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Abstract

Recent advances in material science and digital fabrication provide promising opportunities
for product design, mechanical and biomedical engineering, robotics, architecture, art, and
science. Engineered materials and personalized fabrication are revolutionizing manufacturing
culture and having a significant impact on various scientific and industrial works. As new
fabrication technologies emerge, effective computational tools are needed to fully exploit the
potential of digital fabrication.

This thesis introduces a novel computational method for design and fabrication with auxetic
materials. The term auxetic refers to solid materials with negative Poisson ratio — when the
material is stretched in one direction, it also expands in all other directions. In particular, we
study 2D auxetic materials in the form of a triangular linkage which exhibits auxetic behavior
at the macro scale. This stretching, in turn, allows the flat material to approximate doubly-
curved surfaces, making it attractive for fabrication. We physically realize auxetic materials by
introducing a specific pattern of cuts into approximately inextensible material such as sheet
metal, plastic, or leather. On a larger scale, we use individual rigid triangular elements and
connect them with joints.

First, this thesis focuses on a regular triangular linkage. When deformed into a curved shape,
the linkage yields spatially-varying hexagonal openings. However, the global coupling of the
linkage elements makes manual, incremental approach unlikely to succeed when trying to
approximate a given curved surface. Thus, we leverage conformal geometry to enable complex
surface design. In particular, we compute a global conformal map with bounded scale factor
to initialize an otherwise intractable non-linear optimization. Constraint-based optimization
is used to find the final linkage configuration that closely approximates a target 3D surface.
Furthermore, we develop a computational method for designing novel deployable structures
via programmable auxetics, i.e., spatially varying triangular linkage optimized to directly and
uniquely encode the target 3D surface in the 2D pattern. The target surface is rapidly deployed
from a flat initial state via inflation or gravitational loading.

The thesis presents both inverse and forward design tools for interactive surface design with
programmable auxetics. This allows the user to efficiently approximate a given shape and
directly edit and adapt the auxetic linkage structure to explore the design alternatives. In
addition, our solution enables simulation-based form-finding that uses deployment forces for
interactive exploration of feasible shapes. The resulting designs can be easily manufactured
via digital fabrication technologies such as laser cutting, CNC milling, or 3D printing.



Abstract

Auxetic materials and deployable structures enable scientific, industrial, and consumer appli-
cations across a wide variety of scales and usages. We validate our computational methods

through a series of physical prototypes and application case studies, ranging from surgical
implants, through art pieces, to large-scale architectural structures.

Keywords: digital fabrication, computational design, auxetic materials, smart materials, de-
ployable shells, global optimization, differential geometry, conformal geometry
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Zusammenfassung

Jiingste Fortschritte in der Materialwissenschaft und der digitalen Fertigung bieten vielverspre-
chende Mdglichkeiten fiir Produktdesign, Maschinenbau, biomedizinische Verfahrenstechnik,
Robotik, Architektur, Kunst und Wissenschaft. Technisierte Materialien und personalisierte
Fertigung revolutionieren die Produktionskultur und haben einen erheblichen Einfluss auf
verschiedene wissenschaftliche und industrielle Arbeiten. Begleitend zu der Entstehung neuer
Fertigungstechnologien sind effektive Berechnungswerkzeuge erforderlich, um das Potenzial
der digitalen Fertigung voll auszuschdpfen.

Diese Arbeit stellt eine neuartige Berechnungsmethode fiir Design und Fertigung mit auxeti-
schen Materialien vor. Der Begriff “auxetisch” bezieht sich auf feste Materialien mit negativer
Poissonzahl - wird das Material in eine Richtung gedehnt, dehnt es sich auch in alle ande-
ren Richtungen aus. Insbesondere untersuchen wir 2D auxetische Materialien in Form von
Dreiecksverbindungen, die ein auxetisches Verhalten auf der Makroskala zeigen. Diese Ausdeh-
nung wiederum ermdoglicht es dem flachen Material, sich nicht abwickelbaren Oberfldchen
anzundhern, was es fiir die Fertigung attraktiv macht. Wir realisieren auxetische Materialien,
indem wir ein bestimmtes Schnittmuster auf fast starre Materialien wie Blech, Kunststoff oder
Leder anwenden. Fiir gro3ere Fertigungen verwenden wir einzelne starre Dreieckselemente,
verbunden durch Bindeglieder.

Zunichst konzentriert sich diese Arbeit auf regelméRige Dreiecksverbindungen. Unter De-
formation in eine gekriimmte Form entstehen raumlich variierende hexagonale Offnungen
in der Verbindung. Die globale Kopplung der Verbindungselemente macht die erfolgreiche
Approximation einer bestimmten gekriimmten Oberflache durch einen manuellen, inkremen-
tellen Ansatz unwahrscheinlich. Daher nutzen wir konforme Geometrie, um eine komplexe
Oberflachengestaltung zu ermdoglichen. Wir berechnen eine global konforme Abbildung mit
begrenztem konformem Faktor, um eine ansonsten renitente nichtlineare Optimierung zu
initialisieren. Optimierung unter Nebenbedingungen wird verwendet, um eine Verbindungs-
konfiguration zu finden, die einer 3D-Zielfliche nahe kommt.

Dariiber hinaus entwickeln wir ein Berechnungsverfahren zur Gestaltung neuartiger entfalt-
barer Strukturen mittels programmierbarer Auxetik, d.h. einer riumlich variierenden Drei-
ecksverbindung, die optimiert ist, die 3D Zielfldche direkt und eindeutig im 2D Muster zu
kodieren. Die Zielfliche kann aus einem flachen Ausgangszustand durch Aufblasen oder der
Einwirkung von Schwerkraft rasch entfaltet werden.

Diese Arbeit prasentiert sowohl inverse als auch direkte Design Werkzeuge fiir interaktives
Oberfldichendesign mit programmierbarer Auxetik. Dies ermdglicht es dem Benutzer, eine
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Zusammenfassung

bestimmte Form effizient zu approximieren und die auxetische Verbindungsstruktur direkt zu
bearbeiten und anzupassen, um Alternativen fiir das Design zu untersuchen. Dariiber hinaus
ermoglicht unsere Losung eine simulationsbasierte Formfindung, bei der Entfaltungskréfte
zur interaktiven Sichtung realisierbarer Formen eingesetzt werden. Die daraus resultierenden
Entwiirfe konnen problemlos iiber digitale Fertigungstechnologien wie Laserschneiden, CNC
Frasen oder 3D-Druckern hergestellt werden.

Auxetische Materialien und entfaltbare Strukturen erméglichen wissenschaftliche, industrielle
und verbraucherorientierte Anwendungen in unterschiedlichster Grofenordnung und Nut-
zungsabsicht. Wir validieren unsere Berechnungsmethoden durch eine Reihe von gefertigten
Prototypen und Anwendungsbeispielen, die von chirurgischen Implantaten tiber Kunstwerke
bis hin zu groBformatigen architektonischen Konstruktionen reichen.

Stichworter: digitale Fertigung, generative Gestaltung, auxetische Materialien, intelligente
Werkstoffe, entfaltbare Strukturen, globale Optimierung, Differentialgeoemtrie, konforme
Geometrie
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|§ Introduction

The emerging field of digital fabrication delivers versatile application opportunities in archi-
tecture, art, material science, medicine, robotics, and computer science [Gibson et al. 2015;
Caneparo 2016]. With the development of new fabrication technologies, such as efficient
and accurate 3D printers and laser cutters, the demand for personalized fabrication is rapidly
growing. In recent years, 3D printing is increasingly used to create new materials with custom
properties and performance by controlling their microstructure [Tang and Zhao 2016; Ngo
et al. 2018]. On the software side, however, this technology is still in the early development
phase and effective computational tools are needed that link creative design exploration to
material realization.

It is a common case in architecture and design that the initially designed surface is not
physically realizable. Therefore, it is necessary to approximate a desired design surface with a
closest surface that is suitable for fabrication. However, this is often a very difficult task. After
architects design a model, in order to proceed with manufacturing, engineers need to find a
compromise between striking designs and physical constrains. Rationalization is often harder
than the 3D modeling of a surface and makes realisation of complex freeform structures very
expensive. This gap between the design freedom and the production was the main reason for
mathematicians and computer scientists to initiate the interdisciplinary field of Architectural
Geometry [Pottmann et al. 2015].

A design process for fabrication typically requires balancing multiple objectives that are often
in conflict. Finding the right trade-off between appearance, functionality, stability, durability,
price, etc. is challenging. In some cases, no single solution exists that satisfies all objectives at
the same time. That is where the use of advanced computational methods becomes essential.

Computational tools not only facilitate design exploration and make the production pipeline
from modeling to manufacturing more time- and cost-efficient, but also help discover and
enable designs not possible before. By incorporating optimization algorithms within compu-
tational design tools, it is possible to design within the space of feasible shapes and instantly
explore manufacturable design alternatives. One direction of research in Architectural Ge-
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Figure 1.1 — The thin flat plastic sheet shown at top left is an example of a developable material
that can bend, but not stretch or shear. Hence, it can only bend along one direction at each
point and form a cylindrical or conical shape. It cannot wrap around a simple doubly-curved
surface such as a sphere (top right). However, inserting a regular pattern of cuts into the same
material turns this inextensible developable plastic into an auxetic material (bottom left) that
can locally expand. This enables the material to wrap around a sphere (bottom right) and
approximate free-form shapes.

ometry is based on developing interactive tools for problem-specific form-finding design.
However, to this date, there is still no general framework to address many open problems in
fabrication.

A series of computational methods focus on working with developable surfaces and developable
materials [Pottmann et al. 2015; Liu et al. 2006; Kilian et al. 2008; Tang et al. 2016; Stein et al.
2018]. A surface is called developable if it can be flattened into a plane without stretching or
shearing. More formally, it is a planar or single-curved surface, with zero Gaussian curvature
at each point. Developable surfaces can be approximated by flat materials that can bend freely,
but not stretch, such as metal sheets, paper, or thin plastic. They can also be panelled with
single-curved glass or wood elements. Developable surfaces are popular in the architecture,
shipbuilding, car and aerospace industries due to their cost-effectiveness in manufacturing
3D objects from flat parts.

While there is a rich set of striking developable designs, they are still limited to zero Gaussian
curvature shapes. Even a simple doubly-curved surfaces such as a sphere cannot be closely
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Figure 1.2 - When stretched, auxetic material expands approximately isotropically by rotating
the triangle elements relative to their neighbors. The material increases its area in all directions,
exhibiting a behavior typical for materials with negative Poisson ratio.

approximated by a single sheet of developable material without making additional cuts (Figure
1.1).

On the other hand, introducing a regular pattern of slits into inextensible, but flexible sheet
material makes a developable sheet behave like an auxetic material that can locally expand in
an approximately uniform way. This modified deformation behavior allows the material to
assume doubly-curved shapes (such as a sphere) using only flat pieces (Figure 1.1), making it
attractive for fabrication.

Auxetic Materials

Auxetic materials are solid materials with negative Poisson ratio [E. Evans and Alderson 2000].
In practice, this means that when the material is stretched in one direction, it also expands
in all other directions. This behavior is a result of the material’s internal structure and its
deformation under loading. These structures can be both 2- and 3-dimensional, and be on a
microscopic and macroscopic level. Some examples of auxetic materials include Gore-tex,
auxetic polyurethane foam, tendons, cork, certain types of fabrics and paper, etc. They can
also be engineered with controled properties for specific usage in the form of origami-inspired
patterns and metamaterials. A recent survey on auxetics can be find in [Saxena et al. 2016].
These materials have a wide range of application fields. They have been used in electronically
actuated materials, footwear, fashion, art pieces, automotive industry, medical devices, and
architecture (some examples are shown in Figure 2.1). However, these applications have
typically been limited to very simple geometries (e.g., planar or spherical) due to the lack of
sophisticated design tools.

We develop a computational method for interactive 3D design and rationalization of complex
freeform shapes via auxetic materials. We first focus on auxetic materials based on a kinematic
linkage composed of equilateral triangles arranged in a regular lattice. The regular triangular

3
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fully closed fully opened

Figure 1.3 — Our auxetic linkage is defined as a tri-hexagonal pattern. A uniform linkage can
transition in the plane between a fully closed state (left) and a fully opened state (right) by
rotating triangles around their connecting vertices. This expansion increases total area by a
factor of four, which corresponds to a scaling of length by a factor two.

linkage yields hexagonal openings of spatially-varying shape and size when deformed (see
Figure 1.2). The triangular elements can rotate relative to their neighbors, allowing the
material to uniformly stretch up to a certain point (see Figure 1.3). When the linkage is
maximally stretched, the triangles and hexagons form a trihexagonal pattern, also know as
the Kagome lattice (see Figure 1.4). In this configuration, the surface area of the material
including the openings is four times larger than in the fully closed configuration.

An incremental process of exploring designs by moving linkage elements one by one is in-
efficient and unpredictable. Linkage elements are globally coupled — moving elements on
one side of the material can affect the triangles on the other part of the material. Moreover, it
is nearly impossible to manually foresee how to cut and align the material to achieve global
pattern continuity across the seams. Simply wrapping a piece of material around a target
object is unlikely to produce an acceptable result (see Figure 3.2 for example). Hence, we use

Figure 1.4 — The Kagome lattice is one of eleven uniform tilings of the Euclidean plane consist-
ing of only regular polygons. The name "Kagome" originally comes from a traditional Japanese
woven bamboo patterns. The term Kagome lattice first appeared in physics and it is also used
to refer to the crystal structures of certain minerals.



constraint-based optimization to assist in the design process. Several requirements need to be
satisfied at the same time, such as preserving the rigidity of the linkage elements, avoiding
self-collisions and keeping the linkage close to the target surface. This leads to a non-linear
optimization system that needs a careful initialization. If the initial guess is too far from the
solution, the solver might get stuck in an undesirable local minimum. Initialization is often the
most challenging part of the computational rationalization algorithms [Pottmann et al. 2015].
A key insight of our approach is that we can leverage theory and algorithms from conformal
geometry to facilitate the auxetic design process.

Conformal Geometry

When the triangular linkage is deformed, it forms approximately isotropic openings whose
shape smoothly varies across the surface (Figure 1.2). It indicates that locally the surface
scales nearly uniformly without significant shearing. This provides a direct link to conformal
geometry.

Conformal mapping is a transformation that allows local rotation and uniform scaling, but not
shearing. In other words, a conformal mapping f : My — M between two surfaces preserves
angles between any two vectors, but not their lengths. The figure below shows one example of
a conformal map f, where a disk from R? is mapped to a surface in R3. Note that the squares
locally preserve 90 degree angles and only the edge lengths uniformly scale.

We can characterize a conformal map by a local scaling factor A, that indicates the local change
in lengths. More formally, A := |d f(X)|/|X|, where d f denotes the Jacobian or differential of f.
Since our goal is to model curved objects from flat materials, we need to establish a relationship
between the local stretching of the material and the curvature of the target surfaces. In
conformal mapping, this connection is given by the Yamabe equation Au = Ky — e*K, where
A denotes the Laplacian on My, u = log(1), and Ky, K are initial and the target Gaussian
curvature, respectively [Aubin 2013, Chapter 5]. This equation tells us that the amount by
which the material scales to go from a flat to a curved configuration is related to the Gaussian
curvature of the target surface. Note that, for example, for a mapping from a plane to a
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developable surface where both Gaussian curvatures Ky and K are zero, u must be a harmonic
function. More general functions allow realization of double-curved surfaces.

Deployable Structures

Deployable structures are shape-shifting mechanisms that can transition between two or
more geometric configurations. Often conceived to minimize space requirements for storage
or transport, deployable structures are used, for example, for antennas or solar panels in
satellites, as coronary stents in medical applications, as consumer products (e.g. umbrellas),
or in architectural designs (e.g. retractable bridges or relocatable, temporary event spaces).
However, most of these examples have simple geometries and rely on strong symmetries. De-
ploying more general curved surfaces is challenging due to the complexity in jointly designing
initial and target configurations while satisfying the constraints imposed by the deployment
mechanism [Gantes 2001].

Programmable Auxetic Materials

In recent years, programmable materials have become a popular research topic in digital
fabrication due to their ability to change physical properties, self-deploy, and transition
between the programmed shapes. The materials are fabricated in one state (often flat for
manufacturing convenience) and the deployment is then generally triggered by external
stimuli, such as a change in temperature with thermoviscoelastic base material [Wagner et al.
2017], by swelling of hydrogels [Raviv et al. 2014], or external mechanical forces [Chen et al.
2017; Celli et al. 2018], to assume a complex curved shape.

Auxetic materials with a perfectly regular pattern of slits are reconfigurable and encode no
information about the target shape. With the same piece of material, one can approximate an
infinite family of doubly-curved surfaces. While this can be an advantage in some applications,
it can also require a complicated fabrication process to place each linkage triangle to their
target positions. We address this limitation with spatially graded auxetic materials where a
3D shape is directly encoded into a 2D material. By spatially varying the triangle sizes, we
control the maximal expansion factor at each point, which in turn provides control over the
curvature of the target 3D shape. By applying appropriate forces, we program the material
to transition between a flat state and a target curved shape. We show that the maximal
expansion is successfully achieved through deployment via inflation or gravitational loading.
Our programmable auxetics are novel deployable structures that can approximate a large class
of doubly-curved surfaces. Their potential applications are in various fields, ranging from
small-scale medical stents to large-scale architectural structures.



1.1. Contributions

1.1 Contributions

A summary of main contributions of this thesis is listed below.

* In the same way that isometry is fundamental in developable surface modeling, we
show how conformal geometry can be used to understand and design auxetic materials.

* We present a computational method for design and fabrication with regular auxetic
linkages. The method can closely approximate given doubly-curved surfaces and handle
non-trivial topology and non-local dependencies inherent in auxetic linkage.

* We introduce a generalization to programmable auxetics. Its spatially graded auxetic
linkages have a target 3D shape directly encoded into the 2D pattern and are suitable
for deployment via inflation or gravitational loading.

* We provide a formal classification and analysis of doubly-curved shapes realizable
through inflation and gravitational loading.

* We propose an optimization algorithm for solving an inverse design problem with
programmable auxetics. Given a target 3D surface, our method computes a 2D spatially
graded auxetic linkage that closely approximates the target surface when deployed.

* We develop a forward design tool for programmable auxetics. Our approach enables
simulation-based form-finding, and provides optimization-based direct manipulation
tools for efficient exploration of design alternatives.

1.2 Publications

This thesis mainly covers the following peer-reviewed publications:

* Mina Konakovi¢, Keenan Crane, Bailin Deng, Sofien Bouaziz, Daniel Piker, and Mark
Pauly. Beyond Developable: Computational Design and Fabrication with Auxetic Mate-
rials. ACM Transactions on Graphics (Proceedings of SIGGRAPH), 2016.

* Mina Konakovi¢-Lukovi¢, Julian Panetta, Keenan Crane, and Mark Pauly. Rapid Deploy-
ment of Curved Surfaces via Programmable Auxetics. ACM Transactions on Graphics
(Proceedings of SIGGRAPH), 2018.

* Mina Konakovi¢-Lukovi¢, Pavle Konakovi¢, and Mark Pauly. Computational Design of
Deployable Auxetic Shells. Advances in Architectural Geometry, 2018.
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In addition, the following publications were published during the same time period but are
not explicitly addressed in this thesis:

* Christopher Robeller, Mina Konakovi¢, Mira Dedijer, Mark Pauly, and Yves Weinand. A
Double-layered Timber Plate Shell - Computational Methods for Assembly, Prefabrica-
tion and Structural Design. Advances in Architectural Geometry, 2016.

¢ Christopher Robeller, Mina Konakovi¢, Mira Dedijer, Mark Pauly, and Yves Weinand.
Double-layered timber plate shell. International Journal of Space Structures, 2017.

¢ Julian Panetta, Mina Konakovié¢-Lukovié, Florin Isvoranu, Etienne Bouleau, and Mark
Pauly. X-Shells: A new class of deployable beam structures. ACM Transactions on
Graphics (Proceedings of SSIGGRAPH), 2019.

Abstracts of the last three mentioned papers are listed in the Appendix E.

1.3 Overview

We present a computational method for design and fabrication with regular and programmable
auxetic materials. The remainder of the thesis is organized as follows:

* In Chapter 2 we provide an extensive review of the related work in material design and
surface rationalization. We further discuss deployable structures and their applications.
Finally, we give an overview of literature related to conformal geometry.

* Chapter 3 focuses on regular auxetic linkages. This chapter introduces conformal
geometry for auxetic design and discusses feasible shapes from regular auxetic linkages.
A constraint-based optimization approach is used to approximate a target 3D surface
with a linkage and incorporate design and fabrication requirements. Conformal maps
serve to initialize an otherwise intractable non-linear optimization. As the material can
uniformly stretch up to a certain extent, conformal maps with bounded scale factors
need to be used. Insertion of cone singularities reduces the local scaling factor in the
transformation from 2D to 3D. We further discuss the types of cone singularities suitable
for regular auxetic linkages. We demonstrate a rich set of complex shapes that our
method can achieve through a series of design studies and physical prototypes. This
work opens up new fabrication opportunities in various scientific and industrial works;
additionally, it inspires new fundamental problems in discrete differential geometry.

¢ In Chapter 4 we introduce programmable auxetics. These spatially graded auxetic link-
ages are designed to encode a target 3D surface into a 2D pattern layout. They are
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fabricated flat and rapidly deployed by either inflation or gravitational loading. Chap-
ter 4 presents a detailed description of the material design and properties. Section 4.2
provides a formal classification of feasible shapes and analysis of deployment via infla-
tion and gravity. In particular, we show that only surfaces of positive mean curvature
everywhere and a limited area distortion are realizable. In case the target surface does
not satisfy these requirements, an algorithm is proposed for surface modification to-
wards a similar feasible shape. In addition, we discuss the connection between balloons
and conformal embeddings. Section 4.4 presents a surface approximation algorithm
which computes a 2D material layout that uniquely encodes the given 3D surface. To
validate our approach, we implement a physics-based simulation of the inflation and
gravity deployment, and we build several physical prototypes. We conduct a number
of application case studies to highlight the potential use across domains ranging from
small-scale heart stents to large-scale architectural domes.

Chapter 5 extends the computational method for programmable auxetics from Chap-
ter 4. While the post-rationalization process in Section 4.4 that finds a deployable auxetic
linkage for a given input surface is an important design tool, it offers limited support
for evaluating design alternatives or engaging in material- and construction-aware ex-
ploration. By using only the global optimization from Section 4.4, it can be difficult
to anticipate the resulting functional and aesthetic properties of the auxetic linkage.
Chapter 5 presents a computation-assisted design system that enables efficient design
space exploration of deployable auxetic structures and gives the designer full control
of the final deployed surface geometry. In addition, our approach provides tools for
simulation-based form-finding, where the designed surfaces are interactively computed
using the deployment mechanism as a form-finding force. We demonstrate the potential
of our solution in the context of various architectural applications.

Finally, Chapter 6 summarizes the main contributions of this thesis and includes a
discussion of future work. We outline potential research directions and open problems
in differential and discrete differential geometry, computation, architecture, materials
science, and digital fabrication.






Y4 Related Works

Novel fabrication technologies and advances in material science are revolutionizing manu-
facturing culture and having a significant impact on various scientific fields. Computational
tools that link creative design exploration to physical realization play a crucial role in these
emerging technologies. A number of prior works focus on building such computational tools
to capture the fabrication requirements in the form of geometric constraints and enable de-
signs which were not possible before. Computer graphics and related disciplines have recently
seen increasing interest in computational design for digital fabrication. For a general overview
we refer to recent surveys [Pottmann et al. 2015; Bermano et al. 2017; Bickel et al. 2018; Attene
et al. 2018]. Here we focus the discussion on prior art that is most closely related to the work
of this thesis.

2.1 Material Design and Surface Rationalization

Material-aware Computational Design

Various computational tools assist the design of 3D shapes that are realized using specific
physical materials. Typically, these materials impose fabrication or assembly requirements
that are incorporated as geometric constraints. For example, Igarashi et al. [2012] model 3D
beadwork as polygonal meshes with near-uniform edge length, while Garg et al. [2014] use
Chebyshev nets to capture the deformation behavior of interwoven, inextensible wires. Similar
tools have been applied to other construction techniques, including curved folding [Kilian
et al. 2008; Tang et al. 2016], reciprocal frames [Song et al. 2013], inflatable structures [Skouras
et al. 2014], Zometool [Zimmer and Kobbelt 2014], wire wrapping [larussi et al. 2015], flexible
rod meshes [Pérez et al. 2015], LEGO [Testuz et al. 2013; Luo et al. 2015], and intersecting
planar pieces [Hildebrand et al. 2012; Schwartzburg and Pauly 2013; Cignoni et al. 2014]. Suc-
cessful examples of using geometric representations for abstracting fabrication and material
constraints also include tools for modeling developable surfaces targeting materials such as
paper, thin wood or metal [Solomon et al. 2012; Pottmann et al. 2015; Tang et al. 2016; Stein
et al. 2018; Rabinovich et al. 2018], and conical and circular meshes for architectural facades
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Chapter 2. Related Works

Figure 2.1 — (Top to bottom, left to right:) Regular patterns have been used to emulate auxetic
behavior in microscopic materials, footwear, electronically actuated materials, simple design
applications, and origami (image courtesy of Yigil Cho et al., fundmental.berlin, and Eric
Gjerde)l. However, these applications have been limited to very simple geometries (e.g.,
planar or spherical) due to the lack of sophisticated design tools.

[Liu et al. 2006]. The work presented in this thesis extends this line of inquiry, focusing on a
new class of material behavior obtained by cutting otherwise inextensible sheets. We therefore
encounter a unique set of geometric constraints, demanding a new computational approach.

Origami

The cut pattern we study in Chapter 3 of this thesis has been used by Ron Resch in the context
of origami design [Resch 1973] (see Figure 2.1, bottom right). Tachi [2010] further studied
this pattern and introduced various extensions for origami design [Tachi 2013b]. Building
on earlier work on freeform origami, he presents an optimization method to realize double-
curved origami surfaces by solving a series of constraints derived from the specific origami
folding method. Note that this construction is inherently more constrained than the pattern
we study due to the absence of gaps in the pattern.

1The Resch portrait is provided by Eric Gjerde under license CC BY-NC 2.0; the footwear photo was released by
the authors under a Creative Commons Public Domain Dedication; other images are used with permission from
David J. Srolovitz and fundamental.berlin.
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2.1. Material Design and Surface Rationalization

Material Science

Physical realizations of the cutting pattern we use in Chapter 3 also appear in design objects
(Figure 2.1, bottom middle). In this specific piece a circular shape with fixed boundary
can be manually deformed into simple shapes such as a bowl. Kim et al. [2012] create a
new self-actuating material by photo-patterning polymer films that exhibits approximately
conformal deformation behavior under temperature changes. They show simulation results
where initially flat material assumes simple shapes such as spherical caps, cones, or basic
minimal surfaces. Cho et al. [2014] and Gatt et al. [2015] report that hierarchical cut patterns
similar to our linkages can drastically increase the expandability of thin sheet materials.
Moreover, Cho et al. show in their simulation that such cut patterns allow the material to be
wrapped onto simple 3D shapes such as spheres and cubes using a conformal deformation.
Rafsanjani and Pasini [2016a] demonstrate the use of auxetic materials to achieve reversible
reconfiguration between two stable arrangements of geometric patterns. Our work not only
provides geometrical insights into these phenomena, but also shows that through a carefully
designed optimization we can realize a much broader class of surface shapes with auxetic
materials.

Computational Material Design

Several previous works have designed custom materials to achieve high-level deformation
goals. Bickel et al. [2010] stack layers of various nonlinear base materials to produce a desired
force-displacement curve. Ion et al. [2016] use carefully designed metamaterials to 3D print
mechanisms that can perform mechanical functions. They show examples such as a door
latch, a pair of pliers, a switch, and a pantograph. Coulais et al. [2016] discuss the potential of
aperiodic and shape-shifting textured mechanical metamaterials for prosthetics, haptic de-
vices, and wearables. These materials are programmed to morph to a complex 3D shape when
uniaxially compressed. Microstructure design works [Panetta et al. 2015; Schumacher et al.
2015; Zhu et al. 2017] construct small-scale structures from one or two printing materials to
emulate a large space of linearly elastic materials. These works focus on designing deformable
materials that typically undergo small stretches and return to their rest configurations when
unloaded, making them less suitable as deployment mechanisms.

Inverse Elastic Shape Design

Another common goal is to optimize deformable objects’ rest shapes so that they assume
desired equilibrium shapes under load. The inverse elastic shape design algorithms of Chen
et al. [2014] and Pérez et al. [2015] design flexible objects achieving specified poses under
gravity or user-defined forces. These works do not attempt to find compact rest configurations
amenable to efficient fabrication, transport, and deployment. One exception is Skouras
et al. [2012], which designs rubber balloons that inflate to desired target shapes. However,
fabricating custom rubber balloons involves a complicated multi-step molding process best
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suited for small-scale target shapes. Additionally, the inflation must be carefully controlled to
avoid under- or over-inflating. In contrast, the programmable auxetic material we present in
Chapters 4 and 5 has a flat initial state that facilitates simple fabrication at a wide range of
scales. Our deployment method is also more robust, since the final state is precisely singled
out by construction — the target is reached when the material cannot expand any further.

Auxetic Materials

Auxetic surface materials are an essential ingredient of this thesis: auxetic linkages permit
otherwise inextensible flat sheets of material to uniformly stretch as needed to deform into
doubly curved surfaces. We refer the reader to [Saxena et al. 2016] for a survey on auxetic
patterns, their unique mechanical properties, and their potential applications to diverse
engineering and medical problems.

Uniform auxetic materials have been studied in Naboni and Sortori Pezzi [2016] to design
bending-active grid shells. Friedrich et al. [2018] seek to encode the target surface by limiting
the pointwise maximal stretch factors. Rather than designing a fully opened linkage on the
target surface, the authors outline a heuristic to construct a partially opened pattern in the
plane.

Multi-stable auxetic patterns [Rafsanjani and Pasini 2016b] are another potential avenue for
encoding maximal stretch factors in a material: they expand from their rest configuration and
settle into stable equilibrium at one or more stretched configurations. We leave investigation
on how to modify these patterns to encode curved surfaces as future work.

Polyhedral Patterns

When deployed, our programmable auxetic linkage’s equilateral triangles and hexagonal
openings tile the target surface with a tri-hex pattern. A common task in architectural geometry
is to rationalize curved input surfaces using planar polyhedral patterns. Schiftner et al. [2009a]
and Jiang et al. [2015] both introduce algorithms that can approximate input surfaces with
tri-hex patterns as a special case. Vaxman et al. [2017] propose a form-finding tool for general
combinatorial patterns and show applications to tri-hex meshes. These works focus on
symmetry, planarity, and other pattern quality requirements, making no attempt to ensure the
tri-hex pattern can be flattened into a planar configuration by closing the hexagons, which is
essential in our approach.
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2.2 Deployable Structures

Actuated Shape-shifting Structures

The engineering and graphics communities have both sought to design mechanisms that
transition between discrete configurations or trace out continuous deformation paths when
actuated. By embedding a rigid fiber lattice in flexible silicon, Connolly et al. [2017] design
tubes that accurately reproduce bending and twisting motions when inflated. Ma et al. [2017]
generalize this idea, segmenting objects into chambers that, when inflated to certain pressures,
drive the shape into a sequence of desired poses. Also using pneumatic actuation, Overvelde
et al. [2016] present an origami-inspired metamaterial that dramatically changes shape, and
Ou et al. [2016] design flat sheets that fold into complex origami shapes. Raviv et al. [2014]
design structures that can bend, stretch, and fold when exposed to water. Liu et al. [2017]
study how a pre-strained elastomer sheet patterned with ink can self-fold when heated by
alamp. Deployable structures are also used for various building components. For example,
Hannequart et al. [2018] investigate the use of shape memory alloys for deformable facade
shading devices.

Deployment-aware Design

Other works have focused on designing objects that rapidly expand into nearly rigid target
shapes. Skouras et al. [2014] construct inflatable structures by fusing together sheets of nearly
inextensible material. Because each panel inflates into a nearly developable surface, many
small panels are potentially needed to closely approximate a smooth, wrinkle-free doubly-
curved surface. Zheng et al. [2016] design compact scissor linkage assemblies that, when
stretched, uniformly expand into coarse approximations of 3D shapes. Their method ensures
a collision-free expansion path for sparse wireframe designs. Kilian et al. [2017] propose
a method for curved folded surfaces that transition from planar sheets to freeform shapes
actuated by a network of strings, making the actuation process an integral part of the structure.
Rigid-foldable origami can also be used to design deployable shells at architectural scale
[Tachi 2013a]. Dudte et al. [2016] perform basic research into approximating singly- and
doubly-curved surfaces with generalized Miura folds. Their origami patterns have a single
degree of freedom parametrizing their path from the flat configuration to the target shape.
For doubly curved surfaces, the construction is bi-stable, leading to an especially simple
deployment process. However, the design algorithm produces flat configurations with over
twice the surface area of the target.

Elastic Gridshells

The concept of kinematic deployment is well studied in architecture. For large-scale structures,
elastic grid shells are probably the most prominent example. Composed of interconnected
elastic beams, an elastic grid shell achieves its desired target shape by active bending, [Lienhard
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2014; Du Peloux 2017]. Common methods of erection include lifting with cranes or various
types of scaffolding or mechanical formwork. During erection, a gridshell often has to go
through high-energy configurations until it settles in the final shape when the boundary is
fixed. To increase safety and reduce the time and cost of manufacturing and erecting an
elastic gridshell, Quinn and Gengnagel [2014]; Liuti et al. [2017] study erection with pneumatic
formwork. Form-finding for elastic grid shells is also an active topic in material science; see,
for example, the recent work of [Baek et al. 2017].

Actuated Form-prescribed Geometry

Recent work [Guseinov et al. 2017; Pérez et al. 2017] follows a similar rationale as the method
in Chapter 4 of encoding a 3D target surface in a flat sheet of material. In these methods, the
activation mechanism is directly integrated into the material in the form of a pre-tensioned
elastic membrane. Upon release, the membrane contracts and forces the pre-shaped rigid
elements into their global target configuration. This approach achieves impressive results,
but has several drawbacks. (i) Pre-stretched materials are limited in scale. (ii) Fabrication is
more complex, since it requires compositing multiple materials. (iii) Shaping by contraction
means that the flat surface is larger in area than the target surface, reducing potential packing
benefits. (iv) Closed surfaces are more difficult to realize (only disk-topology surfaces have
been shown).

Our approach is scale-invariant, does not require multi-material compositing (our inflation
balloons need not be attached to the auxetic linkage), leads to compact flat-packed sheets,
and can handle shapes of arbitrary topology.

2.3 Conformal Mapping

We briefly review the literature on computing angle-preserving or conformal maps, which play
a crucial role in our algorithms—for a more extensive discussion, see Gu and Yau [2008]. In
computer graphics, conformal maps are often associated with texture mapping [Lévy et al.
2002]; more broadly they play a role in a diverse array of computational applications including
simulation [Bazant and Crowdy 2005], shape analysis [Ben-Chen and Gotsman 2008; Lipman
and Funkhouser 2009], surface fairing [Crane et al. 2013], shape editing [Crane et al. 2011;
Vaxman et al. 2015], and layout of sensor networks [Li et al. 2013]. In architectural geometry,
conformal maps have been used for designing circle and sphere packings [Schiftner et al.
2009b] and paneling layouts [Rohrig et al. 2014] on freeform surfaces.

A variety of strategies have been proposed to numerically approximate conformal maps based
on different characterizations in the smooth setting. These include piecewise linear discretiza-
tion of the Cauchy-Riemann equations [Lévy et al. 2002; Desbrun et al. 2002], conformal
gradient fields [Gu and Yau 2003], circle packings [Stephenson 2003; Guo 2011], circle pat-
terns [Kharevych et al. 2006], spin transformations [Crane et al. 2011], and local Md&bius
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transformations [Vaxman et al. 2015]. Most relevant to our setting are methods based on
conformal scaling of the metric [Springborn et al. 2008; Ben-Chen et al. 2008], which provide
additional flexibility via the insertion of cone singularities (Section 3.2.2). We also use the
recent method of Sawhney and Crane [2017] to compute a conformal flattening of a surface.
Soliman et al. [2018] introduced an algorithm for optimal placement of cone cingularities.
Quasiconformal methods allow for maps with bounded angle distortion [Weber et al. 2012;
Lipman 2012]. In contrast, we seek maps with scale factors bounded to a predefined range.
None of the work above directly enforces such bounds. Aflalo et al. [2013] optimize conformal
maps to make scaling as uniform as possible, providing a theoretical bound on the resulting
scale factor. However, this bound can be much larger than our feasible range, making the
method unsuitable for our problem.
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8] Computational Design and Fabrica-
tion with Regular Auxetic Materials

This chapter presents a computational method for interactive 3D design and rationalization
of surfaces via auxetic materials, i.e., flat flexible material that can stretch uniformly up to
a certain extent. A key motivation for studying such a material is that one can approximate
doubly-curved surfaces (such as the sphere) using only flat pieces, making it attractive for
fabrication. We physically realize surfaces by introducing cuts into approximately inextensible
material such as sheet metal, plastic, or leather. The cutting pattern is modeled as a regular
triangular linkage that yields hexagonal openings of spatially-varying radius when stretched.
In the same way that isometry is essential to modeling developable surfaces, we leverage
conformal geometry to understand auxetic design. We use conformal mapping with bounded
scale factor to initialize an otherwise intractable non-linear optimization. We demonstrate that
this global approach can handle non-trivial topology and non-local dependencies inherent in
auxetic material. Design studies and physical prototypes are used to illustrate a wide range of
possible applications.

3.1 Introduction

In this chapter we study approximation of surfaces by near-inextensible material (such as
sheet metal or plastic) cut along a regular pattern of thin slits (see Figure 3.1). Elements formed
through this cutting process allowing the surface to stretch uniformly up to a certain limit. This
stretching in turn allows the surface to exhibit non-zero Gaussian curvature, thus enriching the
space of possible shapes relative to traditional developable design. As introduced in Chapter 1,
we call such patterns regular auxetic linkages.

For computational design, we use constraint-based optimization to find configurations that
closely approximate a target surface. A key insight is that one can leverage theory and algo-
rithms from conformal geometry to facilitate the design process. In particular, conformal maps
with bounded scale factor provide highly effective initialization for our non-linear solver—
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{13

Figure 3.1 — Top: Samples of materials used in our experiments. The leftmost photo shows the
undeformed configuration. Bottom: Geometric abstraction using a triangular linkage. A single
unit of the linkage deforms to form a regular hexagon opening in the maximally extended
configuration.

initialization is often the most difficult step in computational rationalization [Pottmann et al.
2015]. Global optimization also helps address challenging design decisions—for instance, pre-
diction of the 2D region that most easily approximates a target shape in 3D (see for example
Figure 3.12). Here, global rigidity makes a manual, incremental design approach ineffective,
i.e., simply wrapping a piece of material around a target object is unlikely to succeed (see
Figure 3.2), since the shape of the boundary strongly influences the space of feasible config-
urations (Appendix A). Moreover, it is nearly impossible to predict (by hand) how material
should be cut and oriented to achieve global continuity across seams. Computation also aids
the constrained exploration of cone singularities, essential for surfaces with large Gaussian
curvature.

Through a series of design studies and physical prototypes we demonstrate that our solution
encompasses a rich class of shapes, with attractive material and functional properties. This
approach opens up new design opportunities in diverse fields, including biomechanics, en-
gineering, consumer goods, and architecture; it also inspires new fundamental questions in
discrete differential geometry.
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3.2. Regular Auxetic Linkages

Figure 3.2 — Optimizing auxetic linkages from arbitrary initial shapes can lead to undesirable
local minima. Left: initializing a linkage as a flat rectangular patch for the rationalization of
Max Planck. Right: undesirable foldovers and wrinkles in the optimized linkage.

3.2 Regular Auxetic Linkages

To obtain a regular auxetic linkage, we experiment with cutting triangular patterns into dif-
ferent material samples (see Figure 3.1). We observed that under deformation, the triangles
remain close to rigid. The deformation is concentrated at the hinge points connecting the tri-
angles as these offer the least resistance to the exerted forces. We also noted that the openings
that form remain roughly isotropic and that their shape varies smoothly over the surface. This
suggests that locally the surface scales approximately uniformly without noticable shearing.

The linkage triangle rotations are coupled. For example, in an infinite planar lattice, one can
see through a counting argument that there is only a single degree of freedom in the entire
linkage that allows for a global uniform scaling. If a planar linkage has a boundary, however,
we obtain one degree of freedom per degree-2 boundary vertex (see also Section 3.2.3 and
Appendix A for more details).

Our observation of locally uniform scaling under deformation of the linkage surface provides a
direct link to conformal geometry. More specifically, we can exploit the theory and algorithms
of conformal maps to find a globally consistent initialization for a subsequent non-linear
optimization that maps a closed 2D linkage to a given 3D design surface.
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3.2.1 Conformal Geometry

One attractive feature of conformal geometry is that the curvature of a surface is easily ex-
pressed using the logarithmic factor (whereas in general, the expression can be rather compli-
cated). We take advantage of this relationship to help reason about our design process.

In particular, let Q ¢ R? be any region in the complex plane, and consider a map f: Q — R3
that gives Q some new (e.g., curved) geometry. Let d f denote the Jacobian or differential of f,
expressing how a vector in R? gets transformed by f as we go into R3. If the inner products
X-Y and df(X)-df(Y) differ only up to a positive rescaling A? at each point, then we say
that f is conformal. Geometrically, then, we know that conformal maps must preserve angles,
since angles can be expressed in terms of the inner product. The fact that A is positive ensures
that it never passes through zero, i.e., angles are always well-defined.

Often it will be convenient to express the conformal scale factor A: Q — R™ as A = e?, since
now ¢ can be any function ¢p: Q — R (i.e., not just a positive one); ¢ is called the logarithmic
scale factor, since ¢ =log(A). From here, the Gaussian curvature K of the target surface f(Q)
can be expressed as

k=22 _».0 3.1)

29 T

where A denotes the Laplace operator in the plane [Ben-Chen et al. 2008], and A f denotes the
Laplace-Beltrami operator on the new surface. Notice that for conformal maps from the plane
to itself (K = 0), ¢ is a harmonic function, i.e. A¢ =0.

Bounded Scaling

In principle, the Riemann mapping theorem guarantees that every surface of disk topology
can be realized via a conformal map f. For auxetic design, however, we must restrict our
search to conformal maps where the scale factor A is bounded between 1 and some constant
o > 1. (Note that this condition is different from quasi-conformality, which puts bounds on
angle distortion.) These bounds on the conformal factor imply that not every surface can be
approximated (at least, not without additional cone singularities—see Section 3.2.2).

An idealized version of our linkage can at most double in size (o = 2). To see why, consider
Figure 3.1, bottom: each vertex in the closed configuration becomes an empty hexagon in
the fully extended configuration. Hence, if the area of each triangle is 1, then we go from a
total area of F to F + 6V, where V and F are the number of vertices and faces in the pattern,
respectively. But since the ratio of faces to vertices in the closed pattern is 2 : 1, the final
area is 2V + 6V = 8V for an expansion factor of 8V/2V = 4 in area, or v4 = 2 in length.
For physical realizations, o must be strictly smaller than the ideal value since the material
undergoes significant deformations at hinge points which can lead to material failure. For
materials tested in our experiments, appropriate values of o were determined empirically (see
Section 4.5).
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Figure 3.3 — Conformal mapping of the sphere using the stereographic projection sketched on
the right. Since our linkage pattern restricts the conformal factor to be less or equal to two, at
most a half-sphere can be realized with a single regular patch of auxetic material. Note how
the surface is completely closed at the boundary and maximally stretched in the center.

These restrictions lead to a natural question: are auxetic materials with bounded scale factor
flexible enough to approximate interesting geometry? To provide some intuition about this
question, we consider two simple examples below.

Surjectivity. A conformal parameterization of the sphere S? can be obtained via stereo-
graphic projection [Feeman 2002]: each point p € S? is projected to a point j on the equatorial
plane by finding the intersection with a segment that connects p to the north pole g. The area
element induced by f is dA:=4/(1 +|p|*)?d A, where d A is the usual area on the plane. This
means that the length scale factor is 2 at the origin, shrinks to 1 at the equator, and for points
outside the unit disk it shrinks further, to arbitrarily small values. Moreover, stereographic
projection is the conformal parameterization of the hemisphere with least area distortion,
because it is an isometry along the boundary [Springborn et al. 2008, Appendix E]. Therefore,
a single auxetic patch can cover at most half of the sphere when the maximal conformal factor
is bounded by 2, i.e. local area increase is bounded by a factor 4 (see Figure 3.3).

Integrability. Independent of the scale bound, there is also a question of integrability: is
it possible to approximate surfaces that close up seamlessly? Following [Sullivan 2011], we
consider a family of conformal embeddings of the torus fs(u, v): [0, s] x [0,1] — R3 given by

scos(2muls)
r+1 .
fs(u,v) = ssin(2ruls) |,
2n(t—cos(2nv)) .
sin(2rv)

where f = V52 + 1 = R/r is the ratio of major radius R to minor radius r. A simple calculation
reveals that this mapping has minimal scaling factor of one, and maximal scaling factor given
byo = %} Since our tiling pattern restricts o to be below two, this leads to the constraint ¢ > 3
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Figure 3.4 — The regular linkage we study can even be used to construct closed surfaces with
nontrivial topology. Here a torus with rectangular conformal type floats over its initial (closed)
tiling, given by the fundamental domain; the aspect ratio of this rectangle maximizes the
relative scaling that can be achieved with our linkage.

(see Figure 3.4). This restriction again motivates the need for cone singularities, which provide
additional flexibility.

3.2.2 Cone Singularities for Regular Auxetics

A surface has a cone metricif it can be perfectly flattened away from a collection of isolated
points called cone singularities—examples include the paper cups used for snow cones (one
cone) and cone coffee filters (two cones). Cutting from the boundary to each cone point yields
a surface that can be flattened without any stretching. In recent years, cone singularities have
been adopted as a tool for conformal surface parameterization: rather than mapping directly
to the plane, one computes a conformal map to a cone metric, which can then be trivially
flattened (via cutting) [Kharevych et al. 2006; Springborn et al. 2008; Ben-Chen et al. 2008;
Sawhney and Crane 2017; Soliman et al. 2018]. The key benefit of concentrating curvature at
cones is that area distortion is also concentrated near cones (see Equation (3.1)). For texture
mapping, controlled area distortion improves signal fidelity; for auxetic design, it is crucial for
approximating surfaces with large Gaussian curvature. However, we face additional challenges
due to the discrete, rigid nature of our linkage (Figure 3.5).

In our linkage, cone singularities correspond to vertices of irregular degree. Recall that the
angle defect at a vertex in a standard triangle mesh is 2z minus the sum of incident angles; a
vertex can be flattened only if this value is equal to zero. In general, the angle defect is equal to
the integrated Gaussian curvature in a small neighborhood around the vertex. Suppose, then,
that we generalize our closed pattern from a regular grid to an equilateral triangle mesh where
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no prescribed cone angle

prescribed cone angle

Figure 3.5 — Cone singularities are used for surfaces with large Gaussian curvature to lower the
conformal scaling factor to our feasible range. Here a cone singularity is introduced at the tip
of the nose and the surface is cut to the bottom. However, without prescribing a cone angle
(top row), a regular tiling cannot align with the 2D conformal layout and seamlessly close in
3D. We compute a conformal map with a prescribed cone angle (bottom row) to ensure the
continuity across the final linkage pattern.

every vertex has even degree. At each vertex, the corresponding open pattern is obtained by
cutting along every other edge almost to the opposite vertex (see Figure 3.6). Globally, these
cuts are made in such a way that no edge is cut twice; note that there are always two possible
cutting patterns. Since every triangle is equilateral, and every vertex has even degree, the
angle defect at each vertex is 2w — 2k /3 for some integer k = 0. Typically we find that cones of
curvature +2/3 are the most useful, since cones with larger (negative) curvature will induce
more severe area distortion.

Although irregular vertices globally reduce area distortion (moving us toward the bound A < ¢
from Section 3.2.1), they also incur large area distortion in the immediate vicinity of the cone.
In the smooth setting, in fact, the scale factor goes to infinity, since ¢ locally looks like a
harmonic Green’s function %log r, where r is the distance from the cone; in the discrete
setting the situation is not quite as dire, since this area distortion is distributed over a finite
region. However, high curvature at cones still presents some difficulty. For example, Figure 3.7
shows an illustration where a subdivided octahedral linkage cannot be deformed into a round
sphere without either creating spikes or self-intersections. A practical remedy is to remove
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2n/3 0 2n/3

Figure 3.6 — Incorporating irregular vertices or cone singularities into our linkage pattern allows
us to better approximate surfaces with large Gaussian curvature. Since each vertex must have
even degree, the possible cone angles come in quanta of 27/3. Top: closed configuration.
Bottom: corresponding open pattern.

triangles near the cone, creating additional openings in the surface at the cost of leaving some
triangles “dangling,” i.e., connected to only two neighbors. Despite these limitations, cone
singularities significantly increase the space of shapes that are well-approximated by a single
patch of material (see also Section 4.5).

Figure 3.8 validates the necessity of cone singularities in auxetic linkage design. For the target
bump surface, conformal parameterization without singularities results in out-of-bound scale
factors around the tip of the bump. Starting from such parameterization, the optimized
linkage either deviates from the target surface or has non-uniform edge length. In contrast,
introducing a cone singularity at the tip enables close approximation of the target surface,
while satisfying all the constraints (see Section 3.3 for details).

3.2.3 Discrete Conformal Geometry

Although conformal geometry provides us with
a great deal of intuition, we have thus far
shown no rigorous, formal connection be-

tween our linkage and existing conformal the-
ory. Naturally one would like to connect this

discrete linkage to discrete theories such as cir-
cle patterns [Kharevych et al. 2006] or discrete .
conformal equivalence [Springborn et al. 2008]; so far, however, such a connection remains

elusive. For instance, if one inscribes our linkage in a triangulation, one can easily construct
configurations where this triangulation has neither the same length cross ratios nor the same
angle sums as an equilateral grid (see inset). One can, however, establish one key fact that
is strongly suggestive of a conformal theory, namely that the configuration of a finite planar
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Figure 3.7 — The discrete, rigid nature of auxetic linkages introduces additional challenges
for cone singularities. Here, six singularities on the octahedron (of curvature 27/3) cannot
be flattened to match the curvature of the sphere without violating our maximal stretching
criterion elsewhere on the surface. Hence we obtain high-curvature spikes (left) or self-
intersections (middle) that can be avoided by deleting triangles (right) at the expense of
creating dangling triangles only connected to two neighbors.

27



Chapter 3. Computational Design and Fabrication with Regular Auxetic Materials

/,
(<(2
co

AR
4 AT

G
G

&
aye
VoY Y
g.v»;;'i;,
e
Lt

4

Sk
S

Figure 3.8 — Without singularities, rationalizing a bump with large curvature (left) results in
either large deviation from the target surface (center left) or nonrigid distortion of triangles
(center right). Adding a cone singularity at the tip allows one to closely approximate the target
surface while satisfying fabrication constraints (right).

linkage is determined by real degrees of freedom at the boundary (see Appendix A). This
situation corresponds to Cauchy-Riemann, where one cannot prescribe the full boundary
values of a conformal map, but rather only one of its two real components. This fact places
our linkage between rigid mechanisms like scissor-jointed structures, which have only one
global degree of freedom, and far more flexible discrete harmonic maps, which have one vec-
tor-valued degree of freedom per boundary vertex. Understanding the geometric meaning of
these boundary values, and indeed, further connections to conformal geometry is an enticing
direction for future study. A particularly compelling feature of auxetic linkages is that each
unit can rotate either clockwise or counter-clockwise, potentially capturing the behavior of
both holomorphic and antiholomorphic functions.

3.3 Surface Rationalization

The central problem that we address in this chapter is surface rationalization, i.e., how to
approximate a given 3D design surface with the linkage-based auxetic material introduced
above. The highly non-local nature of the problem resulting from the spatial coupling of
triangles imposed by our specific linkage topology, calls for a global approach using numerical
optimization. At the same time, it is essential to keep the designer in the loop, as many high-
level aesthetic decisions about the specific surface layout require user guidance. We therefore
propose an interactive, optimization-supported rationalization approach described in the
remainder of this section.

3.3.1 Interactive Workflow

Based on the connection between auxetic linkages and conformal maps outlined above, we
introduce the following workflow for rationalization: We first create a conformal mapping
of the 3D input surface to the 2D plane based on the method described in [Springborn et al.
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2D regular tiling

\

conformal
mapping

input surface

3D auxetic surface

2D conformal layout

Figure 3.9 — Computational design workflow. By controlling the properties of a global confor-
mal map and alignment of the 2D regular tiling with that map, the designer iteratively refines
the 3D auxetic surface. Here we show and example with no cone singularities, as the scale
factor is sufficiently small.

2008]! (see Figure 3.9). Since this mapping has a strong influence on the visual appearance
of the final surface, we provide full control over the specific properties of the conformal map.
In particular, the designer indicates the desired locations of cone singularities and marks the
cutting path necessary to map the surface to a 2D patch with disk topology.

During editing, we visualize the conformal factor on the surface so that the designer can
introduce additional singularities to ensure that the scale factor is below the bound mandated
by the limited material extensibility. Given the conformal map, the designer selects the global
orientation of the regular tiling grid, which is then clipped appropriately and lifted onto the
3D design surface. The initial linkage configuration is then obtained by inscribing linkage
triangles into the conformally lifted regular tiling grid (see Appendix B).

Due to the discrete nature of our linkage, the conformally lifted pattern typically does not
satisfy the rigidity constraints of triangles exactly. Furthermore, neighboring triangles can
potentially inter-penetrate. We therefore apply a global optimization to satisfy all constraints
as described below.

The optimization also provides us with more flexibility when creating the conformal map. If
the bounds on the scaling factor are violated within a confined region, the optimization can
typically recover a valid solution. In general, we apply several iterations between adapting the
conform map and global optimization.

Lavailable in the software tool Varylab at www.varylab.com
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3.3.2 Numerical Optimization

The conformal map provides us with 3D positions on the design surface for each linkage vertex.
The resulting lifted linkage needs to be further optimized to satisfy the following requirements:
1) all triangles are rigid, i.e. have the same edge length prescribed by the user; 2) the triangles
do not collide with each other; 3) the vertices remain close to the input design surface. To
meet these objectives we minimze an objective function with respect to the vertex positions
X1,...,X, € R® (omitted below for notational brevity):

E(xy,...,Xn) = W1 Edesign + W2 Erigid + W3 Ecollision, 3.2)

where Egesign, Erigid» and Econiision measure the closeness to the design surface, the violation
of rigidity constraints, and the violation of non-penetration constraints, respectively. The
weights wy, w,, ws control the trade-off between these objectives.

The energy terms of Equation (3.2) are defined according to the framework proposed by Bouaziz
etal. [2012], i.e., using projection operators onto feasible sets. Specifically,

n
2
Edesign = Z IX; — Pdesign (%) I,
i=1
where Pgesign (X;) is the projection of vertex x; onto the input design surface. The rigidity
constraint is formulated as

2
Erigia= Y, I(X;i —Xj) — Pedge(%; —X)[I%,
(i,)eé

where & is the index set for all vertex pairs that belong to a common edge; Peqge (") : R3— R3is
the projection operator onto the set of vectors whose norms are equal to the user-specified
edge length L: Pegge (V) = Lv/||V].

For collision avoidance we enforce non-penetration locally between neighboring triangles that
share a vertex. Since our initial lifted surface is already close to the solution, the optimization
typically leads to only moderate changes of the shape. We therefore do not prevent global
collisions to avoid unnecessary computational overhead. Let v, v, v3,v4 be four edge vectors
that originate from the same vertex, where (vy,v2) and (vs,v4) belong to two triangles, and
V2,3 correspond to their shared edge in the rest shape (see Figure 3.10). We then require that

(V1 xv2) - (V2 xv3) 20, (3.3)

(V4 xv3)- (V3 xVv3) =0. (3.4)

Geometrically, if v, v, are linearly independent, then they span a plane P;,, and v, defines
a line that cuts P, into two half-planes; condition (v; x v2) - (v2 x v3) = 0 requires that the
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Figure 3.10 — Non-penetration constraint. Viewed from the normal direction of the triangle
v1V2 (shown on the right), the condition (v} x v2) - (v2 x v3) = 0 prevents v3 from projecting into
the interior of the triangle vy vy.

projection of vs falls onto a half-plane different from v;. Viewing along the normal of triangle
V1V, this condition prevents v3 from moving into the triangle v, v, (see Figure 3.10 right). The
same restriction applies to v, with respect to triangle vsv,, under the condition (v4 x v3) - (v3 x
v2) = 0. The two conditions combined avoid penetration between adjacent triangles. Given
three vectors vy, vy, vs, the projection operator onto the feasible set of (3.3) requires solving a
system of quadratic equations, and is expensive to compute. Instead we use an approximate
projection operator that minimally moves v, v3 to linear dependent positions if Condition
(3.3) is violated:

[v1,v2,V3] if (vi xv)- (V2 xVv3) =0
Pcolision ([V1,V2,V3]) = ’

[(vi,h(h-vy),h(h-v3)] otherwise

where h is the left singular vector of matrix [vy,v3] € R3*2 for the largest singular value. Then
the collision objective is defined as

2
Ecottision = _ (|| [Xi, —Xi»Xi, — Xig» Xi; —Xi,] — Peoltision ([Xi, —Xiy»Xi, — Xig» Xz — Xi, )|
T

2
+ || [xi, — Xy, Xiy — Xig» Xi, —Xi] — Peoltision ([Xi, —Xiy»Xiy — Xig» Xi, —Xi,])||7)

where x;,,X; ,X;,,X;;,X;, are the vertex positions related to the vectors vy, vy, V3, vy for a pair of
neighboring triangles (see Figure 3.10 left), and 9 is the index set of such vertex tuples.
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Figure 3.11 — Rationalization of the cat model with singularities of 271/3 curvature at the nose
and both ears.

Implementation details

The target function (3.2) is optimized using alternating minimization with auxiliary variables,
as described in detail in [Bouaziz et al. 2012]. We use the open-source implementation of this
method described in [Deuss et al. 2015]. The only extension necessary is the implementation
of the projection operator for collisions that we provide in Appendix C.

Below we give performance data for the largest of our examples, the Max Planck model of
Figure 3.13 with 15k vertices. All our other models have significantly fewer vertices and thus
require only a fraction of the computation time. The optimization requires 2.5ms per iteration
on a single core of a 2012 Macbook Pro laptop with 2.6GHz when solving for edge length and
non-penetration constraints, while fixing the closest points on the design surface to the 3D
positions specified by the conformal map. This is useful to get a quick first impression of the
surface layout, which might inform the designer that the conformal map needs to be adapted.
When solving the full optimization including dynamic closest point computations for the
Pyesign projection operator, this number increases to 350ms. We typically run 20-50 iterations
for visual feedback to highlight possible constraint violations that then trigger further design
iterations. Once the layout is finalized we run an additional 200 iterations to obtain the final
linkage surface.
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The weights w» and w3 in Equation (3.2) are kept fix at 1 for the entire optimization process.
For the surface closeness weight w; we follow the relaxation strategy commonly used for non-
rigid registration, see e.g. [Li et al. 2009]. We initialize w; with 0.001 and gradually increase its
value to 0.1 to first resolve the constraints and then let the surface evolve closer towards the
input design.

Our optimization problem is non-convex with many local minima, and our numerical solver
only finds a local minimum close to the initial shape. Thus it is important to start the solver
from a shape that is already close to the desirable solution. Our initialization using conformal
maps follows a common strategy of understanding discrete objects from their continuous
analogues [Pottmann et al. 2015], which proves to be effective in our experiments. In compari-
son, running the solver from an arbitrary initial shape often results in an undesirable local
minimum (see Figure 3.2).

3.4 Applications and Physical Prototypes

We validate our computational design and rationalization approach with a number of numeri-
cal and physical experiments, illustrating the broad applicability of our approach for different
materials and usage domains.

Shoe

Figure 3.12 shows a design of a shoe using an auxetic linkage. In contrast to a purely in-
extensible material, our material can realize this double curved shape with a single piece.
At the same time, the pattern provides an interesting esthetic and offers certain functional
properties, e.g. ventilation. Creating such a surface without optimization is extremely difficult
as it is not clear how one would need to lay out the surface in 2D such that the material would
match seamlessly at the cut. This highly non-local constraint is handled implicitly by our
initialization based on a global conformal map.

Sculptures

In Figures 3.11 and 3.13 we show rationalizations of the cat model and the Max Planck bust,
with several singularities to accommodate the complex double-curved shapes. Note how
arationalization of these surfaces with developable material would require numerous thin
strips that would have to be connected along their boundaries in a way that cannot provide
tangent continuity across the connections. Auxetic linkages preserve the smooth appearance
of the input surface while capturing important geometric features.
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Figure 3.12 — The shoe model has been fabricated from a single piece of metallic material using
our interactive rationalization method based on conformal geometry and global, non-linear
optimization. Thanks to our global approach, the 2D layout of the material can be computed
such that no discontinuities occur at the seam. The center zoom shows the region of the seam,
where one row of triangles is doubled to allow for easy gluing along the boundaries. The base
is 3D printed.
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Figure 3.13 — A rationalization of the Max Planck illustrates the limits of what can be approxi-
mated with a single patch of auxetic material. One singularity with 27/3 curvature is at the
top of the nose (middle zoom) with a completely closed four-sided polygon. A combination
of 27/3 and —2n/3 curvature singularities is required to close the top of the head (left zoom).
The cut behind the ear could not be closed without violating the bound on the conformal
factor, which is visualized on the model and 2D layout.

Face masks

Figure 3.14 shows a physical realization of the Max Planck model cut from a single sheet of
perforated copper. While our current fabrication technique produces a single rigid surface,
kinematic linkages can also be employed in dynamic settings where an object transitions
through different geometric configurations. Figure 3.15 illustrates this shape shifting idea,
where the same linkage is used to approximate two different face models. How to mechanically
actuate such a transition is an interesting question for future work.

Fashion top

Figure 3.16 shows an application in fashion design, where auxetic material is laser cut from a
nearly inextensible leather textile and stretches to conform to the doubly-curved mannequin
body. Since optimization ensures a continuous transition across seams, the final dress has no
visible discontinuities. The design surface was created by 3D scanning a physical mannequin,
highlighting the potential of our approach for personalized fashion design.
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Figure 3.14 — Fabrication of the Max Planck model. Top left: 3D printed reference model
used for geometric guidance; Bottom left: flat, undeformed perforated copper sheet. The
purple arrow indicates the singular vertex located at the tip of the nose; Middle, Right: two
photographs of the final model.

Lamp shade

Beyond rationalization of a given input, techniques from Section 3.3.2 can also be used for
interactive design using, e.g., a standard handle-based click-and-drag interface. Constraints
on vertex positions replace the surface closeness energy in Equation (3.2), which is augmented
with a smoothness term as described in [Bouaziz et al. 2012]. Optimization ensures that edge
length and inter-penetration constraints are satisfied, allowing the user to interactively explore
the shape space of a given linkage topology. Figure 3.17 shows an auxetic lamp shade, modeled
with handle-based manipulation. The form of the object influences the emission of light,
leading to interesting shadow patterns.

Facade

Figure 3.18 shows an application in architectural shading system. Shading and lighting
systems can take advantage of the reconfigurable nature of regular auxetic linkage. Here we
present a free-form facade built from identical triangular elements and connected with a
single type of rotational joints for cost-efficient manufacturing. The facade can be computer-
operated to optimize the amount of light passing through. The linkage allows local control
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Figure 3.15 — While several design and engineering applications have used the kagome lattice,
they have been so far restricted to very simple geometries like the hemisphere. In contrast,
we can approximate arbitrary curved surfaces by an auxetic linkage—here we show two
configurations of an identical linkage, opening the door to reconfigurable matter.

over the openings, making it convenient for a multi-purpose space.

3.5 Discussion

In recent years, study of isometric maps has led to numerous computational methods for
geometric modeling, for example in the domains of origami, curved foldings, or developable
surface rationalization. Our work aims to initiate a similarly fruitful discussion for a richer set
of surfaces that can be achieved when the material can also locally scale in a uniform way. Our
results demonstrate that non-trivial shapes can be rationalized effectively, offering a new class
of design surfaces with applications in many domains.

We empirically observed that our abstraction based on linkages of rigid elements well approxi-
mates the geometric behavior of the cut surface materials. However, we do not explicitly model
the complex physical behavior at the linkage joints. Metals, for example, deform plastically to
retain the deformed state, while the plastics we experimented with deform elastically and push
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Figure 3.16 — A double-curved top fabricated from approximately inextensible
leather. The zooms illustrate the global continuity of the pattern across the seams,

which are fixed with pins.
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Figure 3.17 — Our auxetic design tools can also be used to explore lighting design—here an
“open” and “closed” configuration of the same linkage provide mechanical dimming.

back towards the rest state. In practice, linkage joints cannot be stretched beyond a certain
limit without fracturing, which means that for many materials we cannot achieve the maximal
scaling factor of the linkage. Suitable bounds need to be determined for each base material
as a function of the sheet thickness and the incision depth. Currently, we determine these
bounds empirically through experimentation. In general, the concrete physical behavior of
each piece strongly depends on the material and the specific geometry. It would be interesting
to integrate finite-element simulation into the design process to provide feedback on the
structural performance of the physical realization.

For closed designs or surfaces with singularities, we currently do not optimize for the seam,
but rely on the user to specify an appropriate path on the surface. While this gives the user
full control, finding good cut paths is not always an easy task and additional computational
support could be helpful for untrained users. Appearance of seams could be improved by
quantizing the target geodesic curvature to agree with the symmetry of our triangular pattern,
ala Springborn et al [Springborn et al. 2008, Section 6]; in the future, one might also consider
augmented tilings that conform exactly to the boundary.

Examples of Figures 3.17 and 3.18 are emblematic for applications of our method in lighting
and shading control, for example, in an architectural context. Given a desired solar energy
density profile, the openings and orientation of the surface can be determined through a
form finding optimization, taking into account other constraints such as limits on curvature
or smoothness of the facade. This is an example of the concept of form follows function (or
more precisely, performance). For large scale facades, fabrication would probably follow a
panel-based assembly approach, where the fact that all triangles are identical can significantly
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N

Figure 3.18 — A free-form facade constructed from uniform triangular elements connected
with rotational joints. Thanks to the reconfigurable nature of the regular auxetic linkage, the
facade can be used as a computer-controlled dynamic external shading system.

simplify manufacturing. Related to the passage of light through the material, one can also
imagine other transport scenarios, e.g., flow of liquids or granular material, where the openings
can be used for flow control.

The particular cutting pattern we study here is just one of many possibilities; other regular
tilings have been explored, for example in the sculptural art of Haresh Lalvani. A unified theory
of linkage-based auxetic materials is an exciting avenue for future research. For example, a
clear notion of discrete conformal equivalence for linkage patterns (with compatible discrete
notions of curvature, Laplace operator, etc.) would provide insights into the geometry of
linkage surfaces, with potential implications for algorithm design. More generally, the pos-
sibility to control the deformation behavior of sheet material by introducing cuts offers new
opportunities for material-aware design. Interesting questions arise concerning the physical
behavior of such materials. Form-finding algorithms and interactive design tools that optimize
for the cutting pattern rather than prescribing it a priori offer a rich space for future research.
One such example is presented in the following chapters.

40



3.5. Discussion

Note

This chapter is mainly based on the following publication:

Mina Konakovi¢, Keenan Crane, Bailin Deng, Sofien Bouaziz, Daniel Piker, and Mark
Pauly. Beyond Developable: Computational Design and Fabrication with Auxetic Mate-
rials. ACM Transactions on Graphics (Proceedings of SIGGRAPH), 2016.

The candidate contributed most of the scientific developments and implementation of this
publication.

41






Computational Design and Deploy-
ment of Programmable Auxetics

Deployable structures are physical mechanisms that can easily transition between two or
more geometric configurations; such structures enable industrial, scientific, and consumer
applications at a wide variety of scales. This chapter develops novel deployable structures
that can approximate a large class of doubly-curved surfaces and are easily actuated from
a flat initial state via inflation or gravitational loading. The structures are based on two-
dimensional rigid mechanical linkages that implicitly encode the curvature of the target
shape via a user-programmable pattern that permits locally isotropic scaling under load. We
explicitly characterize the shapes that can be realized by such structures—in particular, we
show that they can approximate target surfaces of positive mean curvature and bounded scale
distortion relative to a given reference domain. Based on this observation, we develop efficient
computational design algorithms for approximating a given input geometry. We validate our
approach through a series of physical prototypes and application case studies.

4.1 Introduction

Deployable structures are shape-shifting mechanisms that can transition between two or
more geometric configurations. They are often convenient for storage or transport due to their
ability to minimize the space requirement. Deployable structures are used, for example, for
antennas or solar panels in satellites, as coronary stents in medical applications, as consumer
products (e.g. umbrellas), or in architectural designs (e.g. retractable bridges or relocatable,
temporary event spaces).

Most existing realizations of deployable structures are geometrically simple and often exhibit
strong symmetries. Deploying more general curved surfaces is made difficult by the inherent
complexity of jointly designing initial and target geometries within the constraints imposed
by the deployment mechanism [Gantes 2001].

We propose a new class of deployable structures and associated computational methods that
enable rapid deployment of doubly-curved freeform surfaces (see Figure 4.1). Our approach

43



Chapter 4. Computational Design and Deployment of Programmable Auxetics

i\ rest state
3D optimizati 3 ...“ 2D optimization
optimization — ’
> PSR
deployed state
input design optimized auxetic linkage l fabrication

mounting

deployed structure mounted structure flat material

Figure 4.1 — Our algorithm computes a spatially graded triangular auxetic linkage that closely
approximates a given surface when deployed to maximal extension via inflation. The fabri-
cated material is laser cut from a single sheet, mounted onto the support frame, and inflated
with a generic rubber balloon.

is based on a planar linkage of rigid triangles connected by rotational joints at vertices; this
linkage has regular connectivity, but spatially varying scale. In-plane rotation of the triangles
induces an approximately isotropic expansion or contraction in area, which allows a mechani-
cal interpretation of the linkage as an auxetic surface metamaterial [Saxena et al. 2016], or a
geometric interpretation in terms of conformal maps as in Chapter 3.

By spatially varying the triangle sizes, we effectively control the maximum possible expansion
at each point, which in turn provides control over curvature: under maximal extension,
nonuniform expansion forces the structure to buckle out of the plane and assume a curved
configuration. Here several questions arise: which curvature functions can be encoded in
such a pattern? How can we actuate a linkage to achieve maximal expansion? Which surfaces
can we hope to realize using this procedure? Several key contributions help to address these
questions:

* We introduce spatially graded auxetic metamaterials suitable for deployment via infla-
tion or gravitational loading. In particular, we show that these deployment strategies
achieve maximal expansion everywhere and provide additional regularization to ensure
that the target shape is unique.

* We provide a general analysis of deformation by inflation and gravitational loading to
formally classify the set of realizable doubly-curved target shapes.

¢ We present an optimization algorithm to solve the inverse design problem: Given
a desired target geometry, our method finds appropriate scaling parameters and a
corresponding layout of the 2D linkage such that the target shape is achieved when the
linkage is deployed.
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The resulting structures offer a number of benefits: (i) The rest-state is (piece-wise) flat, which
facilitates compact storage as well as cost- and time-efficient fabrication techniques (such
as laser cutting or milling); (ii) The target geometry is directly encoded in the 2D linkage
structure so that no additional support or scaffolding is required to guide deployment; (iii)
Our approach is scale-invariant and can be applied to realize a broad and explicitly defined
class of doubly-curved surfaces. If a given surface is not within the set of realizable shapes, we
apply optimization to find a feasible target surface that is close to the desired design.

The rest of the chapter is organized as follows: Section 4.2 considers geometric models of
inflation and gravitational loading, helping to understand the feasible design space. Specifi-
cally, we characterize the shapes that can be achieved via inflation or gravitational loading
in terms of surfaces of positive mean curvature and conformal deformations with bounded
scale factor. Section 4.3 introduces our spatially graded auxetic metamaterial, realized as a
rigid triangular linkage. We show how to locally adapt maximal expansion (and hence, target
curvature) by varying the scale and orientation of linkage elements in the initial flat state.
Section 4.4 describes an optimization algorithm for solving the inverse design problem, i.e.,
finding suitable parameters for our metamaterial that ensure the target surface is faithfully
approximated when actuated. In Section 4.5 we present several case studies and physical
prototypes that highlight potential applications across domains ranging from small-scale heart
stents to large-scale air-supported domes. We conclude with a discussion of the limitations of
our approach, and also identify opportunities for future research (4.6).

4.2 Shape Space

Which shapes can we hope to achieve with our structures? The answer depends jointly on
the geometry of the structure, as well as the method used to actuate it. Rather than study
this question in terms of the detailed geometry of a specific mechanical linkage, we will first
consider an idealized model based on smooth differential geometry. This analysis will then
inform the design of discrete mechanical linkages and their physical actuation described
in Section 4.3 and the corresponding optimization algorithm discussed in Section 4.4. In
particular, we will explicitly characterize the shapes one can hope to achieve via (i) inflation
and (ii) gravitational loading; we will also make an interesting connection between inflated
balloons and conformal geometry (Section 4.2.2).

4.2.1 Preliminaries

In this section, we consider a closed, compact, and oriented topological surface M with geom-
etry given by amap f: M — R3 assigning coordinates to each point of M. The differential d f
of f maps tangent vectors X on M to the corresponding vectors d f(X) in R3; the differential
is also sometimes denoted as the Jacobian or deformation gradient. A map f is an immersion
if its differential is injective, i.e., if at each point p € M it maps nonzero vectors to nonzero
vectors; since M is compact, it is an embedding if f is also injective (loosely speaking: if it has
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no self-intersections). Formally, we will require that f is a twice differentiable immersion with
bounded curvature.

To any immersed surface we can associate the quantity
vol(f) ::f N-f dAf,
M

where N is the outward unit normal and d Ay is the area element induced by f; when f is
embedded, vol(f) is just the enclosed volume. We will also use g and H to denote the metric
and mean curvature (resp.) induced by f. We use the definition H = %V r+N,so, e.g, asphere
has constant positive mean curvature. If d A and d A are two area measures on M, we will write
dA < dA to mean that d A(U) < d A(U) for all measurable subsets U < M. When considering
variations of the surface, we will think of f as a time-parameterized family of immersions f(1),
and adopt the shorthand ¢ := d%gbl =0 for any time-varying quantity ¢.

4.2.2 Inflation

To understand the space of shapes that can be achieved via inflation, we consider an idealized
and purely geometric model of rubber balloons. From a mechanical viewpoint, our model
would correspond (very roughly) to a thin isotropic elastic membrane with spatially varying
maximal expansion.

This model should however be taken with a grain of salt: our goal here is not to formulate a
precise mechanical model, but rather to get a sense of the most significant geometric effects ex-
hibited by our discrete mechanism—a more rigorous analysis (e.g., based on homogenization
of the small-scale geometry) is beyond the scope of this thesis. Moreover, for computational
design, it is often more useful to have a simple and easily computable geometric model
than a detailed mechanical model which is accurate but difficult to explore due to heavy
computational requirements (e.g., finite element analysis).

We specifically consider the geometry of immersions that (i) locally maximize enclosed volume,
and (ii) do not stretch area above a given upper bound. Note that we do not consider questions
of dynamics (e.g., “can this configuration be reached from a given starting point?”), which are
notoriously difficult even without constraints on volume or area. Instead we consider only the
simple static question of, “what will be true about a surface that achieves these conditions?”
In particular, we make the following observation:

Proposition 1. Let dA™ be an area measure on M. Among all immersions f : M — R3 such
that d Ay < d A¥, those that locally maximize the enclosed volumevol(f) will (i) have strictly
positive mean curvature H > 0 and (ii) achieve the upper bound on area (d Ay = d A" ).

Proof. An immersion f locally maximizes volume if and only if every volume-increasing
variation of f violates the upper bound on area distortion. Since tangential motion has no

46



4.2. Shape Space

effect on volume, we only need to consider normal variations f := uN for some suitably
regular function u: M — R. The corresponding first-order change in volume is

a —
Lyvol(f)ls=o = fM udAy.

A normal variation therefore increases volume if and only if u integrates to a positive value,
which means u must be positive on a set of nonzero measure. The change in the area measure
is given by

dA =2 uHdA f-

A normal variation uN therefore violates the upper bound on area if and only if both u and
H have the same sign at a point p € M where this bound is achieved (d Ay (p) = dA™ (p)). As
mentioned above, f locally maximizes volume only if the constraint is violated by all volume-
increasing variations, which includes all positive and compactly supported bump functions
Upe: M — R of width € > 0 centered at points p € M. But since ¢ can be arbitrarily small, a
volume-maximizing immersion must have positive mean curvature and maximal area at every
point. O

Roughly speaking, the surfaces that can be realized via inflation in our model are those that
have positive mean curvature (see Proposition 1 and Section 4.3.1 for further discussion).
In practice, we therefore modify a given target surface to have positive mean curvature, as
described in Section 4.2.4.

Conformal Balloons

Suppose we no longer consider volume max-
imization nor an upper bound on area, but
simply ask about the shape of a balloon that
tries to minimize the elastic membrane en-
ergy when filled with a fixed volume of air.
In particular, the Dirichlet energy Ep(f) :=
J; mlaf |2 dAy models an elastic membrane

with zero rest length, or, asymptotically, the en-

N

ergy due to extreme stretching. Critical points
of Dirichlet energy are called harmonic maps, Figure 4.2 — When inflated, rubber balloons
and any harmonic map between topological exhibit near-conformal deformation (indi-
spheres is necessarily holomorphic or anti- cated by the preservation of right angles),
holomorphic [Eells and Wood 1976]. We hence further motivating our use of an auxetic de-

find a connection to conformal geometry: sign space for inflatable structures.
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Theorem 1. Consider a surface (M, go) of spherical topology. Among all embeddings f : M — R3
of fixed enclosed volumevol(f) = ¢, any embedding minimizing the membrane energy Ep is
conformal, i.e., the induced metric g := d f ® d f is conformally equivalent to g.

Proof. Let f be a non-conformal embedding with volume ¢, and let £ := f(M) c R® denote the
image of f. We know that a map minimizing Dirichlet energy over all orientation-preserving
embeddings f : (M, go) — Z is holomorphic (and in particular, conformal since it is injective
and orientation-preserving). Therefore, because f is not conformal, we can find an embedding
f* mapping to = with smaller Dirichlet energy. This f* still has volume c, but lower Ep, so f
is not minimal. O

Due to the rather simplistic model of membrane energy, one might wonder whether this
theorem provides any useful information about real physical balloons or our auxetic mecha-
nisms (which allow an area scaling of at most 4). However, Dirichlet energy will still tend to
dominate more realistic nonlinear models of elasticity in the limit of large stretching. Consider
for instance the elastic energy described by Chao et al. [2010], E(f) := f mldf—R f|2 d A, where
Ry denotes the rotation closest to d f. In the limit of large strain, the quadratic (i.e., Dirich-
let) term of the expansion |df|2 —2{df,Rp)+ |Rf|2 dominates, and we are left with the same
picture as before. Moreover, the nonlinear terms drop off rather quickly, suggesting that one
should observe conformal behavior even for moderate stretching—as supported by physical
experiments such as the one pictured in Figure 4.2. This observation further motivates our
use of auxetic materials with bounded scale factors for inflatable structures.

4.2.3 Gravitational Deployment

Gravity is an even simpler mechanism for shape deployment: just suspend a sheet of material
by its boundary and let gravity pull it into the target shape. This approach is most suitable
for surfaces with simple boundary curves like in Figure 4.9. In fact, to simplify the fabrication
process, we require that the initial surface spanning the boundary curves be a height field; oth-
erwise attaching the flat material to the boundary curves would require a complicated manual
deformation. The height field property also guarantees that the downward gravitational force
has a positive component along the surface’s normal direction, ensuring that it can pull the
surface open analogously to the inflation setup.

When fabricated from our idealized material (characterized by having zero stiffness until an
upper area bound is reached), we observe that height-field-initialized surfaces will remain
height fields during the deployment. This follows from the fact that only two types of forces act
on interior points during the deployment: gravity and the material stresses enforcing the area
bound. Gravity pushes points in the material straight downward, decreasing height values
but preserving the height field property. Stresses enforcing the area stretch bound always
take the form of tensile forces: regions of material that have reached their stretching bound
pull uniformly inward against the surrounding material (tangentially to the surface). Unlike
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expansive forces, these tensile forces act to straighten out the material and will not cause the
sheet to fold over itself to violate the height field property.

We now characterize the space of height field surfaces deployable by gravity, again ignoring
questions of dynamics. For consistency with the inflation setup, we orient the surface’s height
axis vertically (parallel to gravity) and choose the surface orientation so that normals point
downward. The gravitational deployment process is formulated as minimizing the immersion
f’s gravitational potential energy:

U(f)::fo-sz,

where z is the height axis vector oriented opposite gravity and scaled by the gravitational
acceleration constant. Note that d A is the area element induced by an isometric immersion
of M (for which we assume the material density is 1) and is independent of the particular
immersion f.

Proposition 2. A height field surface represented as a smooth immersion f : M — R3 that lo-
cally minimizes the gravitational potential energy U (f) over all smooth immersions satisfying
dAy < dA" and Dirichlet conditions f = figr on dM, must (i) have strictly positive mean curva-
ture H > 0 and (ii) achieve the upper area bound (dAf =dA").

Proof. Suppose there exists a region R € M on which H<0or dAy < dA". We can construct
a smooth, positive bump function u compactly supported on R so that the positive normal
variation f := uN decreases gravitational potential to first order:

LU(f + tuN)|i=o =fRuN-sz<0,

because N - z < 0 by the height field property. Furthermore, this variation does not violate
the upper bound on area. If dAy < dA*, no bound is active in R, and the variation must be
admissible. If H < 0, the area measure changes by

dAf=2uHdAf <0

for all points in R and the variation is admissible. Therefore, f does not locally minimize
gravitational potential energy. O

4.2.4 Projection to Feasible Surfaces

If the surface violates the positive mean curvature requirement, we must modify it for compat-
ibility with our deployment mechanisms. However, we wish to keep the design as similar to
the input surface as possible. Accordingly, we change the surface only where needed, leaving
the regions of positive mean curvature untouched. In the regions violating the requirement,
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we make the smallest change necessary in mean curvature space.

We propose the following repair process to achieve these goals: apply mean curvature flow
f = —HN to each region of negative mean curvature, terminating when mean curvature
reaches zero. Then, to ensure H = ¢ > 0, an arbitrarily small, smooth normal variation can be
applied, computed, e.g., by solving 4.1 with H = 1 and zero Dirichlet boundary conditions.

Our repair process indeed produces the closest admissible surface in the sense of minimiz-
ing pointwise curvature distance |H — Hy| almost everywhere in M (where Hy is the mean
curvature of the initial immersion): it preserves mean curvature in the positive regions and
minimally adjusts each non-positive value. Curvature-based distance metrics like this are
often considered good models of perceptual distance [Kim et al. 2002]. However, for the
examples we tried, we can make an additional observation: the repair process also locally
minimizes pointwise distances to the original surface.

We formalize the repair process as follows. For a smooth initial immersion fy : M — R3, the
regions R; € M on which H < 0 are always bounded by well-defined curves dR;. The repair
process cuts away each fy(R;) and replaces it with a minimal surface f(R;) spanning the same
immersed boundary curve. This viewpoint corresponds to the limit € — 0.

First, we consider the space of admissible variations one might apply to the repaired surface
when attempting to move it closer to the original. We consider an arbitrary suitably regular
variation f := R; — R® and define normal velocity u:= f - N for convenience. We observe that
u =0 on dR; since the perturbed surface must still fill the same boundary curve.

The corresponding first-order change in mean curvature is [Dogan and Nochetto 2012]:
2H=-Aru- i +x3u+2f-VeH=-Aru—2|Klu, (4.1)

where x, = —k are the minimal surface patch’s principal curvatures. The term involving f
vanishes because H = 0, and we applied the simplification k% + x5 = 2|k1x2| = 2|K|. Preserving
non-negative mean curvature requires:

H=z0 = Aju+2|Klus<o.

For small |K| (mildly curved repaired patches), we expect the Laplacian term to dominate
and force the normal velocity to achieve its minimum on the boundary 0R; (superharmonic
functions obey a minimum principle). But u = 0 there, forcing u = 0 inside R;.

Furthermore, in our experiments, closest points on the original surface always lie to the
negative side of the repaired patch in that, Vp € f(R;) and nearest original points on the
surface p* = argming, 5, ||ﬁ— P”, we have N-(p* — p) 0. This should be expected for
moderate edits, as the curvature flow process converging to the minimal surface moves points
only in the positive normal direction. In these cases, moving any point on our repaired surface
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closer to the original surface requires a motion in the negative normal direction which, for
small | K], violates the non-negative mean curvature constraint.

4.3 Material Design

Our goal is to design a mechanism that deforms from an initial flat configuration into a doubly-
curved target surface when actuated by inflation or gravity. The regular auxetic linkages that
we study in Chapter 3 have two key obstacles to overcome when it comes to rapidly deployable
structures, namely (i) a perfectly regular lattice encodes no information about the target shape,
necessitating some kind of “scaffolding” such as a 3D print to guide assembly, and (ii) there
is no clear way to actuate such a surface, which must be laboriously pointwise-aligned to
the mold and deformed by hand. These observations motivate us to (i) encode the target
shape into the linkage by considering a spatially varying pattern rather than a regular one,
and (ii) consider geometries that can be rapidly deployed via inflation or gravity, as studied in
Section 4.2.

Discrete Conformal Geometry

A key motivation for starting with the Kagome lattice is that, as discussed in Chapter 3, de-
formations of this lattice behave at the large scale like conformal mappings with bounded
scale factor. This loose analogy is made a bit more precise by making a connection to the
Cauchy-Riemann equations: for both conformal maps and the lattice, infinitesimal planar
motions are determined by real degrees of freedom at the boundary. Another connection
recently made by Lam [2017] is that infinitesimal rotations of the lattice can be described
as discrete harmonic functions (in the usual sense of the cotangent Laplacian), mirroring
the fact that for the logarithmic derivative log(z’) = u + 10 of a holomorphic map z, the two
components u,0 describing scaling and rotation (resp.) are conjugate harmonic. To date, how-
ever, there is still no complete discrete theory of conformal maps based on the Kagome lattice
that includes finite deformations, nor conformal immersions in R3. Nonetheless, adopting
the conformal point of view allows us to leverage well-developed tools from computational
conformal geometry for the purpose of designing deployable mechanisms.

Mechanical Properties

From a mechanical point of view, linkages based on the Kagome lattice are flexible enough
to produce a wide variety of curved surfaces and already have a locking mechanism built-in:
stretching the material to four times its original area fully opens the linkage, blocking further
expansion. In fact, one can easily show that the linkage is rigid (albeit unstable) in its fully
open configuration; additional forces such as gravity or air pressure help to stabilize the fully
open state. We take advantage of these mechanical properties to aid deployment. In particular,
we adapt the pattern to achieve a spatially varying (rather than constant) maximum bound on
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expansion across the surface. When deployed, the varying expansion leads to out-of-plane
buckling; thus the linkage must assume a curved configuration.

The geometric and mechanical pictures can of course be linked: the bound on expansion
in the discrete linkage can be modeled by a bound on the conformal scale factor e of a
smooth conformal map, and the buckling exhibited by the deployed linkage is approximately
determined by the Yamabe equation Au = e*“K relating the logarithm of the scale factor to
the Gaussian curvature K of a smooth surface approximating the target geometry. To explore
designs for our mechanical linkage, we therefore adopt a strategy based on geometry: first, we
compute a conformal map from the plane to the target surface, and read off the scale factors
Mgt := e". We then use these factors to design or “program” a spatially-graded pattern that
approximately matches the corresponding maximum expansion at each point. When fully
expanded, a mechanism based on this pattern should approximate the desired target shape.
Below we first consider the uniqueness of the deployed configuration, before detailing how to
program the desired maximal expansion factor into our discrete triangular linkage.

4.3.1 Uniqueness

The spatially varying maximal extension factor uniquely determines the fully expanded link-
age’s metric. In other words, the deployed shape is completely determined up to isometric
deformation. Does this mean that the metamaterial uniquely encodes the target shape? In
general, the answer is no. For instance, the material alone cannot distinguish between “bumps”
with negative or positive mean curvature since both produce the same metric distortion. How-
ever, in this case our specific deployment methods provide additional regularization: they
always produce surfaces of positive mean curvature, eliminating this ambiguity.

Convex surfaces are known to be unique up to global rigid transformations. Surprisingly, the
question of whether smooth closed surfaces can be flexible in R® (i.e., admit infinitesimal
deformations preserving the metric) remains an open problem in differential geometry [Ghomi
2017]. So far, no counterexamples have been found, and in practice, all of our examples
deployed to their proper target configurations.

4.3.2 Auxetic Linkages with Locally-Controlled Stretching

We now consider how to adapt the regular triangle auxetic linkage structure to impose a
spatially-varying upper scaling bound tailored to the conformal scale factor A We begin
with the following observation: taking the standard linkage pattern (with length stretch factor
A in the range 1 < A < 2) and pre-stretching by 2/ A yields a new material with the stretching
bounds Agt/2 < A < Ayg. Effectively, this pre-stretching limits the amount of additional expan-
sion possible until the fully opened configuration is reached (see Figure 4.3). This reduces our
problem to producing a linkage with a spatially-varying pre-stretch in its flat configuration.
The challenge now is to piece together patches with different pre-stretch. As illustrated in

52



4.4. Material Optimization

initial 2D state

fully expanded

length 1.00 1.29 1.73 2.00
expansion in
area 1.00 1.65 3.00 4.00

Figure 4.3 — Spatially variable maximal expansion of the linkage can be achieved by scaling
and rotating the linkage triangles in the initial 2D state. When already fully opened (left), no
more expansion is possible. When fully closed (right), the linkage can expand to increase by
afactor two in length (or a factor of four in area). Partially opening the initial configuration
allows varying the scale factor, indicated by the size of the orange triangles connecting the
barycenters of the openings.

Figure 4.3, this can only be done by scaling the triangles, as will be detailed below.

Figure 4.4 shows an example and provides a comparison between our spatially graded auxetic
linkage and the regular pattern from Chapter 3. Note that the nonuniform linkage structure no
longer fully opens or closes in the plane like the regular auxetic linkage could; once any region
(hexagonal opening) in the pattern fully opens or fully closes, further expansion/contraction
requires spatially varying the stretch factors, inducing curvature that forces the structure into
3D.

4.4 Material Optimization

In this section, we describe our computational workflow and the optimization algorithm for
computing the deployable auxetic linkage for a given design surface.

4.4.1 Preprocessing

Our first step is to analyze the input surface to ensure that it satisfies the positive mean
curvature requirement. As discussed in Section 4.2.4, we correct infeasible surfaces by applying
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initial 2D state

fully closed

l

variable, partial expansion

target 3D state
requires guide surface

initial 2D state

variable, partial expansion

l

fully expanded

target 3D state
automatically deployed

Figure 4.4 — The method in Chapter 3 (left) uses a uniform, fully closed initial 2D state and
achieves its target state with variable partial openings. Proper deployment thus requires a
guide surface and precise manual alignment. In contrast, our spatially varying initial openings
in the 2D state allow encoding the target surface in the flat configuration, facilitating automatic
deployment by maximal expansion without the need of any guide surface (right).

mean curvature flow adapted to operate only on regions of non-positive mean curvature(see
also Figure 4.6). We use implicit integration for the flow as proposed by Desbrun et al. [1999]:

(M[ + th)xl""l — MtXt,

where M is the mass matrix, & is the step size, L is the positive semidefinite cotan Laplace
matrix, x is a matrix of vertex positions (one row per input surface vertex), and the superscripts
indicate the iteration number. We run this flow until convergence updating only the positions
of vertices with non-positive mean curvature.
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Given the corrected input surface S, our goal now is to find the 2D layout of the triangular
linkage that, when deployed to maximal expansion, approximates S as closely as possible.
Figure 4.5 illustrates the main steps of our algorithm.

4.4.2 Conformal Flattening and Remeshing

We first compute a conformal map f: S — Q from the target surface S to a planar domain Q c
R? using the methods of Sawhney and Crane [2017]. We check if the conformal scale factors
are within the bounds prescribed by the linkage mechanism, and, if necessary, introduce cone
singularities at user-selected locations to reduce scale distortion as described below. Next, we
sample the parametric domain Q with a regular equilateral triangle mesh M, that defines
the base structure of our linkage. The user selects the resolution and orientation of this mesh
to match her design intent. Lifting M>p onto S by the inverse map f~! yields M3p.

4.4.3 3D Linkage Optimization

We now obtain an initial guess for the fully-opened linkage structure by constructing the medial
triangle for each triangle in Msp (i.e., inscribing a triangle by connecting edge midpoints; see
4.5). While this initialization is already close to the desired target configuration, the discrete
nature of the lifting function introduces inaccuracies that necessitate further optimization. In
particular, we need to ensure that the linkage triangles remain equilateral and are maximally
expanded everywhere while staying close to the target surface. Fortunately, these objectives
can be formulated easily in the context of the projective approach of Bouaziz et al. [2012].
Specifically, to obtain the linkage’s curved target configuration Lsp we minimize an energy
function Ej3p defined as the sum of three different objective terms over the vertex positions x,

E13p (%) = w1 Eexpand (X) + W2 Eequi (X) + W3 Edesign (X), 4.2)

with weights w;. Each term can be formulated as a sum of constraint proximity functions of
the form ¢(x.) = ||Ix. — P(x.) |2, where x. is the vertex set involved in the specific constraint,
and P denotes the projection operator to the constraint set, as detailed below.

We observe that in the fully expanded state, the hexagonal
openings formed by the linkage must attain maximum
area. By Cramer’s theorem [Niven 1981, p. 236], this max-
imum is achieved when all vertices of the opening lie on
a circle.

We thus introduce the expansion term

2
Eexpand = Z X, — Pc(xp)ll3,
heH
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Figure 4.5 — Sketch of the optimization algorithm for computing the spatially graded auxetic
linkage for a given input surface S.
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where £ is an index set of vertices in a particular hexagonal opening, and H is the collection
of all such index sets in the linkage. Pc(xy) defines the projection to the circle closest to the
vertices of x;, computed as described in [Bouaziz et al. 2012].

Contrary to the uniform pattern used in Chapter 3, the linkage triangles need to vary in scale
to introduce spatially varying maximal expansion. In order to let triangles scale freely but keep
their equilateral shape, we introduce the energy

Bequi = ), IIx; = Pr(xd3,
teT
where 1 is the index set of the vertices of a triangle, T is the set of all linkage triangles, and
Pr is the projection to the closest equilateral triangle, computed using shape matching as
described in [Umeyama 1991].

Finally, to keep the linkage close to the design surface, we apply positional constraints of the
form

2
Eqdesign = Z Xy — Ps(xp) I3,
veV

where v is a vertex index, V is the set of all linkage vertices, and Ps defines the projection to
the closest point on S.

The minimization of Er sp then follows the typical local/global iteration strategy (see also [Sorkine
and Alexa 2007]): the local step computes all the constraint projections involved in the objec-
tive terms for the fixed current vertex positions; the global step subsequently solves for the
optimal vertex positions keeping the constraint projections fixed. Details on the precise defi-
nitions of the projection operators and the corresponding numerical solver implementations
can be found in [Bouaziz et al. 2012] and [Deuss et al. 2015].

4.4.4 2D Linkage Optimization

The 3D optimization provides us with the curved target configuration L3p of the linkage in
its fully opened state. Now we need to find the contracted linkage in the plane that defines
the material rest state to be fabricated. We formulate this problem as a second projective
optimization. We first apply the necessary topological cuts to convert Myp into a regular
triangular linkage L,p with uniform triangle sizes (Figure 4.5). Note that this flat linkage has a
one-to-one vertex correspondence with the deployed linkage Lsp. Next, we optimize the 2D
vertex coordinates u of Lyp so that the triangles assume the edge lengths of Lzp. This is again
easily implemented using a projective edge length constraint of the form

Eedge= Y., ll(w;—u;j)— Pg(u;,u))l3,
(i,j))€E
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where (i, j) denotes the vertex indices of an edge and E is the set of edges of the linkage. The

operator
lIx; —x;l

Pp(u;,uj) = (u; —uy)

lu; —ujll
projects to the closest edge with target length |x; —x;|| of the corresponding edge in the 3D
linkage L3p. We also add the non-penetration constraint proposed in Section 3.3.2 to avoid

collisions in the 2D state. The final optimized linkage L,p then defines the flat auxetic surface
material that deploys to the desired target state.

4.4.5 Algorithm Parameters

Our implementation of the projective constraint solver is based on the open-source library
provided by Deuss et al. [2015]. We set the weights in (4.2) to w; = w2 = 100 and w3 = 1 and
apply between 100 to 600 iterations, depending on the mesh resolution. Total computation
time for 3D and 2D optimization for a linkage with 8k triangles is 1.8 minutes on a standard
desktop computer with 4.2 GHz computed on a single core.

4.4.6 Cone Singularities for Programmable Auxetics

When the conformal scale factors exceed the maximal expansion limits of the auxetic linkage,
we need to insert cone singularities in the conformal map to reduce scale distortion. Singu-
larities can also be mandated by the input surface’s topology (to satisfy the Gauss-Bonnet
theorem). These singularities correspond to boundary vertices of M,>p where the incident
boundary curves (seams) close up when lifted to Msp by the conformal map.

Because conformal maps preserve angles, for the
surface to close up and form a regular equilateral tri-

angle mesh when lifted to M3p, the sum of triangle

angles around the singular vertex in Myp—referred
to as the cone angle—must be an integer multiple

of . In the inset figure, we show an example with
cone angle 5?” and see how the equilateral triangle
mesh (and an inscribed linkage) will properly stitch
together when lifted to Msp. Figure 4.7 shows exam-
ples with singularities of cone angle 4?” and %” Note

the difference with the regular auxetic linkage singularities, where only even multiples of §
are feasible (Section 3.2.2). Singularities with odd multiples of % are unable to connect in the
closed configuration while preserving the linkage topology (see Figure 4.13).
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4.4.7 In-plane Opening

In case the computed scale factors do not fully cover the maximal admissible range, the
resulting 2D linkage can still be expanded in the plane until one hexagonal opening is fully
opened—or contracted until one opening is fully closed—as shown in the inset.

We leverage this property for the fabrication
result in Figure 4.1 to reduce the material
stresses at the triangle joints during inflation
by pre-opening the linkage as much as pos-

sible; this minimizes the rotation necessary M

to achieve the fully expanded configuration.

In the optimization, we add an additional an- —
gle constraint [Deng et al. 2015] with a low

weight that either tries to expand or contract YoV

the linkage in the flat configuration, depend-
ing on the user’s preference.

4.4.8 Filling in the Surface

If the user desires a deployed surface without holes, the hexagonal openings in the fully
expanded linkage can be filled in by layering four sheets offset from each other:

However, simply creating copies of the optimized linkage L3p and shifting them does not work:
this would effectively translate the deployed surface itself and also would lead to triangles
imperfectly fitting the hexagonal holes due to the varying scale factors. Instead, these sheets
must be designed by offsetting copies of M»p in the parametric domain and lifting/optimizing
them in 3D. Figure 4.12 shows an example of a surface filled in with this method.

4.4.9 Verification by Simulation.

Recall that the above optimization maximizes surface expansion of the linkage on a target
surface of positive mean curvature. In the smooth setting, our analysis in Section 4.2 shows
that this defines a deployable target surface under inflation or gravity. To verify that this
observation also holds in the discrete case, and that the computed linkage does indeed define
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Figure 4.6 — From left to right: input design surface, modified surface with positive mean
curvature everywhere, optimized linkage in deployed state, 2D rest state of flat-fabricatable
material. In the bottom row, a singularity of cone angle %” is introduced to bring the conformal
scale factors to lie within the admissible range.

a steady state under inflation or gravitational loading, we apply a physics-based simulation.
We use the same projective approach as we did for linkage design, using only edge length
constraints to keep triangles rigid and positional constraints to fix the boundary. We augment
this optimization with dynamics as proposed in [Bouaziz et al. 2014] by applying forces on
the linkage vertices. For inflation, the force vectors are oriented along the surface normal, for
gravity along the fixed negative vertical axis.

Our experiments confirm that the linkages properly deploy, reaching an equilibrium configu-
ration very close to L3p. For each of our examples, we compute the maximal distance between
vertices in Lgp and their corresponding pairs in the equilibrium linkage. We then compute a
maximum relative vertex deviation for each model by dividing this distance by the length of
the bounding box diagonal. The model with the worst relative deviation has a maximal vertex
distance of 0.0513 and a bounding box diagonal of 28.5, giving a relative deviation of 0.0018.
In all cases, the differences are nearly imperceptible.
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Figure 4.7 — Cone singularities are required when modeling closed surfaces such as the sphere.
The simulated models at the top depict examples with cone angles of 47/3 and 57/3, respec-
tively. At the bottom, lower-resolution fabricated prototypes with cone angles of 47/3 are
shown, one fabricated by laser cutting with triangles connected by rings, one 3D printed with
ball joint connections. The surfaces have been closed manually along the boundary elements
prior to inflation.
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intermediate deployment states during inflation final deployed state

Figure 4.8 — Deployment via inflation. A generic rubber ballon is attached to a support frame.
When inflated, the balloon has no information about the target shape. The linkage blocks
further inflation when it reaches the fully expanded state, forming the encoded target shape.

4.5 Results

We verify our material design and optimization approach with a number of numerical and
physical experiments, illustrating a range of potential application fields with different materials
and usage domains. Figure 4.6 shows several examples of our deployable auxetic surfaces
computed with the optimization algorithm described in Section 4.4.

4.5.1 Fabricated Prototypes

Figure 4.1 shows how one can deploy a doubly-curved freeform surface from a single flat
sheet of material. The expansive forces for deployment are created by a generic rubber
balloon that is inflated against the support plane. As the balloon is pumped with air, it presses
against and deforms the linkage until the target shape is reached at maximal stretch (Figure
4.8). The balloon has no information about the target shape, which is solely encoded in the
linkage pattern computed by our algorithm. Note that while the inflated surface has positive
mean curvature everywhere as required by our analysis, both positive and negative Gaussian
curvature are present in the target shape.

Figure 4.7 shows how cone singularities are introduced when inflating closed surfaces. In
contrast to regular auxetic linkage (see Figure 3.7), our spatially-varying auxetic pattern can
approximate a sphere with cone angles of both even and odd multiples of 27 /3.

The structure of Figure 4.9 illustrates how gravitational forces can be used to deploy the target
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Figure 4.9 — Deployment via gravity. The auxetic linkage shown on the bottom left has been
optimized to match the input design surface in the top row. The structure has been assembled
in the flat state (bottom middle) from individually laser-cut triangles that are connected by
metallic rings to enable the rotational motion of the linkage triangles. When lifted onto the
rectangular support, the surface automatically deploys into its target shape. The linkage is in
maximal expansion everywhere (bottom right). Note that boundary vertices are fixed along
the long edges of the support rectangle, and connected with strings on the short edges.
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Figure 4.10 — Design study of deployable architecture. The freeform inflatable dome can be
used as a semi-permanent, relocatable space.

shape from the flat rest configuration. The resulting structure is in tension everywhere and can
thus be used for physical form-finding of self-supporting structures in analogy to the famous
approach of Antoni Gaudi [Ferndandez 2006].

4.5.2 Application Case Studies

Figure 4.10 highlights an application in deployable architecture to construct a relocatable,
semi-permanent structure. Compared to the simple geometries of existing inflatable struc-
tures, our approach supports a broader class of freeform shapes, which allows adapting the
structure to the design-specific interior space requirements.

Figure 4.11 illustrates an application in personalized medicine, where a deployable freeform
coronary stent can be customized to a specific patient. The stent is fabricated as a flat structure,
then rolled into a thin cylinder. When inflated, the stent adopts the desired freeform shape to
best advance blood flow in the critical artery.

Figure 4.12 illustrates how multiple layers of our programmable auxetic material combine to
create the approximately closed surfaces of a freeform chair (deployed by gravity).
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Figure 4.11 — Conventional heart stents are straight and typically chosen by the surgeon from
a set of standard sizes. Recent research has shown the benefits of curved stents [Tomita et al.
2015]. Our method can be used to create freeform curved heart stents that can be adapted to
the specific geometry of the patients’ blood vessels. Top row shows a zoom on the target vessel
region and its 3D model reconstruction to approximate with our programmable auxetics. The
stent is administered with a catheter to the correct position (bottom left) and inflated to its
target geometry (bottom middle, right).
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Figure 4.12 — Design study of a freeform chair realized using four layers of spatially graded
auxetic material to fully cover the surface (see Section 4.4 for details).

4.6 Additions and Remarks

Our current deployment strategies using inflation or gravity can only actuate a subset of
the surfaces realizable with a graded auxetic linkage: those with positive mean curvature.
Adding additional constraints—for example, in the form of strings connecting certain vertices
and thus preventing expansion towards positive mean curvature—can enlarge the space of
deployable shapes. It is an interesting question for future work to find a minimal set of such
constraints for a given target surface. One potential example is shown in Figure 4.14 in the
case of inflatable sofa.

For closed surfaces and surfaces requiring singularities, we must introduce cuts to flatten the
material to the plane (see Figure 4.7 and bottom row of Figure 4.6). While this retains the
benefits of planar fabrication, the deployment becomes more complex, as the material has to
be re-connected along the cut seam prior to actuation (also see Figure 4.13).

Our results confirm that we obtain a close approximation of the target shape even for relatively
coarse resolutions of the linkage. However, although we have observed several connections to
conformal mapping theory that inform our optimization algorithms, we currently do not have
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Figure 4.13 - Singularities with cone angles of even multiple of 7/3 are easier to connect along
the seams. The correct linkage topology can be obtained even when the linkage is in the
maximally closed configuration. Here we show closing of the linkage along the seams of two
sphere examples from Figure 4.7. In order to preserve the linkage topology, the same color
vertices need to be connected. Odd multiple of /3 singularities can be connected only in the
fully opened configuration, hence the icosahedron needs to deform to obtain a completely
closed linkage.

a discrete theory for the geometry of graded auxetic linkages. Developing such a theory in the
context of discrete differential geometry is an exciting avenue for future work.

While our fabricated prototypes provide a proof-of-concept for the physical realizability of
our designs, we do not address important fabrication-related issues at different scales. In
particular, it is crucial for robust deployment to optimize the joints connecting the linkage
triangles. It also would be interesting to test techniques for permanently rigidifying the
deployed structure. We hope that our work can stimulate new research in material science,
mechanical engineering, and architectural construction to study these questions in more
detail.

4.7 Discussion

Numerous physical objects, such as ship or airplane hulls, building facades, clothing, and
many consumer products are fabricated by shaping thin, initially planar materials. The
shaping process typically involves bending, stretching, or otherwise deforming the material
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Figure 4.14 — Example of inflatable furniture with a negative mean curvature region. To
prevent the middle region from inflating outwards, a few linkage vertices in the negative mean
curvature region could be fixed with internal connection such as strings or material patches
similar to [Skouras et al. 2014].

using a mold or scaffold to guide the deformation towards the desired 3D shape. Deployable
structures provide an alternative where the shaping process and resulting target geometry
are implicitly encoded in the structure itself. We have shown that spatially graded auxetics
are well suited to implement deployable surface structures. Instead of rationalizing a 3D
design surface for a given homogeneous material, we spatially optimize the material itself.
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By carefully controlling the expansion behavior of the material, we directly program the
target surface geometry into the flat 2D rest state. Inflation or gravitational loading then
automatically deploys the rest state towards the target, which is assumed when the material
cannot expand any further. As a consequence, we can leverage the efficiency of 2D digital
fabrication technologies without requiring any additional 3D guide surface. Our deployment
strategy is robust and reversible, which supports efficient storage and transport and enables
new applications for semi-permanent structures.

The combination of limited-expansion auxetic material with a deployment via inflation or
gravity imposes limits on the space of realizable shapes. Our analysis clearly delimits this space
and directly informs our computational solution, providing designers with an effective tool to
realize new deployable structures not possible before. Further improvements are possible by
introducing internal connections, although this could complicate the fabrication process.

Note

This chapter is mainly based on the following publication:

Mina Konakovié-Lukovi¢, Julian Panetta, Keenan Crane, and Mark Pauly. Rapid Deploy-
ment of Curved Surfaces via Programmable Auxetics. ACM Transactions on Graphics
(Proceedings of SIGGRAPH), 2018.

The candidate contributed most of the scientific developments and implementation of this
publication.
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Forward Design of Deployable Auxetic
Shells

This chapter proposes an interactive computational design method for deployable auxetic
shells. We realize deployable auxetics as triangular linkages that can be actuated with simple
expansive mechanisms to assume a desired freeform target shape. The core feature of these
structures is that the target shape is directly and uniquely encoded in the 2D linkage layout. As
a consequence, the structure can be fabricated and assembled in the plane and automatically
deployed to its 3D target configuration without the need for any scaffold, formwork, or other
temporary support structure. We focus on automatic deployment via inflation or gravitational
loading for which a rigorous theoretical analysis has been given in Chapter 4. This chapter
builds upon these results and presents optimization-based direct manipulation tools to edit
and adapt an auxetic linkage structure to effectively explore design alternatives. In addition,
our solution enables simulation-based form-finding, where the desired target surface is inter-
actively constructed using the deployment mechanism as a form-finding force. We present
several design case studies that demonstrate the effectiveness of our approach and highlight
potential applications in architecture.

5.1 Introduction

Architectural structures are commonly composed of multiple elements that are assembled
on-site. Construction is executed by incrementally placing components at their target 3D
location, using scaffolding or other support mechanisms to guide element positioning and
maintain structural stability during intermediated stages of the assembly. Especially for
intricate free-form geometry, the complexities of this process can pose severe challenges.

Deployable structures offer an interesting alternative for construction. They typically can
be assembled in a significantly simpler state and then deform to the desired target shape. A
prominent example is elastic grid shells that can be assembled on the ground and mounted
into a double-curved form, see [Lienhard 2014] .

We propose a computational design system for a new type of deployable structure based on
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a triangular auxetic linkage. Our structures can be fabricated and assembled in the plane
and deployed to their target position using either inflation or gravity. No additional guiding
scaffold is required because the target shape is directly encoded in the planar assembly. The key
concept is a spatially graded auxetic pattern, where individual triangular elements are scaled
to program the maximal local expansion factor required to achieve the global target shape.
Paired with an area-expanding deployment, such as air-inflated cushions or gravitational
loading, this yields a simple and robust way to realize double-curved surface structures.

Deployable auxetics offer a number of benefits:

¢ Form-defining deployment: The double-curved target shape is automatically achieved
via expansive deployment from a planar configuration. Inflation or gravitational loading
(for height field geometry) can be used to maximally stretch the material everywhere,
which then constrains the surface to the desired target configuration.

¢ Simple fabrication: The geometric simplicity of the auxetic linkage directly transfers to
fabrication. Variable-sized triangles can easily be cut using CNC fabrication technology
from a wide variety of approximately inextensible base materials, such as fabrics, wood,
metals, or plastics. Mass fabrication of joints is possible since all node connections are
identical.

¢ Rich geometry: Deployable auxetics admit a rich and well-defined design space, en-
abling new forms beyond the existing classes of structures deployable from planar rest
states.

This chapter complements the work from Chapter 4 where we proposed a post-rationalization
process to find a deployable auxetic linkage for a fixed input design surface. While post-
rationalization is an important design tool, it offers limited support for evaluating design
alternatives or engaging in material- and construction-aware exploration. The functional and
aesthetic properties of the resulting auxetic linkage are difficult to anticipate when designing
the required reference geometry. In particular, the sizing of triangles and specific boundary
alignment result from a global optimization that does not necessarily yield easily foreseeable
results. It is therefore beneficial to provide direct manipulation tools to further edit and
adapt the optimized structure to better meet the design goals. Our work introduces such
direct editing operations. The presented computation-assisted design system allows for
effective design space exploration of deployable auxetic structures and gives the designer
full control of the final deployed surface geometry. In addition, our approach provides tools
for computational form-finding, where the desired target surface is interactively constructed
using the deployment mechanism as a form-finding force.
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Figure 5.1 — A simple form-finding example to illustrate our atomic editing operators and their
effect on the auxetic structure. After prescribing scale factors, we resolve collisions which
expands the material in the plane. Applying gravity forces pushes the linkage to a deployed
state. However, when applying full expansion, we observe that the surface cannot be realized
as a height field, mainly due to the sharp transition in scale factors. After smoothing the scale
factors and letting the boundary evolve freely, we obtain a consistent height field surface.
Finally, we show how to constrain the boundary onto a circle curve.
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5.2 Design Space Exploration and Form-Finding

As discussed above, the desired target shape in the deployed state can be programmed into
the auxetic structure by optimizing for suitable maximal expansion factors across the link-
age, which in turn determine the spatial layout and sizing of linkage triangles. The post-
rationalization method is highly efficient when a designer has a clearly defined target surface
and a good intuition of how the material behaves. Nevertheless, the indirect nature of this
method provides only limited support for exploring design alternatives or discovering new
forms that are directly informed by the material and deployment mechanism. More direct
manipulation is required to offer interactive design control in a tight feedback loop.

However, trying to manipulate the deployed geometry by directly displacing linkage vertices
is not appropriate since the consistency of the design cannot be easily maintained. Linkage
vertices would need to be moved in a coordinated way to respect the complex global coupling
imposed by the material structure and deployment mechanism, which becomes virtually
impossible without computational support.

This is why we propose interactive, optimization-assisted design operators. Specifically, we
allow the designer to directly modify the maximal scale factors of the linkage and impose
design-specific geometric constraints. We then apply optimization to jointly determine the 2D
rest shape and the 3D deployed shape. Since this optimization can be executed at interactive
rates, the designer gets immediate feedback on her edits, while being freed of the complexities
of maintaining consistency of the structure.

We found that the following editing operators yield an effective toolbox for design space
exploration:

* Prescribing scale factors: We provide a painting interface where the designer can directly
prescribe the desired maximal scale factors in the allowable range [1,2]. Increasing scale
factors allows the material to stretch more under deployment, while reducing scale
factors locally shrinks the deployed surface.

* Smoothing scale factors: Sharp transitions in scale factors can lead to non-smooth
surface appearance and, in extreme cases, surface wrinkles. Spatially averaging the scale
factors evens out these variations and generally leads to smoother deployed surfaces.
Controlling the amount of scale factor smoothing yields different design alternatives.

* Boundary control: The user can directly edit the 3D boundary curves of the design
and control the behavior of boundary linkage vertices, which can slide along boundary
curves. Since the boundary has a strong influence on the overall shape of the deployed
surface, we also allow boundary linkage triangles to deviate from equilateral shape,
which can improve the overall surface quality.
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* Geometric constraints: The user can further control the geometry of the deployed surface
by imposing additional geometric constraints, for example on the planarity of certain
edge curves, symmetry of selected vertices, or smoothness of the surface.

We also provide a separate form-finding optimization for the boundary curves. This can be
helpful when the total area of the chosen linkage is not well-suited for the imposed boundary
curve, e.g., when there is too much material or too little for the surface to conform to the
boundary. In such cases, we apply an expansion force on the linkage to fully expand the
hexagonal openings and let the boundary vertices move freely to their preferred positions.

Figure 5.1 illustrates how these design operators can be employed in an interactive form-
finding design.

5.2.1 Algorithm

Our interactive design system runs a constraint-based optimization algorithm to provide
direct visual feedback on the flat and deployed state of the auxetic linkage. This optimization
is based on the projective approach of [Bouaziz et al. 2014; Deuss et al. 2015] that allows
combining different geometric constraints to model the material behavior and the dynamics
of the deployment mechanism.

Painting or smoothing scale factors provides constraint targets for the triangle edge lengths. We
apply point-to-curve constraints to limit the movement of boundary vertices to the boundary
curves. When optimizing for the boundary, we apply circle constraints on the hexagonal
openings to expand the surface, as the maximal area is achieved when all hexagon vertices
lie on a circle, see [Niven 1981], page 236 (also in Section 4.4). We also use non-penetration
constraint proposed in Section 3.3.2 to prevent the inter-penetration of neighboring triangles.

Additional geometric constraints, e.g., planarity of user-selected edge curves in the deployed
state, can easily be formulated on the linkage vertices. Gravitational deployment is modeled
with a constant downward force, while inflation is approximated by outward-pointing normal
forces. These forces are converted into geometric constraints in an implicit time integration
solver as discussed in [Bouaziz et al. 2014].

We found it helpful in some editing situa-
tions to introduce an additional regularizing
constraint to prevent triangles from twisting.
This is achieved by adding a planarity con-
straint with very small weights with respect
to the other active constraints on the vertices

Vi,,...Vi, for each pair of neighboring triangles
(see inset figure). This basically penalizes the
angle between the normals n;, and n;,.
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Pavilion

3*693 triangles
gravity

Interior

1750 triangles,
gravity

Mars habitat

1036 triangles,
inflation

Hybrid Shell

1102 triangles,
inflation

planar rest state

PRSPRIRSEIIRES

deployed state

Figure 5.2 — Four design examples shown in planar rest configuration and final deployed state.
The number of auxetic linkage triangles and deployment method is indicated. In the bottom
row, the highlighting shows three sets of vertices and edges that are each constrained to lie on
a plane in the deployed 3D model to create planar support beams. See Figures 5.4 to 5.5 for

detailed renderings.
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5.3. Application Case Studies

v

Figure 5.3 — Interior decorative cladding. This hanging structure has been optimized to align
with the boundary constraints imposed by the ambient space. The designer controls the
shape by interactively modifying scale factors while allowing the triangles to slide along the
boundary curves.

During editing, the constraint-based optimization solves for the linkage vertex positions in the
flat 2D state and the deployed 3D state to provide immediate visual feedback on the performed
edits. For more implementation details and an open-source library of the projection-based
solver, we refer to www.shapeop.org.

5.3 Application Case Studies

We illustrate the potential of our computational design approach with a number of application
case studies for deployable auxetic structures. The design process starts with an initial 2D
triangular linkage, either obtained by the post-rationalization process from Chapter 4 or
simply created as a uniform triangle pattern when designing from scratch. We then apply a
series of editing operations as described above to explore design alternatives. The final output
of this interactive form-finding process is a specific triangular linkage with spatially varying
triangles that can be fabricated and assembled in the plane and deployed automatically to the
desired target shape. Four example designs are summarized in Figure 5.2 and described in
more detail below.

Figure 5.3 shows a gravity-deployed structure in an interior space, with potential use cases
of acoustic dampening or decoratively masking of functional components such as AC pipes,
wirings or insulation. This example shows how directly prescribing scale factors and smooth-

77


www.shapeop.org

Chapter 5. Forward Design of Deployable Auxetic Shells

Figure 5.4 — Multi-layer shading pavilion deployed by gravity.
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5.3. Application Case Studies

Figure 5.5 — Inflatable freeform dome for a potential Mars habitat.

ing them in combination with detailed boundary control offers effective ways to integrate
a deployable auxetic structure into an existing space with precisely defined boundary con-
straints.

Figure 5.4 shows a design study of a shading pavilion, realized as a linkage of inextensible fabric
triangles that are connected with ring joints at the triangle vertices. As a hanging structure,
the surface deploys under gravity to its desired double-curved target state. This design has
been created in an interactive form-finding process from a uniform auxetic linkage that is
subsequently manipulated using our design operators to create three design variations. These
are combined in a multi-layer structure, which allows designing spatially varying opacity to
optimize the shading performance of the structure for the anticipated use case.

In Figure 5.6, we demonstrate how we can incorporate additional geometric constraints to
optimize the design. In this example, we impose planarity constraints on selected edge and
vertex curves of the auxetic linkage to form structural arches that can reinforce the inflated
shell. The planarity of these arches significantly simplifies their fabrication. The arches can be
mounted after deploying the linkage.

Figures 5.5 and 5.7 show a speculative design study for habitats on Mars. Since the atmo-
spheric pressure on Mars is 100 times lower than Earth’s, the interior must be pressurized.
This motivates the use of inflatable structures that can be efficiently erected from flat configu-
rations, offering the additional benefits of low weight and compact storage. Our deployable
auxetics offer a rich design shape space, so we can optimize the shape of the freeform domes
to match interior space objectives.
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Figure 5.6 — A hybrid shell structure integrates planar support arches in the interior
into a deployable auxetic surface.
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5.4. Discussion

Figure 5.7 — Another example of an inflatable dome for a potential Mars habitat with different
interior space objectives.

5.4 Discussion

We have shown how optimization-assisted shape exploration yields an effective method for
designing deployable structures based on auxetic triangular linkages. By directly manipulating
the form-defining geometric properties, i.e., the material scaling and the surface boundary, the
designer obtains full control of the deployed shape while being shielded from the complexity of
maintaining consistency between the 2D assembly state and the 3D deployed state. Automatic
deployment via inflation or gravity allows transforming compact flat assemblies into freeform
surfaces without the need of any supporting structures or complex construction process.
Fabrication requires only 2D technologies such as sawing or laser cutting to produce the
triangular panels. Despite this inherent simplicity, expressive freeform surfaces can be realized
for a variety of different use cases.

Our approach is not limited to linkages with triangular panels. After obtaining the final linkage
configuration from the form-finding system, we can easily change the shape of each triangle
element as long as the connecting points between elements remain fixed. The behavior of our
linkage is completely determined by the arrangements of joints, and the distance between
them. It does not depend on the panel shape. Hence, any collection of panel shapes that
partition the plane and meet at the vertices of a regular grid can be used as a deployable
linkage. Some examples are shown in Figure 5.8.

81



Chapter 5. Forward Design of Deployable Auxetic Shells

@ X X
Y Yy %
v h \Y b 4

Figure 5.8 — Our method can be used with any pattern that tiles the plane and keeps the
location and distance of joints the same as in the triangular pattern.

Other panels that do not partition the plane but use the same arrangement of joints can also
work with our method. However, depending on the scale factor of the panels, they may not
be able to assemble flat without some overlap. For some applications and choice of physical
panels and joints this is not an issue. For example, relatively thin plates connected with ring
joints would permit small overlap of the neighboring panels by lifting one panel on top of
the other. In Figure 5.9 we use hexagonal panels to increase the shadow area covered by a
single linkage layer. We can control the amount of light that passes through the linkage by
controlling the shape of the panels (see Appendix D). We leave exploration of other panel
shapes for future work.

A number of open questions offer numerous opportunities for future work. So far, we did not
address questions of structural integrity in a systematic way, nor did we incorporate performa-
tive objectives into the optimization. For example, light transmission of the shading pavilion
or the acoustic dampening for the interior cladding design study could be directly integrated
into the form-finding method to yield a more informative shape exploration process. Finally,
we see interesting research potential in exploring other expansive deployment mechanisms,
for example based on material swelling, motorization, or pre-stressing.

Note

This chapter is mainly based on the following publication:

Mina Konakovi¢-Lukovi¢, Pavle Konakovi¢, and Mark Pauly. Computational Design of
Deployable Auxetic Shells. Advances in Architectural Geometry, 2018.

The candidate contributed most of the scientific developments and implementation of this
publication.
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5.4. Discussion

Figure 5.9 — A shading pavilion deployed by gravity demonstrating how we can control the area
covered with shadow by changing the shape of the linkage elements. Here we use hexagonal
panels to create more shadow than with a single layer of triangular elements. Each hexagonal
panel preserves the location of the three connection points as in the triangular case.
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Conclusion

Auxetic materials appear in various application domains. They have been used for product
design, architecture, car designs, soft robots, prosthetics, sensing skins, high-performance
textiles, fashion, art, etc. However, these applications were limited to very simple geometric
shapes. Due to the complexity of the deformation behavior that this material exhibits, it is
difficult to manually anticipate how to align and deform it to achieve the desired shape. The
work of this thesis addresses this problem with computational design tools.

This thesis presented a computational method for design and fabrication via auxetic materials.
We have shown that conformal geometry is a key ingredient in understanding and model-
ing auxetic designs. More specifically, conformal mapping is used to initialize a non-linear
constraint-based optimization system for surface approximation. Conformal maps allow
us to have global control over the material alignment and handle non-local dependencies
inherent in the auxetic linkage. We have developed an optimization-based interactive design
tool to find the final linkage configuration that closely approximates a target 3D surface. Our
computational approach enables designs not possible before. A series of physical prototypes
and design studies demonstrate that we can approximate arbitrary curved surfaces with an
auxetic linkage.

In addition, this thesis introduced the design of programmable auxetic materials via spatially
graded triangular linkages. The sizing of the triangular elements is related to the curvature
of a target surface and is optimized to control the maximal local stretching of the material.
The linkage can be fabricated flat and easily deployed to its final 3D configuration through
expansive forces of inflation or gravitational loading. It reaches its target configuration when it
cannot expand any further. This way a given 3D surface is directly encoded into the 2D pattern
layout. We have shown that only surfaces of positive mean curvature everywhere can be
deployed in this manner. Furthermore, a surface adaptation algorithm is proposed for surfaces
that include negative mean curvature regions. Our method then finds a surface approximation
and computes a 2D linkage layout with conformal mapping and constraint-based optimization.
A physics-based simulation and physical prototypes validate our approach.
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Chapter 6. Conclusion

Finally, to complete the design process, we have developed a forward design tool for pro-
grammable auxetic materials. A designer obtains full control over the deployed shape by
directly manipulating the form-defining geometric properties while being supported by the
form-finding simulation based on the deployment mechanisms. We have demonstrated the
effectiveness of this approach in exploring design alternatives and interactively constructing
deployable linkages.

One benefit of this thesis is that the presented computational methods are scale independent.
Our approach relays on a geometric abstraction of the auxetic linkages that has no limitations
on the linkage size or properties of the material used for linkage elements as long as the
elements remain approximately rigid. Hence our method is applicable to micro- and macro-
scale designs of various base materials.

6.1 Future Work

Our work inspired a series of research papers and case studies in computer graphics, material
science, product design, and architecture. For example, it is used for orthopedic casts [Rao
et al. 2019], inflatable cars [Eguchi et al. 2019], and some art products. The work is still in
development with scientific and industry collaborators.

6.1.1 EPFL Shading Pavilion

One of the outputs of the research presented in this thesis is the EPFL Shading Pavilion Project.
We work in collaboration with architects from the EPFL ALICE laboratory and with the support
of INGENI structural engineering to develop a deployable auxetic canopy (see Figure 6.1). The
canopy is created with methods from Chapters 4 and 5 (see also Figure 5.9 and Appendix D).
It is designed as a double-layer auxetic linkage, mounted on a circular ring and separated
by a single compression pole. The two layers are aligned to create a maximal shadow area
at noon during the summertime. The structure is composed of hexagonal aluminum panels
connected with steel cable rings for simple and cost-efficient manufacturing. The panels can
be assembled on the ground and then mounted onto the support frame to assume the target
configuration. The project is planned to be constructed in early 2020 on EPFL Campus, next
to the Rolex Learning Center.

6.1.2 Open Problems

A number of open problems offer numerous opportunities for future work. This thesis focuses
on auxetic linkages with triangular patterns. Two-dimensional auxetic linkages with a similar
deformation behavior exist in a combination of various polygonal shapes, such as quads,
hexagons, octagons, or with irregular shape tilings of the plane. These patterns can also be
modeled with conformal maps, but with a different scaling factor. Depending on the pattern
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ke

Figure 6.1 — Left: A side and a top view of the EPFL Shading Pavilion linkage structure. Right:
A fabricated prototype of the 4 linkage elements, made from 1mm thick aluminum panels
connected with uniform steel cable rings.
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Chapter 6. Conclusion

combination, the material can stretch less or more than the scale factor of 2 that a regular
triangular linkage exhibits. Furthermore, hierarchical auxetic patterns can offer additional
flexibility in surface design. Developing a general framework for auxetic patterns would be a
valuable contribution.

We empirically observed that our geometric abstraction of auxetic materials based on linkages
of rigid elements well approximates the behavior of the cut surface material. However, we
do not model the physical behavior of the exact linkage connectors. For each material this
behavior is different. It is important to conduct in-depth tests for structural performance of
different cutting lines shapes, as well as the hinge and material thicknesses. We have only used
"Y" shape and straight lines for cutting. Vachicouras et al. [2017] explore a variety of geometries
and densities of cutting motifs for multilayer thin films of non-elastic materials, e.g., plastics,
metals, ceramics. They show how rounded cutting corners reduce the mechanical failure of
the material. Integrating a finite-element simulation into the design process to adapt the
shape of connectors is an interesting problem.

For some applications, it is necessary to use mechanical joints to connect linkage elements.
Programmable auxetics would benefit from joints that can lock in the target configuration.
When the structure is deployed by inflation, the joints should be mechanically blocked in
the final state. This would prevent the structure from collapsing after the pressure is lost
or if it is necessary to remove the material used to inflate the auxetic linkage. For regular
auxetic linkages, it would be useful to have joints with motors to control the openings. Another
open question is how to optimize for a minimal number of actuators needed to transform the
linkage.

So far, we have discussed sheet auxetic materials and 2D patterns. Auxetic behavior also
appears in three-dimensional structures. One of the first engineered auxetic materials were
3D foams. Developing a computational method to work with volumetric auxetic patterns is an
exciting avenue for future research.

Another possible research direction would be to incorporate performative objectives into the
optimization system of the design method. For example, one could control the amount and
the shape of the shadow generated by the pattern by adapting the linkage configuration. An
interesting question is how to optimize the auxetic shape to generate a given shadow image
on the ground. A fascinating effect of caustics could also be accomplished with curved auxetic
surfaces. In addition, a dynamic shading system could take into consideration the sun path
and change the openings in the structure accordingly.

Finally, we have not developed a discrete theory for the geometry of regular nor graded auxetic
linkages. A discrete notion of Gaussian curvature, Laplace operator, etc., defined directly
on the linkage could provide more insights into the geometry of the linkage surfaces for
performative design. Such theory would potentially enable algorithms for general auxetic
structures.
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6.1. Future Work

With the advances in manufacturing techniques, improvements in auxetic materials will
certainly come. This thesis enables exploration of new applications of auxetic structures and
hopefully inspires similar research on material design and surface approximation. Moreover,
creating a global framework for design and modeling with general deformable materials is
an exciting open problem. We hope that our work can stimulate new research in mechanical
engineering, material science, biomedical engineering, and architecture construction to study
these questions in more detail.
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.\ Degrees of Freedom for a Trihexago-
nal Linkage

We here show that the number of degrees of freedom for a planar linkage is equal to the
number of boundary vertices of degree 2, up to rigid motions. The basic idea is to start
with the configuration space of each individual hexagon, then subtract the shared degrees
of freedom. The rest is a rather tedious counting argument. Our main claim has also been
validated via numerical experiment.

To begin, consider a disk-like subset of the trihexagonal tiling of the plane such that no
boundary edge is contained in a hexagon—the collection of triangular faces in this subset
corresponds to one of our linkages. Let V, E, and F denote the number of vertices, edges,
and faces, and let H := 2E denote the number of oriented edges or halfedges. Also let I and B
denote the number of interior and boundary vertices (respectively), so that V = I + B, and let
By denote the number of boundary vertices of degree k. Likewise, let Fy. denote the number
of faces of degree k, so that F = F5 + Fg. The number of halfedges can then be expressed as
H =3F3; +6F; + B, i.e., we can associate three halfedges to each triangle, six to each hexagon,

plus one more for each boundary edge.
A\ N\
1 2 1
1 3 2
2 3 1
1 2 1
\NATAV4

Lemma 1. The number of degree-2 and degree-4 boundary vertices is related by By = 2B, — 6.

Proof. For brevity, we will call degree-2 boundary vertices “black” and degree-4 boundary
vertices “white.” Each black vertex can be uniquely identified with its two white neighbors
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Appendix A. Degrees of Freedom for a Trihexagonal Linkage

(+2B,), except where the polygon formed by the white vertices has a corner: at each convex
corner one of the white vertices is shared (—1) and at each concave corner there is an additional
white vertex (+1). Since the curve turns by 7/3 at each corner and by 27 in total, the overall
parity must be —6. O

Lemma 2. The number of hexagons can be expressed as Fg = %Fg - %Bg - ﬁ (B4 —6).

Proof. Triangulate each hexagon by inserting a vertex at its centroid; call original triangles
“blue” and new triangles “green.” Each blue triangle is now adjacent to three green triangles
(+3F3/6), except along the boundary where blue triangles with a black vertex are adjacent to
only one green triangle (—2B,/6), and triangles with two white vertices are adjacent to only
two green triangles ((—B4/2)/6), modulo an adjustment —6 which arises for the same reason
asin Lemma 1. O

Lemma3. 3F;— 1= B, —3.

Proof. Recalling that V = I + B we have 3F; — I = 3Fs — V + B, and applying Euler’s formula
V—E+F =1foradisk, plus the fact that H = 2E yields 3Fs—(1+E—F)+B =3Fs—1-H/2+F+B.
Applying our earlier expression for H, this sum becomes Fg — %Fg + %B4 + %Bz — 1. Applying
Lemma 2 then yields B4 + § B, — 1/2, and applying Lemma 1 gives B, — 3, as desired. O

Consider now that the motion of each hexagon can (independent of the rest of the linkage) be
parameterized by its six exterior angles. Six quadratic constraints on edge length become 6
linear constraints on variations in position, leaving us with 3 angular degrees of freedom per
hexagon (since angles specify a polygon only up to rigid motions). But since the angles around
any interior vertex must sum to 27w, the linkage itself has only 3Fs — I degrees of freedom—
which we know from Lemma 3 is the same as B, — 3, i.e., a scalar value per degree-2 boundary
vertex, up to a global rigid motion.
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Inscribing Regular Linkage Triangles
into Conformally Lifted Tiling Grid

We use conformal mapping to lift the regular triangular tiling from 2D domain onto a target
3D surface. Once lifted, the tiling triangles uniformly scale with respect to the conformal
scaling factor. The linkage triangles, however, have to remain rigid, i.e. preserve their edge
lengths. Hence, the linkage triangles rotate and open to achieve the necessary scaling in area.
Here we show inscription of linkage triangles (depicted in blue) into scaled tiling grid triangles
(depicted in green), where the scaling factor increases from 1 on the left to 2 on the right.

The rotation of a single linkage triangle can be computed from the difference between the
area of a linkage triangle and a lifted tiling triangle.

Leta=A1A = Ay A3 = A3A; and b=B; B> = ByBs = B3B;. Let x = B1A; = Bo Ay = B3 Ajs. The
area of the linkage triangle is then
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Appendix B. Inscribing Regular Linkage Triangles into Conformally Lifted Tiling Grid

Area(AA; Ay Ag) = ©3,

The area of the lifted tiling triangle is

b*V3
Area(ABlBng) = \/_

=Area(AA;ArA3) + Area(A A1 By Ay) + Area(A Ay B3 As) + Area(A A3 B Ay).
Since
Area(AA; By Ay) = Area(A Ay By As) = Area(A A3 By Ap) = M

finally we have

We use the length x to initialize the location of each linkage triangle inside the lifted tiling grid.
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8] Code for Non-penetration Constraint

Our numerical solver extends the open source implementation available at www.shapeop.org
with the projection operator for the non-penetration constraint

[v1, V2, V3] if (vi xvp) - (V2 xv3) =0
Pcolision ([V1,V2,V3]) = . ,
[(vi,h(h-vy),h(h-v;3)] otherwise

where
V1 =X, —Xj,, V2=Xj, —Xj, V3=Xj X,

and h is the left singular vector of matrix [vo,v3] € R3*2 for the largest singular value. Below is
the code of our C++ implementation.

void NonPenetrationConstraint::project(
const Matrix3X &positions, Matrix3X &projections

) const
{
// Vertex indices
int i0 = idI_[0], i1 = idI_[1],
i2 = idI_[2], i3 = idI_[0];

// Compute wectors wvl, v2, v3

Vector3 vl = positiomns.col(il) - positions.col(iO),
v2 = positions.col(i2) - positiomns.col(iO),
v3 = positions.col(i3) - positions.col(iO);

// Compute the projections
Vector3d projl, proj2, proj3;
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Appendix C. Code for Non-penetration Constraint

// Verify the constraint

if (vl.cross(v2).dot(v2.cross(v3)) < 0)

{
// Perform SVD to compute wector h
Matrix32 M;
M.col(0) = v2; M.col(1l) = v3;
JacobiSVD<Matrix32> jsvd(M, ComputeFullU);
Vector3 h = jsvd.matrixU() .col(0);

projl = vi;
proj2 = h * h.dot(v2);
proj3 = h * h.dot(v3);
b
else
{
projl = vi; proj2 = v2; proj3 = v3;
}

// Output the projection
projections.col(id0_) = proji;
projections.col(id0O_ + 1) = proj2;
projections.col(id0_ + 2) = proj3;
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Increasing Area Covered with Linkage

We can control the amount of surface area covered with the linkage by controlling the shape
and size of the panels. If we use regular hexagonal panels the area increases from 25% up to
66.67%.

a*V/3

Triangle Area =

V3
Hexagon Area = ¢ [

+ 3ah — h2V3
—_—————

for h = @
6
H Ar *§ o’
exagon Area = 3 1

area increase

&

\
4

covers 66.67% of total surface area covers 25% of total surface area
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| Abstracts of Other Published Work

Here we include abstracts of publications that were not explicitly discussed in this thesis, but
were produced during the same period.

¢ Julian Panetta, Mina Konakovié¢-Lukovié, Florin Isvoranu, Etienne Bouleau, and Mark
Pauly. X-Shells: A new class of deployable beam structures. ACM Transactions on Graph-
ics (Proceedings of SIGGRAPH), 2019.

Abstract. We present X-shells, a new class of deployable structures formed by an ensem-
ble of elastically deforming beams coupled through rotational joints. An X-shell can be
assembled conveniently in a flat configuration from standard elastic beam elements
and then deployed through force actuation into the desired 3D target state. During
deployment, the coupling imposed by the joints will force the beams to twist and buckle
out of plane to maintain a state of static equilibrium. This complex interaction of dis-
crete joints and continuously deforming beams allows interesting 3D forms to emerge.
Simulating X-shells is challenging, however, due to unstable equilibria at the onset of
beam buckling. We propose an optimization-based simulation framework building on
a discrete rod model that robustly handles such difficult scenarios by analyzing and
appropriately modifying the elastic energy Hessian. This real-time simulation method
forms the basis of a computational design tool for X-shells that enables interactive
design space exploration by varying and optimizing design parameters to achieve a
specific design intent. We jointly optimize the assembly state and the deployed configu-
ration to ensure the geometric and structural integrity of the deployable X-shell. Once
a design is finalized, we also optimize for a sparse distribution of actuation forces to
efficiently deploy it from its flat assembly state to its 3D target state. We demonstrate
the effectiveness of our design approach with a number of design studies that highlight
the richness of the X-shell design space, enabling new forms not possible with existing
approaches. We validate our computational model with several physical prototypes that
show excellent agreement with the optimized digital models.
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Appendix E. Abstracts of Other Published Work
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¢ Christopher Robeller, Mina Konakovi¢, Mira Dedijer, Mark Pauly, and Yves Weinand.

Double-layered timber plate shell. International Journal of Space Structures, 2017.

Abstract. This article presents a new lightweight construction system for doubly curved
shells made from timber plates, inspired by the masonry vaults of Eladio Dieste. The
system was developed for a specific case-study project, and general applications to
other freeform surfaces are being discussed. The shells are built from two intercon-
nected layers of structural wood veneer plates, using integral through-tenon joints for
a fast, precise, and simple assembly. This allows for the construction of a series of
differently shaped vaults without a costly mold or support structure. Instead, inclined
joints cut with a 5-axis computer numerical controlled milling machine embed the
correct location and angle between plates into the shape of the parts. This constrains
the relative motions between joined parts to one assembly path. To take advantage of
the benefits of such connectors, the constrained assembly paths must be considered
in the fundamental design of the system, allowing for the insertion of each plate. This
imposes additional constraints in the segmentation process of doubly curved shells.
In order to meet the requirements and resolve the multi-constraint system, we use a
global, nonlinear optimization approach. Developed as a close collaboration between
architects, computer scientists and structural engineers, this article includes an experi-
mental analysis of the influence of parametric modifications in the shape of connectors
on their load-bearing performance.

Christopher Robeller, Mina Konakovi¢, Mira Dedijer, Mark Pauly, and Yves Weinand. A
Double-layered Timber Plate Shell - Computational Methods for Assembly, Prefabrica-
tion and Structural Design. Advances in Architectural Geometry, 2016.

Abstract. This paper presents a new lightweight construction system for doubly-curved
shells, built from two interconnected layers of structural wood veneer plates. The system
uses integral through-tenon joints for a fast, precise, and simple assembly, allowing
for the construction of a series of differently shaped shells without a costly mould or
support structure. Instead, inclined joints cut with a 5-axis CNC milling machine embed
the correct location and angle between plates into the shape of the parts. This constrains
the relative motions between joined parts to one assembly path.

To take advantage of the benefits of such connectors, the constrained assembly paths
must be considered in the fundamental design of the system, allowing for the insertion
of each plate. This imposes additional constraints in the segmentation process of doubly-
curved shells. In order to meet the requirements and resolve the multi-constraint system,
we use a global, nonlinear optimization approach.

Developed as a close collaboration between architects, computer scientists and struc-
tural engineers, the paper includes an experimental analysis of the influence of para-
metric modifications in the shape of connectors on their load-bearing performance.
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