with MIS, resampling via RIS, MCMC
WoB, and path reuse as in the virtual point lights method [Keller 1997], but many other
techniques can be made available to WoB. One interesting aspect of WoB that might lead
to further development of sampling strategies is that samples can have positive or neg-
ative contributions, unlike (forward) rendering, where all contributions are non-negative.
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We might be able to gain insights from differentiable rendering, where they similarly have
both positive and negative contributions [Chang et al. 2023].

3.2.5 Generalization

Exterior Problems

WoB efficiently handles exterior problems in its basic form. Instead of the domain Ω, we
can solve the Laplace equation in R2\Ω or R3\Ω for exterior problems. We define the
normals to remain oriented outward from the interior domain Ω and replace the definitions
of the boundary values with those obtained by taking the limit from the exterior domain.
Moreover, in addition to the boundary conditions, we require that the solution u(x) ap-
proaches zero at infinity for exterior problems. The solvers for the exterior domain largely
remain the same as for the interior domain, except for a few sign changes in the terms of the
BIEs (see Table 3.1). Since WoB relies on neither ϵ-shell approximation nor closest point
queries in WoS, its accuracy and performance for exterior domains remain the same as for
interior problems. For example, WoB does not need Kelvin transformations [Nabizadeh
et al. 2021].

Of the two Dirichlet problem estimators, the double layer potential formulation esti-
mator requires additional attention when used for exterior problems. This formulation
allows us to find solutions that decay according to O(|x|1−d) as |x| → ∞, where d is the
dimension of the problem. It thus cannot handle more general cases where solutions decay
as O(|x|2−d). Sabelfeld and Simonov [1994] explain how to generalize the double layer
potential formulation for such cases. The basic idea is to reduce the problem to one with-
out the slowly decaying component with some precomputation before applying WoB. We
enabled this extension for the scenes in Figures 3.3 and 3.7 where we expect the decay
rate O(|x|2−d), while we did not do so for the other examples for which we use analytical
solutions with decay rate O(|x|1−d). The single layer potential formulation, on the other
hand, supports solutions with a decay rate O(|x|2−d) without modification. The exterior
problem estimators for Neumann, Robin, and mixed boundary problems based on the sin-
gle layer potential formulation are also general enough to handle the general decay rate of
harmonic functions.

Multiply-Connected Domain Problems

We mainly focus on simply connected domains, e.g., domains without holes inside, for
simplicity, with the exception of the interior Neumann problem in Fig. 3.5. Multiply
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connected domains require some additional considerations [Sabelfeld and Simonov 1994].
For Neumann problems with single layer potential, we can apply the same WoB estimators
without modifications as long as the standard compatibility condition that the integral
of the normal derivative evaluates to zero for each connected domain is satisfied. For
Dirichlet (with double layer potential) and Robin problems (with single layer potential), the
situation is more complicated. The applicability of WoB in its original form is guaranteed
by assuming more artificial compatibility conditions in these cases, and we need to perform
some precomputation to modify the problem similarly to the exterior Dirichlet problem
estimator. We are yet to confirm the applicability and efficiency of these estimators by
Sabelfeld and Simonov [1994] or to derive solvability conditions for Neumann problem
estimators based on direct BIE formulation. For Dirichlet problems, we observed some
successful applications of the single layer potential formulation with multiply-connected
domains, but the restriction on the multiplicative constant k seems more strict, and it too
requires further investigation.

Non-Zero Source Term

For the Poisson equation (i.e., b(x) ̸= 0), we need to additionally sample an interior (or
exterior) point to have a Monte Carlo estimate for the volume integral of V0. We include
this term when we retrieve the boundary values v(x) or ∂v

∂n
(x) in the Laplace equation and

when we compute the function V0 in the relation u(x) = v(x)− V0(x). One strategy is to
sample such a point uniformly within the domain, but a well-designed sampling strategy
can reduce variance. For interior problems, one possible sampling strategy is to sample a
point along a line that goes through the point x. Another possibility is to sample the point
depending on the distribution of the source term. Fig 3.9 shows examples for Dirichlet and
Neumann problems by sampling interior points uniformly in terms of the area measure.
We focus on the Laplace equation in the other results since the volume integral of V0
can always be added trivially. Sawhney and Seyb et al. [2022] dismissed WoB as being
formulated only for the Laplace equation, but as we show, WoB is certainly capable of
handling the Poisson equation.
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Figure 3.1: WoB applied to various problems. For the interior (top) and exterior (bottom)
problems, we run WoB with path length M = 4 and N = 107 samples per evaluation
point with the formulations and sampling techniques as labeled. The solution estimates
are visualized with a color map. For each problem, we show the absolute root mean square
error (vertical axis, varying scales) with respect to the number of samples (horizontal axis)
measured against the reference analytical solution (left). The red lines show the O(1/

√
N)

decay rate for reference.
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Figure 3.2: Path truncation error study. For the interior Neumann problem estimators
and the exterior Dirichlet and mixed boundary problem estimators in Fig. 3.1, we show
the absolute errors with different path lengthsM . We show the absolute root mean square
error (vertical axis) with respect to the number of samples (horizontal axis), and also show
the remaining error in blue text. As path length increases, the bias decreases, but larger
numbers of samples are needed to achieve convergence.
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Figure 3.3: Results of a WoB solver implemented on top of a Monte Carlo ray tracing
system. WoB’s strong similarity to Monte Carlo ray tracing makes such an implementation
easy to carry out. The images show the estimated solution for interior (top) and exterior
(bottom) Dirichlet problems on a cutting plane. WoB can solve both problems efficiently
with a unified Monte Carlo ray tracing solver. Ambient occlusion was computed at the
same time as the solution using the same rendering system.

3.3 Results

Generality of WoB

The same WoB framework based on BIEs successfully handles Dirichlet, Neumann, Robin,
and mixed boundary problems, for either interior or exterior domains. Figures 1.1 (top-left)
and 3.1 show the results of WoB for interior and exterior Laplace problems with known
analytical solutions, where we set the boundary conditions to satisfy the known analytical
solution. For Robin boundaries, we use a constant value α = 1 for the mix weight in
these examples. For the mixed boundary problems, we uniformly randomly assign one of
the Dirichlet, Neumann, or Robin boundary conditions to each boundary triangle or line
segment, and use k = 4 and pk = 2/3. We show results using the sampling strategies
described earlier. For Robin and mixed boundary problems, a pure ray sampling strategy
without MIS would miss nonzero contributions, so we instead use RIS with candidates
generated uniformly over the boundary to approximately sample the integral kernel. In
Fig. 3.1, the number of candidates is 16. All results in Fig. 3.1 are generated with path
lengthM = 4 and sample path count per evaluation point N = 107 for consistency, using a
highly parallelized CUDA implementation. We observe that all of the results are consistent
with the analytical solution as expected.
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Convergence Rate and Truncation Error

WoB exhibits the expected Monte Carlo convergence rate of O(1/
√
N). The RMSE curve

can eventually become flat when we take enough samples because of the error introduced
by path truncation. This error decreases as we increase the path length, although that
introduces larger variance to the estimator. For the results in Fig. 3.1, we observe in par-
ticular a relatively large truncation error for the two interior Neumann problem estimators
and the exterior Dirichlet and mixed boundary problem estimators. We thus show their
results with different path lengths in Fig. 3.2. As expected, we observe that having longer
paths decreases the truncation error at the cost of having a higher variance, requiring a
larger sample count to converge. It might be possible to apply stochastic truncation as in
Monte Carlo rendering [Misso et al. 2022] to avoid this error, though a careful investigation
is needed to handle subtle differences between WoB and Monte Carlo rendering.

WoB within Monte Carlo Rendering Fig. 3.3 shows the results
of WoB implemented within our Monte Carlo ray tracing system. Our
implementation of WoB utilizes the existing functionalities of Monte
Carlo ray tracing such as ray-object intersection, stochastic sampling,
and textures (for boundary values). The code for WoB itself is roughly
100 lines and can support both interior and exterior problems seam-
lessly. Visualization was done by simultaneously running rendering
with ambient occlusion using the Monte Carlo ray tracing system. The inset figure shows
a result generated with our prototype interior Dirichlet solver on top of a popular open-
source renderer for research purposes, PBRT [Pharr et al. 2018], with minimal modifica-
tions. For this problem, we set the boundary values such that we expect to see a linear
horizontal gradient of solution values mapped to colors ranging from red to green to blue.

Boundary Sampling and Estimation on the Boundary

WoB for Neumann problems offers two distinct advantages over WoS, as demonstrated in
Fig. 3.4. First, we can begin the WoB process by sampling a starting point on the boundary,
according to the magnitude of the boundary value, to design an efficient sampling strategy
when the boundary value is specified sparsely. With WoS, such a strategy is available
only for Dirichlet problems [Qi et al. 2022]. Second, we can exploit the BIE formulation
to estimate the solution value exactly on the boundary, with a very minor modification
to the underlying BIE. The original WoS and its basic extensions for Neumann problems
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(a) reference (b) uniform sampling (c) boundary sampling (d) estimate on

boundary

Figure 3.4: Neumann solver with single layer formulation. The boundary value ∂u/∂n =
0 except for around the six points. By sampling the start of paths according to the
distribution of the boundary value (c) in our forward estimator, we get much less noise
compared to the one with uniform sampling (b). (a) shows the reference estimate we get
with a high sample count. (d) shows the estimate of the solution exactly on the boundary.

that rely on epsilon shell termination criteria are incapable of estimating the solution or
the normal derivative exactly on the boundary or exhibit significant bias in such cases.

Gradient Estimator and a Path Reuse Strategy

Similarly to WoS, WoB can estimate the potential and the gradient simultaneously with
almost no additional cost. Fig. 3.5 demonstrates the use of WoB for interpolating poten-
tial flow velocities, as described by Nielsen and Bridson [2011]. By solving for the gradient
of the scalar potential u, which satisfies the Laplace equation and a prescribed Neumann
boundary condition, we obtain the velocity field that follows potential flow assumptions
(incompressibility and irrotationality) and matches the inflow/outflow conditions at the
boundaries. In this example, we use a backward estimator for the single layer formulation
with RIS, in combination with a path reuse strategy analogous to the virtual point lights
method [Keller 1997] in rendering; we generate sample paths from the boundaries to get
samples for the unknown boundary value estimates first, and connect each of them to all
the evaluation points to reuse the subpaths starting from the boundaries. This effectively
increases the number of sample paths per evaluation point while introducing correlation
of the estimates at different evaluation points. Though this correlation may seem undesir-
able, this approach guarantees that the estimated solution and gradient fields are always
smooth, making it a potentially preferable alternative in some settings like fluid simulation
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Figure 3.5: Potential flow reconstruction from the velocity boundary condition. We show
the estimated potential field on the left and the estimated velocity field on the right. On
the outer boundary, a constant inflow boundary condition ∂u/∂n = −1 is given on the left
edge, and a constant outflow boundary condition ∂u/∂n = 1 is given on the right edge.
On the other outer boundary edges and the inner boundaries, ∂u/∂n = 0 is given.
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applications. Miller et al. [2023] introduced a similar boundary value caching technique
for WoS in concurrent work, and their analysis largely applies to the case of WoB as well.

MIS Estimator

Due to the similarity between WoB and Monte Carlo rendering, it is trivial to combine WoB
estimators via MIS. Fig. 3.6 compares the backward estimator, the backward estimator with
importance sampling of boundary values, and the MIS combination of the two estimators
with the balance heuristic for a Dirichlet problem. The two estimators correspond to
unidirectional path tracing and path tracing with next-event estimation in Monte Carlo
ray tracing. When the non-zero boundary values are not localized (top row), the backward
estimator performs well, although boundary sampling (which corresponds to next-event
estimation) suffers from additional noise due to its explicit connection to a boundary point.
Conversely, when the non-zero boundary values are localized (bottom row), boundary
sampling becomes significantly more efficient than the backward estimator. This behavior
is analogous to unidirectional path tracing and next-event estimation for cases where light
sources are large or small. The MIS combination of the two estimators (right column) is
robust across different settings. The related work for WoS [Qi et al. 2022] left this MIS
combination to future work, as the integration domain changes at each step in WoS (i.e.,
WoS solves a Volterra equation; see Section 3.4.1). WoB allows us to incorporate MIS
since it has the same mathematical and algorithmic structure as Monte Carlo ray tracing.
Notably, our bidirectional estimators for WoB also do not introduce extra bias, unlike their
WoS counterparts [Qi et al. 2022].

Markov Chain Monte Carlo

We implemented Primary Sample Space Metropolis Light Transport [Kelemen et al. 2002]
(PSSMLT) on top of WoB interior/exterior Dirichlet estimators. In this implementation,
each sample in WoB is generated according to a Markov chain over the sampling domain,
including the image space. PSSMLT formulates this sampling domain as a unit hypercube
of random numbers used to generate each sample and the location in the image space. In
our case, the first two dimensions are used to pick a pixel (i.e., evaluation point) and the
rest of the dimensions are used for generating a sample in the corresponding WoB estimator
(i.e., interior or exterior, depending on the pixel), just like PSSMLT in rendering. We set
the target distribution to be the absolute value of the sample’s contribution, so samples
that have higher absolute contributions are likely to be generated more often. Since this
target distribution includes all the terms in each sample (e.g., the boundary condition and
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Figure 3.6: Equal-time comparison of bidirectional WoB estimators. Left to right: purely
backward estimator, next-event estimation, and the MIS combination of the two. Top row:
non-zero boundary values on each side. Bottom row: non-zero boundary values around the
center of each side. Either the backward estimator or next-event estimation is more efficient
than the other in each setting. WoB allows us to trivially combine the two estimators via
MIS, and the combined estimator is robust across different settings (right).
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Figure 3.7: Equal-time comparison of Monte Carlo and Markov chain Monte Carlo
(MCMC) estimators for solving interior and exterior Dirichlet problems on a plane pass-
ing through a concave 3D star shape. Left image: Monte Carlo sampling. Right image:
Markov chain Monte Carlo sampling formulated as PSSMLT [Kelemen et al. 2002]. MCMC
can result in lower variance than the standard Monte Carlo method, as in rendering.

the probability of selection in all-hits), MCMC is expected to perform better than the
standard Monte Carlo method with a limited form of importance sampling. Fig. 3.7 shows
our preliminary examples that compare the standard Monte Carlo method and MCMC
in equal time. These examples solve interior and exterior Dirichlet problems at the same
time. We observe that PSSMLT performs similarly in rendering and WoB in the sense that
the image is less noisy than the standard Monte Carlo method at the cost of correlation
artifacts. This application of MCMC is straightforward due to the similarity between
rendering and WoB.

Numerical Comparisons between WoB and WoS Fig. 3.8 compares the efficiency of
WoB and WoS interior Dirichlet estimators in examples of convex and non-convex domains.
Both WoB and WoS are implemented with similarly optimized CUDA code in their basic
forms with no advanced sampling techniques. Our experiments suggest that WoS performs
more efficiently than WoB for complex non-convex domains, but comparably for simple

46



26 28 210 212

time (s)

2−4

2−6

2−8

2−10

RMSE

WoS

WoB

Convex Domain

0 0.002

WoB

WoS

26 28 210 212

time (s)

2−10

2−7

2−4

2−1

22

RMSE

WoS

WoB

Non-Convex Domain

0 0.01

WoB

WoS

Figure 3.8: Comparison of WoB and WoS with example interior Dirichlet problems in a
convex domain (top) and a non-convex domain (bottom). The plots show how the root
mean squared errors (vertical axis) decay with increasing time (horizontal axis). Each line
corresponds to a specific parameter choice for WoB (blue) and WoS (red). We use path
lengthM = 2 to 7 for WoB, and epsilon shell size 10−2 to 10−7 for WoS. For each scene and
for each method, we show the error of the solution with the least error after 2 hours on the
right. We observe that WoS performs more efficiently than WoB for complex non-convex
domains.
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Reference N = 64 N = 256 N = 1024 N = 4096

Figure 3.9: Estimates for the Poisson equation for Dirichlet (top) and Neumann (bottom)
problems. WoB can handle the non-zero source term. For each sample path, we used 16
volume samples to estimate all domain integrals.

convex domains. The reason is that, while WoS typically takes more computation time per
sample (i.e., per individual random walk that terminates near the boundary), WoB requires
more sample paths due to its higher variance, resulting in lower overall efficiency. We expect
that this difference may become smaller with additional variance reduction techniques.
Moreover, this observation only provides general guidance on the choice between WoS and
WoB. We do not claim that one of them is fundamentally more efficient than the other
in any given problem (be it convex or non-convex) based on these numerical comparisons;
the theoretical comparisons offered throughout this paper are more generally relevant (e.g.,
accuracy near the boundary and generality regarding supported problems).

3.4 Discussion

3.4.1 Classes of Integral Equations

Rendering equation, WoS, and WoB

Both the rendering equation and the formulation of WoS are understood to be Fredholm
equations of the second kind [Pharr et al. 2018; Qi et al. 2022]. This type of integral
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equation takes the form f(x) = g(x)+
∫
D
K(x,y)f(y) dy where K(x,y) is a given integral

kernel, g(x) is a known function, f(y) is an unknown function we want to solve for, and
D is a fixed integration domain. When the integration domain changes depending on x,
it is called a Volterra equation (of the second kind). Because we can rewrite any Volterra
equation into a form that has a fixed integration domain by multiplying the integrand by
an additional indicator function, any Volterra equation is a Fredholm equation. Still, we
will use these terms in a narrow sense without considering such conversions here.

In rendering, for surface light transport, x is a tuple of a location on the surface and a
direction from there (i.e., to measure radiance coming from that particular location toward
the particular direction). The function g(x) is the emission term, and K(x,y) is defined as
K(x,y) = fr(x,y)V (x,y)Geo(x,y) where fr is the BSDF, V is the visibility term, and Geo

is the geometry term [Pharr et al. 2018]. The integration domain is fixed as the surfaces
of the scene, so it fits the definition of Fredholm equations.

In WoS, g(x) is defined as g(x) =
∫
BR(x)

b(z)GR(x, z)dz where b(x) is the source func-

tion, GR is Green’s function for the largest ball BR(x) contained within the domain centered
at x. Note that both functions are given so g(x) is also still given. The kernel K(x,y)

for WoS is defined as K(x,y) = ∂GR(x,y)
∂ny

and the integration domain is D = ∂BR(x), the

surface of the ball BR(x). While Qi et al. [2022] claimed that the formulation of WoS is
a Fredholm equation of the second kind, it would be more natural to call it a Volterra
equation of the second kind since the integration domain D = ∂BR(x) changes according
to x. A connection between WoS and the rendering equation was imperfectly made in this
sense. On the other hand, in WoB, the integration domain is fixed as the boundary, so it
is precisely a Fredholm equation.

The rendering equation, commonly referred to as a Fredholm equation [Pharr et al.
2018], appears to contradict the definition of a fixed integration domain when it is solved
by Monte Carlo ray tracing. Ray tracing from a point x results in a varying set of visible
points y depending on x, and thus it appears to be a Volterra equation. However, the
integration domain is fixed as the surfaces of the scene, so it still fits the definition of a
Fredholm equation. While this mismatch is paradoxical, we have identified that classifying
the rendering equation as a Fredholm equation can be misleading.

In addition to the aforementioned area form, the rendering equation can take a solid
angle form, in which the integration domain D becomes the hemispherical angular domain
around x, and the kernel K(x,y) is defined as fr(x→ y) cos θ, where y is the first visible
point from x along the direction towards y [Pharr et al. 2018]. This solid-angle form is
the form used in Monte Carlo ray tracing, and in this context, the rendering equation is
a Volterra equation of the second kind, due to the changing angular integration domain
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based on x. However, the area form of the rendering equation, which integrates over all
surface points, is a Fredholm integral equation of the second kind. The assertions made by
Qi et al. [2022] still hold if one accepts that the solid-angle form of the rendering equation
is a Volterra equation, just like the formulation of WoS.

As discussed earlier, this distinction is subtle since a Volterra equation can be converted
into a Fredholm equation by properly expanding the kernelK(x,y) with zeros in a common
fixed integration domain. This conversion is precisely what actually occurs in the area form
of the rendering equation, where the visibility term V (x,y) returns zero for points y that
are not visible from x. The area form of the rendering equation is still a Fredholm equation,
but it can be transformed into a Volterra equation by redefining the integration domain
to include only visible points from x. The formulation of WoB cannot be reduced to a
Volterra equation, as its kernel is nonzero everywhere.

Singularity and Reciprocity of the Kernel

BIEs involve singular kernels, where the kernel becomes unbounded as the distance be-
tween points r = |x − y| approaches zero. The order of singularity in the kernel, K, can
be classified as weakly singular, strongly singular, and hypersingular, for K = O(1/r),
K = O(1/r2), and K = O(1/r3) respectively. The orders of singularity here pertain to
three-dimensional scenarios, although the underlying concepts remain unchanged in two-
dimensional scenarios. As the order of singularity increases, robust estimation becomes
challenging. Weak and strong singularities in the kernel are prevalent in the rendering
equation, and a plethora of techniques to circumvent numerical difficulties have been stud-
ied [Pharr et al. 2018]. For instance, tracing a ray, as opposed to directly sampling a point
on surfaces, can avoid singularities arising from the geometry term. Similar methods are
applied to WoB. However, hypersingular integrals necessitate special attention during com-
putation and are not typically encountered in rendering. It is advisable to avoid high-order
singularities whenever possible.

The kernel K is called symmetric if K(x,y) = K(y,x) and asymmetric otherwise.
In rendering, the terms reciprocal and non-reciprocal are used instead of symmetric and
asymmetric, respectively; the kernel of the rendering equation is usually symmetric due to
the physics of light, but can be asymmetric in certain cases [Veach 1998]. Both WoB and
WoS deal with asymmetric kernels but they do not pose a problem for the solvers as long
as they are treated properly, similarly to handling of asymmetric kernels in rendering.
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First-Kind Equations and Their Monte Carlo Estimation

Both Fredholm and Volterra integral equations have first- and second-kind forms. A Fred-
holm equation of the first kind takes the form g(x) =

∫
D
K(x,y)f(y) dy, where both g

and K are known and f is the unknown function to be solved for. Note we used the
term first kind equation abusively in the main text: strictly, we should call it a first kind
equation if the equation holds for the entire integral domain, but in our mixed boundary
problem estimator, we have different integral equations defined conditionally on the type
of boundary at each point. There is also a third kind of Fredholm equation, but it is not
relevant to WoB in our paper.

While second-kind equations can be estimated using Monte Carlo integration via Neu-
mann series expansion, this technique is not applicable to first-kind equations. For in-
stance, one might consider estimating the integral using Monte Carlo integration as:
g(x) ≈ 1

N

∑N
i=1

K(x,yi)f(yi)
p(yi)

. This equation cannot be used, as f is unknown and cannot
be solved for using Monte Carlo integration alone. We therefore focused on having second-
kind equations that are compatible with Monte Carlo integration, which requires us to
choose a specific BIE to achieve this goal.

3.4.2 WoB vs. WoS(t)

WoB supports a broader range of boundary conditions than the baseline WoS [Muller
1956; Sawhney and Crane 2020], and its similarity to Monte Carlo rendering enables the
application of advanced variance reduction and sampling techniques to PDEs. While the
concurrently proposed WoSt method [Sawhney and Miller et al. 2023, 2024b] extends the
applicability of WoS-based methods, it introduces two key challenges already discussed
in Section 2.3.4: handling exterior domains necessitates nontrivial modifications to the
algorithm, and the required geometric queries can be difficult to implement for general
boundary representations.

That said, we acknowledge that the WoS(t) approach tends to demonstrate higher
efficiency for interior problems with nonconvex domains compared to the current imple-
mentation of WoB; examples for Dirichlet problems can be seen in Fig. 3.8. The bottom-up
design of WoS(t) tightly couples the choice of integral equation and the sampling technique
to maximize efficiency. In particular, WoS(t) avoids the need to sample all ray-boundary
intersection points, a key bottleneck in our WoB method.

However, this design philosophy is fundamentally different from WoB, which serves as
a general framework. Unlike WoS(t), which leaves relatively limited room for structural
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changes, WoB provides a flexible foundation for further development. The implementations
presented in this thesis are only specific instances of WoB, and many opportunities remain
for improvement, including the selection of integral equations, path truncation strategies,
and sampling techniques. We will discuss several concrete directions in Chapter 7. In
particular, for the convex domain problem in Fig. 3.8, with short path lengths, we observed
a superior performance of WoB, which highlights its potential and motivates future work
on improving its efficiency more broadly.
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Chapter 4

Monte Carlo PDE Solvers for
Parabolic or Vector-Valued Problems

In the previous chapter, we discussed the formulation and the advantages of the Walk on
Boundary (WoB) Monte Carlo PDE solver for the Laplace and Poisson equations. These
equations are elliptic and not time-dependent. With these equations, we examined the
WoB solver when the unknown variables of our primary interest, along with all quantities
in their formulation, such as kernel functions and unknown boundary density functions,
are scalar-valued. Due to this time-independence and scalar nature, the formulation of
WoB for the Laplace and Poisson equations represented its simplest form. This chapter
explains how WoB can be readily extended to time-dependent parabolic equations and
vector-valued equations, using the diffusion and Stokes equations as examples. As with
the Laplace equation, WoB performs a sampling-based evaluation of boundary integral
equations (BIEs), enabling highly parallel pointwise evaluation of the solution. In other
words, by construction, these methods inherit the same key properties as WoB when applied
to the Laplace equation.

4.1 Monte Carlo PDE Solver for Diffusion Equation

To understand the broader applicability of WoB, we first discuss its generalization to time-
dependent PDEs. These typically fall into two main categories: parabolic and hyperbolic
PDEs. Roughly speaking, parabolic PDEs describe phenomena related to the diffusion of
quantities, for instance, heat propagation. They model the propagation of these quantities
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Figure 4.1: Monte Carlo method for the diffusion equation. We solve the diffusion equation
using WoB. The results shown evaluate the solution at a specific time on grid points across
various domains, with domain boundaries shown in black. The left three are 2D results,
while the rightmost shows a 3D result evaluated on a 2D slice. This method enables
pointwise estimation of the solution in both space and time.

as changes in the underlying field that propagate at infinite speed, with effects decaying
exponentially in space, leading to a smoothing effect over time. Conversely, hyperbolic
PDEs describe wave propagation at finite speed, maintaining sharp features. Both types
require the specification of an initial condition in addition to boundary conditions, resulting
in initial-boundary value problems, a contrast to elliptic equations, which only demand
boundary conditions. To this end, we focus onWoB for the diffusion equation with Dirichlet
boundary conditions (Fig. 4.1), as originally presented by Sabelfeld [1991, Chapter 5].
While we do not discuss the specifics here, it is critically important to note that this
method generalizes effectively to other types of boundary conditions (e.g., Neumann), as
demonstrated by Sabelfeld [1991]. As our original contribution, we will later present a
numerical study of the method in Section 4.3.1, which has not been provided in depth
in the literature. While we focus on the diffusion equation, the core idea would extend
to other parabolic PDEs. In contrast to parabolic PDEs, the application of WoB or any
Monte Carlo methods to hyperbolic PDEs in general scenarios remains largely unexplored,
and we will defer the discussion to Section 7.2.1.

4.1.1 Diffusion Equation and Its Fundamental Solution

The equation we will consider is the homogeneous, constant-coefficient diffusion equation,

∂u(x, t)

∂t
= α∇2u(x, t) for x ∈ Ω, t > 0, (4.1)
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where α > 0 is a constant diffusion coefficient. This equation is sometimes referred to as
the heat equation as well. The boundary condition we consider is the Dirichlet boundary
condition,

u(x, t) = uD(x, t) for x ∈ ∂Ω, t > 0, (4.2)

where uD is a prescribed, time-dependent function defined over the boundary ∂Ω. In
addition to the boundary condition, we must specify the initial condition,

u(x, 0) = u0(x) for x ∈ Ω, (4.3)

where u0 is a prescribed function defined over the entire domain Ω. We do not need to
specify ∂u

∂t
at t = 0 because it is implicitly given by Eq. 4.1 once we specify Eq. 4.3.

By introducing the change of variables s = αt and v(x, s) = u(x, t/α), one can rewrite
the diffusion equation (Eq. 4.1) with an arbitrary constant diffusion coefficient and the
corresponding boundary and initial conditions (Equations 4.2 and 4.3) into an equivalent
one with a unit diffusion coefficient:

∂v(x, s)

∂s
= ∇2v(x, s) for x ∈ Ω, s > 0,

v(x, s) = uD(x, s/α) for x ∈ ∂Ω, s > 0, and

v(x, 0) = u0(x) for x ∈ Ω.

(4.4)

Therefore, without loss of generality, we will assume a unit diffusion coefficient throughout
the remainder of this work.

Now, we introduce the fundamental solution to the diffusion equation, also known as
the heat kernel. The fundamental solution Z(x, t; y, τ) to the heat equation is defined as
the response u(x, τ) to a Dirac delta source located at point y and time τ in an infinite
domain:

∂u(x, t)

∂t
= ∇2u(x, t) for x ∈ Rd, t > τ, and

u(x, τ) = δ(x− y) for x ∈ Rd
(4.5)

and is given as
Z(x, t; y, τ) = Θ(t′)(4πt′)−d/2e−r

2/4t′ , (4.6)

where r = ∥y − x∥2, t′ = t− τ , and Θ(·) is the Heaviside step function.

Analogous to the Poisson equation with a nonzero source function, we can solve the
diffusion equation in the infinite space Rd with an arbitrary initial condition by the convo-
lution of the initial condition with the fundamental solution. The solution to Eq. 4.1 with
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initial condition Eq. 4.3 when Ω = Rd is

u(x, t) =

∫
Rd

Z(x, t;y, 0)u0(y) dy. (4.7)

Thus, when the domain is the infinite domain, we can see that we can apply Monte Carlo
integration or quadrature rules to estimate this integral to get a numerical solution to the
problem. WoB will generalize this to problems with boundaries.

4.1.2 BIEs for the Diffusion Equation

We aim to develop a Monte Carlo solver for the diffusion equation with Dirichlet boundary
conditions within an interior or exterior domain Ω. Similarly to the case of the Poisson
equation, we can write the solution to the diffusion equation in the form of the double
layer potential and an additional initial condition term for x ∈ Ω and t > 0:

u(x, t) =−
∫ t

0

∫
∂Ω

∂Z

∂ny

(x, t; y, τ)ϕ(y, τ) dy dτ

+

∫
Ω

Z(x, t;y, 0)u0(x, 0) dy,

(4.8)

where ny is the normal pointing outward from the domain Ω, and ϕ(y, τ) is an unknown
density function defined for y ∈ ∂Ω and τ > 0. We can also derive a recursive BIE for
ϕ(·, ·) by taking the limit x→ ∂Ω in Eq. 4.8 and reordering terms:

ϕ(x, t) =

∫ t

0

∫
∂Ω

2
∂Z

∂ny

(x, t; y, τ)ϕ(y, τ) dy dτ

+ 2uD(x, t)− 2

∫
Ω

Z(x, t;y, 0)u0(x, 0) dy.

(4.9)

Note that the integral equation here has an unknown ϕ that depends on both the time
variable t and the space variable x. Moreover, on the right-hand side, the integral domain
for the time variable τ depends on the current time t; this integral equation is therefore
typically classified as the Volterra equation of the second kind. While it is possible to
extend the integrand by zero outside the original domain and treat the problem similarly
to other Fredholm equations of the second kind, designing a sampling scheme that restricts
samples to the original integration domain is expected to produce an estimator with lower
variance.
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Note also that the definition of normal directions here differs from the normal directions
we used in the previous chapters in their signs, so we can describe both the interior and
exterior problems with a single pair of equations. This convention is used in this chapter
and in the next chapter.

4.1.3 Walk on Boundary Method for the Diffusion Equation

Based on the above integral equations, Sabelfeld [1991, Chapter 5] designed WoB for
the diffusion equation, which we describe here, similarly to the design of the method for
the Laplace equation. This method still exhibits very similar properties to those we have
observed for the Laplace equation; we perform a highly parallelizable, pointwise estimation
of the solution using ray intersection sampling.

Backward Estimator

We design a backward Monte Carlo estimator for the diffusion equation based on Eq. 4.8
and Eq. 4.9. First, we define an NI-sample estimator for the initial condition term (the
second term in Eq. 4.8) with PDF pI as

⟨I(x, t)⟩ = 1

NI

NI∑
i=1

Z(x, t;yi, 0)

pI(yi|x, t)
u0(y

i, 0). (4.10)

Using this estimator, we can define an estimator for Eq. 4.8 with PDF pD as

⟨u(x, t)⟩ =

{
1

ND

ND∑
j=1

−
∂Z
∂ny

(x, t; yj, τ j)

pD(yj, τ j|x, t)
⟨ϕ(yj, τ j)⟩

}
+ ⟨I(x, t)⟩ (4.11)

and an estimator for Eq. 4.9 with PDF pE as

⟨ϕ(x, t)⟩ = 2

∂Z
∂ny

(x, t; y, τ)

pE(y, τ |x, t)
⟨ϕ(y, τ)⟩+ 2uD(x, t)− 2⟨I(x, t)⟩. (4.12)

Both of these require a recursive estimation of ⟨ϕ(y, τ)⟩ included on the right-hand side
of the equations. To estimate the solution at (x̄, t̄), we use Eq. 4.11. Then, we apply
Eq. 4.12 recursively by generating a sequence of points in ∂Ω× (0, t̄) moving backward in
time toward the initial time. Note that the PDFs pD and pE only need to sample points
with time τ < t to get an unbiased estimate, since for τ ≥ t, the integral kernel ∂Z

∂ny
is zero
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by definition and the integrand evaluates to zero. Intuitively, this reflects the causality of
the diffusion equation, where the solution at time t depends only on prior times, not future
ones. Utilizing this property, we can choose to sample points in the space-time domain
such that the times in the sampled sequence strictly decrease. In the sampling strategy
discussed later, we sample the time τ with a probability that decreases as a function of
the difference between the current time t and the sample time τ , allowing us to sample
any negative times as well. The recursion terminates once the sampled time τ becomes
negative, as the original integral domain excludes negative times. While WoB for the
Poisson equation introduces bias due to path truncation, the corresponding method for
the diffusion equation yields an unbiased solution estimate because there is no arbitrary
path truncation. See the analysis by Sabelfeld [1991] for a more formal argument.

Sampling

For the initial condition sampling pI(y
i|x, t), we sample the points by yi ← x+ 2

√
tγd/2ω,

where γd/2 is a sample drawn from the Gamma distribution with shape parameter d/2 and
scale parameter 1, and ω is a uniformly random direction sampled on a unit sphere. To
draw samples from the Gamma distribution, we use γ1 ← − ln(α) for 2D, where α is a
uniformly random sample in the range (0, 1), and γ3/2 ← γ1 + ξ2/2 for 3D, where ξ is a
standard normal sample. With this sampling strategy, we get

Z(x, t;yi, 0)

pI(yi|x, t)
= 1, (4.13)

importance sampling according to the kernel function. With this sampling strategy, we can
end up sampling points that are not contained within the domain of interest Ω. To deal
with this case, we extend the integrand to be zero outside Ω and let the samples falling
into this part have zero contribution to have an unbiased estimate of the initial condition
term.

For pD(y, τ |x, s) and pE(y, τ |x, s), we first sample the spatial point y using the uniform
line intersection sampling as in Section 3.2.4, and then sample time τ , given t, by τ ←
t− ∥y−x∥2

4γd/2
. When the sampled time τ is of a nonnegative time,

∂Z
∂ny

(x, t; y, τ)

pD(y, τ |x, t)
= −κ(x,y) · sgn(n(y) · (y − x)) for x ∈ Ω , and

2

∂Z
∂ny

(x, t; y, τ)

pE(y, τ |x, t)
= −κ(x,y) · sgn(n(y) · (y − x)) for x ∈ ∂Ω,

(4.14)
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where sgn is the sign function and κ(y,x) is the number of intersection points that the
line that goes through the two points has, excluding point x. Similar to Section 3.2.4,
this sampling strategy samples points perfectly proportionally to the kernel functions. We
let these two estimates be 0 when τ < 0, as the normal derivative of the fundamental
solution contained in the integrand equals zero for τ < 0. In the above, the left-hand side
scaling factors of the two expressions differ by 2, but the right-hand sides have the same
expression. This is because the two PDFs pD and pE differ even though we use the same
strategy: point x for pD lies within the domain, whereas point x for pE lies on a boundary.

When we sample the diffusion equation with the above sampling scheme, we notice that
this algorithm is a generalization of WoB for the Laplace equation, in the sense that we
sample points in the spatial domain in the same way and assign them signed weights in
the same way as in Section 3.2.4. However, for the diffusion equation, we additionally keep
track of the time associated with each sample and truncate the paths when the associated
time goes negative. As the sequence of samples generated with this strategy has a strictly
decreasing time sequence, all paths would terminate naturally without relying on somewhat
arbitrary path truncation. Thus, this method yields unbiased estimates of the solution with
finite variances. For a more rigorous discussion, see the analysis by Sabelfeld [1991, Section
5.1.2].

4.2 Monte Carlo PDE Solver for Stokes Equations

The other equations we consider in this section are the Stokes equations, which describe the
flow of highly viscous, incompressible fluids. These are elliptic and thus time-independent,
but unlike the scalar-valued Laplace or Poisson equations, their solutions are vector-valued.
The application of WoB to Stokes equations is mostly straightforward; we will derive BIEs
and approximate their solutions using recursive Monte Carlo integration. To study the
behavior of the numerical solutions, we consider a benchmark for the Stokes equations:
the Taylor–Couette flow (Fig. 4.2). The derivation here presents the application of WoB
to the Stokes equations.

4.2.1 Stokes Equations and Their Fundamental Solutions

In a bounded or unbounded domain Ω, the Stokes equations are given by

∇p− µ∇2u = f , and ∇ · u = 0, (4.15)
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#rotations:

±0 +1 +2 +3 +2 +1 ±0

Figure 4.2: Frames (left to rignt) from real-world footage of 3D Taylor-Couette flow (top)
alongside the corresponding simulation (bottom) performed by solving the Stokes equations
with mixed boundary conditions using WoB. A body of highly viscous liquid is contained
within a domain bounded by inner and outer cylinders. As the inner cylinder is rotated
first in one direction and then slowly rotated back (from left to right), the liquid roughly
returns to its original configuration, as seen by the ink’s position in the footage. In the WoB
simulation, the inner cylinder is rotated three full turns clockwise and then reversed. The
numbers at the bottom indicate the cumulative number of rotations of the inner cylinder
from the initial position. As intended, the simulation successfully returns the ink drops,
modeled as marker particles, to their original positions after completing the full sequence.
(real-world images by Vid1123/Wikimedia CC BY-SA 4.0)
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where p is the pressure, u is the velocity, µ is the dynamic viscosity coefficient, and f
is a body force. The first equation represents momentum conservation, while the second
enforces incompressibility.

The full set of equations governing general fluid motion, the Navier–Stokes equations,
is nonlinear. We will discuss this more complex case in Chapter 5. The Stokes equations
in Eq. 4.15 arise as a simplification of the Navier–Stokes equations under the assumption
that inertial effects are negligible and the flow is incompressible. This approximation is
valid in regimes with high viscosity and low flow speed, that is, at low Reynolds numbers.

The system in Eq. 4.15 constitutes a set of linear elliptic partial differential equa-
tions, similar in nature to Laplace’s equation. As such, it has been extensively stud-
ied, including through boundary integral formulations and various discretization-based
solvers [Abousleiman and Cheng 1994; Alves et al. 2021; Power andWrobel 1995]. A related
system is the unsteady Stokes equations, which augment Eq. 4.15 with a time-dependent
inertial term. For example, Larionov, Batty, and Bridson [2017] employed the unsteady
Stokes equations to simulate viscous fluids more faithfully in a broad class of problems.
In contrast, this work focuses on the steady (i.e., time-independent) Stokes equations as
a simplified testbed for evaluating the generalizability of WoB. While Eq. 4.15 is some-
times explicitly referred to as the steady-state Stokes equations to distinguish it from its
unsteady counterpart, we will refer to it simply as the Stokes equations throughout this
thesis.

The fundamental solutions of the Stokes equations describe the response to a point
force f (a Dirac delta distribution) in the momentum equation of Eq. 4.15, within an
infinite domain Ω = Rd, where d is the spatial dimension. Since f is a d-dimensional
vector, the fundamental solutions characterize the influence of each component of the
force on each component of the velocity and other related quantities, resulting in matrix-
valued fundamental solutions. Two fundamental solutions are of particular interest in
this context: the Stokeslet and the stresslet. The Stokeslet represents the velocity field
induced by a concentrated point force, while the stresslet represents the corresponding
effect on the stress field (σ = −pI+µ(∇u+∇u⊤)). In boundary integral formulations, we
are particularly concerned with the stresslet dotted by the outward normal vector (which
yields σ · n).

In two dimensions, the Stokeslet and the stresslet (dotted by the outward normal) are
given by [Abousleiman and Cheng 1994]

S(x,y) =
1

4πµr2
(
−r2 log(r)I+ rr⊺

)
, T (x,y) = −r · ny

πr4
rr⊺, (4.16)
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respectively, and in three dimensions, they are given by

S(x,y) =
1

8πµr3
(
r2I+ rr⊺

)
, T (x,y) = −3r · ny

4πr5
rr⊺, (4.17)

respectively, where r = y− x, r = ∥r∥2, ny is the outward normal at y ∈ ∂Ω, and I is the
identity matrix.

Analogously to the Poisson equation, the solution to the Stokes equations in an infinite
domain can be expressed as a convolution of the fundamental solution with a given body
force distribution. Several prior works [Cortez 2001; Cortez et al. 2005; Sugimoto et al.
2024c] make direct use of this relationship. In contrast, we will utilize these fundamental
solutions to define the BIEs and use them in our method.

4.2.2 BIEs for the Stokes Equations

The BIE formulations for the Laplace equation discussed in Section 2.2.3 largely carry
over to the Stokes equations, with appropriate substitution of the fundamental solutions. A
detailed derivation of such formulations for the Stokes case is provided by Power andWrobel
[1995]. Here, we assume that the body force term f in Eq. 4.15 is zero and summarize
the key resulting equations. Similarly to the Laplace equation, the choice of formulation
depends on the type of problem to be solved, and we will have some discussion on this at
the end of Section 4.2.3.

The mixed boundary conditions we consider for the Stokes equations (Eq. 4.15) are
given by

u(x) = uD(x) for x ∈ ΓD,

q(x) = qN(x) for x ∈ ΓN ,
(4.18)

where q denotes the boundary traction, defined as the stress tensor (σ = −pI + µ(∇u +
∇u⊤)) dotted with the outward normal (q = σ · n). The two conditions in Eq. 4.18 are
commonly referred to as velocity boundary conditions and traction boundary conditions,
respectively, and are also often called Dirichlet and Neumann conditions, in analogy with
the Poisson equation. We assume that the boundary of the domain is fully partitioned
such that ∂Ω = Γ = ΓD ∪ ΓN .

Indirect BIE — Single Layer Potential Formulation

The first formulation is the (hydrodynamic) single layer potential-based indirect formula-
tion, which assumes that the velocity field u(x) inside the domain and on its boundary
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can be expressed using a single layer potential:

u(x) =

∫
Γ

S(x,y)Ψ(y) dy for x ∈ Ω ∪ Γ, (4.19)

where Ψ(y) is a vector-valued unknown boundary density defined over the boundary Γ.
From this assumption, we can get an integral equation that involves the traction variable:

Ψ(x) = −
∫
Γ

2T (y,x)Ψ(y) dy + 2q(x) for x ∈ Γ, (4.20)

assuming Γ is sufficiently smooth. This assumption is justified because, in the WoB for-
mulation we use later, we apply the BIE at stochastically sampled points lying on smooth
segments of the boundary. On ΓN , where the traction q is known, Eq. 4.20 provides a
recursive integral equation for Ψ. On ΓD, where the velocity u is known, we can derive a
different form by multiplying both sides of Eq. 4.19 by a user-defined constant k, moving
all terms to one side, and adding Ψ(x) to both sides:

Ψ(x) = Ψ(x)− k
∫
Γ

S(x,y)Ψ(y) dy + ku(x) for x ∈ Γ. (4.21)

This form introduces the unknown Ψ on both sides of the equation, making it amenable
to recursive Monte Carlo estimation, as discussed previously for the Laplace equation in
Section 3.2.3.

Indirect BIE – Double Layer Potential Formulation

Alternatively, we may assume that the solution takes the form of a (hydrodynamic) double
layer potential:

u(x) = −
∫
Γ

T (x,y)Φ(y) dy for x ∈ Ω, (4.22)

where Φ(y) is another vector-valued unknown boundary density. Taking its limit to the
boundary yields

Φ(x) =

∫
Γ

2T (x,y)Φ(y) dy + 2u(x) for x ∈ Γ, (4.23)

a BIE about the unknown density function, when applied on ΓD. On ΓN , we can derive
a corresponding equation for Φ in terms of the known traction by taking a derivative
of Eq. 4.22 and making x approach the boundary; however, the corresponding integral
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equation has a hypersingular kernel, which introduces significant analytical and numerical
challenges as we described in Section 3.4.1. Unless special techniques are employed, it is
generally advisable to avoid using this equation in numerical computations due to potential
instability and high error; thus, we avoid such a formulation.

Direct BIE Formulation

In contrast to the indirect formulations, the direct BIE formulation expresses the solution
directly in terms of the simulation variables u and q themselves, rather than in terms of
auxiliary densities. Inside the domain, the velocity is given by

u(x) = −
∫
Γ

T (x,y)u(y) dy +

∫
Γ

S(x,y)q(y) dy for x ∈ Ω, (4.24)

and on the boundary, it satisfies

u(x) = −
∫
Γ

2T (x,y)u(y) dy +

∫
Γ

2S(x,y)q(y) dy for x ∈ Γ. (4.25)

When x ∈ ΓN , where the traction is known, Eq. 4.25 provides an equation to estimate
the unknown velocity u. On ΓD, where the velocity is known, we apply a transformation
analogous to the one used to obtain Eq. 4.21 from Eq. 4.19, yielding

q(x) =q(x)− ku(x)

− k
∫
Γ

2T (x,y)u(y) dy + k

∫
Γ

2S(x,y)q(y) dy for x ∈ Γ.
(4.26)

This form again places the unknown on both sides, enabling recursive estimation.

4.2.3 Walk on Boundary Method for the Stokes Equations

Backward Estimator

Based on the BIEs discussed above, we now design a method to estimate the solution using
recursive Monte Carlo estimation. We follow a similar procedure to the one presented
for the Laplace equation in Section 3.2.4, now adapted to the Stokes equations. In this
section, we describe the single layer potential formulation as a concrete example; analogous
derivations apply to the other formulations. From Equations 4.20 and 4.21, we derive
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recursive Monte Carlo estimators for the unknown boundary density Ψ, denoted here as
Ψ̂.

For points xi ∈ ΓN , where the traction is known, we apply the integral equation in
Eq. 4.20, and estimate Ψ̂ recursively as:

Ψ̂(xi) :=
−2T (xi+1,xi)

p(xi+1|xi)
Ψ̂(xi+1) + 2q(xi), (4.27)

where xi+1 ∈ Γ is sampled according to the conditional density p(xi+1|xi). For points
xi ∈ ΓD, where the velocity is known, we apply Eq. 4.21 and estimate the density using:

Ψ̂(xi) :=

{
− k
pk
· S(xi,xi+1)
p(xi+1|xi)

Ψ̂(xi+1) + ku(xi) with probability pk,
1

1−pk
Ψ̂(xi+1) + ku(xi) with probability 1− pk,

(4.28)

where again xi+1 is sampled from p(xi+1|xi), except in the second case, where we set
xi+1 := xi.

Because the recursive relationships above do not terminate naturally, we introduce a
truncation scheme by fixing the recursion depth to a finite numberM . At the final recursion
step i = M , we discard the recursive term and instead assign a constant-weighted value
based on the known boundary data:

Ψ̂(xM) := q(xM) for xM ∈ ΓN , (4.29)

Ψ̂(xM) := (k/2)u(xM) for xM ∈ ΓD. (4.30)

This truncation strategy introduces a bias to the estimator. However, this particular form
of truncation with a constant multiplier of 1/2 is not the only option. Other alterna-
tives include: series acceleration techniques, which use nonuniform weights to reduce bias,
and Russian Roulette path termination, which yields an unbiased estimator at the cost
of increased variance. The truncation method used here is motivated by the estimators
developed for interior Dirichlet problems of the Laplace equation in Section 3.2.1. While
the structure of the recursive estimator is similar, the specific behavior may differ for other
boundary conditions or other PDEs like the Stokes equations, due to differences in the
integral equation properties. Nevertheless, we empirically observe that this truncation
scheme results in finite bias, and that the bias tends to decrease as the truncation depth
M increases (Fig. 4.7). We leave the design of more advanced weighting strategies and a
formal bias-variance analysis for future work.

Given the estimator for Ψ̂, we can now construct an estimator for the velocity u at a
target point x0 using Eq. 4.19:

û(x0) =
S(x0,x1)

p(x1|x0)
Ψ̂(x1), (4.31)
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where x1 ∈ Γ is sampled from the boundary according to a prescribed probability density
function p(x1|x0). By generating N independent samples of û(x0) and averaging them,
we obtain a Monte Carlo estimate of the velocity: u(x0) ≈ 1

N

∑N
n=1 û(x0). This estimator

follows a backward sampling strategy, analogous to backward path tracing in rendering.
That is, the sampling path begins at the query point where we want to estimate the
solution, and recursively traces contributions from the boundary. Due to the structural
similarity between the BIEs and the rendering equation, alternative estimation strategies
for the unknown densities, inspired by rendering techniques, are also possible.

Boundary Value Caching

The naive backward estimator described above can be computationally expensive, as it
constructs independent path samples from scratch for each evaluation point in the domain.
To mitigate this cost, we adopt a boundary value caching strategy similar to the one
discussed in Section 3.3. Specifically, we first sample a set of Nc boundary points yc and
estimate the unknown density function at each of these points using N recursive Monte
Carlo samples: Ψ(yc) ≈ Ψc := 1

N

∑N
n=1 Ψ̂(yc). Once these cached boundary values are

available, we can approximate the solution at any interior point x using the cached samples:

u(x) ≈ 1

Nc

Nc∑
c=1

S(x,yc)Ψc

p(yc)
. (4.32)

This caching approach increases the effective number of contributing paths per evalua-
tion point, thereby improving efficiency, but at the expense of introducing correlations
between estimates at different locations. In practice, this correlation leads to spatially
smooth estimates, which are particularly desirable in fluid simulation contexts where the
Stokes equations are applied. Furthermore, as seen in Eq. 4.32, the solution constructed
via caching is globally defined as a weighted sum of fundamental solutions. While this ap-
proximation may not strictly satisfy the imposed boundary conditions, it exactly satisfies
the momentum equation and the incompressibility constraint in Eq. 4.15, since both are
satisfied by each fundamental solution individually and preserved under linear superposi-
tion. In particular, the exact satisfaction of the incompressibility condition is a significant
advantage in fluid simulation, as it ensures there is no artificial source or sink of fluid, pre-
serving mass conservation. Another key advantage of this strategy is its flexibility. Because
the boundary cache points are (typically) sampled independently of any specific evalua-
tion location, the cached values can be reused across multiple evaluations. This allows for
efficient solution queries at many or dynamically changing points without requiring the
regeneration of full Monte Carlo paths for each query point.
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Sampling

Using a well-designed sampling strategy can significantly reduce the variance of the estima-
tor. In Section 3.2.4, we introduced several sampling strategies for the Laplace equation,
including ray-intersection sampling, resampled importance sampling (RIS) [Talbot et al.
2005], uniform area-measure sampling, and boundary value importance sampling. For the
Stokes equations, these strategies can also be applied, with a few careful modifications.

The fundamental solution T (x,y) for the Stokes equations evaluates to zero at points
that ray-intersection sampling would not sample, similar to the Laplace equation’s case.
This property enables the use of ray-intersection sampling for pure velocity boundary
conditions (via the double layer potential formulation), and for pure traction boundary
conditions (using either the single layer potential or the direct formulation), assuming a
simply connected domain.

For RIS and boundary value importance sampling, we must define scalar-valued weights
as the target distribution. With RIS, for example, we may use the norm of the integral ker-
nel function as the target distribution. Similarly, for boundary value importance sampling,
we can sample according to the norm of the vector-valued boundary condition.

In the results we show in Section 4.3.2, we use uniform area-measure sampling to
select boundary cache locations. In the recursive estimate of unknown density functions
for boundary value caching, we employ RIS with uniform area-measure sampling as the
source distribution and the norm of the integral kernel as the target distribution, using
64 candidate samples. The non-recursive part of the direct formulation-based estimator
samples boundary points according to the norm of the boundary value.

Choice of BIE Formulation

The choice of BIE for each boundary problem for the Laplace equation applies to the Stokes
equations, with the analogy between the boundary conditions (Dirichlet — velocity, and
Neumann — traction). In Fig. 4.3, for the simply connected domain problem with velocity
boundary conditions (top), both the single layer and the double layer formulations give
reasonable results. The direct formulation estimator, however, gives a velocity field with
too small a magnitude. This could be due to the poor choice of the constant multiplier
k in Eq. 4.26 as the valid range of k should be boundary-shape dependent, and further
investigation is required to determine this value automatically. While we have seen a
visually correct result, this discussion applies to the single layer potential formulation, too.
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Figure 4.3: Comparison of the velocity field estimates of the three solvers for a simply con-
nected domain problem (top) and a multiply-connected domain problem (bottom) under
a velocity boundary condition with Stokes WoB. On the outer circle boundary, we set a
velocity boundary condition u = (1, 0)⊺ in all cases, and for the multiply connected domain
problem, we set a velocity boundary condition u = (0, 0)⊺ everywhere on the additional
inner circle boundary. The expected solution is a uniform horizontal flow u = (1, 0)⊺ for the
simply connected case, and a flow that smoothly interpolates from u = (1, 0)⊺ to (0, 0)⊺ for
the multiply connected case. Only the single layer potential formulation gives the correct
estimates in both types of domains.
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In Section 3.2, we focused mainly on simply connected domain problems, and we did
not have so much discussion on multiply connected domain problems. In Fig. 4.3, for the
multiply connected domain problem with velocity boundary conditions (bottom), only the
single layer potential formulation gives a reasonable result. As noted above, the direct
formulation fails to estimate the solution correctly. Additionally, we observe that the
double layer formulation also does not work in this case. Sabelfeld and Simonov [1994]
discusses an extension of the double layer-based estimator to support multiply connected
domains by converting the boundary value problem to the one for which the original WoB
method works. The current implementation we use for Fig. 4.3 does not implement such
a method, and further investigations are required to enable such methods for the Stokes
equations.

For the above reasons, we use the estimator with the single layer potential formulation
in the results we report in Section 4.3.2. We use k = 4 and pk = 2/3 in our experiments.

4.3 Results

We implemented the diffusion and Stokes WoB solvers by extending the CUDA implemen-
tation of WoB used in Section 3.2. The only implementation differences are the addition
of time tracking for the diffusion equation and support for matrix-valued kernel functions
and vector-valued boundary density functions for the Stokes equations.

4.3.1 Diffusion Equation

Convergence

We will compare the numerical result of our diffusion equation solver with analytical solu-
tions to verify the correctness of the method and analyze its error. All solutions we consider
assume that the diffusion coefficient ν = 1. We consider four test cases in this study:

• 2D interior domain problem. In a cubic domain [−0.5, 0.5]2, we set the initial con-
dition to be 1 on the lower half of the domain and 0 on the upper half. With zero
Dirichlet conditions, we can get an analytical solution expressed in terms of an infinite
series with two nested infinite summations, using Fourier transformations, as shown
by Daileda [2012]. We truncate the series after 1000 terms for both summations to
get an estimate we use to compare our result against.
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Figure 4.4: Convergence plots for the diffusion equation WoB. For the scenes described in
Section 4.3.1, we plot the root mean squared errors (RMSEs) at four different times as the
number of samples per point increases. In all cases, we observe the expected Monte Carlo
convergence without any clear signs of bias, indicating the unbiasedness of the method.
The errors tend to be large for larger t’s. For each scene, we also show a visualization of
the solution at t = 0.01 using 224 samples.

70



• 2D exterior domain problem. We first consider the solution to an infinite domain
problem, defined by the weighted sum of a few fundamental solutions to the diffusion
equation. We can evaluate this solution analytically. If we set the initial condition
and the boundary conditions in an exterior domain so that the values would match
those given by the infinite domain problem, we get an exterior domain problem with
the solution given by the solution to the infinite domain problem. In our study, we
set the exterior domain to be R2 [−0.25, 0.25]2 and the infinite-domain solution to
be the sum of two heat kernels, each centered near opposite corners of the domain
and weighted equally.

• 3D interior domain problem. In a unit ball domain, we set the initial condition to
be a radially symmetric function u0(r) =

sin(πr)
πr

, and set the zero Dirichlet boundary

condition. The analytical solution to this problem is u(r, t) = sin(πr)
πr

exp (−π2t).

• 3D exterior domain problem. Similarly to the 2D exterior domain problem, we con-
sider a superposition of two heat kernels placed diagonally as the analytical solution.
The computational domain is defined as the exterior of a ball of radius 0.25 centered
at the origin, i.e., the domain R3 \B(0, 0.25).

Fig. 4.4 shows the convergence plots for these test cases. We estimate the solutions at
2562 grid points at fixed times. For 3D scenes, we extract a 2D slice and evaluate the
solution on that slice. In all cases, we observe convergence toward the analytical solu-
tions. Importantly, our method provides pointwise estimates of the solution in both space
and time, without requiring time stepping schemes commonly used in discretization-based
methods to advance the solution. Notably, all convergence curves appear linear, indicating
the unbiasedness of our estimator. While small numerical errors and geometric query in-
accuracies may introduce minor deviations from exact unbiasedness, the overall behavior
remains consistently unbiased across our results.

Runtime and Noise

On a workstation equipped with an NVIDIA RTX A5000 GPU, the experiment for the 3D
interior problem at t = 0.005 took 9.48 minutes with spp= 224. In comparison, estimating
the solution at t = 0.010, 0.020, and 0.040 with the same number of samples per pixel
took 10.5, 11.7, and 13.7 minutes, respectively. The runtime at t = 0.040 represents an
approximate 45% increase over the runtime at t = 0.005. This increase is likely due to
the greater number of recursion steps required as the evaluation time t increases, possibly
compounded by increased execution divergence.
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With an equal number of samples, the error also tends to grow with increasing t, as
deeper recursion generally leads to higher variance in this setting. This trend is confirmed
by the results shown in Fig. 4.5. Our method naturally supports time-dependent boundary
conditions without requiring time discretization. However, as the query time t increases,
the associated variance grows. One possible future direction is to introduce a cache at an
intermediate time to reduce computational cost, potentially at the expense of introducing
some bias due to the cached approximation.

Additionally, as the domain geometry becomes more complex, the variance increases,
and the method requires longer execution times to achieve results with comparable noise
levels. Similar to the case of the Laplace equation, this is partly due to the increased com-
plexity of the geometric queries (i.e., ray intersection sampling) and the greater variance
introduced by the stochastic selection of paths. Additionally, for the diffusion equations
in particular, small geometric features tend to require more recursive steps for a path to
reach the initial time. This is because the sampled time decrement is proportional to the
squared distance between two consecutive spatial points in our sampling strategy. The
results shown in Fig. 4.1 were obtained in 13 seconds, 24 seconds, 100 minutes, and 100
minutes, respectively, from left to right.

Path Truncation

While the diffusion WoB solver offers the attractive property of unbiased estimation, its
variance can become quite large for domains with complex boundaries, as noted above.
In particular, for non-convex domains, increased recursion depth can lead to a blowup
in variance, since the stochastic selection of intersection points may cause exponential
growth in the number of paths. To mitigate this issue, in the results shown in Fig. 4.1,
we truncate paths after eight recursion steps. This truncation introduces bias, but the
proportion of truncated paths remained low in these experiments, suggesting minimal
additional bias. We expect this bias to increase when the query time t is larger. For
the convergence study (Fig. 4.4), we disabled path truncation. Fig. 4.6 compares results
with and without truncation. As future work, one could consider modifying the sampling
strategy to avoid this issue or designing an automatic path termination strategy to better
balance the variance-bias tradeoff. Moreover, rather than discarding contributions from
estimates beyond a fixed recursion depth, introducing Russian roulette path termination
could offer a better variance–bias tradeoff.
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Figure 4.5: Diffusion equation WoB with time-dependent boundary conditions. In this
simulation, we gradually and periodically change the Dirichlet boundary values over time.
The method correctly handles such boundary conditions, with the solution at the center
eventually approaching the average of the boundary values. We also observe that the noise
increases as time progresses, especially the farther it is from the initial time.

Figure 4.6: Diffusion equation WoB with (left) and without (right) path truncation with
the same sample path count. For this scene, path truncation can effectively reduce noise
in the result, as we observe around the concavity near the ears of this bunny shape. The
estimate becomes biased, though not noticeable in this experiment with a relatively small t.
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Figure 4.7: Path truncation and bias with the Stokes equation WoB. We show the velocity
field estimate (top), error visualization (middle), and error curve (bottom) for the 2D
velocity boundary condition estimators with different path lengths M (left to right). The
error visualization shows the absolute error measured against the analytical solution (left),
and the error plot shows the decay of the root mean squared error (vertical axis) with
respect to the number of boundary cache pointsNc (horizontal axis). The number displayed
in each error plot shows the error with Nc = 106. The bias decreases as path length
increases, but more samples are needed to achieve convergence.
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4.3.2 Stokes Equations

The test scene configuration we consider here is the Taylor-Couette flow, the flow of a
viscous liquid bounded by a slowly rotating inner cylinder and a stationary outer cylinder.
We observe an interesting time-reversible phenomenon in this setup in the real footage
(Fig. 4.2, top), although some diffusion effects remain visible due to the inertial terms
in the Navier-Stokes equations not being completely negligible in reality. In the limit
of negligible inertial effects, the analytical flow field is known: in 2D, when the height
direction can be ignored, and in 3D, when the domain is considered infinitely long in the
vertical direction. In those cases, the analytical angular velocity field is given by

ω(r) = ω1

R2

r
− r

R2

R2

R1
− R1

R2

, (4.33)

where the centers of the cylinders are at the origin, R1 is the radius of the inner cylinder,
R2 is the radius of the outer cylinder, ω1 is the angular velocity of the inner cylinder, and
r = ∥r∥2. In the results we present, we use a dynamic viscosity of µ = 1. We set the
angular velocity so the velocity magnitude of the inner cylinder boundary is 1, and impose
zero velocity on the outer cylinder; these are the velocity boundary conditions we enforce.
In 2D, this setup provides a complete set of boundary conditions, with velocity specified
everywhere, i.e., ΓD = Γ. In 3D, we additionally model the liquid-air interface ΓN with
a zero-traction (free-surface) boundary condition, making the problem a mixed boundary
problem.

Path Truncation and Bias

In Fig. 4.7, we show the results of WoB for the Stokes equations with various path lengths.
Similar to the case of the Laplace equation, increasing the path lengthM reduces the bias,
at the cost of increased variance. We arrive at this conclusion by observing that the error
curves flatten out as the sample path count Nc increases.

Number of Boundary Cache Points and Error

In Fig. 4.8, we test the method with three different boundary cache point counts Nc.
As expected, we observe smaller errors with more cache points. In this example, we
use a constant path length (M = 7) and a constant number of samples per cache point
(N = 105). We expect that increasing the number of samples per cache point would also
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Figure 4.8: We estimate the velocity field (top) and show the error (bottom) against the
analytical solution (left) with different numbers of boundary cache points. As expected,
having more cache points results in a lower error.

reduce the error; however, if too few boundary cache points are used, the error eventually
stops decreasing. On the other hand, using too many cache points increases memory usage
and incurs higher computational cost when reconstructing the solution at a point from the
cache. A more detailed study of this tradeoff is left for future work.

2D WoB Flow Estimate

In Fig. 4.9, we show frames from an animation generated with WoB. In this example,
we solve for the velocity field from the boundary values with M = 7, Nc = 106, and
N = 105, and advect marker particles using the fourth-order Runge-Kutta method. During
advection, we evaluate the velocity at the exact particle locations using the boundary cache.
This discretization-free evaluation is a unique feature of Monte Carlo-based estimators.
The simulation accurately returns the particles to their original positions after the inner
cylinder is rotated in both clockwise and counterclockwise directions. Our method does
not suffer from traditional discretization or interpolation artifacts.
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#rotations:

±0 +1 +2 +3 +2 +1 ±0

Figure 4.9: Result with the 2D velocity boundary condition. We rotate the inner cylinder
in the clockwise direction three times and rotate it back. The numbers listed at the bottom
indicate how many times the inner cylinder rotates in the clockwise direction. The advected
marker particles go back to their original positions after the simulation, as expected.

3D Flow with Mixed Boundaries

In Fig. 4.2, we simulate the 3D Taylor-Couette flow scene similar to the 2D example in
Fig. 4.9, and we similarly observe a reasonable result. In addition to the difference in
dimensions, we have an additional free surface where the traction value is specified instead
of the velocity value. Thus, the WoB estimator solves a mixed boundary problem in this
case. The parameters we use here are M = 7, Nc = 106, and N = 105.
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Chapter 5

Monte Carlo PDE Solvers for
Dynamic and Nonlinear Equations —
Navier–Stokes Equations

Equipped with the Monte Carlo PDE solvers for various linear equations discussed thus far,
we address the challenging problem of solving the incompressible Navier–Stokes equations,
a nonlinear, time-dependent PDE that governs fluid motion. Our Monte Carlo fluid solvers
offer several advantages similar to the ones we have discussed so far: flexibility in handling
complex geometric boundaries, robustness to noise in input geometry, support for pointwise
solution estimation, and straightforward parallelization (Fig. 5.1).

We explore two variants of our approach: one based on a vorticity formulation, and the
other on a velocity formulation. The vorticity-based method is expected to better conserve
vorticity throughout the simulation, while the velocity-based variant can leverage recent
advances in traditional discretization-based fluid solvers in graphics.

In both cases, we apply operator splitting [Park and Kim 2005; Stam 1999] to solve the
Navier–Stokes equations, and design pointwise estimators for each substep. With operator
splitting, we can separate the nonlinear advection term. The core idea is to reformulate
the rest of the substeps as integration problems, which enables us to apply Monte Carlo
techniques. When no solid obstacles are present, the integrals are non-recursive, and we can
estimate them using simple Monte Carlo integration. In the presence of solid boundaries,
we incorporate their effects using WoS or WoB methods. Our methods thus do not require
the boundaries of solid objects to be explicitly discretized; for example, there is no need
for a cut-cell method [Batty et al. 2007] or a conforming mesh [Feldman et al. 2005] as in
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Figure 5.1: Our novel Monte Carlo fluid simulators support both 2D and full 3D simu-
lations of viscous incompressible flows by computing pointwise stochastic solutions to the
Navier–Stokes equations, using either a vorticity-based (top) or velocity-based (bottom)
formulation. They can treat diverse fluid effects, such as leapfrogging vortex rings (top,
left) and colliding jets (top, middle). The adoption of a Monte Carlo method to han-
dle boundaries is well-suited to treating nontrivial boundary geometry (top, right). The
velocity-based variant simulates a smoke plume rising from a complex-shaped source (bot-
tom, left) and past a sphere-shaped or bunny-shaped obstacle (bottom, right), where the
motion is driven solely by buoyancy forces.
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traditional solvers, and the only requirement on the geometry is that it supports simple
geometric queries (closest-point or ray-intersection queries).

Constructing pointwise solvers for each substep allows us to define a recursive fluid
flow algorithm with striking similarities to simulation and sampling strategies employed
in Monte Carlo rendering. This recursive formulation enables purely pointwise estimation
of the solution, eliminating the need for spatial discretization. However, in its simplest
form, our recursive formulation exhibits exponential computational complexity, akin to
how distributed ray tracing scales with the number of light bounces. We overcame this
issue with practical caching strategies, such as storing results in a uniform grid.

For the vorticity-based method, we show that our caching scheme also enables us to de-
velop and apply Monte Carlo variance reduction techniques, including importance sampling
of the vorticity field and a control variate approach that utilizes the vorticity and velocity
fields from the previous time step, thereby increasing sample efficiency and accelerating
stochastic estimates.

We validate our methods against standard grid- and particle-based solvers, exploring
and summarizing their behavior under different boundary conditions and parameter set-
tings. The pointwise nature of our method allows an easy parallelization of computation.
Our work represents the first foray into the space of Monte Carlo methods applied to fluid
simulation in graphics. In addition to highlighting the current limitations of our proof-
of-concept simulators, we outline and discuss a series of open problems associated with
scaling Monte Carlo-based fluid simulators to larger and more challenging flows.

5.1 Background: Fluid Simulation in Graphics

The numerical prediction of fluid motion plays a crucial role in many fields, from weather
forecasting to aerospace engineering. In computer graphics, there is a strong demand for
realistic animation of flowing water, swirling smoke, flickering flames, and so on. Most
approaches address this challenge by numerically solving the classical Navier–Stokes equa-
tions under certain assumptions, such as incompressibility or inviscid flow. Our methods
aim to numerically solve for a velocity field that satisfies the incompressible Navier–Stokes
equations with constant density and viscosity:

∂u

∂t
= −(u · ∇)u− 1

ρ
∇p+ ν∇2u+ f ,

∇ · u = 0,

(5.1)
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where u is velocity, p is pressure, t is time, f is acceleration due to external forces such
as gravity, ν is kinematic viscosity, and ρ is density. The first equation in Eq. 5.1 is
the momentum equation, and the second enforces the incompressibility constraint. Wang
et al. [2024] provide a comprehensive survey of physics-based fluid simulation techniques
in graphics. While the methods we discuss in this chapter fall into this category, it is also
important to acknowledge the role of models that introduce aggressive simplifications to
the Navier–Stokes equations, often reducing the problem from three dimensions to two. A
representative example is the ocean wave simulation technique by Tessendorf [2004], which
is widely used in video games and film production.

5.1.1 Spatial Discretizations

To solve the Navier–Stokes equations, we typically represent the field of interest (e.g.,
velocity or vorticity) using some discrete structure, and evolve it with time-stepping. Eu-
lerian methods assume a static mesh or grid through which the fluid flows, and discretize
the governing equations using finite difference, finite volume, or finite element techniques
[Bridson 2015; Fedkiw et al. 2001; Foster and Fedkiw 2001; Foster and Metaxas 1996; Stam
1999]. Lagrangian methods, in contrast, use degrees of freedom that move with the fluid.
These are often implemented using mesh-free particles, as in smoothed particle hydro-
dynamics [Desbrun and Gascuel 1996; Koschier et al. 2022; Müller et al. 2003], or using
time-evolving meshes that must be adapted when they become overly distorted [Clausen
et al. 2013; Misztal et al. 2014]. Hybrid methods, which combine Lagrangian particles with
Eulerian grids, have become popular for offering both the convenience and efficiency of
grids and the accurate advection of particles [Brackbill and Ruppel 1986; Harlow 1962;
Jiang et al. 2015; Zhu and Bridson 2005]. The Monte Carlo methods we present are not
strictly Eulerian or Lagrangian, as they can avoid discretizing intermediate fields alto-
gether, at least in theory. However, to reduce computational cost, it is often advantageous
to incorporate some form of discrete structure, and we use such practical variants of the
methods to discuss numerical results.

5.1.2 Simulation Variables

The methods we have referenced to illustrate different spatial discretization strategies all
employ velocity and pressure as their primary simulation variables. This choice is natural,
as the original Navier–Stokes equations are expressed in terms of these quantities. Accord-
ingly, such methods are often referred to as velocity-based in the graphics community, while

81



adjacent fields typically refer to them as the velocity–pressure formulation. This velocity-
based formulation remains the most widely used approach in graphics today. However,
using alternative simulation variables can offer advantages, such as simplifying method
design or improving conservation properties.

A prominent example is the class of vorticity-based methods, which, like velocity-based
methods, can be implemented in either Eulerian or Lagrangian form. In the Eulerian
setting, Elcott et al. [2007] and Mullen et al. [2009] proposed circulation- and energy-
preserving schemes, respectively, based on discrete differential geometry. In the Lagrangian
setting, vorticity variables lead to vortex particle methods, first introduced by Chorin
[1973]. These methods represent vorticity using particles that act as moving point sources,
while the corresponding velocities are recovered via the Biot–Savart law (Eq. 5.3). The
textbook by Cottet and Koumoutsakos [2000] provides a thorough introduction. In com-
puter graphics, early adaptations of Lagrangian vortex methods employed vortex particles
[Park and Kim 2005; Selle et al. 2005] and vortex filaments [Angelidis and Neyret 2005],
followed by later work using vortex sheets [Brochu et al. 2012; Pfaff et al. 2012] and vor-
tex segment clouds [Xiong et al. 2021]. The computational cost of naive vortex methods
is O(N2) in the number of vortex elements, motivating acceleration techniques such as
the vortex-in-cell method [Couët et al. 1981], the fast multipole method [Greengard and
Rokhlin 1987], and PPPM [Zhang and Bridson 2014]. Stream functions in 2D and vector
potentials in 3D are closely related to vorticity, as they define velocity as the curl of a
potential, ensuring incompressibility by construction. Bridson et al. [2007] used stream
functions for procedural flow design, while Ando et al. [2015] used vector potentials to
simulate liquids with incompressible bubbles. More broadly, stream function–vorticity
formulations have a long history in computational fluid dynamics [Campion-Renson and
Crochet 1978; Peeters et al. 1987].

Beyond velocity and vorticity, recent research in graphics has explored alternative for-
mulations using Clebsch variables, impulse variables, and others [Chern et al. 2016; Feng
et al. 2023; Nabizadeh et al. 2022, 2024; Xiong et al. 2022; Yang et al. 2021]. In this
chapter, we present two Monte Carlo methods for the Navier–Stokes equations: one based
on a vorticity-based formulation, and the other on a velocity-based formulation. Although
extending Monte Carlo techniques to other variable choices should be feasible, we leave
such directions for future exploration.

Probabilistic fluid models. There has been some research into probabilistic treat-
ments of the Navier–Stokes equations, including the Fourier transformation method [Jan
and Sznitman 1997], the Lagrangian flow method [Constantin and Iyer 2008], and the
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FBSDS approach [Busnello et al. 2005; Delbaen et al. 2015], to name a few. For a more
comprehensive review, we refer the reader to the work of Cruzeiro [2020]. However, this
body of work has primarily focused on the mathematical properties of the Navier–Stokes
equations, such as questions of existence, uniqueness, and regularity; no practical numerical
simulation has been conducted to the best of our knowledge.

We can interpret our vorticity-based Monte Carlo solver as a numerical method based on
these mathematical analyses—most directly, that of Busnello et al. [2005]—by construct-
ing a stochastic algorithm for the Navier–Stokes equations that explicitly handles viscosity
and vortex stretching via the Feynman–Kac formula. Sawhney and Seyb et al. [2022]
also used this formula to transform time-independent PDEs with spatially varying coeffi-
cients into constant-coefficient problems. In contrast, we apply the formula directly to the
time-dependent Navier–Stokes equations. Combined with the Euler–Maruyama integra-
tion [Maruyama 1955], this perspective underlies the method described in our published
paper [Rioux-Lavoie and Sugimoto et al. 2022], which forms the basis of the vorticity-based
method presented in this chapter. In this thesis, we instead present both the vorticity-based
and velocity-based Monte Carlo methods under a unified operator splitting perspective,
which may be more familiar to a graphics-oriented audience. The vorticity-based method
we describe here is identical in algorithm to the one we presented in the paper, but differs
in its derivation.

Sabelfeld and Simonov [1994, Section 7.2] discuss WoB solvers for the Navier–Stokes
equations, but their method applies only in limited scenarios (two dimensions, no-slip
boundaries, short times) and focuses primarily on the mathematical construction of the
algorithm, without any numerical validation. In contrast, we support both two- and three-
dimensional simulations with no-slip boundary conditions and present a variety of long-time
simulation results—key concerns for the graphics community. Furthermore, we develop
several variance-reduction strategies and adapt techniques from graphics that are well-
suited to such scenarios.

In a quite different vein, there has been a recent resurgence of effort in graphics on
Lattice Boltzmann methods within graphics [Li et al. 2018, 2020], including recent advances
in handling complex geometries [Lyu et al. 2021]. These methods evolve probability density
functions over a discrete lattice, effectively simulating fluid behavior as a kind of cellular
automaton. While both approaches employ stochastic elements, our method is conceptually
and algorithmically distinct from Lattice Boltzmann methods.

Concurrently with this thesis work, there has been growing interest in applying Monte
Carlo methods to related fluid animation problems in the graphics community. Jain et al.
[2024] solve the Navier–Stokes equations in the velocity–pressure formulation using the
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Walk on Stars Monte Carlo method for the projection step, representing the intermediate
velocity field with a neural network. Ye et al. [2024] apply a Monte Carlo approach to the
Biot–Savart summation that arises when restoring lost vorticity [Zhang et al. 2015] in a
(velocity-based) smoothed particle hydrodynamics simulation.

5.2 Vorticity-Based Monte Carlo Method

Fluid motion is commonly modeled by the Navier-Stokes equations describing the evolution
of the velocity field u in time. By considering the vorticity field ω := ∇×u, one can instead
derive a time-evolution equation for vorticity. By taking the curl of the incompressible
Navier–Stokes equations (Eq. 5.1), we get the well-established vorticity transport equation
[Cottet and Koumoutsakos 2000] for incompressible flow in three dimensions:

Duω

Dt
= (ω · ∇)u+ ν∇2ω +∇× f , (5.2)

where Du

Dt
= ∂

∂t
+ (u · ∇) is the material derivative. We can ignore the term associated

with acceleration due to external forces, ∇× f , if the curl of the acceleration field is zero.
For instance, the curl of gravitational acceleration is zero. Thus, we drop this term in our
method and leave the treatment of more complex forcing terms to future work. The Navier–
Stokes equations, in their velocity form, couple the velocity and the pressure variables in
an intricate way: the pressure serves as a Lagrange multiplier that makes the velocity
field incompressible. In contrast, this vorticity transport equation offers a straightforward
application of the Monte Carlo method.

In the case of 2D problems, the absence of a third dimension reduces the vorticity vector
field to a scalar field ω = ∂

∂x
uy − ∂

∂y
ux. In what follows, we denote the dependence of field

quantities on position x and time t with parentheses, e.g., ω(x, t). and we use the following
notational conventions in 2D: ∇ × Ψ = [∂yΨ,−∂xΨ], Ψ ×A = [−ΨAy,ΨAx] = −A × Ψ
and ∇×A = ∂xAy − ∂yAx, where Ψ is a scalar field and A = [Ax, Ay] is a 2D vector field.
For 3D problems, we can interpret these operations in the standard sense.

Operator Splitting with pointwise estimators The vorticity transport equation
(Eq. 5.2) is a nonlinear PDE with many terms involved. We solve it by taking discrete
time steps with step size ∆t. To simplify the problem, as an approximation, we employ an
operator splitting technique [Park and Kim 2005], in which we individually consider each
component of the equation and solve it sequentially. Concretely, the steps we consider are
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1. velocity estimation from vorticity,

2. vortex stretching: ∂ω
∂t

= (ω · ∇)u (3D only),

3. diffusion: ∂ω
∂t

= ν∇2ω, and

4. advection: Duω
Dt

= 0.

In contrast to traditional discretization-based solvers, we develop a pointwise (Monte Carlo)
estimator for each substep. Specifically, we design a solver for each substep that can esti-
mate the quantity of interest—velocity in the first substep and vorticity in the subsequent
ones—at any spatial location, assuming we can similarly query the required quantities from
the previous steps at arbitrary spatial points.

This pointwise formulation provides unique advantages. By recursively calling the sub-
step solvers backward in time, toward the initial time where the initial conditions are
known, we can estimate the solution of the fluid equations at a specific space-time point
of interest without introducing any spatial discretizations and the associated errors (Sec-
tion 5.4). However, this approach comes with a high computational cost. To mitigate this
cost, we can adopt discrete structures to cache the intermediate field values (Section 5.5);
still, our method remains agnostic to the underlying discretization of the field due to its
pointwise nature.

Below, we formulate a pointwise estimate of the solution to each substep. For notational
simplicity, we will drop the time parameter and focus on the update to the vorticity field
value (or the velocity field value in substep 1) at each substep. Later, after discussing
the substep solvers for both the vorticity-based and velocity-based formulations, we will
discuss their theoretical advantages in detail in Section 5.4, and we will describe how we
employ these estimators in a practical scenario with, e.g., a uniform grid, in Section 5.5.

5.2.1 Velocity Estimation

Without Prescribed Boundaries

When no boundaries are prescribed in the simulation, we assume problems within an
unbounded domain or a periodic domain. For such problems, given the vorticity field
ω(x), we can compute the corresponding velocity field using the Biot–Savart law [Cottet
and Koumoutsakos 2000]:

u(x) =

∫
Rd

ω(y)×K(x− y) dy (5.3)
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where the Biot–Savart kernel function K is the gradient of a fundamental solution of the
Laplace equation; K(x−y) = (x− y)/(2π|x− y|2) in 2D andK(x−y) = (x− y)/(4π|x− y|3)
in 3D. The velocity field obtained from Eq. 5.3 satisfies both the divergence-free property
(∇ · u = 0) and the definition of vorticity (ω = ∇× u).

Monte Carlo estimation Closed-form solutions to Eq. 5.3 are usually unavailable, and
we choose to estimate it with Monte Carlo integration. Let {yi}nmc

i=1 be nmc independent
samples drawn from probability distribution p(y |x). The Monte Carlo estimator of Eq. 5.3
is

⟨u(x)⟩= 1

nmc

nmc∑
i=1

ω(yi)×K(x− yi)

p(yi |x)
. (5.4)

To get a Monte Carlo estimate with Eq. 5.4, notice that we can get the estimate at a
desired point independently, and we only require the ability to evaluate the vorticity at the
position of sample points. Thus, this satisfies our requirement for pointwise evaluation.

With Prescribed Boundaries

To handle free-slip (or no through) solid boundary conditions, we employ a Poisson equation
(with Dirichlet boundary conditions) to convert vorticity into a stream function, the curl
of which yields the desired velocity.

Free-slip boundaries We present our derivations in the 2D setting for clarity, but our
ideas generalize fairly naturally to 3D using vector potentials in place of stream func-
tions [Bridson et al. 2007]. We initially consider boundaries with zero normal motion, i.e.,
ub · n = 0; under free-slip conditions, solid tangential velocity has no effect on the flow, so
we need not constrain it. Here, we define the stream function Ψ(x) such that

u = −∇×Ψ. (5.5)

Note, for convenience, we adopt a flipped sign convention for the stream function, in
contrast to the more common definition (u = ∇×Ψ [Bridson et al. 2007]). Combining this
expression with the definition of vorticity gives the following Poisson equation (in 2D):

ω = ∇× u = ∇× (−∇×Ψ) = ∇2Ψ. (5.6)
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Figure 5.2: Free-slip boundary conditions. Left to right, t = 0, 5, 10 seconds. Two vortices
propagating in a maze (top), a flow inside a more complex bunny-shaped boundary defined
using a signed distance function (middle), and vortices flowing around a solid obstacle in
a periodic domain (bottom).
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From Eq. 5.5, if Ψ is constant along the boundary (i.e., an isosurface of Ψ), the normal
component of the velocity will be zero (i.e., u · n = 0). Moreover, if the boundary is
connected and piecewise smooth, we can arbitrarily set the isovalue to 0 without loss
of generality (Fig. 5.2). With multiple disconnected boundaries, we can still set the same
isovalue to each of them if we can expect zero net flow between the boundaries. Thus, after
solving the Poisson equation for such a stream function, we can obtain a velocity field that
satisfies our desired boundary condition. In 3D, the true boundary condition (∇× Ψ) · n
is more involved as it features derivative interactions among multiple components of the
vector Ψ [Ando et al. 2015]. Like Bridson et al. [2007], our current 3D results simply use
Ψ = 0; further study will be needed to properly resolve scenarios with multiple objects
and nontrivial topologies.

In summary, given a domain Ω, to recover the velocity field from a vorticity field, while
imposing the slip boundary conditions, we use a stream function Ψ of the velocity field
u = −∇ × Ψ as an intermediate variable. We solve the following Poisson equation with
Dirichlet boundary conditions first, for the gradient of the stream function:

∇2Ψ(x) = ω(x) forx ∈ Ω, and

Ψ(y) = g(y) fory ∈ ∂Ω,
(5.7)

where g(y) = 0 in our case and ∂Ω is the boundary of Ω. Once we obtain the gradient of
Ψ, we can easily compute the curl of Ψ as well (e.g., in 2D by 90◦ rotation), which yields
the velocity.

Monte Carlo estimation To estimate the gradient of the stream function Ψ (or velocity
u), we can use the pointwise WoS gradient estimator (Section 2.3.3) for the aforementioned
Poisson equation with Dirichlet conditions. To evaluate ∇xΨ(x0), the WoS algorithm
estimates a recursive integral equation by recursively sampling a point yk inside the largest
sphere around the current point xk and sampling another point xk+1 on the boundary of
sphere to continue its recursion. A slight improvement we propose is that we use antithetic
sampling to get the first boundary sample, meaning that in addition to x1 we always
add an extra sample, xm1 , on the opposite side of the sphere (also applying WoS to it);
see Fig. 5.3 for visual intuition. Omitting antithetic sampling can easily lead to a large
variance when trying to compute the gradient of a constant non-zero function. Note that
this WoS estimator is a pointwise estimator and it only requires the pointwise estimation
of the vorticity as its input, similar to the case without any solid boundaries. Note that
the choice to use WoS, instead of WoB, which we have discussed in the previous chapters,
is solely because WoS was the only option we were aware of when developing this vorticity-
based Monte Carlo fluid solver. WoB would serve as a drop-in replacement.

88



⃗x 0

⃗y 0
⃗x 1

⃗x m1
B( ⃗x 0)

∂B( ⃗x 0)

D

∂D∂Dϵ

Figure 5.3: Walk on Spheres gradient computation. Consider the interior samples yk ∼
∂B(xk) (green) and boundary samples xk+1 ∼ B(xk) (blue). We sample two points x1 and
xm1 on the largest inscribed sphere centered at x0 using antithetic sampling and compute
their respective normals (red arrows) at the boundary. From these sampled positions, we
proceed with a standard WoS – tracing two opposing random paths – and end the recursion
once we penetrate a threshold region ∂Dϵ (dark grey) to compute Ψ̂(x1) and Ψ̂(xm1 ).
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−0.005 Ψ +0.005 −1.0 Density +1.0

Figure 5.4: Inflow and outflow boundaries. Inflow and outflow regions are highlighted in
green on the boundary of the domain. Left: the stream function corresponding to setting
the top part of the solid wall to Ψ = 0.005 and the bottom to Ψ = −0.005. Ψ values at
the inflow and outflow vary linearly, yielding constant normal velocity. Right: the motion
of an advected checkerboard density field.

Other boundary conditions With a slight modification of the construction above,
we can support inflow and outflow boundaries. By dividing the solid boundary into dis-
tinct pieces, each with a constant stream function value, and connecting them via linearly
interpolated stream function values along the inflow/outflow segments of the boundary,
we arrive at a stream function along the inflow/outflow whose gradient is parallel to the
boundary (Fig. 5.4). Taking the (negative) curl recovers the velocity that yields the desired
perpendicular (constant) inflow or outflow.

We can further generalize our inflow/outflow treatment to moving solid boundaries with
prescribed velocities, again with free slip (Fig. 5.5). In 2D, the stream function along the
boundary must satisfy the constraint

ub · n = ∂Ψ
/
∂t̂ , (5.8)
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Figure 5.5: Moving obstacles. A square moves left to right at constant speed through
the domain. The stream function (top left) and the initial density field (top right) to be
advected, and the result after some time (bottom).
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where ub is the velocity on the boundary, and n and t̂ are the unit normal and tangent
vectors of the boundary.

We can choose any reference point on the solid surface and set it to some constant value
Ψ0, after which determining the stream function along the rest of the boundary (e.g., for a
polygon with Ψi data at nodes si) from the prescribed velocity field ub requires integrating
the expression above to obtain

ψi+1 = ψi +

∫ si+1

si

(ub · n) ds . (5.9)

Assuming a divergence-free solid boundary velocity field, the net flux along the surface
will be zero; thus, the integration around its boundary loop back to x0 will yield the same
starting value of Ψ.

For polygons and other simple shapes undergoing simple (e.g., rigid body) motions, we
can obtain exact expressions of the stream functions on the obstacle boundaries [Bridson
et al. 2007].

5.2.2 Vortex Stretching

In 3D, vorticity-based methods must evaluate the vortex stretching term, which arises from
the deformation of the fluid. Note that we can skip this step for 2D problems because the
vortex stretching term vanishes.

After operator splitting, the corresponding equation is ∂ω
∂t

= (ω ·∇)u. Applying forward
Euler discretization gives the pointwise update rule for the vorticity:

ω ← ω +∆t (ω · ∇)u. (5.10)

The main challenge is estimating the second term in this update rule, (ω · ∇)u. One can
approximate the this term in various ways: by finite differences, by applying Monte Carlo
integration by evaluating the gradient of the velocity field through the Biot-Savart integral
(Eq. 5.3) or through a Hessian WoS estimator [Sawhney and Crane 2020], or by converting
the vorticity field to a vortex segment representation and advecting it according to the
velocity field, as in the work of Zhang and Bridson [2014]. We adopt the last approach due
to its superior stability in practice; we approximate the term (ω · ∇)u by

[ω(x) · ∇]u(x) ≈ |ω(x)|
h

[
u
(
x+
−→
∆x

)
− u

(
x−
−→
∆x

)]
, (5.11)
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where
−→
∆x = (h/2)ω(x) and h is the user-defined length of the vortex segment. (Note that

−→
∆x is unrelated to the gradient of x.) One can estimate the velocities at the ends of a
vortex segment using an appropriate velocity estimator to get an estimate of (ω ·∇)u. See
Section 5.5 for the implementation details.

5.2.3 Diffusion

When the viscosity coefficient ν is nonzero, we consider this diffusion step, which solves
∂ω
∂t

= ν∇2ω. The exact solution to this problem is known in Rd: the resulting vorticity
field can be evaluated as the convolution of the input vorticity field with a Gaussian of
zero mean and variance 2ν∆t [Chorin 1973; Park and Kim 2005]. We use pointwise Monte
Carlo estimation to approximate this convolution:

ω(x)← 1

nd

nd∑
i=1

ω(x+
√
2ν∆t ξi), (5.12)

where ξi are independent samples drawn from the d-dimensional standard normal distribu-
tion. While we use this scheme for the vorticity-based formulation, readers should be aware
of alternative approaches that account for solid boundaries, as discussed in Section 5.3.4.

5.2.4 Advection

We now advect the vorticity field, after applying vortex stretching and diffusion, using
the pointwise-estimated velocity field computed prior to these steps, as described in Sec-
tion 5.2.1. We employ a semi-Lagrangian advection method, which estimates the new
vorticity at a query point by tracing trajectories backward in time through the velocity
field [Fedkiw et al. 2001; Stam 1999]. After discretizing in time with time step ∆t, a basic
semi-Lagrangian scheme with Forward Euler time integration of trajectories approximates
the updated vorticity at position x by querying the input vorticity field as

ω(x)← ω(x−∆tu(x)). (5.13)

This semi-Lagrangian update satisfies our pointwise evaluation requirement: we can es-
timate the vorticity after the step by evaluating the input velocities and vorticities at
one point each. While the time-discretized equation above is identical to what appears
in grid-based fluid solvers, we emphasize that the point where we evaluate the advected
vorticity, x, does not necessarily need to be aligned with discretized locations (e.g., grid
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points), and when we evaluate the pre-advection velocity and vorticity at points x and
x−∆tu(x), we are not restricted to evaluation by interpolation of some grid data. Thus,
the pointwise form offers flexibility that is unavailable with classical solvers. In practice,
rather than the forward Euler method, we can use a higher-order time integration scheme
(e.g., Runge-Kutta) to improve the accuracy of the traced trajectories. The adaptations
of error-correcting schemes, such as MacCormack [Selle et al. 2008] and BFECC [Dupont
and Liu 2007], are also straightforward; all of these schemes support pointwise evaluation.

5.3 Velocity-Based Monte Carlo Method

The other formulation we consider is the velocity-based formulation, which solves the
Navier-Stokes equations using velocity and pressure variables. Since the introduction of
velocity-based Eulerian grid fluid simulation techniques to graphics [Foster and Metaxas
1996; Stam 1999], researchers have improved on many aspects of the velocity-based formu-
lation, adding features such as buoyancy modeling for smoke [Fedkiw et al. 2001; Foster
and Metaxas 1997] and velocity divergence control for expansion/contraction and artistic
effects [Feldman et al. 2003], as well as PIC/FLIP solvers [Brackbill and Ruppel 1986;
Harlow 1962; Zhu and Bridson 2005] and advection-reflection solvers [Narain et al. 2019;
Zehnder et al. 2018] for reducing numerical dissipation. These and many other improve-
ments cannot be straightforwardly incorporated into the vorticity-based Monte Carlo fluid
solver. Furthermore, Yin et al. [2023] recently showed that existing vorticity-based meth-
ods can fail to simulate harmonic velocity fields, leading to incorrect results when the fluid
domain is not simply connected (e.g., is disjoint or has holes) (Fig. 5.6). Conveniently,
velocity-based methods can capture these physics without any change.

Operator splitting with pointwise estimators Similar to the vorticity-based method,
the basic formulation of our method follows the standard operator splitting framework [Stam
1999]. We solve Eq. 5.1 by taking discrete time steps with step size ∆t. For each time
step, we decompose the Navier-Stokes equations into four substeps:

1. advection: ∂u
∂t

= −(u · ∇)u,

2. external force integration: ∂u
∂t

= f ,

3. diffusion: ∂u
∂t

= ν∇2u, and

4. projection: ∂u
∂t

= −1
ρ
∇p such that ∇ · u = 0.
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Correct Physics with Velocity-Based Monte Carlo Method

Correct Physics with Conventional Velocity-Based Method [Batty et al. 2007]

Incorrect Physics with Vorticity-Based Monte Carlo Method

Figure 5.6: Our velocity-based Monte Carlo fluid solver can naturally handle scenes for
which the vorticity-based Monte Carlo method yields incorrect results. The velocity-based
solver allows the red and blue smoke densities associated with a pair of vortices to flow
between two obstacles (top), similar to the conventional non-Monte Carlo velocity-based
method [Batty et al. 2007] (middle), while the vorticity-based method produces an incorrect
result, in which smoke deviates around the outside of the obstacles (bottom).
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Similarly to the vorticity-based method, we develop a pointwise estimator for each substep.
This allows for the theoretically spatial-discretization-free solver (Section 5.4), and we can
consider more practical variants that incorporate discrete structures to cache the interme-
diate velocity field (Section 5.5). Depending on how we introduce such discrete storage of
the field, our formulation allows us to remove some of the excessive grid interpolation er-
rors that are otherwise introduced in traditional solvers. Our formulation is agnostic to the
underlying discretization of the velocity field, enabling the flexible integration of velocity-
based techniques commonly used by traditional discretization-based solvers. These include
the Stable Fluids-style grid-based methods [Stam 1999] and grid-particle hybrid PIC/FLIP
methods.

Below, we formulate a pointwise estimate of the solution to each substep. To simplify
notation, we use u0 to u4 to indicate the velocity field at each substep within a single time
step. The initial velocity field for the current time step u0 is defined as the output velocity
field u4 from the last time step. The advection step takes u0 as its input and outputs u1,
and so on.

5.3.1 Advection

We employ semi-Lagrangian advection, which estimates the updated velocity at a point
by tracing particle trajectories backward in time through the velocity field. For example,
applying a forward Euler time discretization yields the update rule for the velocity at
position x:

u1(x)← u0(x−∆tu0(x)). (5.14)

This semi-Lagrangian update satisfies our requirement for pointwise evaluation, analogous
to the advection of vorticity discussed in Section 5.2.4. The same considerations apply
here, with the only difference being that we are now advecting the velocity field itself using
the same (temporarily frozen) velocity field.

5.3.2 External Force Integration

In the presence of external forces leading to acceleration, such as a buoyancy force, we
update the post-advection velocity using a forward Euler discretization:

u2(x)← u1(x) + ∆t f(x). (5.15)

This expression is again a pointwise update of the velocity field, where x is not necessarily
at a discretized location.
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5.3.3 Projection

As the diffusion step is necessary only for viscous fluids and we can simply let u3 ← u2 for
inviscid fluids, we first discuss the projection step. The objective of the projection step is
to find the pressure field that projects out the divergent velocity mode of the input field.
The post-projection velocity at x is given by

u4(x)← u3(x)−∇p(x), (5.16)

where p satisfies the Poisson equation

∇2p(x) = ∇ · u3(x), (5.17)

and p = ∆t
ρ
p. Since only ∇p is required for the update in Eq. 5.16, the task is reduced

to estimating the gradient of the solution of the Poisson equation; the value of p itself is
not needed. In each subsection below, we discuss the integral formulation followed by its
evaluation with Monte Carlo integration.

Without Solid Boundaries

To simplify the problem, we will first consider a case without any solid boundaries (i.e., the
domain is unbounded with no obstacles inside it). Under this assumption, it is well-known
that we can write the solution to the Poisson equation using the fundamental solution G
of the Laplace operator. The fundamental solution G satisfies ∇2G(x,y)+ δ(x−y) = 0 in
the unbounded domain, where δ is the Dirac delta function. In 2D, G(x,y) = − 1

2π
log r,

and in 3D, G(x,y) = 1
4πr

, where r = ∥y− x∥2. We can then write the solution to Eq. 5.17
as a convolution of the source term of the Poisson equation and the fundamental solution:

p(x) = −
∫
Rd

G(x,y)∇y · u3(y) dy, (5.18)

where dimension d = 2, 3. We used the subscript y in ∇y to indicate that we perform
differentiation with respect to y, and we will use similar notation throughout this section.
By applying the Laplacian to Eq. 5.18, one can confirm that p satisfies Eq. 5.17. To
evaluate the gradient of p, we take the gradient of Eq. 5.18:

∇xp(x) = −
∫
Rd

∇xG(x,y)∇y · u3(y) dy. (5.19)

This integral is still not suitable for numerical computation for our purposes, as we describe
below. We therefore extend beyond the prior work by proposing a further transformation.
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Since we typically consider storing information and performing volume integrals over a
bounded simulation domain, we replace the (infinite) integral domain Rd in Eq. 5.19 with
a bounded simulation domain Ωs by assuming that the velocity divergence ∇ · u3 is zero
outside the simulation domain.

Attempting to use Eq. 5.19 in this form for Monte Carlo integration still requires explicit
evaluation of velocity divergence inside the domain, whereas we desire a solver that takes
only a pointwise-evaluated velocity field as input. There are a few possible approaches
to obtain the required divergence. First, we could apply finite differences to the velocity
field by accepting some errors. Second, we could differentiate the substep that precedes
projection so that it outputs the necessary velocity divergence, in addition to the velocity
itself. We propose instead a velocity-only design that we believe fits better in our Monte
Carlo framework.

To eliminate the dependency on velocity divergence in Eq. 5.19, we use the identity
∇xG = −∇yG and apply integration by parts:

∇xp(x)=

∫
Ωs

{∇yG(x,y)}∇y · u3(y) dy (5.20)

=−
∫
Ωs

H(x,y)u3(y) dy

−
∫
∂Ωs

{∇xG(x,y)}n(y) · u3(y) dy,

(5.21)

where n is the outward unit normal. The Hessian of the fundamental solution denoted H,
is given by

H(x,y) = S(x,y)− δ(r)

d
I, S(x,y) =

1

|∂B|rd+2
(drr⊺ − r2I), (5.22)

where |∂B| is the surface area of a unit (d − 1)-sphere, r = y − x, r = ∥r∥2 and I is the
identity matrix. While we use the notation above for ease of understanding, technically,
it needs to be understood in the sense of the generalized (distributional) derivative, and
interested readers can refer to the discussion by Frahm [1983] and Hnizdo [2011] for further
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details. Substituting Eq. 5.22 into Eq. 5.21, we get

∇xp(x) =−
∫
Ωs

S(x,y)u3(y) dy +
1

d
u3(x)

−
∫
∂Ωs

{∇xG(x,y)}n(y) · u3(y) dy

=−
∫
Ωs

S(x,y) {u3(y)− u3(x)} dy

−
∫
∂Ωs

{∇xG(x,y)}n(y) · {u3(y)− u3(x)} dy.

(5.23)

Again, technically, the domain of the first integral should exclude an infinitesimal ball
around x [Hnizdo 2011], but we use this simple notation for readability. In Eq. 5.23, to
get the final expression, we replaced the original velocity field with a velocity field that
is globally shifted by the constant velocity at point x, u3(x). The computed pressure
gradient remains unchanged because the divergence of the shifted velocity field is the same
as the original one. This global shift cancels the zeroth-order term of the Taylor expansion
of u3(y) around x, and the remaining terms of the Taylor expansion multiplied by the
function S will have a singularity of O(1/rd−1) instead of the original O(1/rd) as r → 0.
This can be interpreted as a form of control variate. This lower-order singularity can be
handled by an appropriate importance-sampling strategy, as we discuss next.

Monte Carlo estimation Now that we have an integral representation of the pressure
gradient, we can define a Monte Carlo estimator for the pressure gradient. We sample NV

points yi inside the simulation domain Ωs and NA points yj on the simulation domain
boundary ∂Ωs using sampling strategies with probability density functions (PDFs) pV and
pA, respectively, to get

∇xp(x) ≈ ⟨EV (x)⟩+ ⟨EA(x)⟩ (5.24)

where

⟨EV (x)⟩ = −
1

NV

NV∑
i=1

S(x,yi)

pV (yi|x)
{
u3(y

i)− u3(x)
}

(5.25)

⟨EA(x)⟩ = −
1

NA

NA∑
j=1

∇xG(x,y
j)

pA(yj|x)
n(yj) ·

{
u3(y

j)− u3(x)
}
. (5.26)

This formulation is an unbiased estimator for the pressure gradient if the probability that
we sample any point with a nonzero contribution is nonzero. If the integrand is non-
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negative everywhere, importance sampling according to the PDF that is roughly propor-
tional to the integrand can decrease the variance of the estimator. While our integrands
may contain negative values, we follow this idea to design our sampling strategy. In our
implementation, for Eq. 5.25, to handle the singular integral, we draw samples such that
PDF pV is proportional to 1/r(d−1) inside of the smallest ball around x that fully con-
tains the entire simulation domain, and set zero contributions from the samples outside
the simulation domain. This approach is equivalent to evaluating the integral we get by
extending the original integral domain to the ball and putting zero integrands in the ex-
tended part. We also use antithetic sampling here: in addition to a point yi sampled this
way, we always sample the symmetric point with respect to x, 2x − yi to further reduce
variance for smooth velocity fields. For Eq. 5.26, we uniformly sample points on the sim-
ulation boundary. Properly sampling the positive and negative contributions separately
may further reduce the variance of the estimators [Chang et al. 2023; Owen 2013], but we
leave it as future work. Equation 5.24 only requires the ability to evaluate the velocity at
the position of sample points to perform projection, in contrast to traditional solvers that
typically require a globally coupled linear system solve.

With Solid Boundaries

Next, we consider the case when solid object boundaries are involved (Fig. 5.7). We still
solve Eq. 5.17 for ∇p, but with free slip boundary conditions,

∂p

∂n
= n · (u3 − us) (5.27)

on solid boundaries, where n is the unit outward normal from the fluid domain Ω, ∂
∂n

= n·∇
is a normal derivative, and us is the solid velocity. If the simulation domain is bounded,
this problem is an interior Neumann problem for the Poisson equation, and otherwise, it is
an exterior Neumann problem; we need a Monte Carlo solver that is capable of handling
these problems.

The basic WoS [Sawhney and Crane 2020] can only handle Dirichlet problems, and its
applicability to unbounded domain problems leaves some concerns about the termination
of paths without additional bias. The vorticity-based Monte Carlo method (Section 5.2.1)
arbitrarily terminates its Walk on Spheres paths after a few steps in its simulation, leaving
some additional bias. Nabizadeh et al. [2021] suggested inverting the unbounded domain
into a bounded one using the Kelvin transform so that paths always terminate, but using
this approach would require very different treatment for bounded and unbounded domains.
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Figure 5.7: Our method can correctly simulate scenes with different boundary types (reso-
lution 2563). From the left, we simulate the colored smoke advected with the velocity field
induced by vortex pairs moving with no obstacles (left), in an unbounded domain with a
moving square obstacle (middle), and in a domain bounded by an obstacle (right). For
each simulation, we show the time evolution from the left to the right, but the time stamps
differ for each setup.
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To solve Neumann problems, the Walk on Stars method [Sawhney and Miller et al. 2023]
extended WoS with carefully-designed recursion relationships and tailored sampling tech-
niques based on the extensions by Simonov [2008] and Ermakov and Sipin [2009]. For a
Neumann problem in an unbounded domain, however, the Kelvin transform [Nabizadeh
et al. 2021] is still required; it transforms a Neumann problem into a Robin problem, to
which the application of Walk on Stars has not yet been attempted. Among others, WoB
(Section 3.2) can be applied to Neumann boundary problems in both bounded and un-
bounded domains under a unified framework. The method builds upon a boundary integral
equation (BIE) analogous to the rendering equation for light transport simulation [Kajiya
1986], and uses ray-tracing to solve the BIE. We use this method in our solver.

Following Sabelfeld and Simonov [1994], we can write the gradient of the solution to the
Poisson equation of Eq. 5.17 with the boundary condition of Eq. 5.27 using the single layer
potential formulation and define an integral equation for the unknown density function. For
our application, these equations contain the volume integral terms arising from the source
term in the Poisson equation of Eq. 5.17 specific to our problem. Similar to the case without
solid boundaries, we transform these volume integral terms as follows. If the domain Ω
is unbounded, we suggest replacing it with a bounded simulation domain Ωs, assuming
zero velocity divergence outside of the simulation domain; otherwise, we let Ωs = Ω. With
this definition, we have ∂Ω ⊆ ∂Ωs for the boundaries, and we distinguish these two sets
of boundaries in the following equations. We also remove the explicit dependencies on the
velocity divergence by integration by parts similarly to Eq. 5.21 to get

∇xp(x) =

∫
∂Ω

{∇xG(x,y)} [µ(y)− n(y) · {u3(y)− u3(x)}] dy

−
∫
Ωs

S(x,y) {u3(y)− u3(x)} dy

−
∫
∂Ωs\∂Ω

{∇xG(x,y)}n(y) · {u3(y)− u3(x)} dy

(5.28)

for x ∈ Ω and

µ(x) =−
∫
∂Ω

2
∂G

∂nx

(x,y) [µ(y)− n(y) · {u3(y)− u3(x)}] dy

+

∫
Ωs

2n(x)⊺S(x,y) {u3(y)− u3(x)} dy

+

∫
∂Ωs\∂Ω

2
∂G

∂nx

(x,y)n(y) · {u3(y)− u3(x)} dy

+ 2n(x) · {u3(x)− us(x)}

(5.29)
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for x ∈ ∂Ω. Note Eq. 5.28 is a generalization of the strategy for the case without solid
boundaries, as we can recover Eq. 5.23 by dropping the integrals over solid boundaries.

Monte Carlo estimation Based on Eq. 5.28 and Eq. 5.29, we design a (biased) WoB
Monte Carlo estimator. Note that Eq. 5.29 contains the unknown density function µ itself
on the left-hand side of the equation and in one of the integrands on the right-hand side,
making it a recursive integral equation similar to the rendering equation [Kajiya 1986]
used in path tracing for light transport simulation rather than a simple non-recursive
one. Following Section 3.2.1, we truncate the recursion after M steps and multiply the
contribution of the longest path by 0.5 to design a biased estimator.

We can consider various sampling strategies to estimate the solution to the truncated
recursive integral equation with Monte Carlo methods. We use a forward estimator with
boundary value caching, akin to the virtual point light (VPL) method [Keller 1997] in
rendering, to solve this in our implementation: to sample a path consisting of multiple
boundary points, we randomly sample a boundary point first, take a random walk on
randomly sampled boundary points from there, and finally connect them to each individual
evaluation point. The following describes the details of our sampling scheme. Readers not
interested in these technical details may proceed directly to Section 5.3.4.

Let pU(x0) denote the PDF for uniform sampling on the solid boundary ∂Ω, and we
generate a point x0 with it. Next, we use a PDF pR(xm+1|xm) to generate samples according
to the following sampling strategy: Starting from a point xm, we uniformly sample a
direction from the unit hemisphere centered at xm, and then uniformly select one of the
intersection points between the resulting line and the solid boundary ∂Ω to obtain the
next point xm+1. By recursively applying this sampling strategy, we generate a sequence
of points x1,x2, . . . ,xM+1 to form a path, conditioned on the previously sampled points. We
use this strategy because the PDF associated with this specific forward sampling strategy
is known to be proportional to the integral kernel ∂G

∂nx
we have in Eq. 5.29.

Compared to the simplest formulation for the Laplace equation, we have some ad-
ditional non-recursive terms in Eq. 5.28 and Eq. 5.29, and we need to consider how to
sample such terms, too. To do so, we first define two estimators for length m contribu-
tions, ⟨µ1

m(x)⟩ and ⟨µ2
m(x)⟩, recursively, based on Eq. 5.29: we define the base case for

length 1 contributions as

⟨µ1
1(x1)⟩ =

2 ∂G
∂nx

(x1,x0)

pR(x1|x0)
n(x0) · {u3(x0)− u3(x1)} , (5.30)

⟨µ2
1(x0)⟩ = 2n(x0) · {−⟨EV (x0)⟩ − ⟨EA(x0)⟩+ u3(x0)− us(x0)} , (5.31)
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where ⟨µ1
1(x1)⟩ corresponds to the non-recursive contribution from the first integral in

Eq. 5.29 and ⟨µ1
2(x0)⟩corresponds to the rest of the non-recursive contributions in Eq. 5.29.

Then, we define the contributions from longer paths as

⟨µ1
m+1(xm+1)⟩ =

−2 ∂G
∂nx

(xm+1,xm)

pR(xm+1|xm)
⟨µ1

m(xm)⟩, (5.32)

⟨µ2
m+1(xm)⟩ =

−2 ∂G
∂nx

(xm,xm−1)

pR(xm|xm−1)
⟨µ2

m(xm−1)⟩. (5.33)

Note in particular, when we use the above-mentioned uniform line intersection sampling
for pR(y|x),

2 ∂G
∂nx

(x,y)

pR(x|y)
= κ(y,x) · sgn(n(x) · (x− y)), (5.34)

where κ(y,x) is the number of intersection points that the line that goes through the two
points has, excluding point y, and sgn is the sign function. Then, based on Eq. 5.28, we
can estimate the pressure gradient by taking NP sample paths in addition to the terms
in Eq. 5.24:

⟨∇xp(x)⟩ = ⟨EV (x)⟩+ ⟨EA(x)⟩

+
1

NP

NP∑
k=1

[
−∇xG(x,x

k
0)

pU(xk0)
n(xk0) ·

{
u3(x

k
0)− u3(x)

}
+
∇xG(x,x

k
M+1)

2pU(xk0)
⟨µ1

M(xkM+1)⟩+
∇xG(x,x

k
M)

2pU(xk0)
⟨µ2

M(xkM)⟩

+
M−1∑
m=1

∇xG(x,x
k
m+1)

pU(xk0)
⟨µ1

m(x
k
m+1⟩+

∇xG(x,x
k
m)

pU(xk0)
⟨µ2

m(x
k
m)⟩

]
.

(5.35)

On the right-hand side, the first line estimates the last two integrals in Eq. 5.28, the
second line estimates the non-recursive terms in the first integral, the third line estimates
the longest path contributions, and the last line estimates the shorter path contributions.
Note that while we do not explicitly indicate so, the contributions from paths of any length
⟨µ1

m(x
k
m+1)⟩ and ⟨µ2

m(x
k
m)⟩ implicitly depend on the sampled boundary point xk0 due to the

sampling strategy we employ.

To use the estimator of Eq. 5.35, a straightforward approach would be to generate
sample paths for each individual evaluation point, which has a high computational cost.
Instead, we use a boundary value caching strategy similar to the virtual point light method
in rendering [Keller 1997]. We first compute the contributions of NP subpaths up to the
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point before we connect them to the evaluation points and cache them at M +1 boundary
points per path. We then connect all of them to all evaluation points. This significantly
increases the effective number of sample paths per evaluation point without significantly
increasing the computational cost, while introducing a correlation between estimates at
different evaluation points. Even this correlation can be preferable for our application
because it guarantees that the contributions from these paths change smoothly across
evaluation points.

In Fig. 3.5, we applied a similar caching technique to their Neumann problem WoB
solver based on the same single-layer boundary integral formulation as well, but we used a
backward estimator, which works only with a less efficient resampled importance sampling
strategy. In contrast, the method here can utilize a forward estimator with more efficient
line intersection importance sampling. This is at the cost of increasing storage per cache
point by a small constant multiplication factor and increasing computation per evaluation
point when we sum up the contributions from all cache points.

Similar to the problem without solid boundaries, for the estimation of volume integrals
⟨EV (x)⟩ in Eq. 5.31 and Eq. 5.35, we use the importance sampling strategy so PDF pV
is proportional to 1/r(d−1), and let S(x,y) = 0 for all y outside the simulation domain.
Additionally, we need to set S(x,y) = 0 for all y inside of solid obstacles, too. We perform
this insidedness test by casting a ray from point y in a random direction and taking a sum
of its intersection signs. This strategy can be considered a Monte Carlo estimator for the
generalized winding number [Jacobson et al. 2013]. We use uniform sampling for ⟨EA(x)⟩.

For all 2D examples in Section 5.7.2, except Fig. 5.19, we use NV = NA = 5 · 105 for
direct contributions to each velocity evaluation point. For indirect (path) contributions,
we use NP = 5 · 105 paths with path length M = 4. For each path, we use a reduced
sample count of NV = NA = 10 within Eq. 5.31.

5.3.4 Diffusion

Simulating viscous fluids requires an additional diffusion step before the projection step.
The set of equations we solve here is the constant-coefficient diffusion equation,

∂u(x, s)

∂s
= ν∇2u(x, s) for x ∈ Ω, s > 0,

u(x, s) = us(x) for x ∈ ∂Ω, s > 0, and

u(x, 0) = u2(x) for x ∈ Ω,

(5.36)
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and the output of this diffusion step is u3(x) = u(x,∆t). The time s here represents the
time within each diffusion time step. We use the overbar to indicate that the velocity
variable u takes time s as defined here, and differs from the other sections. The solid
velocity gives the no-slip boundary condition, and the output from the preceding external
force integration step gives the initial conditions.

When there are no solid boundaries or the time step size is small enough to ignore
boundary effects, we can omit the second equation describing the boundary condition. In
such a case, evaluating a convolution of the input velocity field with a Gaussian function
would give the exact solution to the diffusion equation. For the diffusion of the vorticity
field rather than the velocity field, we used such a convolution-based approach to model
diffusion in Section 5.2.3. However, this approach breaks down when the time step size is
large enough that we require the explicit treatment of solid boundaries. Traditional grid-
based solvers, similarly, cannot rely on a simple Gaussian filter in the presence of obstacles
with a large time step size and must instead solve a globally coupled linear system for
viscosity [Bridson 2015].

To address this problem, we utilize WoB for the diffusion equation (Section 4.1) to solve
Eq. 5.36 component-wise. Similarly to WoB for projection, the diffusion WoB is a pointwise
estimator and is a natural generalization of the case when there are no boundaries. One
difference is that the BIE and the WoB steps are now defined in the space-time domain,
and we must sample paths from the point where we want to evaluate the solution with
time ∆t towards the initial time within the time step, in the negative time direction.

Notably, for the diffusion WoB, the recursion depth does not need to be predefined.
By sampling the space-time paths using a PDF proportional to the integral kernel of the
integral equation for the diffusion equation, we can terminate recursions when the sampled
time is negative. In our experiments, we observed that the diffusion step is cheaper than
the projection step, and we did not attempt any algorithmic improvements, such as the
reuse of subpaths. However, there remain many choices for sampling, and various efficiency
improvement strategies should also apply here.

5.4 Spatial Discretization-Free Solver

We have so far discussed pointwise estimators for the substeps in both the vorticity- and
velocity-based formulations. We now describe how to combine these estimators to compute
the vorticity (and velocity, respectively) of a dynamic fluid at a prescribed location x̄ and
time t̄. The key idea is to recursively trace backward in time from the space-time query
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point to the initial time t = 0, where the fluid’s initial conditions are defined, using repeated
applications of the pointwise estimators.

Consider a backtracing scenario for the vorticity-based formulation without viscosity in
R2. To compute the vorticity at a query point (x̄, t̄) via vorticity advection (Section 5.2.4),
we must first estimate the velocity at this location. This velocity estimate, in turn, requires
querying the vorticity field at several locations from the even more previous time step
(Section 5.2.1). The vorticity values at those points again depend recursively on even
earlier states of the field. Once this recursion bottoms out at t = 0, where the vorticity field
is known, we have the estimated velocity at the original query point. We then update the
vorticity value at the original query point by advecting this point to its backward position
using the estimated velocity and evaluating the vorticity there, proceeding recursively until
we reach the initial condition of the system (at t = 0). The final estimate of the vorticity
value equals this estimate. Throughout this process, we never store the vorticity or velocity
fields globally, nor do we introduce any spatial discretization.

This recursive strategy naturally extends to incorporate viscosity and vortex stretching
in the vorticity-based formulation, as well as to the velocity-based formulation.

Discussion

In this algorithm, we are tracing flow characteristics backward in time for potentially long
periods, and this idea is reminiscent of a family of recent Eulerian methods [Hachisuka
2005; Qu et al. 2019; Sato et al. 2018] that utilize characteristic mapping [Mercier et al.
2013; Tessendorf and Pelfrey 2011]. In contrast to these approaches, the proposed method
is completely free from spatial discretization.

To our knowledge, Monte Carlo backtracing is the first numerical method to provide
a pointwise solution of the fluid equations in both space and time. Given the benefits of
Monte Carlo methods – namely, the ability to trade spatial discretization errors typical of
alternative solvers for variance in the Monte Carlo estimate and the capability to apply
various variance reduction techniques, Monte Carlo backtracing may be an attractive alter-
native. Moreover, when combined with physically-based Monte Carlo rendering methods
(e.g., path tracing), the variance in the fluid solver and the renderer may likely lead to
more perceptually pleasant errors [Cook 1986].

One important caveat in the formulation described thus far is that the recursive eval-
uations of the vorticity at each backtraced sample lead to an exponential computational
complexity. Even with some advanced path reuse strategies, we would expect the cost to
be at least linear. Unlike most rendering problems, where linearity will hold, due to the
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nonlinearity of the advection term, we cannot simply take one sample to estimate the vor-
ticity in the nested estimator. This major problem is implicitly woven into our formulation,
but we will devise solutions that alleviate it in Section 5.5.

5.5 Practical Implementation with Caching

As outlined earlier, a naive implementation of our Monte Carlo Fluid algorithms suffers
from an exponential increase in vorticity or velocity samples—all of which must be recur-
sively evaluated—with respect to time. We offer a strategy to circumvent this problem
using a discrete cache structure. Similar to dynamic programming solutions to recursive
problems, we store and reuse the vorticity or velocity field as it is computed. We can
proceed in two ways.

The first is to fill a spatio-temporal grid using the same recursion as before with respect
to a position and time of interest. Doing so will gradually fill out a spatiotemporal “cone”
of earlier data, rather than evaluating the whole domain for all time steps. This approach
may be ideal when one wishes to evaluate the simulation backwards in time, e.g., in a
view-dependent simulation.

Alternatively, the second option is to use a single uniform spatial grid that stores the
field value computed at the center of each cell at the preceding time step. In essence,
at every time step, we query this cache to retrieve the values from the previous time
step. This strategy thus makes our method more similar to traditional discretization-
based methods. Still, there is one fundamental difference; while we could always choose to
cache the field after each substep within a time step, rather than after each substep, the
pointwise estimation capability of our approach allows us to avoid some of the excessive field
caching between substeps and reduce the associated errors. Also, since we do not evaluate
any finite differences on the stored data, we do not need to use a staggered grid [Harlow
and Welch 1965]. We will use this second approach in all of our results. In particular,
for the vorticity-based variant, we always use caching on a per-time-step basis. For the
velocity-based variant, we default to caching after each substep but also test other options
for caching timings. Moreover, for problems involving solid boundaries, the properties
of the underlying Monte Carlo PDE solvers would still carry over to our solver: it can
handle complex obstacles without cut-sell or conforming meshing, is flexible with respect
to geometric boundary representations, is robust to noise in the input geometry, and is
easily parallelizable.

We will also show in Section 5.6, for the vorticity-based variant, that this caching
method conveniently offers a way to generate importance-sampled Monte Carlo samples
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distributed according to the vorticity field, reducing variance and increasing sample effi-
ciency.

For the vorticity-based scheme, to evaluate the stretching term (Eq. 5.11) for 3D sim-
ulations, we choose h to be the grid resolution in the absence of boundaries, and in the
presence of boundaries, we use the minimum of the grid resolution and twice the closest
distance to any boundary. For this stretching term computation, we retrieve the cached ve-
locities in practice, rather than using the pointwise velocity estimator, because bilinear or
trilinear interpolation smoothes out the velocity field, which reduces noise when computing
the stretching term, and also saves computational time.

5.6 Variance Reduction

Our Monte Carlo approaches open the opportunity to exploit a plethora of variance reduc-
tion methods within the context of fluid simulation. Indeed, we have already presented the
antithetic sampling method for the WoS estimator (Section 5.2.1) and antithetic sampling,
control variate, and importance sampling for the projection step (Section 5.3.3) to reduce
variance. We also present a few additional basic yet practical variance reduction methods
for the vorticity-based formulation, as examples of what is possible with our Monte Carlo
approach. Section 5.8 discusses further potential opportunities.

Importance sampling One of the most popular and basic variance reduction methods
is importance sampling. The idea is to generate samples according to a given probability
density function (PDF) to reduce the variance. A well-chosen PDF can drastically reduce
the variance, and thus the error of the estimators, and we can come up with a couple of
such PDFs that are well-suited to our setting.

The first option is to generate samples proportionally to the integral kernel; the Biot–
Savart kernel in the Biot–Savart case (without prescribed boundaries) and the Green’s
function in the WoS case (with prescribed boundaries). Sampling according to either of
those functions is trivial. This importance sampling works especially well for WoS, but not
always for the Biot–Savart case.

For the Biot–Savart case, we observed that this PDF can be only marginally better
than uniform sampling in case non-zero vorticities are concentrated in a small region. The
second option in this case is to directly generate samples according to the magnitude of the
vorticity field. Since we are already caching vorticities to overcome the exponential cost of
recursion, we can utilize this cache to perform importance sampling. Fig. 5.14 illustrates

109



an equal sample comparison between these two options. In this example, the baseline,
which uses sampling according to vortices, produced a more accurate result (e.g., long and
thin features of vorticities) than the alternative of sampling according to the Biot–Savart
kernel.

Control variates A sequential nature of fluid simulation fits well with the method of
control variates. The method of (difference) control variates utilizes another analytically
integrable function (a control variate) to estimate only the difference between this function
and the original integrand via Monte Carlo integration. This method can reduce variance
when the original integrand and the control variate are correlated. In our application, to
estimate the velocity using the Biot–Savart law (Eq. 5.3), we can use the vorticity field
from the previous time step as a control variate, as follows:

u(x, t) =

∫
Ω

[ω(y, t)− ω(y, t−∆t)]×K(x− y) dy +

∫
Ω

ω(y, t−∆t)×K(x− y) dy

=

∫
Ω

[ω(y, t)− ω(y, t−∆t)]×K(x− y) dy + u(x, t−∆t).

(5.37)

Note that having already estimated u(x, t − ∆t) from ω(y, t − ∆t) in the previous time
step, this term is available in the current time step. Unlike a typical application of the
method of control variates, however, this term u(x, t − ∆t) is only an estimation with
some variance, not an analytical integration of ω(y, t−∆t). When u(x, t−∆t) is similarly
estimated by using ω(x, t − 2∆t) as the control variate, this approach may not reduce
variance overall. We circumvent this issue by estimating the initial velocity u(x, 0) using
a higher sample count than the rest. This approach will propagate variance reduction via
this control variate at t = 0 all the way to the current time, without increasing the sample
count in any other time than t = 0.

We generate samples according to the magnitude of the difference of vorticity fields at
two consecutive time steps to evaluate the first integral in Eq. 5.37, and add the cached
velocity from the previous time step. Due to the high correlation between the vorticity
fields over time, we can expect that the variance of the estimator for ω(y, t)−ω(y, t−∆t) is
smaller than that of ω(y, t). Thus, this method greatly reduces the variance of our velocity
estimate, given that the variance of the initial velocity field is low enough. Fig. 5.13
illustrates an equal sample comparison when we have the control variate enabled and
disabled, and the method of control variates works well as expected. We applied this
method only to the 3D scenes (without boundaries), where we expect significant reductions
in sampling cost.
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Note the control variate we used in Eq. 5.37 is not the general formula for control
variates. The general form employs a combination of the estimator and control function
with control parameters. It would be interesting to investigate how an optimal control
parameter could be introduced in our setting to further reduce the estimator variance.

5.7 Results

5.7.1 Vorticity-Based Method

Comparison to Existing Methods

We compare our method to a pair of representative existing methods (Fig. 5.8): a particle-
based solver that implements the vortex particle method of Park and Kim [2005] – using
the Biot–Savart law to forward integrate vortex particle trajectories (2500 particles) while
treating free slip boundaries with a panel method (80 panels) – and a (hybrid) grid-based
FLIP gas solver [Bridson 2015; Zhu and Bridson 2005] with grid resolution nx = 50, 6 FLIP
particles per grid cell, and ∆t = 0.05. We visualize the vorticity field, in blue (positive) and
orange (negative). We initialize the methods with the same vector field. Our simulation
output is in strong agreement with the two baselines, suggesting that it indeed generates
a valid solution to the fluid equations.

Our method using WoS runs at an average of 21 seconds per frame (with a multi-
threaded CPU implementation). Both the vortex particle method and FLIP run orders
of magnitude faster (i.e., roughly 0.005 and 0.25 seconds, respectively). Sawhney and
Crane [2020] also noted a similar performance gap in their comparisons between WoS
and finite-element methods for geometry processing. Despite this significant room for
improvement in computation time, our method does have some fundamental advantages.
First, the lack of reliance on a linear solve and the pointwise nature of our method make the
computation easily parallelizable and GPU-friendly (as evidenced by our ShaderToy and
CUDA implementations, discussed below). Second, traditional particle methods rely on
nearest neighbor search to interpolate values, which can become quite expensive with many
particles; this limitation does not exist in our method. Third, grid-based solvers generally
suffer from numerical diffusion, as evidenced in the fluctuations of colors in Fig. 5.8, which
is less evident in our method due to its pointwise nature. Last, our formulation based on
WoS enables handling of noisy boundaries with no additional effort, as we discuss later.
Similar to its application in geometry processing [Sawhney and Crane 2020], a further study
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Figure 5.8: Comparison with standard solvers. Left to right, t = 0, 1, 2, 5, 10 seconds. Our
method (top) produces results that are consistent with the vortex particle (middle) and
hybrid FLIP (bottom) baselines. Colors visualize the signed vorticity at each (particle)
position.
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Figure 5.9: We simulate two leapfrogging vortex rings (top) with a cross section visual-
ization to illustrate the interior flow. We passively advect constant density fields toward
closed mesh (middle) and triangle soup Stanford bunnies (bottom). We render all simula-
tions with Blender’s [2024] principled volume shader.
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Figure 5.10: Viscous simulation. Left to right, t = 0.2, 2, 5 seconds. Inviscid simulation
with ν = 0 (top) and viscous simulation with ν = 0.001; nd = 4. (bottom)

and better implementation of our Monte Carlo approach would reduce the performance
gap, leaving the fundamental advantages of it as noted above.

Viscosity

Fig. 5.10 presents a 2D viscous simulation using our approach with a 512 × 512 uniform
cache, nearest neighbor interpolation, importance sampling of the vorticity cache, ∆t =
0.05, and nmc = 1024. Given that physical diffusion has an effect similar to interpolation,
we found nearest neighbor (rather than bilinear) interpolation to be acceptable here.

Boundary Conditions

Fig. 5.2 presents various solid boundary configurations. All three scenes use a uniform
cache of 512 × 512, ∆t = 0.05, nmc = 256, and ν = 0. As our method for free-slip
boundary conditions relies on WoS, it benefits from some of the same attractive properties
as the method of Sawhney and Crane [2020], e.g., flexibility in the choice of geometric
representations, such as meshes, polygon soup, or even unsigned distance functions. In
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Figure 5.11: Subgrid-size obstacles. Our approach can take into account a tiny obstacle.
A subgrid-sized square (the rightmost image visualizes its unsigned distance function)
affects the fluid flow (top). In 3D, subgrid-width chain link fence wires affect the fluid flow
(bottom).

Fig. 5.4, we illustrate our inflow/outflow boundary conditions. Since the integral of the
stream function on the boundary is zero, the corresponding velocities yield zero net flux;
that is, exactly as much matter enters the domain as exits.

Fig. 5.5 illustrates our moving boundary support. Here, we treat a constant transla-
tional velocity for simplicity, since this imposes a constant stream function on the boundary
and simplifies computation. Obtaining an analytic formula for complex rigid bodies un-
dergoing simple motion is a possibility for more advanced applications. Both the inflow
and moving boundary applications were implemented as high-performance, real-time de-
mos in the online GPU ShaderToy framework [Quilez and Jeremias 2013], demonstrating
the suitability of our approach for parallel computation.

Fig. 5.9 (bottom) and Fig. 5.11 show that our method can accept complex geometry
without the added effort of other methods [Azevedo et al. 2016; Hyde and Fedkiw 2019;
Lyu et al. 2021], such as challenging tetrahedral mesh or cut-cell generation for velocity-
based schemes or panel methods in vorticity schemes. As emphasized by Sawhney and
Crane [2020], accurate conforming mesh generation for a complex obstacle can take many
minutes or hours; however, as long as we have access to a method for fast evaluation
of the distance field, our Monte Carlo-based methods can immediately be applied. In
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the triangle soup boundary example in Fig. 5.9, we construct a BVH tree of triangles to
evaluate distance to the closest boundary. Fig. 5.11 shows a case when the domain contains
an obstacle whose size is smaller than the cache grid resolution (about 1/39 of a grid cell
width for the 2D scene, and 1/3 of a cell width for the 3D scene), yet is naturally respected
by the flow. A typical grid-based solver would either miss this geometry altogether, rely
on conservative rasterization to nonphysically inflate the obstacle, or need to introduce an
approximate drag model to influence the flow. Notably, the complex 3D fence topology of
Fig. 5.11 exceeds the limits of what the simplified Ψ = 0 boundary condition is expected
to accurately support, leading to somewhat more damped flow from one side to the other.
Extending WoS to support the Ψ = ∇ϕ boundary condition of Ando et al. [2015] may be
one avenue to address this shortcoming.

Convergence

In the limit as ∆t goes to zero and the number of samples approaches infinity, our method
formally should converge to the correct solution (up to the accuracy limited by cache, when
applicable). Fig. 5.8 qualitatively demonstrates that our method indeed gives a result that
is consistent with existing techniques.

We opted to evaluate the convergence of our method using the steady-state inviscid
Taylor-Green vortex flow [Taylor and Green 1937], for which a closed-form solution is
known. Fig. 5.12 shows log-scale plots of the root mean square error (RMSE) against the
number of Biot–Savart samples nmc, number of cache cells nc = n2

x and time step interval
∆t. All errors were computed at the physical times t = 0.25, 0.5, 1 using importance
sampling of the vorticity, bilinear interpolation, RK4 advection, without control variate.
We also let ∆t = 2−6, nx = 210 and nmc = 210 whenever they are fixed. A well-known
fact about Monte Carlo methods is that their error diminishes in inverse proportion to
the square root of the number of samples, i.e. O(1/√nmc) [Robert and Casella 1999].
We confirmed this behavior in our experiment. Similarly, we observed O(1/√nc) which is
reasonable given our use of bilinear interpolation. These trends are observed only when
the other parameters are good enough to have negligible error contributions. Finally,
we observed a convergence order of approximately O(∆t0.85). However, convergence is lost
whenever ∆t gets too small. This regime change is in line with the use of a semi-Lagrangian
advection scheme [Xiu and Karniadakis 2001]. Intuitively, the error stops decreasing when
the interpolation error begins to dominate the advection error. Since more steps are needed
to reach the same physical time, the error increases as ∆t gets smaller.
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Figure 5.12: Convergence analysis. We compute the root mean squared error against
the analytical solution ω(x, y) = sin(x) cos(y) for x, y ∈ [−π, π]2 (top right). We show
the convergence profile of different parameters at different physical times t = 0.25, 0.5, 1
seconds. We observe that our method does converge numerically to the true solution as
the number of cell nc = n2

x → ∞ (bottom left), when the number of samples nmc → ∞
(top left) and when ∆t is not too large or small (bottom right).
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3D Simulations

We demonstrate our method in 3D, with and without obstacles (Fig. 5.9) using CUDA par-
allel GPU implementations. The leapfrogging simulation uses a uniform cache resolution
of 2563, trilinear interpolation, the control variate method enabled, ∆t = 0.1, nmc = 128,
and ν = 0. The initial velocity field is estimated with nmc = 16384, importance sampling
the initial vorticity field. The simulation time is roughly 3.5 seconds per step on a ma-
chine with two NVIDIA Tesla P100 GPUs at these settings. The Stanford bunny obstacle
sceneswith slip boundaries uses a uniform cache resolution of 1283, trilinear interpolation,
importance sampling the Green’s function, ∆t = 0.1, 128 WoS paths with maximum 8
steps, 1024 samples for the volume integral evaluation (Eq. 14 in the paper by Sawhney
and Crane [2020]), and ν = 0. The simulation times are roughly 70 seconds for the triangle
mesh boundary and 75 seconds for the triangle soup boundary per step on a machine with
four NVIDIA Tesla V100 GPUs, using BVHs for closest distance computation. We believe
this small difference in runtimes (an additional 5 seconds for triangle soup) is because of
the additional cost for the closest distance evaluation.

We perform no low-level simulator optimization, focusing instead on the method’s fea-
sibility; GPU memory access optimizations and faster BVH traversal implementations can
be explored. We also foresee and briefly discuss many interesting open avenues of work
(Section 5.8) to improve performance, and scale to larger simulations drawing inspirations
from the rendering community.

Control Variates

The method of control variates as described in Section 5.6 can greatly reduce the variance
of simulation. Fig. 5.13 shows the effect of our control variate. All three simulations use
a cache resolution of 1283, trilinear interpolation, ∆t = 0.1, and ν = 0. The reference
simulation (a) uses importance sampling according to the Biot–Savart kernel with nmc =
2048. The simulation with control variate (b) uses the control variate strategy in Section 5.6
with nmc = 32, with the initial velocity field estimated with nmc = 16384 using importance
sampling according to the initial magnitude of the vorticity field. The simulation without
control variate (c) uses importance sampling according to the magnitude of the vorticity
field with the same nmc = 32. We can observe that even with as few as 32 samples per
query point, the control variate approach produces a result very close to the reference
while simply importance sampling the vorticity field leads to large deviations in the smoke
motion due to the extensive noise in the estimated velocity field.
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(a) reference (b) with control variate (c) w/o control variate

Figure 5.13: Control variate. When the number of samples used is small, the application of
control variate (middle) produces the results closer to the reference simulation result (left)
compared to the results without control variate (right). We advect a constant density
at the bottom according to the velocity field simulated with our method, and render the
results fully (top) and with a cross-section visualization (bottom).
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Biot–Savart ∆t = 0.2 128× 128 nmc = 256

Baseline
setting:

Bilinear Vorticity ∆t = 0.05 512× 512 nmc = 1024

Figure 5.14: Parameter settings. Top to bottom, frame times are t = 2.5, 5, 7.5 seconds.
Our baseline simulation (left) with high-quality parameter settings (in blue) uses a 512×512
uniform cache resolution, importance sampling of the vorticity field, bilinear interpolation,
∆t = 0.05 seconds, nmc = 1024 samples, and ν = 0. Subsequent columns analyse the
impact of adjusting exactly one parameter in favor of a faster but less accurate result.
Left to right: baseline/high-quality setting, nearest neighbor interpolation, importance
sampling the Biot–Savart kernel, larger time step, coarser cache, and lower Monte Carlo
(MC) sampling rate.
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Parameter Settings

To better understand the impact of the parameters of our solver on simulation output
and performance, we illustrate the effects of the various parameters in Fig. 5.14. The first
column is a reference simulation using our method with reasonably high-quality parameter
settings: a uniform cache resolution of 512 × 512, importance sampling based on the
vorticity field, bilinear interpolation, ∆t = 0.05 seconds, nmc = 1024 samples, and ν =
0. All other columns modify a single parameter in a manner that purposefully degrades
simulation quality. The results thus show how changing each parameter can degrade the
solution.

Due to the stochastic nature of Monte Carlo methods, nearest neighbor interpolation
produces noisier (i.e., higher variance) results that compound over time. Since bilinear
interpolation yields smoother results and is nearly free on, e.g., modern GPU architectures,
it is the obvious choice. We also compare two non-trivial importance sampling PDFs
to reduce the variance of the estimator and, as expected, importance sampling from the
vorticity field yields sharper and more accurate results than sampling according to the Biot–
Savart kernel (see Section 5.6) since the latter decreases slowly and omits information of
the current simulation state. The discrepancy here is particularly strong when the vorticity
is sparsely distributed across the domain. While our advection scheme is unconditionally
stable, using time steps that are too large or a cache resolution that is too low results in
inevitable loss of detail in high variation regions. Finally, since standard Monte Carlo error
decreases at a rate of O(1/√nmc), the number of samples required for high quality results
can be high; when we reduce the sample count by a factor of four, we note a significant
loss of details.

5.7.2 Velocity-Based Method

We implemented the velocity-based method using CUDA for GPU parallelism and the
NVIDIA OptiX ray tracing engine [Parker et al. 2010] via the OWL wrapper library [Wald
2023] for accelerated ray intersection queries for WoB.

Caching of Velocity Field

Our basic implementation uses a simple uniform grid structure to store the velocities at
grid nodes at each time step. When we query a velocity from the cache, we bilinearly or
trilinearly interpolate the values, and for points outside the cached domain, we take the
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(a) Traditional
grid-based

[Batty et al. 2007]

(b) Caching after

projection and

advection

(c) No caching after

projection

(d) No caching after

advection

(e) Re = 250

(ν = 0.001)

(f) Re = 25 (ν = 0.01) (g) Re = 2.5 (ν = 0.1) (h)

Advection-Reflection

(i) PIC (j) FLIP 0.95 (k) FLIP

Figure 5.15: Variants of our method with different configurations tested on the Kármán
vortex street scene with resolution 128 × 256. Except for (a), all results are generated
with our Monte Carlo method. (b) to (d) compare the caching alternatives, (e) to (g)
demonstrate simulations with various Reynolds numbers Re, (h) shows the application
of the advection-reflection method to yield reduced numerical dissipation, and (i) to (k)
show the application of PIC/FLIP methods. Note that (i) to (k) have no density diffusion
because they employ density advection by particles. Given their agreement with the result
of the traditional grid-based method (a), we consider all variants of our method to produce
qualitatively reasonable results.
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velocity at the nearest cache point. As with classical grid-based solvers, interpolation- and
advection-induced errors sometimes cause us to query values from points inside of solid
obstacles; for this issue, we assign velocities inside solid obstacles to take velocities from
the solid itself, giving no-slip behavior on the boundary. Alternatively, one could fill the
velocities inside solid obstacles with some form of extrapolation to approximate free slip
behavior, for example, but we use the first approach throughout this paper.

While we could cache the velocity field after each substep, the pointwise estimation
capability of our approach lets us avoid some of the excessive velocity caching between
substeps and reduce the associated errors. For example, we need no caching between the
advection and the following projection step for inviscid simulation if we query the advected
velocity values directly on the fly whenever the projection estimator needs such a pointwise
input velocity. Alternatively, we can also design a method without velocity caching between
the projection and the next advection, so the velocity field is always advected according to
the pointwise divergence-free velocity field. We implemented these two options in addition
to the option where we cache the resulting velocity field both after advection and after
projection in Fig. 5.15 (b) to (d). Our experiments showed consistent results among the
three options; further investigations are needed to understand when having fewer caching
errors can make critical differences.

Viscous Fluids

We test our solver in the case of viscous fluids using the von Kármán vortex street scenario
(Fig. 5.15 (e) to (g)). For this simulation, as we increase the viscosity coefficient, or
equivalently, as we decrease the Reynolds number, the flow is expected to become less
turbulent. We observe that our simulation qualitatively produces the expected type of
flow for each Reynolds number configuration we tested. For all the results other than
those in Fig. 5.15 (e) to (g), we disabled the diffusion step.

Advection-Reflection Solver

In contrast to the case of high viscosity, we may want to introduce less artificial viscosity
to the solver. It is known that even without the diffusion step, grid-based solvers suffer
from artificial viscosity in the solver because of the dissipation of energy in the advection
and projection steps. To address this problem, Zehnder et al. [2018] recently introduced
an advection-reflection solver, which still uses the same building blocks of advection and
projection steps as the standard advection-projection solvers use, but in a more careful
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way, to reduce artificial viscosity with the same number of projection steps. We adapted
its second-order variant [Narain et al. 2019] to our Monte Carlo solver (Fig. 5.15 (h)), and
we observe our method similarly benefits from the use of the advection-reflection method,
producing more turbulent animation.

Monte Carlo PIC/FLIP

The numerical diffusion effect we have discussed above is partially due to the semi-Lagrangian
advection scheme with some grid data interpolation that our method and many traditional
methods employ. To address this problem in the context of classical grid-based solvers, the
PIC/FLIP methods [Brackbill and Ruppel 1986; Harlow 1962; Zhu and Bridson 2005] have
gained popularity. The idea of PIC/FLIP is that we handle the advection of velocity using
particles by (forward) Lagrangian advection, transfer the velocity from particles to grid,
perform projection on the grid, and update particle velocities by transferring grid data
back to the particles. PIC and FLIP differ in their last grid-to-particle transfer step: PIC
transfers the velocity itself, whereas FLIP transfers the velocity update. FLIP is expected
to produce more turbulent and noisy results. One can also blend the two transfer methods.
Our velocity-based Monte Carlo framework can utilize this idea straightforwardly (Fig. 5.15
(i) to (k)). In our version, at each step, we first perform the standard particle-to-grid
transfer. Then, instead of advecting the particles using the projected grid velocities at the
particles’ locations via interpolation, we evaluate the velocity (or velocity update) from the
grid data exactly at the positions required for particle advection. Exploiting the pointwise
estimation capability in this way lets us avoid extra interpolation errors for this step.

Boundary Conditions

Fig. 5.7 shows that our method can correctly simulate the velocity field due to vortex pairs
under different boundary conditions. In Fig. 5.6, we further demonstrate the application of
our method to a domain with two disjoint obstacles. In such cases, vorticity-based methods
often employ incorrect boundary conditions, resulting in the vorticity-based Monte Carlo
method failing to accurately simulate the physics. Applying the modification proposed by
Yin et al. [2023] for vorticity-based simulation to a Monte Carlo method is not straightfor-
ward, and we have not explored such methods in detail. Hence, this velocity-based method
is currently the only Monte Carlo method that can produce correct simulation results in
these scenarios. While the relative performance depends heavily on parameter choices, for
the specific simulations in Fig. 5.7, ours took 101.0s per time step while the vorticity-based
method took 87.6s, with a difference of about 15%.
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Figure 5.16: Buoyancy and divergence control (resolution 2562). We simulate a hot smoke
plume rising toward a blue circular obstacle in 2D using the Boussinesq buoyancy model
(left). We can also add a velocity sink to the scene, indicated with a red dot, causing the
smoke to be sucked into the sink (right).

Buoyancy

In addition to the velocity itself, we can additionally simulate the advection and diffusion
of the temperature field T and the smoke concentration field s in a manner similar to the
velocity field to add buoyancy effects (Figures 5.1, 5.16, and 5.17). We use the Boussinesq
approximation, which assumes the fluid density variation to be negligible, so that the buoy-
ancy force can be computed using f = [αs− β(T − Tambient)]g, where g is the gravitational
constant vector, α and β are positive parameters, and Tambient is the ambient temperature
constant [Fedkiw et al. 2001; Foster and Metaxas 1997]. Naively incorporating buoyancy
into the vorticity-based Monte Carlo formulation would require the curl of f [Park and Kim
2005], which would, in turn, require finite difference approximations with some additional
errors and ruin the cache-structure-agnostic nature of pointwise estimators.
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Figure 5.17: Buoyancy simulation in 3D. We simulate a smoke plume rising toward a bunny-
shaped obstacle (top, resolution 1283) and a sphere obstacle (middle, resolution 1283) in
3D using the Boussinesq buoyancy model. We can also incorporate a more complicated
smoke source shape as well (bottom, resolution 288× 128× 128). We rendered the images
with the principled volume shader in Blender [Blender Online Community 2024].
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Divergence Control

As our formulation is based on the standard pressure solve framework, we can easily add
velocity sinks and sources in our simulation for better artistic control (Fig. 5.16 (b)) or
other expansion/contraction effects, by modifying the pressure solve step similar to the
grid-based formulation [Feldman et al. 2003]. We add another term to the right-hand
side of Eq. 5.17, which leads to an additional integral term in our formulation. Our
implementation supports Dirac delta-type sinks and sources, and we sample the location
of sinks and sources directly. It should also generalize straightforwardly to more general
volumetric sinks and sources with an appropriate sampling technique. This divergence
control technique is yet another advantage of adopting a velocity-based formulation, as it
is impossible under vorticity formulations.

Performance

We measured the timing of our simulations in Fig. 5.15 using their GPU implementations
against a basic single-thread CPU implementation of traditional grid-based fluids on a
workstation with an Intel Xeon Silver 4316 CPU and an NVIDIA RTX A5000 GPU. Stable
fluids with cut-cell boundary handling [Batty et al. 2007] (a) runs at 0.064 seconds per time
step, while the fastest implementation of our solver that caches the velocity field after each
substep (b) runs at 7.8 seconds per time step, two orders of magnitude slower. If we disable
the VPL with this setup, the runtime increases to 109 seconds per time step. For the other
caching choices, the runtime for the one without caching after projection (c) increases to
32.1 seconds per time step because we perform the projection at all points used in the RK3
advection, and the one without caching after advection (d) runs at 10.1 seconds per time
step due to the increased number of evaluation points for the advection. In general, WoB
for handling obstacles requires a large number of paths, and further efficiency improvements
would be desirable to improve the method’s practicality. The addition of diffusion steps
in (e) to (g) resulted in an increase in runtime by 48% (e) to 84% (g) compared to their
baseline counterpart implementation (c).

Error Analysis

We performed a convergence test for the projection step in the absence of obstacles. The
estimator is unbounded in this case, and we can observe in Fig. 5.18 that the error decreases
at the inverse square root rate, as we increase the number of samples to estimate the volume
term and the area term, respectively. We also observe that using a simpler formulation or
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Figure 5.18: Projection error without solid boundaries. Our projection step projects out
the divergent velocity mode from the velocity field, converting the top left field into the
one on the bottom left (resolution 2562). We visualize the velocity field using arrows, and
we show its magnitude using the darkness of the red color as well. We measure the root
mean squared errors against the analytical solution and plot them by altering the number
of volume samples NV with a fixed number of area samples NA = 107 in the middle and by
altering NA with NV = 107 on the right. We observe the inverse square root convergence
rate in both cases with our formulation with the default sampling strategy (a) as described
in Section 5.3.3, while the bias due to the volume term eventually dominates the error on
the plot for NA as we increase NA. We also tested the estimator by (separately) replacing
the volume term importance sampling according to the PDF proportional to 1/r(d−1) with a
uniform sampling (b), and disabling the global velocity shift described in Eq. 5.23 (c). Both
of these alternatives either converge slower than the proposed method or fail to converge.

a simpler sampling technique makes the estimator converge more slowly or completely fail
to converge. In Fig. 5.19, we compared our simulations with different numbers of samples.
We observe that using low sample counts can blow up the simulation, and the noise of
the velocity estimate is typically larger around the boundary. As we have discussed in
Section 3.2, the variance of the Walk on Boundary method is particularly large for interior
Neumann problems in non-convex domains, and Fig. 5.19 shows such a scene.
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Figure 5.19: Flow in a 2D bounded non-convex domain (resolution 2562). We simulate
colored smoke advected by a velocity field induced by a vortex pair inside a bunny shape.
On the left, the velocity field at the 40th frame is visualized. In these simulations, the
number of samples used in each simulation is 10 times (top), 1 times (middle), and 0.1
times (bottom) the number of samples used in other 2D scenes in this paper. We observe
that using a small sample count can lead to outright failure of the simulation (bottom).
Using a modest number of samples (middle) in this scenario still exhibits large errors and
jitter in the animation, likely due to larger velocity errors near the boundary and large
globally correlated errors from the boundary value caching strategy. With the highest
sample count (top), the simulation yields a smooth velocity field.
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5.8 Discussion and Future Directions

Our work is the first step toward a new family of fluid solvers based on Monte Carlo
methods. We demonstrated the potential of our Monte Carlo fluid solvers to generate
high-quality and accurate results; however, there remains much to be explored, including
a better understanding of how to best exploit the unique properties and new trade-offs
of noise and computation time within fluid animation, among other general directions.
Below, we discuss limitations and propose avenues of future work.

Efficiency

Our methods’ computational speed is not yet comparable to traditional methods, as a
relatively large number of samples is required to produce results with low enough error. Any
variance reduction techniques for Monte Carlo PDE solvers, including the ones we listed
in Section 2.3.5, should be applicable to improve the efficiency of our method. Moreover,
employing alternative caching techniques or even alternatives to caching, as we discuss
later, could improve the efficiency of our solver in practical scenarios.

Bias

Currently, our methods have three sources of bias: the first is due to cache interpolation
error, the second is due to semi-Lagrangian advection, resulting in energy loss as time ad-
vances, and the third is due to the bias in Monte Carlo PDE solvers. The first source, e.g.,
the cache interpolation bias, is not inherent to our fundamental formulation. One way this
could be resolved, without exponential cost, is through the use of a shared particle cache
(and sampled locations for Monte Carlo integration) if one allows recursion to go back to
the initial conditions. However, the second source, e.g., the advection bias, is intrinsic to
our advection process, and solving this issue remains an open question. This is due to the
fact that the nonlinearity of our advection scheme (Eq. 5.13) does not commute with the
Monte Carlo estimator, much like naive transmittance estimation through ray marching
is biased [Novák et al. 2018]. Further down the road, it would be interesting to explore
whether the work of Misso et al. [2022] can be applied in our context to generate an unbi-
ased estimator. The third source of bias is due to the errors in Monte Carlo PDE solvers
for problems with solid obstacles. WoS is biased due to the epsilon shell path termina-
tion strategy, and the implementation of WoB we used is biased due to path truncation.
Efficient, unbiased Monte Carlo PDE solvers are desirable.
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Boundary conditions and Compressible Flows

Investigating a broader set of boundary conditions, such as no-slip boundaries for the
vorticity-based formulation, mixed boundaries, and flux boundary conditions for multi-
phase flow, is another interesting direction.

With mixed boundaries, we can solve problems involving free surfaces [Lundgren and
Koumoutsakos 1999] for liquid simulations. This requires an additional surface tracking
mechanism, and it remains unclear what surface representation best suits Monte Carlo
methods with pointwise evaluation capabilities. The recent development has been en-
abling the support of various boundary conditions by extending WoS [Sawhney and Miller
et al. 2023; 2024b] or by WoB. However, compared to the solvers for pure Dirichlet prob-
lems (for the vorticity-based method) and pure Neumann problems (for the velocity-based
method), these solvers are less efficient, and further improvements are awaited.

For the vorticity-based method, our free-slip boundary condition framework is only
effective for a single closed and connected boundary; otherwise, one needs to know the
difference in stream function isovalues between the separate boundaries. Similarly, a 3D
vector potential is further complicated by its nontrivial null spaces; however, successfully
generalizing to multiple disjoint objects could benefit from Monte Carlo methods’ ability
to handle far more complex geometries.

Support for flux boundary conditions in this context would enable the simulation of
non-mixing multiphase flows, as demonstrated by Losasso et al. [2006]. Simonov [2008]
and Ding and Stinchcombe [2025] considered Monte Carlo PDE solvers that incorporate
such flux boundary conditions, and their methods may be applicable to our setting.

Apart from supporting different boundary conditions, extending our method to handle
mixing multiphase flows and compressible flows, for example, in the simulation of com-
bustion or explosions, would be a natural and interesting direction for future work. This
would require solving Poisson equations with spatially varying coefficients. A promising
starting point for this investigation is the Monte Carlo PDE solver proposed by Sawhney
and Seyb et al. [2022], which could potentially be adapted to this context.

Advanced caching methods

We have presented how adopting a uniform grid cache avoids exponential cost and makes
the method feasible in practice. For the velocity-based variant, we have also shown an
application of PIC/FLIP Lagrangian particle representations. Though not associated with
the Lagrangian formulation as in PIC/FLIP, particle caches are also used in rendering to
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Figure 5.20: Fluid simulation results using a uniform cache (left) and an adaptive cache
(middle) using one-twentieth memory footprint that of the uniform one. Slowly varying
regions are sparsely cached while dense sampling occurs in regions exhibiting steep or
discontinuous variations.

accelerate the computation of multiple bounces of light [Jarosz et al. 2008; Krivánek et al.
2005; Ward et al. 1988]. Since our equations have a similar structure to recursive equations
in rendering, a careful allocation of cache particle points and reconstruction in our problem
can be beneficial. Those prior works in rendering, however, would not be directly applicable
to our method since fluid dynamics and light transport have different characteristics in
terms of estimation errors (e.g., the split-sphere model in radiance caching [Ward et al.
1988] has no clear role in our framework).

A more classic alternative in the context of fluid animation is an adaptive grid cache,
replacing the uniform grid with an adaptive tree structure to exploit sparsity. Due to our
method’s pointwise estimate feature, we can reduce the storage cost for caching without
affecting the Monte Carlo estimator itself; other methods typically require modifications to
their numerical algorithms, such as discrete gradient computation, for example. Figure 5.20
illustrates our adaptive cache prototype result. It exhibits a large reduction in memory,
although this prototype does not yet offer a significant speed gain.

Alternatives to caching

Any implementations of our method with a cache result in additional bias beyond that
introduced by time discretization. This issue motivates a desire to explore and devise
alternative solutions for resolving the exponential cost of our base recursive formulation.
This exponential cost, in its essence, is similar to the problem of having an exponential cost
in path tracing [Kajiya 1986] if we were to split a path at each bounce (i.e., exponential
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to the number of bounces). Path tracing avoids this exponential growth by tracing along
only one direction per bounce. While we have empirically found that this approach is
not applicable in our setting, some further study of Monte Carlo methods may avoid this
exponential cost.

Quantum methods for numerical integration [Shimada and Hachisuka 2020] may be one
potential avenue due to the exponential nature of computation via quantum bits. Russian
roulette [Arvo and Kirk 1990], an unbiased method to terminate recursive Monte Carlo
processes according to their expected contribution, can be applied to “early-out” fluid tra-
jectories that contribute negligibly to the final dynamics. Similarly, path (resp. trajectory)
splitting [Vorba and Křivánek 2016] can be used to adaptively refine our sampling.

Tighter coupling with rendering

Perhaps most excitingly, the similarities of our method to Monte Carlo light transport
simulations suggest that a tighter integration between fluid and light transport simulations
may prove fruitful. For example, since our fluid simulation generates errors that manifest
as noise, and since possibly only a subset of the domain is rendered from any individual
camera setting, one may be able to adapt the simulation sampling rate to account for
the precision required by the rendering algorithm. Last-mile denoisers of rendered images
[Chaitanya et al. 2017; Kalantari et al. 2015], further diversify this design space and trade-
offs therein. For example, one might be able to design a denoiser that removes noise from
both rendering and simulation (via our method) in a coupled manner.

Relatedly, heterogeneous volumetric rendering algorithms [Novák et al. 2018] build ac-
celeration structures and variance reduction techniques to accelerate their convergence,
and these structures can inform (and be informed) by Monte Carlo estimates of the un-
derlying fluid dynamics. For example, one could imagine a hybrid approach in which a
coarse grid-based simulation is used to guide the rendering process and high-resolution lo-
cal re-simulations are performed on the fly using our approach when the renderer requires
higher-resolution fluid density data.
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Chapter 6

Monte Carlo PDE Solver for Surface
PDEs

Methods to solve surface PDEs have become ubiquitous tools in computer graphics re-
search and production. They are used for surface editing [Desbrun et al. 1999], texture
synthesis [Turk 1991], surface fluid animation [Stam 2003], geodesic distance computa-
tion [Crane et al. 2013], and diffusion curves on surfaces [Bartsch et al. 2023; De Goes
et al. 2022] today. A common approach to tackle these problems is to discretize the surface
and solve a globally coupled linear system using discrete surface differential operators.

For volumetric PDEs, Monte Carlo methods have recently garnered significant attention
in the graphics community due to their unique advantages over traditional discretization-
based PDE solvers, including the ability to estimate solution values in a pointwise, spatial
discretization-free manner. One such method is theWalk on Spheres (WoS) method [Muller
1956] introduced to graphics by Sawhney and Crane [2020]. They primarily focused on the
(constant coefficient) Poisson and screened Poisson equations in a volumetric domain, and
follow-up work, including the solvers we have discussed in the previous chapters, likewise
focuses on volumetric problems. In this chapter, we consider instead the problem of solving
PDEs on surfaces.

Sawhney and Seyb et al. [2022] proposed an extension of WoS to support second-
order linear elliptic PDEs with spatially varying coefficients, and as one application, they
demonstrated a method to solve the Laplace equation on a 2D surface embedded in 3D.
However, this approach requires that the conformal parametrization of the surface be
readily available, limiting the method’s applicability.

We propose a simpler generalization of WoS for surface PDEs, the Projected Walk on
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Figure 6.1: View-dependent diffusion curves with PWoS. Using our method, we solve the
Laplace equation on a curved surface in a view-dependent manner. The pointwise and
discretization-free nature of PWoS allows for the evaluation of the colors only at visible
points where the object color is required by a shading algorithm with stochastic pixel-
filtering.

135



Spheres (PWoS) method, which only assumes the availability of a closest surface point
query and an unoriented surface normal direction query. PWoS supports Dirichlet bound-
ary conditions and inherits the advantages of WoS: PWoS is a pointwise, discretization-free
Monte Carlo method. Since our method does not require the meshing of the surface, it is
particularly advantageous over traditional approaches, such as the finite element method,
when the computation can be localized and when the surface is given as an implicit repre-
sentation, such as a signed distance function. The resulting solution is also free of mesh-
dependent discretization artifacts, such as from linear interpolation, as we show in Fig. 6.1.
Compared to WoS, which performs walks on spheres inside the domain, PWoS performs
walks on spheres inside a Cartesian embedding neighborhood domain around the surface.
After each step of the walk, it projects the sampled point on the sphere onto the surface.
We motivate this simple modification to the original WoS through its connection to the
closest point method (CPM) [März and Macdonald 2012; Ruuth and Merriman 2008].

Furthermore, inspired by the mean value filtering method for WoS by Bakbouk and
Peers [2023], we design a mean value filtering method with a discrete basis function to
allow more efficient estimation of solutions when the surface is represented as a polygonal
mesh or a point cloud. To confirm PWoS’s accuracy, we perform convergence studies
of the method applied to the surface Poisson and screened Poisson equations. Finally,
we demonstrate its use in several representative graphics applications, including diffusion
curves, geodesic distance computation, and wave propagation animation.

6.1 Surface PDEs and Closest Point Extension

Consider the Poisson equation defined on a surface S embedded in Rd such that dim(S) < d:

∇2
SuS(y) = fS(y), y ∈ S, (6.1)

where ∇2
S denotes the Laplace-Beltrami operator. For convenience, we will use the word

surface to refer to any nonzero codimension object in Rd, including mixed-codimension
objects. One typically solves such a surface PDE by discretizing the differential operator
and solving a sparse linear system. For triangle meshes one can use the cotangent Lapla-
cian [MacNeal 1949]; for other surface representations, a corresponding discrete Laplacian
must be defined [Belkin et al. 2009; Bunge and Botsch 2023; Sharp and Crane 2020].
The closest point method [Ruuth and Merriman 2008] instead addresses the surface PDE
(Eq. 6.1) in a more general way by changing the domain to an embedding space, which is a
Cartesian neighborhood surrounding the original surface. CPM then solves an embedding
PDE defined on the embedding space, whose solution when restricted to points y ∈ S is
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the solution uS(y) to the original surface PDE. We briefly summarize CPM theory and
refer readers to work by King et al. [2024] for an in-depth review of CPM.

We first assume that S is smooth and define the closest point query to the surface, for
x ∈ Rd, as

cpS(x) = argmin
y∈S

∥x− y∥2. (6.2)

In general, the mapping cpS(x) may not be unique: there may exist more than one closest
point for a given x. We define the neighborhood N (S) where the closest point function
is unique as N (S) =

{
x ∈ Rd

∣∣ ∥x− cpS(x)∥2 < LFS (cpS(x))
}
, where LFS(y) is the local

feature size at point y ∈ S defined as the minimum Euclidean distance from y to the
medial axis med(S) [Amenta and Bern 1999]. The medial axis med(S) is defined as the
set of points in Rd where there is more than one closest point. Note that when S is a
watertight surface, the definition of the medial axis that we use contains both the interior
part that is bounded by S and the exterior part that lies outside the bounded domain.

Within the neighborhood N (S), or a subset of it, surface differential operators can be
replaced by Cartesian differential operators with closest point extensions (see [März and
Macdonald 2012; Ruuth and Merriman 2008]). The closest point extension operator E
extends surface functions onto N (S) to be constant in the normal direction of S and is
defined as EuS(x) = uS(cpS(x)). For functions u ∈ N (S) the extension E acts on the
restriction of u to the surface, i.e., Eu = E(u|S). The Laplace-Beltrami operator in Eq. 6.1
is equivalent to the following:

∇2
SuS(y) = ∇2[EuS ](y), y ∈ S. (6.3)

To define the embedding PDE on N (S), we also extend fS as f(x) = EfS(x). The
equation ∇2[EuS ](x) = f(x), for x ∈ N (S), is ill-posed because f is constant in the
normal direction of S but ∇2[EuS ] is not guaranteed to be. Therefore, the embedding
PDE for Eq. 6.1 becomes

∇2[EuS ](x) = f(x) + g(x), x ∈ N (S), (6.4)

where g(x) is a function that compensates for ∇2[EuS ] not being constant in the normal
direction of S. The function g(x) is nonzero for x ∈ N (S)\S and g|S = 0 to ensure Eq. 6.4
is consistent with the surface PDE (Eq. 6.1) on S. Any function g with these conditions
has the form g(x) = γ(v(x)− Ev(x)), where γ ∈ R and γ ̸= 0.

The Macdonald-Brandman-Ruuth approach (see [Chen and Macdonald 2015, Section
2.3]) takes v|S = uS to allow Eq. 6.4 to be written as an equation in one unknown, v(x),
since EuS = Ev (but importantly v ̸= Ev except on S). We instead do not restrict v|S

137



to be uS and interpret g(x) as a modification to the source term f(x), then solve for the
unknown solution u(x) = EuS(x) in Eq. 6.4. As proven by von Glehn et al. [2013, Section
3.2], u(x) = Eu(x) since u(x) is the extension of a surface function. The property that
u(x) = Eu(x) = u(cpS(x)) allows our projection step during the walk in PWoS, detailed
in Section 6.2.

We show through our numerical examples that taking g(x) = 0 for all x ∈ N (S), pro-
vides qualitatively correct results for graphics applications and quantitatively convergent
results in most examples in Section 6.4. However, the choice of g(x) = 0 causes Eq. 6.4
to be ill-posed as discussed above, and we observe some bias in some convergence studies
in Section 6.4.1 when f is complex. Interesting future work would involve constructing a
more accurate g(x) function to improve convergence.

In the traditional CPM, one solves the embedding PDE inside a narrow tubular subset
of N (S) that is within a constant distance to S. For the typical grid-based variant, the
tubular subset is spatially discretized with a grid of uniform spacing. Interpolation and
finite differences are applied on the grid to approximate the closest point extension and the
spatial Cartesian differential operators, respectively, and then the resulting linear system
is solved. Other variants of CPM [Cheung et al. 2015; Petras and Ruuth 2016; Piret 2012]
also require some discretization within N (S). Thus, while traditional CPM is agnostic
to the specific surface representation, it still discretizes the embedding space and solves
a globally coupled system. Moreover, imposing exterior or interior boundary conditions
requires tedious grid operations [King et al. 2024]. By contrast, we develop a spatial
discretization-free, pointwise Monte Carlo estimator for surface PDEs by incorporating
the closest point extension concept into WoS.

When there are Dirichlet boundaries C ⊂ S, on which the solution uS is given, one
can geometrically extend the boundary itself out into the embedding space in the normal
directions, assigning it the same boundary value in accordance with the closest point
extension. Note that such boundaries need not coincide with the geometric boundaries
of the surface itself. In the context of grid-based CPM, King et al. [2024] discuss how
to impose such boundary conditions by duplicating degrees of freedom near the extended
boundary. In our work, we devise a method that uses only the closest point function cpC(x)
to the (pre-extension) boundary C, without the need to construct the extended boundary
geometry or perform any complex duplication of degrees of freedom.
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6.2 Method

Input

While our algorithm is generalizable to other configurations, we describe our method for
the case when S is embedded in R3 and dim(S) = 1, 2. Recall that we use the word surface
to refer both to “surfaces” with dim(S) = 1 (curves) as well as dim(S) = 2 surfaces. We
also allow mixed codimension where parts of the surface have dim(S) = 1 and the rest
of the surface has dim(S) = 2. We assume that we can query the closest point function
cpS(x) for x ∈ R3. Additionally, for surfaces with dim(S) = 2, we assume that we can
query the unoriented normal direction of the surface n(x) for x ∈ S. For surfaces with
dim(S) = 1, we assume that we can query the tangential direction of the surface t(x)
for x ∈ S. These assumptions are valid for common surface representations, including,
but not limited to, polygonal meshes, oriented point clouds, and implicit functions. The
theory discussed in Section 6.1 is based on the assumption that S is smooth; in practice,
we observe that applying our technique on discretized surfaces with sharp features behaves
well as we show in Section 6.4.1. Additionally, we assume the Dirichlet boundaries C have
a lower dimension than the dimension of S and support the closest point query cpC. When
solving a two-sided boundary value problem for boundaries with dim(C) = 1, we also
assume that we can query the tangent direction of C.

Overview

The core idea of our method is to apply the WoS recursive relationship within N (S) while
utilizing the closest point extension constraint that u(x) = u(cpS(x)). To do so, we modify
the walk process to use spheres contained within N (S) and to project the walk position at
each recursion step, as illustrated in Fig. 6.2.

The problem we solve is the embedding PDE ∇2u(x) = f(x)+ g(x) within N (S). The
Monte Carlo estimate of WoS (Eq. 2.18) holds by assuming g(x) = 0 because the embedding
PDE is defined with the Cartesian differential operator. To estimate the surface PDE’s so-
lution at point x ∈ S, we consider a 3D ball centered at x and fully contained inside N (S).
Theoretically, it should be the largest ball fully contained inside N (S) that does not cross
the extended Dirichlet boundaries C, to minimize the number of steps needed to reach the
boundary. We determine the radius of such a ball by taking the minimum of a conservative
(under-)estimate of the local feature size at point x (Section 6.2.1) and the distance to the
(extended) Dirichlet boundaries (Section 6.2.2). In Eq. 2.18, the Monte Carlo estimate of
the solution on the sphere, û(y), needs to be evaluated at point y, which does not lie on S
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Algorithm 2: Projected Walk on Spheres

Input: surface S, boundary C, evaluation point x ∈ S, sample walk count NP ,
volume sample count NV , tolerance ϵ

Function EstimateSolution(S, C, NP , NV , x, ϵ):
M← medialAxisPointCloud(S) // Section 6.2.1

ûsum ← 0
for n← 1 to NP do

û ← RecursiveEstimate(S,M, C, NV , x, ϵ)
ûsum ←ûsum + û

end
return ûsum/NP

Function RecursiveEstimate(S,M, C, NV , x, ϵ):
δ ← distanceToBoundary(S,M, C, x) // Section 6.2.2

if δ < ϵ then
return u(cpC(x))

l← localFeatureSize(S,M, x) // Section 6.2.1

R← min(l, δ)
y ← uniformSphereSample(center=x , radius=R)
ûsphere ← RecursiveEstimate(S, med, C, NV , cpS(y), ϵ )
{z1, ...zNV

} ← ballSample(center=x , radius=R)

ûball ← 1
NV

∑NV

i=1
G(x,zi)f(cpS(zi))

p(zi)

return ûsphere + ûball

140



x

shifted med(S)

S

𝜖-shell
extended C

Figure 6.2: A PWoS path for the Laplace equation on a gray 1D (curve) surface embedded
in 2D space, starting from x and terminating at the extended Dirichlet boundary C.

in general. The closest point extension constraint of u provides a convenient relationship
here: the embedding PDE’s solution at point y should coincide with the surface PDE’s
solution at the projected point, cpS(y). We can therefore project the point y onto S at the
end of each recursion step, hence û(y) = û(cpS(y)). After this projection at the end of each
step, we continue the recursion. The source term similarly uses the closest point projection
for the closest point extension, replacing the recursive relationship of WoS (Eq. 2.18) with

û(x) = û(cpS(y)) +
1

NV

NV∑
i=1

GR(x, zi)f(cpS(zi))

p(zi)
. (6.5)

We choose p(zi) ∝ 1/∥x− zi∥2 in our implementation.

Analogous to the original WoS method, we terminate the recursion when the point x
falls within a distance ϵ of the (extended) Dirichlet boundary by taking the boundary value
u(cpS(x)). We provide pseudocode for an instance of our algorithm in algorithm 2, where
we highlight the difference between our proposed method and WoS. We also provide a visu-
alization of a potential path of our algorithm when S is embedded in R2 in Fig. 6.2. Notably,
PWoS is a generalization of the WoS algorithm: when dim(S) = d (i.e., the codimension-
zero case), the local feature size is infinite, the distance to the Dirichlet boundary C can be
computed with the closest point query cpC, and the last closest point projection of y has no
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Local Feature Size Avg. Step Count

0.99 31.1398

0.5 47.84

0.25 128.981

0.125 462.781

0.0625 1818.73

Figure 6.3: Average number of steps required with different conservative local feature size
estimates. While any positive value smaller than 1 is valid for this setup, using a local
feature size estimate that is too small leads to excessively long walks.

effect since cpS(y) = y. When dim(S) < d, in addition to the closest point projection at
the end of each recursion step, our algorithm utilizes two nontrivial steps: the local feature
size estimation using a medial axis point cloud and the computation of the distance to the
(extended) Dirichlet boundary. We discuss these in the following two subsections.

6.2.1 Local Feature Size Estimation

To determine the radius of the sphere centered at x ∈ S that is fully contained inside N (S)
at each recursion step of the walk, we need a conservative lower bound estimate for the lo-
cal feature size at x. One naive approach would be to use a small enough positive constant
value for all x ∈ S, similar to the grid-based CPM [Ruuth and Merriman 2008]. This is
a valid strategy, but it would often yield a sphere radius smaller than necessary, requiring
more recursion steps for the walks to reach a Dirichlet boundary and making the method
inefficient. Fig. 6.3 illustrates a result of our algorithm on a unit sphere using different
(artificial) local feature size estimates. The analytical local feature size of this surface is 1
everywhere. Although using any smaller value would still give consistent results, it signifi-
cantly increases the average step count for the walks. For more complex shapes, one cannot
compute the analytical local feature size in general and using a small constant value in its
place is inefficient. This issue motivates our need for a better local feature size estimate.

To estimate the local feature size, we compute a point cloud approximation of the
medial axis and estimate the local feature size as the distance from any query point x ∈ S
to its nearest point in the medial axis point cloud. One could use any local feature size
estimation algorithm and/or medial axis extraction algorithm (see e.g., [Tagliasacchi et al.
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2016]), such as one that outputs or uses the medial axis’ connectivity. Since such methods
are often comparatively costly, we employed a simple point cloud-based method, which we
describe below.

Medial Ball Extraction

We first densely scatter points xi inside a ball in R3 having a radius equal to half the
length of the diagonal of the bounding box of S, so the entire surface is fully enclosed. For
each point xi, we use the closest point query cpS(xi) to compute its two opposing normal
directions at cpS(xi). Specifically, we normalize the vector xi − cpS(xi) to get the first
direction and invert its direction to get the second one. We then use the method of Ma
et al. [2012] to extract a point cloud that represents the medial axis, as follows. For each
side of the surface (i.e., each normal), we start with a large sphere tangent to cpS(xi),
whose center necessarily lies on the normal ray. The initial radius of the ball is set to the
length of the diagonal of the bounding box of S. Then, we iteratively shrink the size of the
sphere, moving its center to maintain tangency at the surface point cpS(xi), until the closest
surface point from the center of the sphere does not change. This algorithm gives medial
balls, i.e., balls with their centers on the medial axis. As the number of initial scattered
points increases, the extracted point cloud balls tend to cover the entire medial axis. While
Ma et al. [2012] assumed that the surface is represented as an oriented point cloud, we
observed that the algorithm works well with other surface representations by adjusting its
termination criteria. See the paper by Ma et al. [2012] and our implementation provided
with the published paper [Sugimoto et al. 2024b] for details.

Scale Axis Pruning

Directly using the medial ball centers as the medial axis point cloud does not work well in
general when S contains any noise or artificial sharp corners introduced by the discretiza-
tion of a smooth surface. We therefore prefer to estimate (only) the stable part of the
medial axis, which is not affected by any small perturbation of S. A common solution is,
therefore, to prune unstable components of the medial axis, which itself remains an active
research topic [Tagliasacchi et al. 2016]. We take inspiration from the scale axis transform
(SAT) [Giesen et al. 2009; Miklos et al. 2010], but design an alternative since SAT con-
siders topology information of the medial axis, which is unnecessary for local feature size
estimation. Our alternative is simpler and faster since topology information is omitted.
We first scale all the medial balls by a constant factor s > 1. Then, for any pair of medial
balls Br1(x1) and Br2(x2), we remove the smaller ball from the set of medial balls if it is
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fully contained in the other. That is, if s · r1 < s · r2 + ∥x1 − x2∥2, we remove the ball
Br1(x1).

Note that some of the medial balls may have a very large radius before pruning. For
example, an exterior medial ball for a surface of a convex shape would have an infinite
radius in theory (but our algorithm returns at most the length of the diagonal of the
bounding box of S). When such large medial balls are used in our pruning algorithm, they
can easily (and undesirably) remove important, stable parts of the medial axis. The original
SAT approach was applied only to the interior medial axis of closed surfaces. Therefore,
this issue was not observed since the interior medial ball radii are always bounded and
proportional to the size of local features of S. To address this problem, we consider each
pair of tangent balls generated at the same surface point, and replace the larger one with
a tangent ball having the radius of the smaller one. In other words, before we prune the
medial axis, we shift the medial ball centers of the larger medial ball in the pair and shrink
its radius. In Fig. 6.2, we visualize the medial ball centers after this shifting operation.

After this pruning, the set of medial ball centers gives the medial axis point cloud we
use to estimate the local feature size. Adjusting the scaling parameter s allows us to control
the pruning strength. Unless otherwise stated, we use the value s = 1.15 for our results.

Conservative and Nonzero Local Feature Size

As the medial axis is represented as a point cloud and the nearest point distance may give
a larger value than the actual local feature size, we multiply by a small constant (0.9 in our
implementation) to ensure a conservative estimate of the local feature size. When there
are sharp corners in the geometry, the analytical local feature size is zero, and the walk will
become stuck. To prevent this problem, when the estimated local feature size is smaller
than a positive constant threshold λ, we return λ as the local feature size estimate instead.
This process essentially rounds sharp corners with rounding radius λ. The uniform grid
size adopted in grid-based CPM has a similar effect. We do not observe any significant
error due to this rounding, as we show in Section 6.4.1.

6.2.2 Distance to Extended Dirichlet Boundaries

Dirichlet boundaries C are extended in the normal direction of S and the solution in the
embedding space on this extended boundary is determined by the closest point extension
of Dirichlet values on C. Therefore, we need to compute the minimum distance to the
extended Dirichlet boundaries, and limit the sphere radius in PWoS further if it is less
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than the local feature size. To determine the distance to the extended Dirichlet boundary
from point x ∈ S, we first find the closest point that lies on the boundary before the
extension, cpC(x). The subset of the extended boundary that is extended from cpC(x)
takes the shape of a line segment when dim(S) = 2 and a disk when dim(S) = 1. We set
the line segment’s half-length or the disk radius to the local feature size at cpC(x) using the
algorithm in Section 6.2.1. We can compute the distance from the point x ∈ S to this line
segment or disk without explicitly constructing the extended boundary geometry. When
dim(S) = 2, the distance δ to the extended boundary is given by

r = cpC(x)− x,

δ = ∥r− clamp(r · n,−l, l) · n∥2,
(6.6)

where n and l are the surface normal and the local feature size estimate at cpC(x), respec-
tively. When dim(S) = 1, the normal direction is not uniquely defined, so we instead use
a similar method based on the surface tangent t:

q = r− (r · t)t,

δ =

{
|r · t|, if ∥q∥2 < l,

∥r− l · (q/∥q∥2)∥2, otherwise.

(6.7)

6.2.3 Generalizations

So far, we have focused on estimating the solution to the surface Poisson equation in its
standard form. However, we can naturally extend the method to support more advanced
scenarios, building on prior work in related areas. One of the simplest extensions is the
screened Poisson equation, which appears in graphics applications such as the heat method
for geodesic distance computation [Crane et al. 2013]. Additionally, many graphics appli-
cations, including the heat method and the projection step in fluid simulation [Foster and
Metaxas 1996; Stam 1999], lead to Poisson equations with source terms given by the di-
vergence of a vector field: fS = ∇S · hS , where hS is a vector field defined on the surface.
These applications also often require estimating the gradient of the solution, rather than
the solution itself. With grid-based CPM, the differential operators defined in the embed-
ding Cartesian domain can be used to solve such problems [Auer et al. 2012; King et al.
2024]. For our PWoS, however, we do not use any embedding grid structure, and we do
not assume any specific surface representation, so we cannot use such discrete differential
operators. Instead, we address this challenge by drawing insights from the Monte Carlo
PDE solver literature.
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Screened Poisson Equation

For volumetric PDEs, there exists a generalization of WoS to the screened Poisson equation
∇2u − σu = f , where σ is a positive constant (Section 2.3.2). The embedding PDE
for the screened Poisson equation is constructed similarly to Eq. 6.4 using closest point
extensions [Chen and Macdonald 2015, Section 2.3], so the projection step in our algorithm
is justified. Therefore, similar to WoS, we replace the original integral equation (Eq. 2.17)
used to derive the recursive formulation of PWoS with its screened counterpart (Eq. 2.19).
Since PWoS is a generalization of WoS, we can directly apply the same sampling strategy,
including the Russian Roulette path termination outlined in Section 2.3.2.

Gradient Estimation

To estimate the gradient with PWoS, we can similarly replace the first step of recursion
of PWoS by the one for gradient estimation in WoS (Section 2.3.3), because the solution’s
gradient is zero in the surface normal directions due to the closest point extension constraint
u(x) = u(cpS(x)). The surface gradient of the solution to a surface PDE does not have
a normal component, but the estimated solution may have a nonzero normal component
before convergence. Thus, to improve the estimate, we set the normal component(s) of the
estimated gradient to zero as a post-processing step.

Divergence Source Term

To solve a problem with a divergence of a vector field as the source term, in Section 5.3, we
proposed to use integration by parts to convert the volume integral arising from the source
term to a form that does not explicitly depend on the divergence of the vector field. This
was done in the context of the Walk on Boundary method, and we adapt this approach
to (Projected) WoS here. To estimate the solution with the source term f = ∇ · h, the
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volume term converts to∫
BR(x)

f(z)G(x, z) dz

=

∫
BR(x)

(∇z · h(z))G(x, z) dz,

=

∫
∂BR(x)

h(z) · n(z)G(x, z) dz−
∫
BR(x)

h(z) · ∇zG(x, z) dz,

= −
∫
BR(x)

h(z) · ∇zG(x, z) dz,

(6.8)

and we evaluate the last integral instead, which does not require the explicit evaluation of
the divergence of h. We generate the samples to estimate the converted volume integral
with p(z) ∝ 1/∥x− z∥22, so the singularity of ∇zG cancels out.

We demonstrate an application of the divergence source term and gradient estimation
support for the geodesic distance computation in Section 6.4.2.

6.3 Mean Value Filtering with Discrete Basis

The method we described in Section 6.2 is suitable for evaluating the solution at a few
evaluation points independently. To improve the efficiency of the method for many eval-
uation points (i.e., mesh vertices), it is often desirable to utilize the spatial consistency
of the solution. For WoS, a few such methods have been proposed, but those approaches
are not trivially applicable to our setup, where we have additional closest point extension
constraints between the surface and embedding PDEs. Specifically, the boundary value
caching approach [Miller and Sawhney et al. 2023] is based on a boundary integral equa-
tion defined in the Cartesian coordinates and is not applicable to surface PDEs. Adaptation
of reverse WoS [Qi et al. 2022] or mean value caching [Bakbouk and Peers 2023] to our
setting would require a mapping of a PDF on the surface to a PDF on the spheres used in
our walk process, and we found it difficult to design such an algorithm for general surfaces.

Inspired by the filtering method of Bakbouk and Peers [2023], we designed a filtering
method that uses discrete basis functions defined over a surface represented as a polygonal
mesh or point cloud. When we apply Eq. 6.5 at an evaluation point, if û(cpS(y)) is a
precomputed Monte Carlo estimate, we do not need to continue the recursion and can
simply use the precomputed estimate in its place. In general, we do not have the estimate
û(cpS(y)) available at cpS(y). Thus, we get the estimate by interpolating the estimate
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of solutions already computed at a discrete set of points by accepting the bias due to
interpolation. For example, for a triangle mesh, we use barycentric coordinates as the
interpolation basis. This can be interpreted as a PDE-aware smoothing filter of the solution
when we consider this process as a weighted average of the solution estimates at nearby
evaluation points.

To estimate the solution at all mesh vertices or all points in a point cloud, we first
compute an approximate solution to the problem with a low sample count using the method
described in Section 6.2 and apply this filtering step to get an updated estimate. We can
also precompute the filtering weights per evaluation point first and apply the same filter
a few times to achieve an even smoother solution without too much additional cost. We
can similarly design a gradient estimation filter based on Section 6.2.3. While this filtering
approach utilizes a discrete basis defined over the surface, we do not use any explicit
discrete differential operators and do not need to solve a linear system, which is in contrast
to the traditional methods based on discrete Laplacians.

The method of Bakbouk and Peers [2023] similarly designed a smoothing filter for
volumetric PDEs. Their method can keep the estimate unbiased by assuming that the
evaluation points are sampled with a known PDF and that the original estimates are un-
biased, but our method introduces bias due to the use of a discrete basis. We nevertheless
observe that, within a reasonable runtime budget, our biased filtering method can reduce
the error compared to the PWoS algorithm without filtering. We leave the development of
an unbiased variant to future work.

6.4 Results

We implemented PWoS in Houdini 20.0 [Side Effects Software Inc. 2024] with CPU paral-
lelization, without GPU acceleration, using its built-in closest point queries.

6.4.1 Error Convergence

We conducted error convergence studies of our method using discretized surfaces. In each
scene in Fig. 6.4, we change the number of sample paths NP to plot the root mean squared
error measured against the analytical or reference solution. We do not apply the mean
value filtering method in these studies. The scene setup includes Laplace, Poisson, and
screened Poisson equations, and both smooth surfaces and surfaces with sharp corners. In
all scenes, we use ϵ = 0.001 and NV = 32 except for Laplace equations, for which we use
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Figure 6.4: Error convergence. This figure continues to Fig. 6.5. In each of the examples, we
show the visualization of the scene setup (top), error convergence plot (middle), and scene
description (bottom). The scene visualizations show the analytical or reference solution of
the problem by mapping the range of solution values to the green-to-purple color gradient
and placing a white point or curve on the Dirichlet boundary. The vertical axis of the
error plot shows the root mean squared error of the estimates at a few points on the
surface in a logarithmic scale, and the horizontal axis shows the number of samples NP

in a logarithmic scale. The blue curves show the result of the experiment, and the orange
curves show a line that corresponds to the desired O(1/

√
NP ) convergence rate. The scene

description indicates the surface shape (top), boundary shape/type (middle), and problem
type (bottom). While the expected O(1/

√
NP ) is achieved in most scenes, the bias remains

high when an aggressive medial axis pruning parameter is used (c) and when the source
term of the problem is relatively complex (e, g, and h).
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Figure 6.5: Fig. 6.4 continued.
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NV = 0. While the method shows the expected convergence rate of O(1/
√
NP ) in most

examples, we observed a relatively large bias with problems having more complex source
term functions, indicating the need for future work to investigate estimating g(x) from
Eq. 6.4 for such problems.

We used the following problems to generate the error convergence plots in Fig. 6.4.
Note that we finely discretized the surfaces we describe below to obtain the data we show
in the figure.

(a) The helix curve we use has three turns, has a radius of 1, and the endpoints have a
height difference of 2. We solve the Laplace equation defined along the curve length ϕ as

∂2uS
∂ϕ2

= 0,

uS(0) = 0,

uS(ψ) = 1,

(6.9)

where the boundary conditions are specified at the two ends of the curve, ϕ = 0 and ϕ = ψ.
The analytical solution is uS(ϕ) = ϕ/ψ.

(b) to (d) The problem we solve is defined along the curve length ϕ as

∂2uS
∂ϕ2

= 0.02,

uS(0) = 0,

uS(ψ) = 1,

(6.10)

where the boundary conditions are specified at the two ends of the curve, ϕ = 0 and ϕ = ψ,
similar to (a). The analytical solution is uS(ϕ) = 0.01ϕ2 + 1−0.01ψ2

ψ
ϕ. The helix curve in

(b) is identical to the one in (a). The z-order curve in (c) and (d) is defined using 8 points,
(±1.0,±1.0,±1.0).

(e) This scene is one of the scenes in the grid-based CPM paper by King et al. [2024]. On
a unit circle, we have a two-sided Dirichlet boundary. In polar coordinates, the problem
we solve in terms of the angle θ is

∂2uS
∂θ2

= −2 cos(θ − θc),

uS(θ
−
c ) = 2,

uS(θ
+
c ) = 22,

(6.11)
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where θc = 1.022π is the position of the Dirichlet boundary. The analytical solution to
this problem is uS(θ) = 2 cos(θ − θc) + 10

π
(θ − θc).

(f) The surface we used is a torus with a major radius R = 3 and a minor radius r = 1.
The Dirichlet boundary curve is a torus knot expressed as a parametric curve

x1(s) = v(s) cos(as), x2(s) = v(s) sin(as), x3(s) = sin(bs), (6.12)

where v(s) = R + cos(bs), a = 3, b = 7, and s ∈ [0, 2π]. We solve the Laplace equation on
the torus with boundary condition sin(s) along the curve. We used the grid-based CPM
implementation of King et al. [2024] with a grid spacing of 0.02 to generate a reference
solution and measured the error of PWoS against it.

(g) and (h) The surface we used for these setups is the one given by Dziuk [1988] and
later used in multiple CPM works [Chen and Macdonald 2015; King et al. 2024]. The
surface is expressed as S = {x ∈ R3|(x1 − x3)2 + x22 + x23 = 1}. The problem we solve is

∇2
SuS(x)− uS(x) = −fS(x), x ∈ S, (6.13)

where fS has an analytical, yet complex, expression we can derive as in the work by Chen
and Macdonald [2015], so the solution of the problem becomes uS(x) = x1x2. For (g),
we use a unit circle on the x1x2-plane with the analytical solution specified on it as the
boundary value as the Dirichlet boundary. For (h), we did not use any boundary to show
the algorithm’s convergence for the screened Poisson equation without any boundaries.

(i) to (p) The scenes consider the unit sphere with a spherical harmonic function as the
analytical solution, as is done in the study of mesh Laplacians [Bunge and Botsch 2023].
The sphere mesh is punched inward at x3 = 0.25 for (m) to (p) to test the algorithm on

a geometry with sharp corners. Given a spherical harmonic Y 3
2 (x) =

1
4

√
105
π
(x21 − x22)2x3

with eigenvalue −12 as the solution, we solve the Poisson equation

∇2
SuS(x) = −12Y 3

2 (x), x ∈ S, (6.14)

for (i), (j), (m), and (n) and the screened Poisson equation

∇2
SuS(x)− uS(x) = −13Y 3

2 (x), x ∈ S, (6.15)
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Figure 6.6: Effect of local feature size on convergence speed. We bend a rectangular strip of
size 10 by 2 units along sinusoidal curves with high, middle, and low frequencies (top left,
top right, and bottom, respectively, in the visualization) and solve the Laplace equation.
The analytical solution is defined as the distance along the longer edge of the strip from
one of the shorter edges. The vertical axis of the convergence plot represents the root
mean squared error (RMSE), while the horizontal axis shows the time in seconds measured
on a MacBook Pro with an M1 Pro chip. We used 1000 sample evaluation points. The
geometry with a larger local feature size allows for faster convergence with lower bias.

for (k), (l), (o), and (p). For (i), (k), (m), and (o), we use the unit circle on the x1x2-plane
as the Dirichlet boundary, and for (j) and (n), we use the unit semicircle where x2 > 0
as the Dirichlet boundary. We observe the expected convergence behavior with all of the
cases in (i) to (p) and suspect that it has something to do with the fact that the source
term is a constant multiple of the solution.

Local Feature Size and Error

Fig. 6.6 compares the convergence of our method for problems with different local feature
sizes. We observe that a larger local feature size corresponds to faster convergence with
lower bias.
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Figure 6.7: Mean value filtering error. For the Laplace equation with solution u = r3 sin(3θ)
in polar coordinates defined on a unit disk, we curve the disk and measure the error of
PWoS with mean value filtering. In each of the two plots, we compare the error without
mean value filtering against one application of filtering and ten applications of filtering.
The left plot shows the root mean squared error when changing the number of sample
paths used to generate the initial estimate with a fixed number of filter samples (1024).
The right plot shows the root mean squared error when changing the number of samples
used to construct the filter and fixing the number of sample paths used to generate the
initial estimate to 1. We observe that applying the mean value filter constructed with a
sufficiently large number of samples can reduce the error significantly, even when the initial
estimate is constructed with a small sample path count.

Mean Value Filtering

We run the mean value filtering algorithm on a Laplace equation on a triangulated curved
disk surface in Fig. 6.7. In this setup, we observe that applying the filter multiple times
with a filter constructed with a sufficiently high sample count can significantly reduce the
error, even when the initial estimate is computed with a small number of samples. As
expected, the filter is more effective when constructed with more samples, but the error
decreases slower than the rate O(1/

√
NP ), where NP is the number of samples used to

construct the filter. As no recursive estimation is required with the mean value filtering,
it significantly improves the efficiency of PWoS.
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6.4.2 Applications

Diffusion Curves

Diffusion curves [Orzan et al. 2008] succinctly represent an image as a collection of curves
with associated colors. The final image, exhibiting smooth color gradients, is recovered
by solving a Laplace equation with the curves dictating boundary conditions. In our
application, we solve the surface Laplace equation using PWoS. With our approach, the
surface need not have a boundary curve conforming to the discretized mesh, which contrasts
with the common approach [De Goes et al. 2022]. Fig. 6.8 shows the reconstruction of
color at each point on the discretized surface, represented as a quadrilateral mesh and
a combination of triangles, polylines, and point clouds. Our method naturally supports
two-sided boundaries, with different colors specified on each side of a curve, and surface
geometries with mixed codimension. Additionally, the pointwise nature of PWoS allows it
to be applied in a view-dependent manner. For example, given a camera configuration, for
antialiasing, we sample points within each pixel to generate rays. We then generate PWoS
samples at the ray-surface intersection points. No computational resources are wasted
on surface points that are invisible to the camera (Fig. 6.1), and we can obtain clean
results without relying on a fine discretization of the surface. Boundary integral-based
approaches [Bang et al. 2023; Sun et al. 2012] would similarly allow domain-discretization-
free evaluation of diffusion curves, but they first require a global linear system solve.
Moreover, such methods are not applicable to general curved surfaces, and would need to
map the results in the 2D domain to the surface via UV coordinates, for example.

Geodesic Distance

Crane et al. [2013] proposed the heat method, which solves two standard surface PDEs in
series to compute the geodesic distance from the boundary C. The steps are summarized
as

1. ∇2
SuS − (1/t)uS = 0 where uS = 1 on C,

2. X = −(∇SuS)/∥∇SuS∥2, and

3. ∇2
SϕS = ∇S ·X where ϕS = 0 on C,

where t is a small positive constant and ϕ is the geodesic distance. Step 2 uses the gradient
of the solution to the screened Poisson equation found in Step 1. With a discretization-
based method, a discrete gradient operator is used to estimate this gradient; in our method,
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Figure 6.8: Surface diffusion curves solved on various surface representations. The surface
on the left is represented as a combination of triangles, polylines, and oriented points; the
surface on the right is represented as a quadrilateral mesh. The scene on the left, featuring
surface geometry of mixed codimension, was adapted from the work of King et al. [2024].

we directly evaluate the gradient of u during Step 1 using the method in Section 6.2.3,
without needing u itself. We evaluate the gradient at mesh vertices and normalize it to get
X at mesh vertices. In Step 3, again, we do not rely on a discrete divergence operator to
solve the Poisson equation, but instead use the method described in Section 6.2.3. When
our Poisson solver requires the evaluation of X at a point, we interpolate X from the
mesh vertices and (re)normalize it. We can similarly compute the geodesic distance on
a surface represented as a point cloud. Fig. 6.9 compares our PWoS-based heat method
on surfaces represented as polygonal meshes or oriented point clouds against the heat
method with grid-based CPM [King et al. 2024] and the exact geodesic distance computed
with Geometry Central [Sharp et al. 2019]. Our results are consistent with the reference
implementation, albeit with minor deviations.

Surface Wave Animation

Using our screened Poisson equation solver, we can solve some classes of time-dependent
problems. We discretize the wave equation in time with implicit Euler to get a screened
Poisson equation and solve it with time stepping (Fig. 6.10). At each time step, we store
the solution at the vertices of the mesh and query the solution from previous frames by
interpolating the values. In contrast to grid-based CPM [Auer et al. 2012], our method
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Figure 6.9: Geodesic distance computation with the heat method. For each of the two
scenes, we compare our algorithm on a polygonal mesh representation (leftmost) and ori-
ented point cloud representation (middle-left) against a grid-based CPM counterpart [King
et al. 2024] (middle-right) and the exact polyhedral distance computed with Geometry Cen-
tral [Sharp et al. 2019] (rightmost). For the sphere surface (top), we compute the distance
from the circle boundary curve in the center, and for the car surface (bottom), we compute
the distance from the surface boundary edges. Note that the rendering of the point clouds
assigns a UV coordinate per point, resulting in larger visual differences.
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Frame 7 Frame 19 Frame 31 Frame 43 Frame 55 Frame 200

Figure 6.10: Surface wave animation. We solve the wave equation on the surface and visu-
alize the solution as a displacement applied on the surface in the normal directions. Com-
bined with a time-stepping approach, our method can be applied to a few time-dependent
problems. We set the solution to one point on the mesh as the boundary condition for the
first 49 frames, and remove the boundary from the 50th frame. The waves damp out as
the simulation continues, as expected.

directly deals with surface geometry without defining an embedding grid.

6.4.3 Performance

The performance of our method depends on several factors; we report timings for two rep-
resentative examples. We measured these timings using a workstation with two Intel(R)
Xeon(R) Silver 4316 CPUs, each with 20 CPU cores. For the scene in Fig. 6.1 bottom left,
the image resolution is 640 by 480 and the number of samples per pixel was 1024. The
precomputation step, including medial axis computation, took less than 1 minute, and the
rest of the main parts of PWoS took 2 hours and 11 minutes. We did not apply mean value
filtering. For the scene in Fig. 6.8 left, we have 28,119 evaluation points. The medial axis
point cloud extraction took 2.4 seconds, the initial solution estimate with 1 sample took
1.3 seconds, and the application of 10 mean value filtering steps with a filter constructed
with 128 samples took 13 seconds. Optimizing the implementation with GPU acceleration
may further improve performance.

6.5 Discussion

We have developed a Monte Carlo method for surface PDEs by augmenting the formula-
tion of WoS with a closest point projection step. Our algorithm is justified through its
connection to the theory of closest point extensions drawn from the CPM literature. To
accelerate its convergence, we have developed a practical mean value filtering method that
utilizes a discrete basis defined over the surface. We have further analyzed the method’s
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Figure 6.11: Using bounded sphere size. For the Poisson and screened Poisson problems
(e), (g), and (h) in Fig. 6.4, we compare the Default option of not constraining the sphere
size (apart from the limit imposed by the local feature size estimate) against specified
limits on the maximum sphere size as indicated in the legend. The vertical axis shows the
root mean squared error, and the horizontal axis shows the time in seconds measured on
a MacBook Pro with an M1 Pro chip. For (e), we had 1024 evaluation points, and for (g)
and (h), we used 100 sample evaluation points. While limiting the sphere size may reduce
the bias, as we can observe from the intersections of the curves for the default option and
the curves for the sphere-size-constrained option, the computation may take longer, and it
is difficult to get a practical advantage.
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convergence on representative analytical tests and demonstrated its application to graphics
problems.

PWoS currently supports only Dirichlet boundary conditions; efficient Neumann or
Robin boundary handling similar to Walk on Stars for volumetric PDEs [Sawhney and
Miller et al. 2023; 2024b] would require the availability of a few more queries, such as a
ray intersection query against the (extended) boundaries.

While we used a local feature estimation algorithm to allow walks with larger step sizes,
the local feature size estimation itself imposes additional smoothness assumptions on the
surface. To respect small-scale local features, the walk can require many iterations to reach
a Dirichlet boundary. This effect is partly due to our algorithm (like WoS) being based on
an integral equation that holds only locally inside a ball. Revisiting this choice using an
integral equation based on a global relationship, such as the one underpinning WoB, could
lead to a more efficient alternative for surface PDEs.

Lastly, our method relied on the assumption that the closest point extension compen-
sation term (i.e., g(x) in Eq. 6.4) in the embedding PDE is negligible. We empirically
showed that the algorithm designed with this assumption works well when the source term
has a relatively simple expression, but we do not yet have a complete understanding of
when this assumption is strictly valid. However, since g(x) tends to zero continuously as
x approaches the surface, the influence of ignoring this term is expected to decrease as we
shrink the embedding space (i.e., shrink the sphere size). One can always take a smaller
sphere size, albeit at a higher computational cost, as we show in Fig. 6.11. Extending
our method to consider the effect of the compensation term would further improve the
reliability and broaden the applicability of our method.
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Chapter 7

Conclusion and Future Work

7.1 Summary

We have developed spatial discretization-free, pointwise Monte Carlo solvers for partial
differential equations (PDEs) that address limitations of prior methods.

The Walk on Boundary (WoB) method solves second-order linear PDEs under a variety
of boundary conditions. We have demonstrated its applicability to elliptic, scalar-valued
equations (Poisson), time-dependent parabolic equations (diffusion), and vector-valued
equations (Stokes). Beyond introducing WoB to the graphics community, we highlighted
its striking similarity in formulation to Monte Carlo rendering. This analogy enables the
direct application of advanced variance reduction techniques and facilitates implementation
on top of existing ray tracing codebases.

While much of the community’s focus has been on extending Monte Carlo techniques
to a broader class of linear PDEs, we have taken a step further by investigating their
use for nonlinear PDEs, specifically the incompressible Navier–Stokes equations for fluid
simulation. Using operator splitting, we decomposed these nonlinear equations into simpler
substeps and designed pointwise solvers for each, leveraging both vorticity- and velocity-
based formulations.

In addition, we developed the Projected Walk on Spheres (PWoS) method, which com-
bines the Walk on Spheres (WoS) algorithm with the Closest Point Method. PWoS is
the first Monte Carlo method capable of solving surface PDEs without requiring explicit
surface parametrizations.
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With these Monte Carlo techniques, for a wider variety of PDE problems, we can now
obtain solutions at a few desired points without assembling or solving global linear systems.
These methods are trivially parallelizable and rely only on simple geometric operations,
such as closest point and ray intersection queries, without the need for conforming dis-
cretizations or cut-cell treatments of complex geometries. These properties make Monte
Carlo PDE solvers a compelling alternative to traditional discretization-based approaches.

This thesis has taken important steps toward developing general Monte Carlo PDE
solvers for graphics applications. However, it has only begun to explore the full potential
of these methods. Below, we outline several promising directions for future research.

7.2 Applicability of Monte Carlo PDE Solvers

There has been an extensive study of Monte Carlo PDE solvers for second-order linear
elliptic and parabolic PDEs, and we have discussed some methods in these categories, with
an additional application of them to nonlinear Navier–Stokes equations. Still, we identify
two classes of equations that remain difficult to deal with using Monte Carlo methods.

7.2.1 Hyperbolic Equations

The first category is (linear) hyperbolic equations, such as the scalar wave equation and
elastodynamic wave equations. Mascagni [2011] notes that designing general-purpose
Monte Carlo PDE solvers for hyperbolic equations is challenging, except in certain special
cases like the telegrapher’s equation and Burger’s equation. This difficulty arises because
Monte Carlo solvers for elliptic and parabolic equations are typically grounded in Brownian
motion, which models the diffusion of quantities. In contrast, hyperbolic equations exhibit
wave-like behavior, propagating sharp features without diffusion, making stochastic inter-
pretations less natural. While one could discretize time and apply Monte Carlo solvers to
each time slice, such finite-difference approaches may introduce undesirable bias into the
estimates.

This limitation primarily applies to bottom-up approaches like WoS. In contrast, we
believe that the WoB methodology has the potential to generalize to hyperbolic equations.
Many hyperbolic PDEs admit formulations as time-domain boundary integral equations
(BIEs), similar to the parabolic case—a fact well known in the boundary element method
community [Dominguez 1993; Schanz 2001]. The key challenge then becomes devising
appropriate sampling strategies for these time-domain BIEs. This is nontrivial due to the
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appearance of Heaviside and Dirac delta functions in the kernels, but a principled Monte
Carlo treatment still appears feasible.

An alternative approach is to transform the original time-domain problem into a col-
lection of elliptic problems via the Laplace transform. Since both the forward and inverse
Laplace transforms are expressed as integrals, this representation can open up another
promising direction for designing pointwise time-domain Monte Carlo PDE solvers for
hyperbolic equations.

7.2.2 General Nonlinear Equations

In our Navier–Stokes solver, we follow a common operator splitting approach of han-
dling nonlinear advection explicitly as a separate step. A similar idea appears in other
domains—for example, in nonlinear deformable body simulation, where some prior work
has proposed linearizing the governing equations and advancing the system using small
timesteps [Macklin et al. 2019; Müller and Gross 2004; Müller et al. 2002]. Further study
is needed to evaluate the validity of such linearizations under different conditions and to
quantify their effects on solution accuracy and convergence.

Beyond these specific scenarios, general-purpose Monte Carlo methods for directly
solving nonlinear equations would be valuable in a variety of applications. For example,
anisotropic diffusion in image filtering involves diffusion coefficients that depend nonlin-
early on the solution [Catté et al. 1992; Perona and Malik 1990].

In many cases, nonlinearities can be absorbed into linear boundary integral formu-
lations as a solution-dependent source term, as demonstrated in the nonlinear Poisson
equation [Sabelfeld and Simonov 1994, Chapter 7] and in geometrically nonlinear elastic-
ity simulations within the BEM framework [Deng et al. 2018]. Still, nonlinear equations
present a significant challenge for Monte Carlo PDE solvers, particularly in terms of ef-
ficiency. When nonlinearities appear as products of functions of the unknown solution,
unbiased Monte Carlo estimates require independently sampled evaluations of each factor.
This independence is necessary to avoid bias but substantially increases the computational
cost. Although such an approach has been partly explored by Bossy et al. [2015], it can
easily become costly.

As noted by Sabelfeld and Simonov [1994, Chapter 7], another strategy is to estimate
the solution of the linearized PDE at a number of sample points using a Monte Carlo
solver, then refine these estimates via fixed-point iteration. However, this iterative process
may converge slowly, and analyzing its error behavior remains difficult.
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Within computer graphics, stylized rendering problems often involve similar types of
nonlinearities [Tong and Hachisuka 2025; West and Mukherjee 2024], and insights from
these methods could also inform the development of nonlinear Monte Carlo solvers.

7.3 Improvement of Core Monte Carlo PDE Solver

In addition to broadening the range of applications for Monte Carlo PDE solvers, we
believe there is still considerable room for improving the efficiency of core solvers—even for
simple cases such as the Laplace or Poisson equations—beyond what we have discussed and
beyond the concurrently proposed WoS(t) methods. While the concurrent works presented
in Section 2.3.5 primarily focus on improving efficiency by better utilizing or combining
pointwise estimates of the solution given by an underlying Monte Carlo PDE solver, we
argue that this underlying solver itself can be further enhanced. In contrast to WoS(t)
where the choice of integral equations and the sampling strategies are tighly coupled with
less room for improvement, WoB is a general design framework that leaves a lot of room
for exploration. In the following, we discuss concrete directions for improving the WoB
method by addressing its current key limitations.

7.3.1 Choice of Boundary Integral Equations

We have discussed how different boundary integral equations (BIEs) can be leveraged for
different boundary condition types. For pure Dirichlet or pure Neumann problems, the for-
mulations we presented yield well-behaved algorithms in the sense that the path throughput
(i.e., the multiplicative weight assigned to each sampled path) remains bounded when us-
ing ray intersection sampling to trace all boundary interactions by splitting. However,
this favorable behavior breaks down for mixed or Robin boundary conditions, and the
practicality of our method becomes limited.

When we turn our attention to the boundary element method (BEM), a discretization-
based counterpart to WoB, it combines the conventional direct BIE with another BIE
called the hypersingular BIE to construct algorithms with symmetric system matrices [Liu
et al. 2012]. While symmetry is not a primary concern for WoB, the idea of combining both
BIEs is potentially valuable in our context, especially for controlling path throughput. For
example, in mixed boundary problems, we could apply the conventional BIE on Neumann
boundaries and the hypersingular BIE on Dirichlet boundaries. This combined formulation
enables a more structured analysis of the behavior of the integral kernels involved, which
may guide the design of a more stable WoB variant.
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In particular, the Calderón operator [Pechstein 2013], which unifies these two BIEs, is
known to act as a projection operator. This property may prove useful in constructing
formulations with inherently bounded throughput, thereby improving the practicality of
WoB for complex boundary conditions.

7.3.2 Sampling

The sampling techniques discussed in Chapter 3 represent only a small subset of many
strategies that could be explored. In particular, ray intersection sampling with stochastic
selection of a single intersection point introduces an exponential increase in variance with
respect to the recursion depth of the WoB algorithm, even for simple cases such as the
Laplace equation with only Dirichlet boundaries. In such scenarios, the current WoB im-
plementation can easily become less efficient than WoS(t) (Fig. 3.8). An alternative is to
take all intersection points by splitting paths, but doing this näıvely results in an exponen-
tial number of split paths. While we could explore non-ray-based sampling strategies, for
pure Dirichlet or Neumann problems, ray-intersection-based sampling is attractive because
dividing by the sampling probability density function (PDF) cancels the singularity in the
kernel function—a desirable property we would like to retain.

One potentially effective sampling strategy is to always consider all intersection points
along each ray, while avoiding full path branching. At each step, we collect all N inter-
section points along the current ray. Then, we randomly select one of these N points
and cast a new ray from it, yielding another M intersection points. We then evaluate all
N×M pairwise combinations between the current and next sets of points to estimate path
contributions. These combinations can be weighted using multiple importance sampling
(MIS). Specifically, we compute the probability of obtaining the sampled M points not
only from the chosen point, but also by marginalizing over the probabilities of selecting
each of the N candidate points that could have been used to cast the ray. This strategy
avoids exponential growth in the number of path branches while still accounting for all
interactions along each ray. Furthermore, since the sampled points at each level lie on a
line, we expect the kernel singularities to cancel due to the structure of the sampling PDF,
preserving a key advantage of ray-intersection-based techniques.

For mixed or Robin boundary conditions, especially when employing a combined for-
mulation using both conventional and hypersingular BIEs as in Section 7.3.1, we may
also need to generate both forward and backward paths and merge them. In such cases,
techniques from bidirectional Monte Carlo rendering, such as UPS/VCM [Georgiev et al.
2012; Hachisuka et al. 2012], could provide a promising foundation for designing efficient
algorithms.
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7.3.3 Series Truncation and Path Weights

In Section 3.2.1, we discussed a path truncation strategy that assigns a weight of one-half
to the longest path, based on structural properties of interior Dirichlet problems. We also
mentioned that more sophisticated approaches, such as series acceleration techniques, could
be used to assign more elaborate weights to paths of different depths in order to improve
efficiency. In this thesis, however, we employed only the simple truncation strategy across
all problem types.

Designing such depth-dependent weights is a nontrivial problem. A formal treatment
requires analyzing the spectral properties of the associated integral operator, in a manner
analogous to eigenvalue analysis for matrices. These spectral characteristics are highly
problem-dependent and directly influence the convergence behavior of the series expansion.
This analysis becomes particularly important for equations like the Helmholtz equation,
where carefully assigning path weights is crucial for constructing a valid estimator. Similar
challenges are expected when dealing with mixed or Robin boundary conditions using the
combined BIE approach discussed in Section 7.3.1. However, estimating the eigenvalues of
the integral operator is generally difficult and often requires either analytical derivation or
dedicated numerical techniques [Sabelfeld 1991, Section 3.1.4].

Thus, a unified, semi-automatic approach to assigning weights to sample path contri-
butions would be desirable. One idea is to determine these weights adaptively based on the
sampled path contributions themselves, rather than predetermining them. In the context
of the boundary element method (BEM), a related concept appears in the form of the gen-
eralized minimal residual method (GMRES) [Saad and Schultz 1986]. While the implemen-
tation details of GMRES differ, its theoretical foundation is to find a solution expressed as a
linear combination of basis vectors spanning a Krylov subspace. Translating this idea to our
setting, suppose we can separately estimate contributions from paths of different lengths
for a given integral equation; i.e., using the notation in Section 3.2.1, we have estimates
of H iuD for i = 0, . . . ,M . We then seek a linear combination of these contributions that

minimizes the residual in the least squares sense: argminwi

∥∥∥uD − (I −H)
∑M

i=0wiH
iuD

∥∥∥2

2
.

Implementing this approach in the Monte Carlo framework would require considering how
to efficiently evaluate additionally necessary quantities, such as inner products between
contributions from paths of different lengths. This direction presents an interesting possi-
bility for automatically assigning weights to paths of varying lengths, potentially improving
estimator efficiency and convergence for various types of problems.
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7.4 Utilization of Discretization-Based Methods

Even though our Monte Carlo PDE solvers offer unique advantages, such as pointwise
evaluation of the solution without requiring a global linear system solve, we do not expect
them to replace existing spatial discretization-based solvers, such as boundary element,
finite difference, finite element, or finite volume methods, in all cases. These traditional
approaches remain particularly effective when a dense evaluation of the solution across the
entire domain is desired. In fact, many of these methods benefit from advanced techniques
such as adaptive hierarchical data structures that significantly improve their efficiency. As
such, selecting the most suitable method often depends on the specific requirements of the
application.

Importantly, the decision between Monte Carlo methods and discretization-based solvers
is not binary.

Monte Carlo techniques can often be integrated into traditional methods. For example,
Gipson [1985] employed Monte Carlo integration to evaluate the volume integrals arising
from source terms in BEM. Madan et al. [2025] proposed a Monte Carlo traversal of tree
structures to accelerate treecode algorithms for fast approximate dense matrix multipli-
cations. Sabelfeld and Agarkov [2024, 2025] considered stochastic evaluations of matrix
entries in BEM-type framework.

Conversely, discretely stored information can be used to improve the efficiency of Monte
Carlo solvers. Sabelfeld [2012], for instance, proposed using a solution obtained by the
method of fundamental solutions (MFS) as a control variate within WoB. Since the MFS
yields an approximate solution that satisfies the governing PDE exactly but may violate
boundary conditions, WoB can be used to correct the residual boundary errors. More
recently, Shalimova and Sabelfeld [2025] iteratively refined the boundary density functions
estimated at discrete points, using the current density estimate as a control variate. An
analogous strategy for solutions from domain-discretization-based solvers (e.g., finite differ-
ence, finite volume, finite element) is less straightforward, as such solvers produce solutions
that satisfy the PDE only in a discrete sense rather than continuously. However, if we can
interpret these numerical results as a continuous solution perturbed by some error from
the desired solution, they too would be exploitable as control variates.

These examples demonstrate that there remains significant room for exploration in
hybrid approaches that combine stochastic and deterministic techniques. Identifying the
optimal balance between them for a given problem will be key to realizing their full po-
tential.
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