DOI: 10.1111/cgf. 12364
Eurographics Conference on Visualization (EuroVis) 2014

H. Carr, P. Rheingans, and H. Schumann
(Guest Editors)

Volume 33 (2014), Number 3

Towards an Unbiased Comparison of CC, BCC,
and FCC Lattices in Terms of Prealiasing

Viktor Vad! , Balazs Csébfalviz, Peter Rautek3, Eduard Groller*”

ITampere University of Technology, Finland
2Budapest University of Technology and Economics, Hungary
3King Abdullah University of Science and Technology, Saudi Arabia
4Vienna University of Technology, Austria
SVRVis Research Center, Austria

Abstract

In the literature on optimal regular volume sampling, the Body-Centered Cubic (BCC) lattice has been proven
to be optimal for sampling spherically band-limited signals above the Nyquist limit. On the other hand, if the
sampling frequency is below the Nyquist limit, the Face-Centered Cubic (FCC) lattice was demonstrated to be
optimal in reducing the prealiasing effect. In this paper, we confirm that the FCC lattice is indeed optimal in
this sense in a certain interval of the sampling frequency. By theoretically estimating the prealiasing error in a
realistic range of the sampling frequency, we show that in other frequency intervals, the BCC lattice and even the
traditional Cartesian Cubic (CC) lattice are expected to minimize the prealiasing. The BCC lattice is superior over
the FCC lattice if the sampling frequency is not significantly below the Nyquist limit. Interestingly, if the original
signal is drastically undersampled, the CC lattice is expected to provide the lowest prealiasing error. Additionally,
we give a comprehensible clarification that the sampling efficiency of the FCC lattice is lower than that of the BCC
lattice. Although this is a well-known fact, the exact percentage has been erroneously reported in the literature.
Furthermore, for the sake of an unbiased comparison, we propose to rotate the Marschner-Lobb test signal such
that an undue advantage is not given to either lattice.

Categories and Subject Descriptors (according to ACM CCS): 1.3.3 [Computer Graphics]: Picture/Image
Generation—Display algorithms 1.4.10 [Image Processing and Computer Vision]: Image representation—

Volumetric

1. Introduction

In scientific visualization applications, the input data is usu-
ally available as a discrete sampled representation, where the
data values are associated to the points of a regular sampling
lattice. In order to reproduce the underlying signal also be-
tween the lattice points, a reconstruction filtering is neces-
sary, which is basically a convolution of the discrete samples
with a continuous convolution kernel. If the original signal
is sampled on a certain lattice, its spectrum gets replicated
around the points of the dual lattice in the frequency domain.
The major goal of the reconstruction is to reproduce the pri-
mary spectrum, which is located around the origin, as much
as possible, and to get rid of the influence of the replicas that
are the so-called aliasing spectra. The convolution filtering
in the spatial domain is equivalent to a simple multiplication
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in the frequency domain by the Fourier transform of the filter
kernel. Therefore, the primary spectrum can be perfectly re-
produced if an ideal low-pass filer is applied on each lattice.
The Fourier transform of the ideal low-pass filter is one at the
primary spectrum and zero at the aliasing spectra. However,
if the sampling frequency is decreased below the Nyquist
limit, the replicas get closer to each other such that the alias-
ing spectra overlap with the primary spectrum. In this case,
a perfect reconstruction is not possible, because the aliasing
spectra cannot be filtered even with the ideal low-pass filter.
Any filter has to either cut off those high-frequency compo-
nents of the primary spectrum that are corrupted by the alias-
ing spectra, or reconstruct the high-frequency components
taking the risk of prealiasing. Therefore, it is worthwhile to
apply a sampling lattice that minimizes the overlapping. In
the literature, the FCC lattice is considered to be optimal in
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this sense [KEP08, Ent09, ME10, ME11,MES* 11, YE12] if
the underlying signal is assumed to be undersampled. How-
ever, in this paper, we show that the reduction of the pre-
aliasing effect depends on the sampling frequency, and in a
realistic range of the sampling frequency, the FCC lattice is,
in fact, optimal just for a narrow interval.

The prealiasing effect has to be distinguished from
the postaliasing effect, which stems from the non-ideal
frequency-domain behavior of a practical filter. As the ideal
low-pass filter is of infinite extent, it is impractical and usu-
ally approximated by compact polynomial filters that are ef-
ficient to evaluate. However, the frequency response of such
a practical filter cannot guarantee that the aliasing spectra
are multiplied by zero in the stopband. Therefore, the alias-
ing spectra also contribute to the reconstructed signal caus-
ing postaliasing effects [ML94]. In the literature on vol-
ume visualization, the design of filters that minimize the
postaliasing artifacts to achieve high image quality is a core
topic [ML94, EM06, Csé08b, CD09, Csé10, CD10, Csé13].
One might argue that the reduction of the prealiasing is not
a visualization problem and it is more related to data acqui-
sition or tomographic reconstruction, since in the visualiza-
tion stage it is already too late to do anything against pre-
aliasing. On the other hand, these areas are not researched
separately and they intensively influence each other. For ex-
ample, the optimality of a volumetric data representation can
be analyzed not just from the aspects of numerical accuracy
or data fidelity but from a visualization point of view as well.
Although, in our opinion, the study of the prealiasing effects
is as important as that of the postaliasing effects, so far in
the visualization literature it has not received the attention
that it deserves. Especially in comparative studies evaluat-
ing different lattices or reconstruction schemes, it is crucial
to clearly separate the prealiasing artifacts from the postal-
iasing artifacts.

The contributions of this paper are the following:

e We derive the sampling efficiency of the FCC lattice in a
comprehensible way. This is important because, in some
previous papers [Ent09, ME10, ME11, YE12], this sam-
pling efficiency is by mistake reported to be 27% better
than that of the CC lattice. This mistake probably stems
from the misinterpretation of the absolute sampling effi-
ciencies derived by Petersen and Middleton [PM62] and
Miyakawa [Miy59]. We prove that the FCC lattice per-
forms, in fact, 23% better than the CC lattice in terms of
sampling efficiency. Although the ratio of 23% is men-
tioned in previous papers [QXF*07, VCG12], none of
them gives a proof or an explanation. Therefore, we think
that our simple and comprehensible proof fills a gap in
the literature and as such represents an important contri-
bution.

e Previous experiments [Ent09, ME10,ME11, YE12] on the
well-known Marschner-Lobb (ML) signal [ML94] were
reported to confirm the superiority of the FCC lattice

over the BCC lattice in terms of prealiasing. However,
we demonstrate that exactly the opposite can be shown
by only changing the orientations of the sampling lattices.
This is an important extension of the contributions of Vad
et al. [VCGI12]. Although they also pointed out that the
previous experiments gave an undue advantage to the FCC
lattice, they did not analyze the sensitivity of the ML sig-
nal to the different orientations of the sampling lattices.

e We propose to carefully use the ML signal for visually
comparing different lattices in terms of prealiasing. We
recommend that the sampling lattices are rotated in such
a way that the prealiasing effect is maximized on each lat-
tice. In this case, the different lattices can be fairly com-
pared regarding their worst-case prealiasing effects.

e For a realistic range of the sampling frequency, we the-
oretically estimate the prealiasing effect by analytically
evaluating the overlapping between the primary spectrum
and the nearest and second nearest aliasing spectra. This
evaluation shows that the CC, BCC, and FCC lattices are
optimal in different ranges of the sampling frequency.

2. Related Work

Practical filters provide different reconstruction quality de-
pending on how accurately they approximate the ideal sinc
kernel. To visually compare different filters, Marschner and
Lobb introduced a test signal (ML), which is difficult to re-
construct if it is sampled near the Nyquist limit [ML94].
The ML experiments nicely show many important proper-
ties of a given filter such as smoothing and postaliasing ef-
fects, ringing effect, or the preferred directions in case of an
anisotropic reconstruction.

The ML signal is also used for a fundamentally different
purpose than it has originally been proposed for, namely, to
compare different sampling lattices such as the CC, BCC,
and FCC lattices [KEPOS, Ent09, ME10, ME11, MES*11,
YEI12]. The idea of these works is to apply the same sam-
pling density and theoretically equivalent filters on each lat-
tice to visually and quantitatively compare the correspond-
ing reconstructions. It is, however, a challenging task to find
truly equivalent filters that do not bias the comparisons. First,
filters of the same approximation order were proposed to be
applied [EDM04,EVDVMO08,KEPO08]. Here the major prob-
lem is that filters of the same approximation order often be-
have rather differently even on the same lattice [Csé08b].
This leads to different postaliasing effects, which are diffi-
cult to distinguish from the prealiasing effects caused by the
sampling lattices themselves. Furthermore, filters of a cer-
tain approximation order were missing on certain lattices,
such as a fourth-order filter on the FCC lattice. Therefore, fil-
ters of the closest approximation order were used, which also
biased the comparisons [MES*11]. To remedy this prob-
lem, B-spline filters were adapted first to the BCC lattice
[Csé08a] and then to the FCC lattice as well [ME10,ME11].
These generalized B-spline filters, which are referred to as
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Voronoi splines [ME10], provide not just the same approxi-
mation order on the different lattices, but interestingly, their
supports cover exactly the same number of lattice points.
As theoretically the computational cost of a reconstruction
filter is proportional to the size of the given filter, a com-
parison based on the Voronoi splines seems to be fair. Nev-
ertheless, from a strictly practical point of view, the non-
separable Voronoi splines derived for the BCC and FCC lat-
tices are much more expensive to evaluate than the B-splines
on the CC lattice, because the evaluation cannot be reduced
to lower dimensions as in case of a separable B-spline filter.

Based on the assumption that the original signal is spheri-
cally band-limited [TMGO1,PM62], probably the most con-
sequent and unbiased comparison is guaranteed if an adapta-
tion of the ideal sinc filter is applied on each lattice. Ye and
Entezari [YE12] generalized the sinc filter to arbitrary lat-
tices and applied Lanczos-windowed sinc kernels of approx-
imately the same support size on different lattices. However,
for efficiency reasons, they used relatively compact filters,
which might also introduce a bias because of their differ-
ent oversmoothing and postaliasing properties. Oversmooth-
ing and postaliasing stem from the deviation from the ideal
passband and stopband behavior, respectively [ML94]. Ide-
ally, the adapted sinc kernels would be the most appropriate
for a fair comparison, as theoretically they do not introduce
oversmoothing or postaliasing at all. Therefore, the larger is
the Lanczos window, the smaller is the bias. Consequently,
Vad et al. [VCG12] used very large Lanczos kernels to re-
duce the bias, and pointed out a very specific property of the
classical ML signal, which cannot be expected from real-
world data sets. Namely, the spectrum of the ML signal is
practically disc-shaped, which results in a bias in favor to
FCC sampling. Hossain et al. [HAM11] proposed an alter-
native test signal which has isosurfaces that are spherically
bounded, but it has not been proven so far that its spectrum
is truly spherically band-limited. We conclude that no good
benchmark is available for fairly comparing CC, BCC, and
FCC lattices in terms of prealiasing. Alternatively, practical
volumetric data could also be used, but recent CT or MRI
scanners do not provide the data on BCC and FCC lattices.
Therefore, the BCC and FCC volume representations are
usually computed indirectly from high-resolution CC rep-
resentations. This approach is biased as well, because the
applied resampling technique immediately introduces a dis-
tortion.

In Section 4, we show that after appropriate rotations the
ML signal can be used for an unbiased comparison of CC,
BCC, and FCC lattices. Although it is not spherically band-
limited as assumed by the theory of optimal regular volume
sampling, its disc-shaped spectrum can still be considered as
a slice of a truly spherically band-limited spectrum. There-
fore, we investigate how a slice of such a spectrum can be
rotated in a way that the prealiasing is maximized. Using
this approach, we evaluate the prealiasing effects for differ-
ent sampling lattices.
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3. Derivation of the Sampling Efficiencies
3.1. Sampling on the Body-Centered Cubic Lattice

According to the well-known Shannon-Nyquist theory
[OS89], a 1D band-limited signal can be perfectly recon-
structed from its discrete samples if the sampling frequency
is higher than twice the band limit and an ideal sinc filter is
used for the continuous reconstruction. The optimality of the
BCC lattice is derived from the 3D generalization of this the-
ory [TMGO1,PM62]. In 3D, it also has to be considered how
the bounding volume of the spectrum is defined. It is a natu-
ral assumption that the bounding volume is a sphere, because
there is no rational reason to assume any preferred direction
in the spectrum of a practical signal. If a spherically band-
limited signal is sampled on a certain lattice, its spectrum
gets replicated around the points of the dual lattice in the
frequency domain. The replicas should not overlap, other-
wise the primary spectrum located around the origin cannot
be cut with an ideal low-pass filter, that is, the original sig-
nal cannot be perfectly reconstructed. On the other hand, the
sparsest sampling in the spatial domain can be achieved, if
the dual lattice ensures the tightest arrangement of the spher-
ical replicas in the frequency domain. Based on the recently
proven Kepler conjecture [Hal98], the best choice for this
purpose is the FCC lattice, which is optimal for sphere pack-
ing. Since the FCC lattice is the dual of the BCC lattice, for
sampling a spherically band-limited 3D signal, the BCC lat-
tice provides the best sampling efficiency in the spatial do-
main [TMGO1,PM62].

Figure 1: Dual lattices in the frequency domain correspond-
ing to equivalent CC, FCC, and BCC sampling lattices. (a):
Dual CC lattice of a CC sampling lattice. (b): Dual BCC
lattice of an FCC sampling lattice. (c): Dual FCC lattice of
a BCC sampling lattice.

Assume that the diameter of the spherical spectrum is one.
Thus, the smallest distance between the points of the dual
lattice has to be exactly one to achieve the tightest sphere
packing in the frequency domain. Figure 1 shows the dual
lattices corresponding to CC and BCC sampling, that are CC
and FCC lattices, respectively. Note that the dual FCC lattice
consists of four overlapping CC lattices (the origins of these
CC lattices are depicted by red dots in Figure 1c) with edge
length v/2, so its density (i.e., the number of lattice points

per unit volume) is 4/ \/53 = /2 &~ 1.4142. Consequently,
the density of the BCC sampling lattice is 1/v/2 ~ 0.707,
which is 29.3% better than that of the CC lattice [TMGO1].
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(c) Dual FCC lattice corresponding to BCC sampling.

Figure 2: Packing of disc-shaped aliasing spectra in the fre-
quency domain on dual CC, BCC, and FCC lattices that cor-
respond to CC, FCC, and BCC sampling lattices of the same
density, respectively. The green and red circles represent the
primary spectrum and the MS aliasing spectra, respectively.

3.2. Sampling on the Face-Centered Cubic Lattice

If the original signal is sampled on an FCC lattice then its
spectrum is replicated around the points of the dual BCC
lattice in the frequency domain. Now let us assume again
that the diameter of the spectrum is one. In this case, the
smallest distance between the points of the dual BCC lattice
has to be exactly one as shown in Figure 1. The dual BCC
lattice consists of two CC lattices (the origins of these CC
lattices are depicted by red dots in Figure 1b) of edge length
2/+/3. Therefore, its density is 2/(2/v/3)° = \/§3/4 ~
1.299. Consequently, the density of the FCC sampling lat-
tice is 4/ \/§3 =~ 0.77, which is 23% better than that of the
CC lattice. The gain of 23% is mentioned in previous pa-
pers [QXF*07, VCG12] without a proof or an explanation.

Those papers that erroneously report the sampling efficiency
of the FCC lattice [Ent09, ME10, ME11, YE12] reference
the pioneering works of Petersen and Middleton [PM62] and
Miyakawa [Miy59], which define the absolute sampling effi-
ciencies of different lattices. This is the reason why we think
that the incorrect ratio of 27% might stem from a misinter-
pretation of their results. Although the relative sampling ef-
ficiency of the FCC lattice can also be indirectly obtained
from the absolute sampling efficiencies [PM62,Miy59], their
derivation is not easy to follow without being familiar with
concepts such as the Voronoi cell and the generator matrix of
the dual lattice, or the determinant of the generator matrix.
In contrast, our proof is simple and relies on minimal back-
ground knowledge on sampling lattices. As a consequence,
it perfectly serves the goal of resolving the above mentioned
contradiction in the literature. We find it important to em-
phasize that those papers [Ent09, ME10, ME11, YE12] that
erroneously report the ratio of 27% provide valuable contri-
butions to the field, which are not invalidated by this mistake.

(a) Dual BCC lattice corresponding to a
rotated FCC sampling.

(b) Dual CC lattice corresponding to a rotated CC sampling.

Figure 3: Packing of disc-shaped aliasing spectra in the
frequency domain on dual BCC and CC lattices that cor-
respond to rotated FCC and CC sampling lattices, respec-
tively.
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4. ML Experiments

The ML signal was used in several papers [KEPOS, Ent09,
ME10, ME11, MES*11, YEI2] to visually compare CC,
BCC, and FCC volume representations. The experiments in
these papers suggest that the FCC sampling ensures lower
aliasing than the BCC sampling for undersampled signals.
However, recently, Vad et al. [VCG12] demonstrated that the
experimental settings were biased. On the other hand, they
have not proposed alternative experiments that would lead
to an unbiased visual comparison. In this section, we pro-
vide additional arguments to justify their statements, namely,
we show that the difference in the aliasing effects mainly
depends on the orientation of the sampling lattices. More-
over, we show that the ML signal can be used for fair vi-
sual comparisons, if it is rotated such that an undue advan-
tage is not given to either lattice. This is a significant ex-
tension of the contributions previously published by Vad et
al. [VCGI12]. Since the spectrum of the ML signal is prac-
tically disc-shaped [VCG12], the prealiasing effects depend
on how much the primary spectrum overlaps with those near-
est aliasing spectra that are in the same plane as the primary
spectrum. Therefore, we refer to them as the Most Signifi-
cant (MS) aliasing spectra of a given plane. Figure 2 shows
that the FCC sampling guarantees the largest distance be-
tween the primary spectrum and the MS aliasing spectra
in the horizontal plane if the sampling densities of the CC,
BCC, and FCC lattices are the same and the orientation of
each lattice is axis-aligned. In other words, if the MS alias-
ing spectra get closer to the origin by decreasing the sam-
pling density, the FCC sampling ensures the smallest over-
lapping in the frequency domain. Note that, in case of CC or
BCC sampling, the MS aliasing spectra are located around
the dual lattice points that are the nearest neighbors of the
origin (these points are depicted in blue in Figure 2). In con-
trast, in case of FCC sampling, the MS aliasing spectra are
located around the second nearest neighbors (these points
are depicted in magenta in Figure 2). Therefore, the axis-
aligned orientation of the sampling lattices clearly favors the
FCC sampling. Table 1 summarizes the distances to the near-
est and second nearest neighbors on the dual CC, BCC, and
FCC lattices. The distances to the MS aliasing spectra in the
horizontal plane are edited in bold.

To make visual comparisons between different recon-
structions of the ML signal, we used generalizations of the
Lanczos filter as proposed by Ye and Entezari [YE12]. In
1D, the Lanczos filter is defined as follows:

_ | sinc(x)sinc(x/a) if |x| < a

Lx) = {0 otherwise, M
where sinc(x) = sin(mx)/(nx). For the CC lattice, a separa-
ble tensor-product extension of L(x) is used, while the BCC
and FCC lattices require more complicated non-separable
extensions [YE12]. Since the ideal low-pass filter can be
better approximated by larger filter kernels, we applied ex-
tremely large Lanczos filters (parameter a was set to 20) to
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avoid biased comparisons [VCG12]. On the CC, BCC, and
FCC lattices we took approximately the same number of dis-
crete samples, and rendered the corresponding continuous
reconstructions by direct isosurface rendering. The images
are shown in Figure 4. Similarly to the results of Ye and En-
tezari [YE12], we also obtained the lowest aliasing effect for
the FCC representation of the ML signal. According to their
interpretation, the ML experiments confirm the superiority
of the FCC lattice over the CC and BCC lattices in terms of
antialiasing. Our interpretation is completely different, as we
claim that the difference in the prealiasing effects stems from
the special shape of the ML spectrum and the orientation of
the sampling lattices.

In order to make an unbiased comparison, we have to
align the spectrum of the signal with the worst-case scenario
of each lattice. We achieve this for sampling the ML signal
by rotating the FCC lattice by 45 degrees. This is equivalent
by fixing the orientation of the sampling lattice and rotating
the ML signal itself, which leads to a different result due to
its anisotropic spectrum. In this way, the MS aliasing spectra
get to the positions of the first nearest neighbors on the dual
BCC lattice (these points are depicted in blue in Figure 3a),
which increases the prealiasing effect.

To show the significance of the bias in case of the ML
signal, the CC lattice can be rotated such that the MS alias-
ing spectra get to the positions of the second nearest neigh-
bors (these points are depicted in magenta in Figure 3b),
which decreases the prealiasing effect. In this case, we rotate
around the z-axis by 45 degrees and then around the y-axis
also by 45 degrees. As a result, the axis of the ML signal
becomes parallel to the diagonal of the cubic cells. These
settings now give an undue advantage to the CC sampling.
The corresponding reconstructions are shown in Figure 5.
It is clearly apparent that the optimally rotated CC-based
reconstruction produces significantly less aliasing artifacts
than the worst-case rotated FCC-based reconstruction. We
conclude that naive ML experiments are prone to introduce
a bias caused by the disc-shaped spectrum of the test sig-
nal. Note that the BCC lattice cannot be rotated such that
the MS aliasing spectra get to the positions of the second
nearest neighbors in the dual FCC lattice. In this case, the
aliasing spectra around the first nearest neighbors would be
located inside the same plane as the aliasing spectra around
the second nearest neighbors. Therefore, the BCC-based re-
construction in Figure 4b can be fairly compared to the FCC-
based reconstruction in Figure 5b. Here the MS aliasing
spectra are located around the first nearest neighbors on the
dual lattices in both cases. In the corresponding images, the
BCC representation shows less aliasing than the FCC repre-
sentation for the worst-case rotation of the sampling lattices.

4.1. RMS Error Measurements

We also measured the RMS errors of the ML reconstructions
using an unbiased Monte Carlo estimation. The results sum-
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Table 1: Distances to the nearest and second nearest neighbors on the dual CC, BCC, and FCC lattices.

spatial domain CC sampling FCC sampling BCC sampling
frequency domain CC lattice BCC lattice FCC lattice
distance to the 1* nearest aliasing spectra Nee =1 Npce = ?C/E ~1.0911 | Npcc = #C/Z ~1.1225
distance to the 2" nearest aliasing spectra || Scc = V2~ 14142 Spec = V2 ~1.2599 Srec = VA~ 1.5874

Table 2: RMS error of the ML reconstruction for different
sampling lattices.

sampling lattice RMS error
axis-aligned (worst-case orientation) CC 0.0063086
rotated (worst-case orientation) FCC 0.0015537
axis-aligned (worst-case orientation) BCC || 0.0012879
rotated (best-case orientation) CC 0.0004630
axis-aligned (best-case orientation) FCC 0.0001718

marized in Table 2 clearly show that the worst-case orienta-
tions of the sampling lattices produce much higher error than
the best-case orientations. Among the worst-case scenarios,
the BCC lattice ensures the highest numerical accuracy. Note
that the RMS errors are completely conform to our expecta-
tions, since they also demonstrate that the ML signal is very
sensitive to the orientation of the sampling lattices due to its
anisotropic spectrum.

5. Comparing CC, BCC, and FCC Lattices in Terms of
Prealiasing

The previously published ML experiments [KEPOS, Ent09,
ME10, ME11, MES*11, YE12] clearly showed the lowest
prealiasing effect for the FCC representations. These ob-
servations easily led to the conclusion that the FCC lattice,
in general, minimizes the prealiasing for spherically band-
limited signals if sampled below the Nyquist limit. This
hypothesis was theoretically explained by the fact that the
dual BCC lattice is the best sphere-covering lattice [CSB87],
so the FCC sampling ensures the minimal overlapping be-
tween the primary spectrum and the nearest aliasing spec-
tra [Ent09]. Another explanation [ME10, ME11, MES*11,
YE12] stems from an information-theoretical analysis pub-
lished by Kiinsch et al. [KAHOS]. It proves that, for sam-
pling stochastic processes, the FCC lattice minimizes the av-
erage mean-square error of the best linear interpolation if the
sampling frequency tends to zero. Although their framework
does not aim at the minimization of the prealiasing effect ex-
plicitly, intuitively, the reconstruction error is clearly influ-
enced by the aliasing spectra if the original signal is drasti-
cally undersampled. However, as demonstrated in Section 4,
when the sampling lattices are rotated such that a bias is
avoided, the FCC lattice is not confirmed to be superior over
the BCC lattice in terms of prealiasing. This result inspired

us to thoroughly investigate the different lattices concerning
their prealiasing effects.

In fact, the prealiasing effects can be easily estimated if
we take lattices of the same sampling density and gradually
increase the diameter of the imaginary spherical spectrum to
be reconstructed. In this case, the prealiasing is also gradu-
ally increased depending on the increasing overlap between
the primary spectrum and the aliasing spectra. This is equiv-
alent to sampling a fixed signal by gradually decreasing the
sampling frequency. Note that Figure 2 shows the duals of
CC, BCC, and FCC lattices of a unit sampling density, so
they contain exactly one lattice point per unit volume. Ta-
ble 1 shows the distances between the center of the primary
spectrum and the centers of the first and second nearest alias-
ing spectra. The overlap O(d, ) between a spherical primary
spectrum and one particular spherical aliasing spectrum de-
pends just on the distance ¢ between them and the diameter
d of the spectra. The volume of the intersection between the
corresponding two spheres is calculated as follows:

0(d,1) :{5n(2dq.tt)(d7t)2 ifr <d @
0 otherwise.

For the CC, FCC, and BCC sampling lattices, the following

equations show the estimated prealiasing effects as the over-

lapping between the primary spectrum and the nearest and

second nearest aliasing spectra depending on their diameter:

Pcc(d) = 6-0(d,Ncc) +12-0(d, Scc), 3)
Prce(d) =8-0(d,Npcc) +6-O(d, Spec),

Ppcc(d) = 12-0(d,Npcc) +6-0(d,Spcc)-

Note that, when d < v/3 ~ 1.7321, the third nearest aliasing
spectra do not contribute to the prealiasing effect at all on
either lattice. Figure 6 shows the estimated total prealiasing
effects produced by CC, FCC, and BCC lattices as a function
of the relative sampling frequency, which is inversely pro-
portional to the diameter d of the spherical spectrum to be
reconstructed. If the sampling frequency is not significantly
below the Nyquist limit, the BCC lattice is optimal in terms
of prealiasing. In the frequency interval [0.79447, 0.70225],
the FCC lattice is optimal. If the signal is drastically under-
sampled, the traditional CC lattice minimizes the prealiasing
effect. Determining the optimality ranges of various lattices
is one of the key results of our investigation.
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(b) ML signal sampled on an axis-aligned (worst-case orientation) BCC lattice.

(c) ML signal sampled on an axis-aligned (best-case orientation) FCC lattice.

Figure 4: Reconstruction of the ML signal from 40 x 40 x 40 CC samples (a), 32 x 32 x 32 x 2 BCC samples (b), and 25 x
25 x 25 x4 FCC samples (c).

(b) ML signal sampled on a rotated (worst-case orientation) FCC lattice.

Figure 5: Reconstruction of the ML signal from 40 x 40 x 40 CC samples (a) and from 25 x 25 x 25 x 4 FCC samples (b). The
sampling lattices are rotated such that the prealiasing is increased on the FCC lattice but decreased on the CC lattice.

(© 2014 The Author(s)
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We also evaluated the portion of the primary spectrum
which is not corrupted by the aliasing spectra at all depend-
ing on the sampling frequency. As shown in Figure 7, in this
sense, the CC lattice is clearly the worst choice, while the
BCC and FCC lattices perform quite similarly just as ac-
cording to our prealiasing measure.

Kiinsch et al. [KAHO5] have analytically proven that, us-
ing Kriging interpolation on stationary stochastic processes,
the average mean-square error is minimized by the BCC and
FCC lattices if the sampling frequency tends to infinity and
zero, respectively. Our prealiasing estimation is not contra-
dictive to these results. Concerning the BCC sampling, Fig-
ure 6 also confirms that the BCC lattice is optimal for high-
frequency sampling. Regarding low-frequency sampling, we
investigated a realistic interval of the sampling frequency,
assuming that practical signals are usually not sampled very
drastically below the Nyquist limit. Otherwise, the recon-
struction would introduce so much error anyway that the re-
sults would not be reliable at all. Therefore, the fact that the
FCC lattice minimizes the average mean-square error if the
sampling frequency tends to zero [KAHOS5], does not nec-
essarily mean that the FCC sampling guarantees the lowest
prealiasing effect for a realistic sampling frequency.

6. Performance Considerations

In the field of optimal regular volume sampling, papers can
be classified to two different categories. The first category
is represented by papers that point out the theoretical ad-
vantages of non-Cartesian lattices including a better sam-
pling efficiency, reduced aliasing, or a more isotropic vol-
ume representation [Miy59, PM62, ME10, YE12, VCG12].
Here the major goal is to demonstrate the superior poten-
tial of the BCC and FCC volume representations themselves
regardless of the increased complexity of non-separable re-
construction filters. In contrast, papers belonging to the sec-
ond category aim at efficient GPU implementations that
can utilize the theoretical advantages in practice [CHO6,
FEVDVM10, DC10,DC11, Csé13]. This paper clearly cor-
responds to the first category. We used very large Lanczos
filters because, according to the state of the art, they intro-
duce the least bias [YE12] in our quantitative and qualita-
tive comparisons. However, we consider these large filters
as theoretical rather than practical tools. Therefore, we did
not measure their performance. In this paper, we intended to
clarify the theory of optimal regular volume sampling rather
than to propose efficient filters. However, we think that our
results should certainly be taken into account when in fu-
ture works practical non-Cartesian reconstruction schemes
are proposed, analyzed, or compared to Cartesian recon-
struction schemes in terms of numerical accuracy and vi-
sual quality. Recently, promising reconstruction techniques
[FEVDVMI10, DC11, Csé13] have been published that pro-
vide just slightly worse performance compared to that of the
most popular CC-based techniques. Nevertheless, to decide

between CC, BCC, and FCC representations not just the ren-
dering speed counts but also numerical and visual quality,
which in our opinion should be compared as fairly as possi-
ble.

7. Conclusion

The major goal of this paper was to refine the interpreta-
tion of the prealiasing effects caused by different sampling
lattices. By intention, we presented our contributions with-
out complicated mathematical formalizations to make them
comprehensible even without thoroughly studying the liter-
ature on optimal regular volume sampling.

Previous work [KEP08, Ent09, ME10, ME11, MES™11,
YEI12] has argued that the FCC lattice minimizes the pre-
aliasing effect if the underlying signal is assumed to be
spherically band-limited and sampled below the Nyquist
limit. In this paper, the CC, BCC, and FCC lattices have
been shown to minimize the prealiasing effect for different
ranges of the sampling frequency. Previously, the superior
antialiasing effect of the FCC lattice was explained by the
fact that its dual BCC lattice is the best sphere-covering lat-
tice [Ent09]. This explanation implicitly assumes that only
the nearest aliasing spectra contribute to the prealiasing ef-
fect. We have shown that, in case of FCC sampling, the in-
fluence of the second nearest aliasing spectra should also be
taken into account, as they are relatively close to the primary
spectrum. The antialiasing property of the FCC lattice was
investigated in several papers [KEP0OS, Ent09, ME10, ME11,
MES* 11, YE12] using the well-known ML signal. We have
pointed out that, due to its anisotropic spectrum, the results
very much depend on the orientations of the sampling lat-
tices. Therefore, we proposed to rotate the sampling lattices
such that the prealiasing is maximized on each lattice. Fol-
lowing this approach, the ML signal can be used for an un-
biased visual comparison of different lattices.

Overall, according to our results, a volumetric data rep-
resentation is difficult to optimize by choosing the most ap-
propriate sampling lattice if the data is assumed to be un-
dersampled. As the different lattices are expected to mini-
mize the prealiasing error in different ranges of the sampling
frequency, the preferred lattice needs to be predicted some-
how based on the given sampling frequency. Nevertheless,
the band limit of the original signal is usually not known in
advance, so it is hard to decide whether the actual sampling
frequency is inside the optimality range of a specific lattice.
On the other hand, if the major goal is to maximize that por-
tion of the primary spectrum which is not corrupted by the
aliasing spectra at all, the BCC and FCC lattices clearly out-
perform the traditional Cartesian lattice.
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