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Topics Today

Part I: Fundamentals and The Big Picture (Minchen)
* Distortion Minimization

* Elastodynamics Simulation via Optimization Time Integration
» Case Study: Mass-Spring System

* More Topics on Optimization Time Integration

Part lI: Advanced Topics (Eris)

 Constrained System
 Reduced-Order System
* Multilevel System

* Adaptive Simulation



Computer Graphics:

Generating Realistic Visual Effects via Computing
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Animation

Physics-based Animation

Skinning Animation



Physics-based Animation

[Klar et al. 2016] 4 Granular media
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Optimization Time Integration

A Reliable Simulation Approach based on Numerical Optimization




Topics Today

Part I: Fundamentals and The Big Picture (Minchen)
e Distortion Minimization




Spatial Discretization
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Measure Distortion Locally

X4 . . 2
Deformation/distortion < Distortion energy, e.g. Y(F) = y||F — R||
4
/\ - R = UV’ is the closest rotation to F
- F=UXV'is the SVD
), €
— As-Rigid-As-Possible (ARAP)
X1 [Igarashi et al. 2005]
X3
X2
X, X,
Assume uniform deformation Distortion over the whole mesh: Z VY,

Affine transformation: ‘

F — (X, — X, X3 — X, Xy — X1][X2 _ Xla X3 _ Xl» X4 _ Xl]—l (V, is the volume of

tetrahedron element e)
VX, x(X) = FX - X)) +x,



Mesh Deformation via Distortion Minimization

- S selects the anchors |
» X contains the target position 4

minZVe‘P(Fe) s.t. Sx=4%

We could move the anchors to the target position,
and only optimize for the free vertices

min ) V,%(F,)




Newton’s Method for Distortion Minimization

Formulation
Let g(x) = VE(x), E(x) = ) V,%(F,)

We want to solve g(x) = 0

Newton’s method in 1D:
0

o Start from initial guess x

* For each iteration (until convergence)
i+1

c XM e x' = g(x)/g'(x)



Newton’s Method for Distortion Minimization

Formulation
Let g(x) = VE(x), E(x) = ) V,%(F,)

We want to solve g(x) = 0

Newton’s method in 1D:

0

o Start from initial guess x

* For each iteration (until convergence)
i+1

c XM e x' = g(x)/g'(x)

: : : Derivation:
In higher dimensions:

Linearly approximate g(x) = 0 at x' :

i+l i NV~ o(y! . - -
A el = (Vg g \ g(x) = g(x") + Vg(x)(x — x')
"t~ () + VgxH(x™! = 1) = 0

g(x




Convergence Issue of Newton’s Method

Over-shooting
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Robust Distortion Minimization

Newton’s Method with Line Search

We want to solve VE(x) = 0

Theory:
Newton’s method: If p is a descent direction at x = x' (like — V E(x")),
. Start from initial guess x" da >0, s.t. E(x'+ ap) < E(x')

* For each iteration (until convergence)
e X' x' = (V?E(x"Y))" ' VEXY

— need V?E(x) to be symmetric positive-definite

Let p = — (VZE(x')) ! VE(x') \dea: i
We can project V-E(x) to a nearby
Line Seqrch along direction p: SPD matrix for computing p
min E(x' + ap) . .
o Then we can ensure E(x'*) < E(x}) Vi
i+1

i .
X e x tap — no explosion!



Robust Distortion Minimization

Newton’s Method with Line Search, 2D lllustration

1(0,.0,) . |

0,

0,



Robust Distortion Minimization

Pseudo-code

* X « Initial guess
* Do
. P « projectSPD( VZE(x))
- p « P7IVE(®x)
e a« 1
« While E(x + ap) > E(x)
c a «— al2

* X <X+ ap

« While ||p]|| < €




Distortion Minimization Examples

Rest Initial
Shape Shape

ﬁ\_
\

[Zhu et al. 2018] \ SRR (




Topics Today

Part I: Fundamentals and The Big Picture (Minchen)

* Elastodynamics Simulation via Optimization Time Integration



Adding Dynamics

Distortion minimization:

Elastodynamic simulation:

min E(x)

min E(x)

Ex) = ) V¥,

Inertia term

ETVvoL Avv™)|I5,

E(x)= ) V,¥(F,) +

At: time step size

x": vertex positions at previous time step
v'': velocity at previous time step

M: mass matrix



Spatial Discretization with Dynamics

Position Vox
/N ‘ ng
Vo,

x" = ' = Vlilx

V'ily

\ Vrllz

Velocity



Governing Equation (Conservation of Momentum)

* The spatially discrete, temporally continuous form
dt
dv

M— =f
i =

 Mass matrix (for now)



Time Stepping (Time Integration)

TiIne s;teT S . Saio
2 . . . Time



Governing Equation (Temporally Discrete)

Forward Difference, Forward Euler

 Forward difference approximation on velocity and acceleration
df

d n+l . n d n+l ' n " - -
(@)~ == (@)" ~ s (" + A1) = f") + — (") AL+ O(AL)

Taylor’s expansion

. " = 2" + At
Mvn—|—l — B f” ’Un_l_l — " 4+ AtM_lfn.




Newton’s 2nd Law (Temporally Discrete)

Forward and Backward Difference, Symplectic Euler

 Forward difference on acceleration, backward difference on velocity

" = 2" + At
"t =" + AtM T



Newton’s 2nd Law (Temporally Discrete)

Backward Difference, Backward Euler (or Implicit Euler)

 Backward difference approximation on velocity and acceleration

o = g 1 AT

o =™ + AtM

Needs to solve a system of equations:

M (z"

L (2™ + At™)) — At? f(2™

fn+1 =f(xn+1)

=0



Stability of Forward, Symplectic, and Backward Euler

Example on a uniform circular motion

Problem Setup

:"L’n—

- Ato™,

Forward

Euler

- AtM T
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1600

400

200

"t = 2" 4+ Aty

,Un—l—l _ ,Un 4+ AtM_lfn

— 1000 1.5

1 i

Symplectic Euler
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Formulation
Let g(x) = M(x — (x" + Atv™)) — A*f(x)

We want to solve g(x) = 0

Newton’s method in 1D:

o Start from initial guess ¥V

* For each iteration (until convergence)
i+1

c XM e x' = g(x)/g'(x)

In higher dimensions:

X xt— (Vg(x))~'g(x") \

Newton’s Method for Backward Euler

7 x

Derivation:
Linearly approximate g(x) = 0 at x' :
glx) = gx") + Vgx)(x — x7)

g(x™) & g(x') + Vg(x)(x™* —x') = 0




Convergence Issue of Newton’s Method

Over-shooting

309
AN

Good initial guess
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Optimization Time Integration

" = arg min E(x)

1
where F(x) = §||:B — "5, + At*P(z).

~

" =" + Atv"

%(x — )M (x — ™)

OP (1) = —f(x)

2llz =213 =

At the local minimum of E(z), 2Z(z"*1) = 0

M(x" ™ — (2™ + Atv™)) — At* f(2"T) = 0.



Global Convergence with Line Search

Pseudo-code

Algorithm 3: Projected Newton Method for Backward Euler
Time Integration

Result: "1 pntl
1 ¥ 2™
2 do
P <+ SPDProjection(V2E(z"));
p < —P 'VE(z");
a < BackTrackingLineSearch(z",p); // Algorithm 2: Backtracking Line Search

3

4

5

: Result: o
7

8

9

. 1 o<+ 1;

while ||p||o/h > €; 2 while E(z* + ap) > E(z*) do

xn—l—l — 37?:' 3 | a+ a/2;
,

v (2T — 2™/ At;




Topics Today

Part I: Fundamentals and The Big Picture (Minchen)

» Case Study: Mass-Spring System




Case Study — Mass-Spring Simulation

An Initially Stretched Elastic Square

Houdini:
Rest shape




Mass-Spring Representation of Solids

1 import numpy as np

 Mass particles connected by springs

]
3 def generate(side_length, n_seg):
4

x = np.array([[0.0, 0.0]] * ((n_seg + 1) *x*x 2))
6 step = side_length / n_seg
7 for i in range(0, n_seg + 1):
8 for j in range(0, n_seg + 1):
) x[i * (n_seg + 1) + jl] = [-side_length / 2 + i x

‘i L step, -side_length / 2 + j * stepl
9
12 e = []
13
53.{//\\\'//A\\‘(//\\]r//\\\. 14 for i in range (0, n_seg):
\\\/// \\\/// 15 for j in range(0, n_seg + 1):
16 e.append ([i * (n_seg + 1) + j, (i + 1) * (n_seg +
A A i 0+
\/ \/.\/ \/. : for i in range (0, n_seg + 1):
///\\\’//A\\\///\\\’//A\\\ 19 for j in range (0, n_seg):
1. * 4 20 e.append ([i * (n_seg + 1) + j, i * (n_seg + 1) + j
XXX "
/ 21
O. A ® 22 for i in range (0, n_seg):
S 23 for j in range (0, n_seg):
i 24 e.append ([i * (n_seg + 1) + j, (i + 1) * (n_seg +
1) + j + 11)
25 e.append ([(i + 1) * (n_seg + 1) + j, i * (n_seg +

1) + j + 11)

27 return [x, e]



Time Integration

Optimization-based Implicit Euler
Inertia term Elasticity

xn-l—l — xn _I_ At’l)n_l_l, 1 - - : n

Incremental 6_P _
Potential O (x) = = Jx)

Algorithm 3: Projected Newton Method for Backward Euler
Time Integration

Result: "1 ynt!

1 b x";
2 do Energy Hessian

3 P + SPDPro'ection;
4 p< —P E(xz)Energy Gradient
5 a < BackTrackingLineSearch(z®,p); // Algorithm 2: Backtracking Line Search
7 1 . Result: o
6 h'ai T‘ﬁj -I/-hOép, Lo e 1.Energy Value
7 while (|P||co > €] : : ;
: 2 while|E(x* + ap)|> E(z') do
; mije bl R e B
9

v (2T — ™) [ At;




Incremental Potential

Inertia Term

with 2" = ™ + hv™

1 import numpy as np
2
3 def val(x, x_tilde, m):
1 ~1 (12 4 sum = 0.0
EI(.’L') — —H.’L’ — HM 5 for i in range (0, len(x)):
) 6 diff = x[i] - x_tildel[il]
7 sum += 0.5 * m[i] * diff.dot (diff)
8 return sum
10 def grad(x, x_tilde, m):
l; —_'ZV[- ~m, 11 g = np.array([[0.0, 0.0]] * len(x))
v I(ZE) — (x — & ) 12 for i in range (0, len(x)):
13 gli] = m[i] * (x[i] - x_tildel[il])
14 return g
16 def hess(x, x_tilde, m):
17 IJV = [[0] * (len(x) * 2), [0] * (len(x) * 2), np.array
([0.0] * (len(x) * 2))]
18 for i in range (0, len(x)):
VZEI(ZU) —_ M — SPD 19 for d in range (0, 2):
- 20 IJV[O][i * 2 + d] =1 * 2 + d
21 IJV[1][i * 2 + d] = 1 * 2 + d
22 IJV[2][i * 2 + d] = m[i]

23 return IJV



Incremental Potential
Mass-Spring Elasticity Energy

e Hooke’s Law In 1D:

Sprlng stlffness

Sprlng displacement

* In higher dimensions: X o— %

Current length .
k=l - or Pk
Rest length 2 A strain measure

» Jo avoid computing square root, we define
Continuous setting:

Area welghtlng H€B1 ~ H2
l k 1) Elasticity energy density J' EL’X
[2 (elasticity energy per unit area)




Incremental Potential

Mass-Spring Elasticity Energy Gradient and Hessian

1. ||x1 — xo||?
Pe(CE) _ lz—k(” 1 2” 1)2
2 [2 | import numpy as np
> import utils
3
4 def val(x, e, 12, k):
5 sum = 0.0
6 for i in range (0, len(e)):
7 diff = x[e[i][0]] - x[e[i][1]]
8 sum += 12[i] * 0.5 * k[i] * (diff.dot(diff) / 12[i] -
, 1) *x 2
0P, 0P, ||331 —mQH 9 return sum
T) = r) = 2k 1)(x1 — a9
83’31( ) 8w2( ) ( [2 )( ) 11 def grad(x, e, 12, k):
12 g = np.array([[0.0, 0.0]] * len(x))
13 for i in range (0, len(e)):
14 diff = x[e[i][0]] - x[el[il[1]]
5 5 5 5 15 g_diff = 2 * k[i] * (diff.dot(diff) / 12[i] - 1) =*
0-P, (x) 0“ P, (z) 0-P, (z) 0P, (z) diff
5 — 5 — — 16 glel[i] [0]] += g_diff
8','Bl awZ amlmz am2w1 17 glelil[1]1] -= g_diff
Ak - Hml _m2H2 18 return g
= l—2(m1 — @) (X1 — x2)" + 2K( 3 1)1
2k



Incremental Potential

Mass-Spring Elasticity Energy Hessian Implementation

20
21

22
23
24

e =Clw =2 )= Py
Oxi *7  Oxs 0T T2 et )
4k z1 — 2o’ N
o
2k 2
= 5 2@ — @) (@1 — 22)" + (o1 — x|~ 1))

31
32

33

34

35

def hess(x, e, 12, k):

IJV = [[0] * (len(e) * 16), [0] * (len(e) * 16), np.array
([0.0] * (len(e) * 16))]
for i in range (0, len(e)):

diff = x[el[i]J[0]] - x[el[i][1]]

H_diff = 2 x k[i] / 12[i] * (2 * np.outer(diff, diff)
+ (diff.dot(diff) - 12[i]) * np.identity(2))

H_local = utils.make_PD(np.block([[H_diff, -H_diff],
[-H_diff, H_diff]]))

for nI in range (0, 2):
for nJ in range (0, 2):
indStart = i * 16 + (nI * 2 + nJ) * 4
for r in range (0, 2):
for ¢ in range (0, 2):
IJV[O] [indStart + r * 2 + c] = e[i] [nI
] * 2 + r
IJV[1] [indStart + r * 2 + c] = el[i][nJ
] * 2 + c
IJV[2] [indStart + r * 2 + c] = H_local
[nI * 2 + r, nJ * 2 + c]
return IJV



Incremental Potential
Mass-Spring Elasticity Energy Hessian Projection (make_PSD)

mlin |P—V?E(z)||lg st. v'"Pv>0 Yo#0 Solution: A = QAQ!, Ni=N;>07A7;:0
Definition (Eigendecomposition). The eigendecomposition of a square

matrix A € R™"*" is

A=QAQ™!

where @ = [q1, 92, ..., q,| is composed of the eigenvectors g; of A, ||g;|| = 1;
A=A, ., Anl, A1 2> Ao > .., A\, are the eigenvalues of A; and Ag; =

AiQi-

1 import numpy as np

> import numpy.linalg as LA
3

1

4+ def make PD (hess):
[lam, V] = LA.eigh(hess)

for i in range (0, len(lam)):
lam[i] = max(0, lam[i])

© 0 g O

return np.matmul (np.matmul (V, np.diag(lam)), np.transpose(

V))



Incremental Potential

Gradient and Hessian

38 def IP_val(x, e, x_tilde, m, 12, k, h):

39 return InertiaEnergy.val(x, x_tilde, m) + h * h
MassSpringEnergy.val(x, e, 12, k)

40

121 def IP_grad(x, e, x_tilde, m, 12, k, h):

42 return InertiaEnergy.grad(x, x_tilde, m) + h * h x
MassSpringEnergy.grad(x, e, 12, k)

43

14 def IP_hess(x, e, x_tilde, m, 12, k, h):

45 IJV_In = InertiaEnergy.hess(x, x_tilde, m)

46 IJV_MS = MassSpringEnergy.hess(x, e, 12, k)

47 IJV_MS[2] *= h *x h

48 IJV = np.append(IJV_In, IJV_MS, axis=1)

49 H = sparse.coo_matrix((IJV[2], (IJV[O], IJV[1])), shape=(

len(x) * 2, len(x) * 2)).tocsr ()
50 return H



Time Integration

Algorithm 3: Projected Newton Method for Backward Euler 2 i L et B Bt
Time Integration
4 = .d
Result' x'"""l ’Un+1 14 - SOPY - deepcopy (x)
° ’ o
) 16
1 x"’ — an7 17 iter = 0
(i 18 E_last = IP_val(x, e, x_tilde, m, 12, k, h)
2 O . 19 p = search_dir(x, e, x_tilde, m, 12, k, h)
3 P « SPDPrOjeCtion(VQE(xZ)); 20 while LA.norm(p, inf) / h > tol:
_1 ; 21 print(’Iteration’, iter, ’:?)
4 Z)€—‘——}) ‘712(17); 22 print (’residual =’, LA.norm(p, inf) / h)
5 o < BackTra,ckingLineSearch(a:z, p); / / Algorithm 2: Backtracking Line Search i
6 xz’ — x’i + ap; Result: o 25 alpha = 1
. . 1 o+ 1 26 while IP_val(x + alpha * p, e, x_tilde, m, 12, k, h) >
7 W}:_llle ”p”OO/h > €; 2 while E(z* + ap) > E(z*) do E_last: alpha /= 2
n 7. . 27 =
8 T é_-a:7 3 L_ar&—a/?, 28 print (’step size =’, alpha)
9 2

v (2T — ™) [ At;
Xx += alpha * p
31 E last = IP_val(x, e, x_tilde, m, 12, k, h)
P
i

= search_dir(x, e, x_tilde, m, 12, k, h)

import copy iter += 1

from cmath import inf
35 v =(x - x.n) / h

36 return [x, v]

W N =

import numpy as np

import numpy.linalg as LA

import scipy.sparse as sparse

from scipy.sparse.linalg import spsolve

def search_dir(x, e, x_tilde, m, 12, k, h):
projected_hess = IP_hess(x, e, x_tilde, m, 12, k, h)
reshaped_grad = IP_grad(x, e, x_tilde, m, 12, k, h).
reshape(len(x) *x 2, 1)

import InertiaEnergy return spsolve(projected_hess, -reshaped_grad) .reshape(len
10 import MassSpringEnergy (x), 2)

© 0 g O @)
ot ()] (9]
[N W N

ot
o)



Simulator with Visualization

10
11
12

13

14

]
[}

W

V) V) (V) V)
)

~
(@)]

~

v V) V) V)
©

¥
o
(-

import numpy as np
import pygame
pygame . init ()

import square_mesh
import time_integrator

* len(x)

12 = []

side_len = 1
rho = 1000
k = 1eb
initial_stretch = 1.4
n_seg = 4
h = 0.004
[x, el = square_mesh.generate(side_len,
v = np.array([[0.0, 0.0]] * len(x))
m = [rho * side_len * side_len / ((n_seg + 1) * (n_seg + 1))]

for i in range (0, len(e)):

diff = x[e[i][0]]

x[e[i] [1]]

12.append (diff.dot (diff))

k = [k] * len(e)

for i in range(0, len(x)):
x[1][0] *= initial_stretch

n_seg)

33 resolution = np.array([900,
32 offset = resolution / 2

35 scale = 200

36 def screen_projection (x):

37 return [offset [0] + scale *x x[0],

[1] + scale * x[1])]

30 time_step = 0

9001])

10 screen = pygame.display.set_mode(resolution)

41 running = True
42 while running:

44 for event in pygame.event.get ():

45 if event.type == pygame.QUIT:

46 running = False

47

48 print (’### Time step’, time_step, ’###°)

52 for el in e:
5

51 screen.fill ((255,

255,

255) )

pygame .draw.aaline(screen, (0, 0, 255),

screen_projection(x[eI[0]]),

for xI in x:

screen_projection(xI),

57 pygame .display.flip ()

|
5 pygame .draw.circle(screen, (0, 0, 255),
0.1 * side_len / n_seg * scale)

60 [x, v] = time_integrator.step_forward(x, e,

, le-2)
61 time_step +=

1

62 pygame.time.wait (int(h * 1000))

63

64 pygame.quit ()

resolution [1]

Vv,

m,

(offset

12,

screen_projection(x[eI[1]]))

k,

h



Demo

@ EXPLORER

v OPEN EDITORS

v C
>

e\/\/\/\/\/\/\/\/

LU U U BN U RV

X @ simulator.py 1_mass_spring

ODE

__pycache__

v 1_mass_spring

__pycache__
output
InertiaEnergy.py
MassSpringEnergy.py
readme.md
simulator.py
square_mesh.py
time_integrator.py
utils.py

2_dirichlet
3_contact
4_friction
5_mov_dirichlet
6_inv_free
7_self_contact
8_self_friction
finite_diff
.gitignore

LICENSE

® readme.md

L]

T B

test.py

> OUTLINE

IMELINE

X Pmaint O ®0A0 @O

« > £ code

@ simulator.py X

1_mass_spring > %@ simulator.py > ...
1 # Mass-Spring Solids Simulation

2

3 import numpy as np # numpy for linear algebra

4 import pygame # pygame for visualization

5 pygame.init()

6

7 import square_mesh # square mesh

8 import time_integrator

9

10  # simulation setup

11 side_len =1

12 rho = 1000 # density of square

13 k = 1e5 # spring stiffness

14 initial_stretch = 1.4

15 n_seg = 4 # num of segments per side of the square

16 h =0.004 # time step size in s

17

18 # initialize simulation

19 [x, e] = square_mesh.generate(side_len, n_seg) # node positions and edge node indices
20 v = np.array([[0.0, 0.0]] * len(x)) # velocity
21 m = [rho * side_len x side_len / ((n_seg + 1) x (n_seg + 1))] % len(x) # calculate node mass evenly
22  # rest length squared
23 12 =[]
24 for i in range(@, len(e)):
25 diff = x[e[i]l[0]] - x[el[i][1]]
26 12.append(diff.dot(diff))
27 k = [k] % len(e) # spring stiffness
28 # apply initial stretch horizontally
29 for i in range(@, len(x)):

PROBLEMS OUTPUT DEBUG CONSOLE TERMINAL PORTS

#H Time step 97 ###
Iteration 0 :

residual = 0.6284778303123445
step size =1

#H# Time step 98 ###
Iteration 0 :

residual = 0.5736356776054384
step size =1

##H# Time step 99 ###
Iteration 0 :

residual = 0.5356266075245303
step size =1

minchen@macl9 1_mass_spring % python3 simulator.pyl}

zsh - 1_mass_spring + ~ [[] T

Ln 16, Col 10 Spaces: 4 UTF-8

LF

{s Python
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Free Online Book and Python Tutorial

Code: github.com/phys-sim-book/solid-sim-tutorial

& solid-sim-tutorial Public

l
N
jo

Physics-Based Simulation 8 ¥ main ~ ¥ 1Branch © 1 Tags

Preface

Simulation with Optimization

Overview

1. Discrete Space and Time

4@ liminchen dPdF B_left_coef col major

1.1. Representations of a Solid
P This free online book marks our commitment to make the theory and algorithms of physics-based

Geometry ulat ol
simulations accessible to everyone. i
1.2. Newton's Second Law 1_mass_spring
1.3. Time Integration .
— . 2_dirichlet
1.4. Explicit Time Integration . .
N . Contributing
1.5. Implicit Time integration
3_contact
1.6. Summary If you are interested in contributing to editing and improving this book, please do it through a
2. Optimization Framework Github pull request on the mdbook-src repository (not the HTML repository), or directly contact

) ) . 4 friction
2.1. Optimization Time Integrator Minchen Li and Chenfanfu Jiang.

2.2. Dirichlet Boundary Conditions Depending on the nature of your contribution, you'll be listed as book co-authors or community 5 mov dirichlet

2.3. Contact I contributors in future builds of the book. N B

2.4. Friction 6_ |nv free

2, ST Version 1.0.0 (Released 2024/5): Y E
3. Projected Newton 7 self_ col tact -

3.1. Convergence of Newton's Method Chapter Contributors

3.2. Line Search 8_self_friction

e Minchen Li, CMU

e Chenfanfu Jiang, UCLA o
3.4. Summary [ .gitignore

3.3. Gradient-Based Optimization

4. Case Study: 2D Mass-Spring* Community Contributors (Github)

4.1. Spatial and Temporal D LICENSE
Discretizations liminchen, cffjiang
4.2. Inertia Term D readme.md

Free online book: phys-sim-book.github.io



http://github.com/phys-sim-book/solid-sim-tutorial
http://phys-sim-book.github.io

Topics Today

Part I: Fundamentals and The Big Picture (Minchen)

* More Topics on Optimization Time Integration



Self-Contact (Briefly) ¥ = arg min £

s.t. Vi, dix) >0

/] iterates non-adjacent surface primitive pairs

\ 4

X

"™ = argmin E(x) + A% ) wb(d(x))
I

k (dij di;
55 —1)In=¥

dij <d
0 dij >d

b(dij(z)) = {

W

Barrier energy density
— N

N

0 0.5 1 1.5
[Li et al. 2020] Distance



Thin Objects (Briefly)

x"*! = arg min E(x)

+ Atv”)l\jzw

Z Ve¥stretch(F,) + Z w;¥pend(0,)
e d

A -

\




Thin Objects

[Li et al. 2021]



Nearly Rigid Effects (Briefly)

If don’t care about the tiny deformations,
Can simply track rotation\affine transformation 1

X" = argmin E(x
and translation ( per body! > X )

1
Ex) =) V¥, - >

lx — (x" + Atv”)szw

At?
2 Minimize in the subspace
. (Let x = ¢(0, 9))
Q" g™ =arg Igiqn E($(O, )
X = QX = Xcom) + Xcon + 4 E$(Q.q) = Y, V¥(F(Q.9)

1

Constant deformation gradient per body, )
2AL?

1#(0, @) — (X" + ArvM][y,



Nearly Rigid Objects

[Ferguson et al. 2021] [Lan et al. 2022]



Fluids (Briefly)

xn+1 — arg min E(x)

Eoo = ST
() 2A 2

\P(Fe) = pu(det (Fe) ) 1)2

No penalty on shearing, Use particles and neighbors to compute F
only penalizes volume change via e.g. SPH, MLS



[Xie et al. 2023]




Conclusion and Future Works

Optimization time integration

enables reliable and versatile physics-based simulation

x"! = arg min E(x)

X

|
Ex) = ) VP(F)+

A |lx — (x" + Atv”)szw

Improving efficiency and scalability;
Incorporating path-dependent effects, e.g. damping, plasticity, friction, etc;
Application to inverse problems, e.g. computational design, robot learning, etc.



Topics Today

Part I: Fundamentals and The Big Picture (Minchen)
* Distortion Minimization

* Elastodynamics Simulation via Optimization Time Integration
» Case Study: Mass-Spring System

* More Topics on Optimization Time Integration



Introduction to Optimization Time Integration
for Solids and Fluids (Part 1)

Minchen Li & Jiayi Eris Zhang
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Time Stepping

t t Time
Time steps

Li et al, SIGGRAPH 2019



Li et al, SIGGRAPH 2019



Time Stepping

Li et al, SIGGRAPH 2019



Time Stepping

1

Time step:

Time



HPARGGIS

Twigg and James, SIGGRAPH 2007




Art-directable Simulation!




Rigging!
Control!

Physics!
Automation! |
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The False Linear Spectrum

Keyframe Physics
Animation Simulation

———



The False Linear Spectrum

Keyframe , Spacetime .- Modity Physics
: : ,+° Constraints . Rest Shape . .
Animation : . Simulation
v s v
4 !
Rig Space __..- d Initial Value

Physics " Problems



The False Linear Spectrum

» Initial Value
Problems

Rig Space
Physics




The False Linear Spectrum

» Initial Value
Problems

Rig Space
Physics




“Creative primary effects and physical
secondary effects are not contradictory, but

rather they are complementary”



Primary Motion + Our Complementary Secondary Motion




Input Rig Function

Any Rig Type



Input Rig Parameters Sequence

Time Steps
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Final Displacement Rig Displacement Complementary
Displacement




Time Integration

.~ Any Physical Model

Inertia Term

_ u, = argmin E;(w,)+ u;)
ug



Unconstrained

O,

O, O,

rest pose rig pose physics undoes rig pose



A P

Orthogonal Constraint JRe

‘ o’
N 4
'Y Jacobian of '

\ 3 Rig displacement

s“ anmm —unﬁﬁ@’t}—luﬁt—-—uf" (Qq))” v = Pt

J, Mu; =0

linear!




s ’
‘ o o o
Constrained Simulation ,*

(_min E(u,) subject to orthogonality constraint




Complementary Dynamics [Zhang et al. 2020]

u, = argmin E;(u, + u;)

Uy

subject to ]tT Muf =0



Input Output



Cloth Simulation (Mass-Spring System)

Primary Motion



Cloth Simulation (Mass-Spring System)

+ Our Complementary Secondary Motion



Cloth Simulation (Mass-Spring System)

Input Output
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Complementary Dynamics [Zhang et al. 2020]

u, = argmin E;(u, + u;)

Cost increases with mesh resolution?

subject to ]tT

Constraint matrix is dense!



Model Reduction
dim(U) >> dim(z)

C _ ' r .
Z; = argmin Ei(u, +oc))
7’

subject to J:TtT 1]\/1’1/{; =0



Primary Motion + Complementary Dynamics




Our Skinning Modes Are Rotation Equivariant

ARAP Energy : -7.9463e-16 ARAP Energy : -1.5569e-16 ARAP Energy : -2.8129e-16

- ARAP Energy : -4.8503e-16 - ARAP Energy : -2.81 - ARAP En

55e-16

Displacement modes Modal derivatives Our skinning modes

ergy : -7.3058e-16
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Face Tracking Augmentation

'TA

IR




Skeleton Tracking Augmentation
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In physical simulation..

peed

Fﬁdeﬁty




High-res sim in real time?

102 Marvelous Designer - https://twitter.com/paarsec/status/1412440542202499073



Intersection and Explosion

Houdini Vellum Marvelous Designer

103



IPC [Li et al. 2021

104



Interactive + High-qu
Cloth Simulation
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Progressive Refinement in Rendering and Geometry

LOD— #$Faces
0.000 122

[Redway3D 2021] [Hoppe 1996]
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Progressive Refinement in Rendering and Geometry

UE5 Nanite

-5-s-nanite/

-engine

-and-drawbacks-of-unreal

IES

-the-possibil

Iscussing

//80.Iv/articles/d

https
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How can we map the progressive
approach to cloth simulation



Challenge #1: Inconsistencies in Direct Simulation

Stuck op, the
Nosep

Not similar

Low-res direct sim High-res direct sim
109
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Challenge #2: Artifacts in Cascadic Methods

Sensitive Couture

dani g
Wil
Ay
i

Coarse-level Simulation Prolongated Solution

[Umetani et al. 2011}

Fine-level Simulation

Level 0

Level 1

Level 2

Sharp creases

and kinks

Level 3
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Challenge #3: Linear Multigrid Doesn’t Apply

level 1

Regular Grid Unstructured Domain
[Liu et al. 2021]

f% -
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Progressive Cloth Simulation
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0y /

Consistent progression across resolutions
Reliable stable, intersection-free simulation
Interruptibility at any point for parameter changes
Interactive preview with consistent coarse-level simulation
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Incremental Potential Problem I

------- B T v,

A
o
where E=%¥Y+®+B+D+5 3
/_ — _\ Initial state .
Membrane and bending energies Contact, friction and strain ;¢ a1 2021] '

limiting potentials

€ “-a==""

ig
—
=
-

Final converged state
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Prolongation and Multi-resolution IP Problem
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Quasistatic Stepping

For each level " = argmin El (X, )Z‘)
X

(=012 ...,L

X X1 X9 Xt Xt+1 X

Artificial time stepping x't! = argmin E; (x, %)
(implicit Euler) X |
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Coarse-level Proxy Energies

For each level * B RS
X = argrnin L
(=012 ..., L gx L\“‘>x)
whare="E] = ¥ (x7) + ®;(x7) + By (x7) + Dy(x7) + S;(x7)



Coarse-level Proxy Energies
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Quasistatic Preview Stepping intersections

For each level
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Coarse-to-Fine Hierarchy
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4 Level L
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Coarse-to-Fine Hierarchy
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Progressive Shell Quasistatics
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Two Key Ingredients

% : _  pl
X, = argxmm Fj(xy, x1, P
1

where  F; = C;(x) + % (P! (x)))

Barrier-Based Terms  Shell Elastic Energies

Coarse-Level Proxy Energies Safe Initialization
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Intrinsic Prolongation
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Intrinsic Prolongation

[Liu et al. 2021]
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Quasistatic Preview Simulation
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Progressive Refinement
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Motivation: Motion Design

Finding out how to throw this inflatable toy through
these 3 hoops using fine-res simulation is tedious.

Houdini Vellum



Vellum
Level 0
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Vellum
Level 2




Time

Level 0

Zhang et al. 2022, 2023



Progressive Dynamics
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Progressive Dynamics
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Progressive Dynamics
Level 2




Progressive Dynamics
Level 2

Zhang et al. 2024



’

ve at their Final Result.

3 s et
- D..A-.L. 5

Ti

ar
N
\(‘“

—

v
‘ ‘ ‘.4 ’ ;.HI.M_‘.. * a.
B A A e e v Y :

- W

o

STAVA v
AV TN
- 1" '/'

av

And use coarse previews to rapidly explore layout and many physical parameters to




In physical simulation..
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Adaptive Simulation

Ferguson et al. 2023

157



Direct Simulation

 Constrained System

e Reduced-Order System
« Multilevel System
 Adaptive System



Time




Thank You!

Questions?

Image sources:

https://r-wong253249-sp.blogspot.com/2013/11/pose-to-pose-and-frame-by-frame-research.html
https://dreamfarmstudios.com/blog/what-is-3d-rigging/

https://drive.google.com/file/d/1oxeQ9L DX u 3nig-DMoW GHZGO1Sva9/preview
https://medium.com/@jaleeladejumo/gradient-descent-from-scratch-batch-gradient-descent-stochastic-gradient-descent-and-mini-batch-def681187473
https://academic-accelerator.com/encyclopedia/spring-system

https://en.wikipedia.org/wiki/Smoothed-particle hydrodynamics

https://duxingyi-charles.qgithub.io/publication/lifting-simplices-to-find-injectivity/

https://www-users.cse.umn.edu/~narain/files/admm-pd.pdf



https://r-wong253249-sp.blogspot.com/2013/11/pose-to-pose-and-frame-by-frame-research.html
https://dreamfarmstudios.com/blog/what-is-3d-rigging/
https://drive.google.com/file/d/1oxeQ9L_DX_u_3nig-DMoW_GHZGO1Sva9/preview
https://medium.com/@jaleeladejumo/gradient-descent-from-scratch-batch-gradient-descent-stochastic-gradient-descent-and-mini-batch-def681187473
https://academic-accelerator.com/encyclopedia/spring-system
https://en.wikipedia.org/wiki/Smoothed-particle_hydrodynamics
https://duxingyi-charles.github.io/publication/lifting-simplices-to-find-injectivity/
https://www-users.cse.umn.edu/~narain/files/admm-pd.pdf

