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(a) Naïve polynomial fitting (b) Using EFT for polynomial fitting (c) Direct surface evaluation (d) EFT and surface evaluation

Figure 1: Visual artifacts on the Endraß octic, an algebraic surface of degree 8, showcasing the effect of applying various levels of numerical
precision improvements, using single-precision floating point numbers. EFT abbreviates the error-free transform.

Abstract
We present a robust method for rendering algebraic surfaces on the GPU using only single-precision arithmetic. While fitting the
surface function to a polynomial along the view ray is efficient, it typically suffers from numerical instability even at moderate
degrees. We address this by employing error-free transforms to emulate higher precision without the performance cost of
standard double-precision types. We show that the resulting polynomial fit can supply data for inferring directional Lipschitz
bounds and we propose a new lower and upper bound on Bézier functions. Additionally, we propose a modification to Yuksel’s
bracketed Newton method that uses the fitted polynomial solely to isolate monotonous segments, while the final root refinement
relies on bisection of the original implicit function. This strategy ensures numerical stability and register efficiency on consumer
graphics hardware. We demonstrate our results on rendering various degree algebraic surfaces.

CCS Concepts
• Computing methodologies → Computer graphics; Rasterization;

1. Introduction and Related Work

We consider the problem of rendering algebraic surfaces in dy-
namic scenes via univariate polynomial fitting and root finding.
This approach expresses the composition of the parametric ray
ppp(t) = ppp0 + tvvv with the algebraic function f (x,y,z) as a univari-
ate polynomial in the ray parameter, that is, f ◦ ppp, and solves
for f ◦ ppp = 0. Although the method has been applied previously
[Han83], its numerical robustness poses challenges even at moder-
ate degrees. Karikó and Valasek considered ray marching univariate
polynomial fits [KV25], however, they addressed numerical preci-
sion issues by heuristic subdivision of the ray interval. We propose
the use of error-free transforms (EFT) [Tha06] and splitting fitting
matrices into two single-precision arrays to address numerical con-
cerns without resorting to heuristics or double-precision types.

We chose the confines of single-precision floating-point numbers
because double-precision computations on certain GPU architec-

tures are either prohibitively expensive or even non-existent. One
such example for the latter is the Apple M GPUs to date.

Fitting notwithstanding, the efficient and robust root finding of
the univariate polynomial remains a critical component. Yuksel’s
bracketed Newton [Yuk22] is an algorithm that only requires a lin-
ear working set in the degree of the polynomial. Its efficient im-
plementation on the GPU is possible via reformulations, as demon-
strated by Peters [PPUJ23]. However, one has to carefully adapt to
the idiosyncrasies of the chosen GPU architecture so as to avoid,
e.g., register spilling. We propose a modification to their method
that uses an error-corrected univariate fit to infer higher-order
derivatives, that determine the monotonous segments of the orig-
inal function, and a bisection-based final refinement on the original
three-variate function.

For ground truth, we use ray marching on the three-variate func-
tion, i.e., taking equidistant steps along the ray until the first de-
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tected sign change. While this approach does not suffer from basis
conversion errors, it may skip over surface details that are smaller
than a step size. More robust approaches exist [KB89] that require
the higher-order interrogation of the surface. We consider one such
method in our paper and show that the polynomial fit is a viable
proxy to query directional derivative data. In the remainder, we as-
sume we can only evaluate the values of f (x,y,z) and query its total
degree. We do not impose any restriction on the temporal complex-
ity of the coefficients, that is, our method is applicable to animated
algebraic polynomials as is.

We propose a robust Lipschitz constant bound computation to
guarantee convergence without missing surface features [Har96].
This is facilitated by a new method that achieves parameter-
dependent bounds on polynomials in the Bernstein basis without
requiring subdivision, shown in Section 3.

In Section 2, we describe the methods used for robust polynomial
fitting and root finding. In Section 4, we present the results of our
numerical and performance evaluation. We conclude the paper with
the discussion of the results.

2. Method

In algebraic surface rendering, the surface is given in the form
f (x,y,z) = 0, where f : R3 → R is a polynomial in x,y,z. Our goal
is to find the intersection of the ray p(t) : R→ R3 and the surface
for each pixel. We do so by converting the problem to root finding
on the f ◦p univariate function via fitting. The main stages of our
algorithm are as follows:

1. Precompute a pair of single-precision matrices for polynomial
fitting that approximates the double-precision fitting matrix.

2. Use EFT for matrix-vector multiplication during fitting.
3. Find the root using the surface function f for value evaluation

and the univariate f ◦ ppp proxy for higher order derivatives.

We assume that a bounding sphere determines the region of interest
within space where we render the algebraic surface. We employ two
approaches for the root finding stage: a modification of Yuksel’s
method and an improved Lipschitz constant estimation method, us-
ing bounds on the fitted polynomial. The former is discussed next,
and the second is presented in Section 3.

2.1. Polynomial Fitting

In general, fitting a degree n polynomial to n + 1 samples in an
arbitrary hi(x) : R→R basis is carried out by solving the following
system of n+1 equations:

∀ j ∈ {0, . . . ,n} :
n

∑
i=0

cihi(x j) = s j , (1)

where x j are distinct parameters and s j are samples. In this paper,
we consider the cases of the monomial (hi(x) = xi) and the Bern-
stein (hi(x)=

(n
i
)
(1−x)n−ixi) basis. The parameters are the Cheby-

shev nodes xi = cos iπ
n , and s j = f (ppp(x j)). Let H denote the matrix

with entries Hi j = h j(xi) and the sample vector as sss = [s0, . . . ,sn]
T .

We precomputed the H−1 matrices using double-precision float-
ing point libraries in Python. Let f l(x) be the float32 representation

Basis
Degree

3 5 10
monomial 6.70 36.94 2882.20
Bernstein 4.32 16.56 510.28

Table 1: L2 condition numbers of fitting matrices generated from
different bases using Chebyshev nodes.

of x. The matrix elements are stored in a pair of float32 numbers
( f l(x), f l(x − f l(x))) as shader code. Notably, Chebyshev nodes
on [−1,1] yield lower condition numbers for H in the monomial
basis than those reported in [KV25] (Table 1) where [0,1] was used.
As the x j nodes are fixed, this precomputation is only needed to be
done once for each degree.

The product H−1s is computed via error-free transformations
[Tha06, ROO08] using the error-free transform of simple arith-
metic operations and the compensated summation algorithm. As
illustrated in Figure 1, this approach is critical for numerical sta-
bility, as the other strategies proposed herein cannot mitigate errors
introduced at this step on their own.

2.2. Root Finding

Yuksel’s bracketed Newton method iteratively constructs intervals
on higher derivatives bottom-up to bracket the monotone segments
of the original function. We propose to use the error-corrected uni-
variate fit for the segment bracketing and replace the final Newton
iteration with a bisection-based refinement that directly interrogates
the original trivariate function to achieve float32 precision. This al-
lows us to compensate for errors accumulated during the fitting and
root-finding steps, and consequently, incorrect brackets.

Beyond root isolation strategies, univariate ray tracing utilising
local Lipschitz bounds remains a prevalent approach. However, the
efficiency of these solvers is intrinsically linked to the tightness of
the bounds. In the following section, we introduce a novel bounding
technique for Bernstein polynomials that allows larger step sizes
and the early culling of non-intersecting rays.

3. Lower and Upper Bernstein Bounds

In the Bernstein basis, the function values stay within the convex
hull of the control data. In particular, for the extrema we have

m = min{bi}n
i=0 ≤ b(t) =

n

∑
i=0

biB
n
i (t)≤ max{bi}n

i=0 = M, (2)

where m and M are the minimal and maximal control data. Let
us consider the bounds on the function extrema given by Equation
(2). These are sharp if and only if the extrema are taken at one of
the endpoints. Otherwise, the effect of the interior control points is
overestimated by the convex hull property. Indeed, if b0 ≤ M − ϵ,
bn ≤ M− ϵ for some ϵ> 0 and bi = M, i = 1, . . . ,n−1, then

b(t)≤ (M− ϵ)Bn
0(t)+

n−1

∑
i=1

M ·Bn
i (t)+(M− ϵ)Bn

n(t) (3)

= M− ϵBn
0(t)− ϵBn

n(t)< M (4)
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Degree 2 3 4 5 6 7 8 9 10 15 20
Control point 47.89% 60.10% 68.07% 72.25% 72.59% 77.35% 76.38% 78.36% 79.56% 84.36% 88.45%
LU bound 28.54% 42.31% 49.73% 54.79% 58.27% 59.96% 51.31% 59.02% 50.84% 60.22% 60.71%

Table 2: Comparison of relative errors for function extrema bounds. Errors are calculated as the difference between estimated and actual
extrema, normalised by the magnitude of the extremum. "Control Point" utilises the minimum and maximum control points of univariate
(R→ R) Bézier curves. "LU Bound" refers to our proposed method defined in Equation (7). Lower values indicate sharper bounds.

Surface Equation f (x,y,z) = Note
Sphere x2 + y2 + z2 −R2

Torus (x2 + y2 + z2 +R2 − r2)2 −4R2(x2 + y2)

Flirt x2 − x3 + y2 + y4 + z3 −10z4

Calyx x2 + y2z3 − z4 Has a narrow cusp (Figure 2a)
Barth sextic (−2φ−1)(x2 + y2 + z2 −1)2 +4(x2

φ
2 − y2)(z2

φ
2 − x2)(y2

φ
2 − z2) 50 real ordinary double points

Endraß octic 64(x2 −1)(y2 −1)((x− y)2 −2)((x+ y)2 −2)− ((8(2+
√

2)z2 +4+14
√

2) ·
(x2 + y2)− 4(1+

√
2)(x2 + y2)2 − 16z4 + 8(1− 2

√
2)z2 − 12

√
2− 1)2

144 real ordinary double
points (Figure 2c)

Barth decic (5φ+3)(r2 −1)2(r2 +φ−2)2 +8(x4 −2x2y2 −2x2z2 + y4 −
2y2z2 + z4)(x2 − y2

φ
4)(z2 − x2

φ
4)(y2 − z2

φ
4)

300 real ordinary double points

16-Ball x16 + y16 + z16 −1 Unit ball in ℓ16-norm (Figure 2b)
Table 3: Algebraic test surfaces. φ = 1+

√
5

2 The surface is defined by the zero-contour of the equations.

as ϵ ·
(
Bn

0(t)+Bn
n(t)
)
= 0 if and only if ϵ = 0, since ∀t ∈ [0,1] :

Bn
0(t)+Bn

n(t)> 0. Consequently,

l(t) = m+(b0 −m)(1− t)n +(bn −m)tn (5)

u(t) = M− (M−b0)(1− t)n − (M−bn)tn (6)

are lower and upper bounding curves of b(t), respectively. We re-
fer to these as the LU functions. The extrema of l(t) and u(t) are
strictly sharper than the control point extrema if the latter is not
taken at b0 or bn. By differentiating l(t), one notes that the result-
ing form

l′(t) = n
(
−(b0 −m)(1− t)n−1 +(bn −m)tn−1

)
(7)

possesses a closed-form solution for the root, namely,

t =

(
1+ n−1

√
bn −m
b0 −m

)−1

. (8)

A similar result can be obtained for u(t). We refer to these as LU
bounds. Table 2 shows an empirical comparison of using these
bounds to estimate the extrema of a Bézier curve versus the extrema
of the control points. The tests were carried out on curves with ran-
dom coefficients in [0,1], averaging the statistics over 100 curves.
The test was implemented in Python, using NumPy. On average,
our method provided about 20% sharper bounds on the extrema
than the estimations based on the extremal control points.

It is also worth noting that this bound can be trivially adapted to
subintervals of [0,1]. Indeed, if the extrema of the bound is not in
[a,b], then it is taken at either a or b.

4. Test Results

We implemented the proposed modifications to Yuksel’s root finder
and the Lipschitz bound estimation in an NVIDIA Falcor 8 applica-
tion, using its DirectX 12 backend. We ran our tests on an NVIDIA
1660 Ti mobile GPU. We tested our method on a selection of chal-
lenging surfaces (Table 3). Three of them are shown on Figure 2.

(a) Calyx (degree 5) (b) 16-Ball (degree 16)

(c) Endraß octic (degree 8)

Figure 2: Algebraic surfaces used for testing

We visually ensured that the surfaces are visualised without render-
ing artifacts. The resulting image is notably more accurate around
thin features than the ray march algorithm used as the ground truth.
Our code is available at https://github.com/szentep/
Tracers.

The performance measurements for rendering with the modified
Yuksel method are detailed in Table 4. On average, it provides
a 23.6× speedup compared to ray marching. The computational
overhead of the EFT and direct surface evaluation (EVAL) was ap-
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Surface Degree
Total runtime EFT EVAL Ray march

ms ms % ms % ms speedup
Sphere 2 0.23 0.09 39% -0.02 -8% 8.7 38.4×
Torus 4 0.69 0.17 25% 0.11 16% 22.9 33.2×
Calyx 5 1.44 0.49 34% 0.17 12% 37.1 25.7×
Barth sextic 6 2.62 0.85 32% 0.45 17% 67.8 25.9×
Endraß octic 8 3.07 0.30 10% 0.12 4% 79.3 25.8×
Barth decic 10 4.56 1.14 25% 0.79 17% 57.8 12.7×
16-Ball 16 4.12 0.19 5% 0.38 9% 13.8 3.3×

Table 4: Comparison of single-frame GPU dispatch times across test surfaces compared to ray marching. Total runtime (ms) indicates the
proposed method in the monomial basis using the modified bracketed Newton root finder. Performance overheads of EFT and direct surface
evaluation (EVAL) were isolated by disabling the feature and are presented as a percentage of the total. Ray marching has an iteration cap
at 10000 steps to ensure resolution of fine surface details.

Degree
LU bound Control point

Speedup
Raymarch

ms bound (ms) ms Speedup
Sphere 2 0.92 1.53 1.67× 8.7 9.5×
Flirt 4 2.18 3.82 1.75× 25.3 11.6×
Calyx 5 7.80 8.06 1.03× 37.1 4.8×
Barth sextic 6 31.88 32.24 1.01× 67.8 2.1×

Table 5: Single-frame GPU dispatch times across test surfaces compared to the LU bound. Total runtime (ms) denotes the proposed method
in the Bernstein basis utilising LU bounds for local Lipschitz tracing, with a maximum iteration count of 10000.

proximated by measuring the time difference when these features
are disabled. While this alters image fidelity (Figure 1d), the theo-
retical impact on performance metrics is negligible. For the sphere,
direct surface equation evaluation is faster than that of the degree-
two univariate polynomial.

We evaluated the use of LU bounds for local Lipschitz ray trac-
ing and efficient ray culling. We used the extrema of the derivatives
as a Lipschitz constant throughout the ray. The results are shown in
Table 5. While we omitted higher-degree surfaces due to running
out of the iteration cap, we observed significant performance gains
for lower-degree surfaces. On average, it is 4.8× faster than ray
marching. LU bounds provide more robust and efficient baselines
than ray marching and are consistently faster than merely using the
largest magnitude coefficient of the derivative for a Lipschitz con-
stant upper bound.

5. Conclusions

We presented a robust method for rendering algebraic surfaces in
dynamic scenes on consumer GPUs using single-precision arith-
metic. We employed EFTs and a hybrid root-finding strategy that
uses a univariate polynomial proxy for isolation and the original
function for refinement. This framework successfully mitigated the
numerical instabilities inherent to polynomial fitting on our test
set. Our modified Yuksel algorithm with the numerical robustness
changes eliminated visual artifacts and achieved 23.6× faster ren-
dering compared to ray marching.

Additionally, we introduced a novel bounding technique for
Bernstein polynomials that provides tighter extrema estimates than
standard control point bounds, improving culling efficiency for
lower-degree surfaces. This provided a 7× average speedup com-
pared to ray marching and a 1.37× speedup compared to control

point-based bounds. Future work includes reducing the computa-
tional overhead of EFT through adaptive precision strategies and
improving our bounding methods or extending them to higher di-
mensions. Moreover, we did not employ the interval-dependent
nature of our LU bounding approach, which may provide addi-
tional performance improvements. Ultimately, this pipeline enables
the interactive, high-fidelity visualisation of complex algebraic sur-
faces on standard GPU architectures.
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