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Figure 14: C ! transition between adjacent polar patches.

Appendix A: Verification of smoothness

Here we formally verify the continuity constraints satisfied
by the formulas of Sections 3 and 5. We first show that Py;-
patches are internally C ! and then show smoothness across
patch boundaries.

Internal P,-patch smoothness

Theorem 1 Adjacent sectors b~ and b’ of a Pu-patch meet
with C! continuity.

Proof Two adjacent triangular patches b'~! and b', as la-
beled in Figure 4, meet C? since the control points along
their shared boundary are equal by (3) and they satisfy the
C' constraints [Far90, p.104] with k| and k; defined in (3)
for / =0, 1,2. To complete the proof, it remains to show that
(3) also holds for [ = 3, i.e. establish C 1 continuity (5) at the
central point.

If m =4 then k; = 0 and k, = 1/2 and (3) specializes to

bio; == % (biuz 'H’lszl) so that

. . 13,
(bll&l Jr'011031> /2= 1 Y bl
i=0

Substituting bi112 from (21) results in cancellation
of all terms with subscripts 121 and 211, leaving

(b"l&‘ n b"lg;) /2 = boga, iie. (5) for m = 4.
Ifm:3thenif2:i—j-1,k2;1/3:k1 and (3) for [ =2
yields bio; = (b, +bij, +bi1))/3 so that
T N 2 T SR Y5 R R
3(bi3 +bjg3 +bi03) = by +bygy +bon2
+2(bij; +bipy +biia)-

Substitution of b}, = 3bgg/2 — b2 /2 according to (21)
yields (5) in the form

bibs +bios +bios = 3bgoa.

The final case, m = 5 is checked analogously using symbolic
substitution and the relation ¢; = — 2"—,{‘2
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Smoothness across patches

Adjacent ordinary patches meet with c? continuity since
we reproduce the standard bi-cubic B-spline in this case.
Since the shared cubic boundary of two adjacent patches
(Pm-patches, polar, or ordinary) is defined by unique coef-
ficients (VO,tg,t},vl), c? continuity is guaranteed and bi-
cubic ordinary patches (resp. polar patches) and Py-patches
match up exactly, and we need only verify tangent continuity
across.

Theorem 2 The surface corresponding to a polar configura-
tionis C'.

Proof Consider two adjacent polar patches h and h with
h3; = h; for i = 0,1,2,3 (Figure 14). We need only show
that

_ 1 —
h3; =hg; = > (hy +hy;). (23)

and that there exists a unique normal at v* := hy3, the point
of parametric singularity. By specializing Section 5.1 to the
valence n = 4 at h3y = hgy this condition is satisfied for i =
0,1. It is trivially satisfied for i = 3 due to the singularity
at v*. Since (hoy — v*) + (hsy — v¥) = 2cu(hgp — v*) due
to (16), substituting (18) and letting n be the valence at v*
yields

1 —
= (hp2 +hy2)
2

1 2h3; +hoy + (cn — 1)v*  2hgy +has + (¢ — 1)v*
T2 2+cn 2+cn

! *
- 2(24cn) (4hop +2cn(hoy — v¥) +2v" +2(cp — 1)V")

= hgy,

satisfying (23) for i = 2 as well.

Since all the vectors {hp — v*};—9123 and {hp —
v* }i=0,1,2,3 are co-planar by construction (16), (18), they de-
fine a unique tangent plane and normal at v*.

Crease formula (19) uniformly scales hy> and h, toward
hg, without affecting their average, still satisfying the c!
constraints.  []

Since the polar construction (Figure 11) is identical to
the ordinary case for the two layers of Bézier control points
away from the polar vertex — h;y and h;; in Figure 14 — the
polar patch behaves identically to ordinary patches in regard
to first order continuity along the boundary hgp—hzg. In par-
ticular, one can easily verify that these patches meet C* with
ordinary patches using the simplified formulas for n = 4 at
the end of Section 5.1.

Theorem 3 P,;-patches meet G! with ordinary patches (resp.
polar patches) and other Py,;-patches.

Proof First, we consider the case where a Py-patch b’ and
an ordinary patch (resp. polar patch) a share a boundary
b'(1,0) = a(0,u). In this case the valences at the endpoints
are both n° = 4 = n' and therefore € =Cu =0,50=s,1 =
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1, A\n =1/2, ®, =4, 6, = 1/2 and hence tj- = e;-. We show
that the following G ! condition holds:

(1 —2¢mu) 31 b (1, 0) = 2udsb (1, 0) + 91a(0, u) (11)

where y:= 1 — ¢y, is defined in (20) and depends on the m,
the number of sides of the Py-patch. By setting two polyno-
mials of maximal degree 3 equal, equation (11) holds if and
only if the four coefficients are equal. We need only verify
equality of the first two since the other two can be equally
verified by starting from the other endpoint. The first coef-
ficient equation (11;) establishes that the per-vertex com-
putation generates a common tangent plane at the endpoint
u=0:9;b"(0,0) = 2ud,b'(0,0) +9d;a(0,0). In terms of co-
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Figure 15: G' transition between a Pu-patch b’ and a bi-
cubic patch a.

vV O

efficients (see Figure 15), since 8uky =4,

2u4(bor —v') = 8u (k1 — ¥ + ko (b0 +bizg))

4

Therefore equation (11;) simplifies to and is easily verified
as

=4 (é(eg +ep— 2V0)) = 3(e8 +e))— 60

3e)—v)) =3(ed+ed) —6ev’ —3(e) —v0)  (11))
N——

31b7(0,0)

2u3:b(0,0) 31a(0,0)
The second BB-coefficient of (1 — 2¢,u) ;b (u,0) is

2u—1)(eh = vo) +2(e] —¢})
3

and of Zyazbi(u,O) is (cf. Figure 15)
2-4(bhy 1 —b5jp)

1 0 0
e —e 2u—1,09 o e
:8/.l<14’uo+ 8/.1 (eo—V)+3 8/.10

=2(ef —ep) + (2u—1)(e) —v*) +3(t" — &)).

5

and so the second equality simplifies to and is easily checked
as

(2,u—1)(e8—v0)+2(e(1)—e8) :2(e(1)—e8) (11,)
+(2u—1)(e) = V") +3(1° —e)) — 3(1° — &)).

If both facets are extraordinary with my, and ma sides respec-
tively then with

=8ty =2u—E" &= 1+4cy,

O(u) := (1 —u)lo+uly), p:=1—Cmy, Vi=1—Cm,
the G' constraints on the two corresponding sector patches
b and a are

£(u)01b(u,0) = udyb(u,0) +voia(0,u). (12)

Again we need only verify the first two coefficient equation
(121) and (12;) of the four equivalent to (12). By (3) and
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Figure 16: G! transition between sectors of a Pyy,-patch b
and a Pp,-patch a.

since k| = "F;l and ky = ﬁ

1y 1., -
J —4 M s X i
ud2b(0,0) #( Y +2ﬂ(b310+b130))

; . 3
= 2(bb1o+bi5 —2v0) = 21(6{ +t)—2v%).

Since (12, —v0) + () —v0) = 2¢,0 (13— v°), (12)) simplifies
to and is easily checked as

0+ ¢ 41
3(14c,0)(t) —v") =3 (% —v0> +3 (170 -
N— —_——

£03,b(0,0)

11020(0,0)

= 3% (cho () —v°) +2(t] —VO)) - (12y)

vd1a(0,0)

Since the transversal terms involving 100 —fy Uin the expan-
sions of uby1 and vajy; cancel, the second coefficient equa-
tion simplifies to and is easily checked as

64o(t] —0) +301 (£ —v°)
= 12u(ba11 —bs1o) + 12v(aj2; —b3jo)
=68"(t] — 1) +3(2u—E")(tg — ). (129)

So the claim of smoothness is verified. [
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Figure 17: Elliptic and saddle shapes with P3-patch (top two rows) and Ps-patch (rest).
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Figure 18: Elliptic and saddle shapes with 6- (top three rows) and 12-valent (rest) polar configurations.
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