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Topics Today
Part I: Fundamentals and The Big Picture (Minchen)

Part II: Advanced Topics (Eris)

• Distortion Minimization

• Constrained System

• Elastodynamics Simulation via Optimization Time Integration
• Case Study: Mass-Spring System
• More Topics on Optimization Time Integration

• Reduced-Order System
• Multilevel System
• Adaptive Simulation



Computer Graphics:
Generating Realistic Visual Effects via Computing

AnimationGeometry Appearance



Animation

Keyframe Animation

Physics-based Animation

f = m
dv
dt

Skinning Animation



Physics-based Animation

Articulated rigid bodies (rag doll) 
Deformable bodies (thick rings) 

Elastic rods (thin rings) 
Elastic shells (Cloth) Fluids

Granular media

[Chen et al. 2022] [Xie et al. 2023]

[Klar et al. 2016]



Optimization Time Integration
A Reliable Simulation Approach based on Numerical Optimization
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Spatial Discretization

Ω,   " = {				}

x =

x0x
x0y
x0z
x1x
x1y
x1z...

…

Position

Tetrahedralize



Measure Distortion Locally

Deformation/distortion

Assume uniform deformation

Affine transformation: 
 F = [x2 − x1, x3 − x1, x4 − x1][X2 − X1, X3 − X1, X4 − X1]−1

Distortion energy, e.g. Ψ(F) = μ∥F − R∥2
F

•  is the closest rotation to R = UVT F
•  is the SVDF = UΣVT

— As-Rigid-As-Possible (ARAP)  
[Igarashi et al. 2005]x1

x2

x4

x3

X1

X4

X2

X3

Distortion over the whole mesh: ∑
e

VeΨ(Fe)

(  is the volume of  
tetrahedron element e)
Ve

∀X, x(X) = F(X − X1) + x1



Mesh Deformation via Distortion Minimization

min
x ∑

e

VeΨ(Fe) s . t . Sx = ̂x

We could move the anchors to the target position, 
and only optimize for the free vertices  

min
x ∑

e

VeΨ(Fe)

•  selects the anchors 
•  contains the target position

S
̂x



Newton’s Method for Distortion Minimization
Formulation
Let , g(x) = ∇E(x) E(x) = ∑

e

VeΨ(Fe)

Newton’s method in 1D: 
• Start from initial guess  
• For each iteration (until convergence) 

•

x0

xi+1 ← xi − g(xi)/g′￼(xi)

We want to solve g(x) = 0



Newton’s Method for Distortion Minimization
Formulation

Newton’s method in 1D: 
• Start from initial guess  
• For each iteration (until convergence) 

•

x0

xi+1 ← xi − g(xi)/g′￼(xi)

We want to solve g(x) = 0

In higher dimensions: 
xi+1 ← xi − (∇g(xi))−1g(xi)

Derivation:
Linearly approximate  at  g(x) = 0 xi :
g(x) = g(xi) + ∇g(xi)(x − xi)

g(xi+1) ≈ g(xi) + ∇g(xi)(xi+1 − xi) = 0

Let , g(x) = ∇E(x) E(x) = ∑
e

VeΨ(Fe)



Convergence Issue of Newton’s Method
Over-shooting

Good initial guess

Bad initial guess Numerical explosion!



Robust Distortion Minimization
Newton’s Method with Line Search

Newton’s method: 
• Start from initial guess  
• For each iteration (until convergence) 

•

x0

xi+1 ← xi − (∇2E(xi))−1 ∇E(xi)

We want to solve ∇E(x) = 0

Line Search along direction : p
min

α
E(xi + αp)

Theory: 
If  is a descent direction at  (like ), p x = xi −∇E(xi)
∃α > 0, s . t . E(xi + αp) < E(xi)

— need  to be symmetric positive-definite ∇2E(x)

Idea: 
We can project  to a nearby 
SPD matrix for computing  

∇2E(x)
p

Let p = − (∇2E(xi))−1 ∇E(xi)

Then we can ensure  E(xi+1) < E(xi) ∀i

— no explosion!xi+1 ← xi + αp



Robust Distortion Minimization
Newton’s Method with Line Search, 2D Illustration



Robust Distortion Minimization
Pseudo-code

• initial guess


• Do 


• 


• 


• 


• While 


• 


• 


• While 

x ←

P ← projectSPD(∇2E(x))

p ← P−1 ∇E(x)

α ← 1

E(x + αp) > E(x)

α ← α/2

x ← x + αp

∥p∥ < ϵ



Distortion Minimization Examples

[Zhu et al. 2018]
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Adding Dynamics

Distortion minimization: E(x) = ∑
e

VeΨ(Fe)

: time step size 
: vertex positions at previous time step 
: velocity at previous time step 
: mass matrix

Δt
xn

vn

M

min
x

E(x)

Elastodynamic simulation: min
x

E(x) +
1

2Δt2
∥x − (xn + Δtvn)∥2

ME(x) = ∑
e

VeΨ(Fe)

Inertia term



Spatial Discretization with Dynamics

Ω,   " = {				}
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0z
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1y

xn
1z...
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vn
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0z
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VelocityPosition



Governing Equation (Conservation of Momentum)

• The spatially discrete, temporally continuous form


• Mass matrix (for now)



Time Stepping (Time Integration)

 xn+1

vn+1
 xn+2

vn+2
 xn

vn

tn tn+1 tn+2

Δt Δt



Governing Equation (Temporally Discrete)
Forward Difference, Forward Euler
• Forward difference approximation on velocity and acceleration

≈ ≈ (  )f(tn + Δt) = f(tn) +
df
dt

(tn)Δt + O(Δt2)

Taylor’s expansion



Newton’s 2nd Law (Temporally Discrete)
Forward and Backward Difference, Symplectic Euler
• Forward difference on acceleration, backward difference on velocity



Newton’s 2nd Law (Temporally Discrete)
Backward Difference, Backward Euler (or Implicit Euler)
• Backward difference approximation on velocity and acceleration

f n+1 = f(xn+1)

Needs to solve a system of equations:



Stability of Forward, Symplectic, and Backward Euler
Example on a uniform circular motion

x0 = (1,0)

v0 = (0,1)

Problem Setup

f



Newton’s Method for Backward Euler
Formulation
Let g(x) = M(x − (xn + Δtvn)) − Δt2f(x)

Newton’s method in 1D: 
• Start from initial guess  
• For each iteration (until convergence) 

•

x0

xi+1 ← xi − g(xi)/g′￼(xi)

We want to solve g(x) = 0

In higher dimensions: 
xi+1 ← xi − (∇g(xi))−1g(xi)

Derivation:
Linearly approximate  at  g(x) = 0 xi :
g(x) = g(xi) + ∇g(xi)(x − xi)

g(xi+1) ≈ g(xi) + ∇g(xi)(xi+1 − xi) = 0



Convergence Issue of Newton’s Method
Over-shooting

Good initial guess

Bad initial guess Simulation explodes!



Optimization Time Integration



Global Convergence with Line Search
Pseudo-code

α ∈ (0,1]
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Case Study — Mass-Spring Simulation
An Initially Stretched Elastic Square

Rest shape

Initially stretched:



Mass-Spring Representation of Solids

• Mass particles connected by springs


• square_mesh.py

i

j

0

1

2

3

4

5

9



Time Integration
Optimization-based Implicit Euler

∂P
∂x

(x) = − f(x)

⟺

Inertia term Elasticity

Incremental 
Potential

Energy Hessian

Energy Gradient

Energy Value



Incremental Potential
Inertia Term

InertiaEnergy.py

— SPD



Incremental Potential
Mass-Spring Elasticity Energy
• Hooke’s Law in 1D:


• 


• In higher dimensions:


• 


• To avoid computing square root, we define

E =
1
2

k(Δx)2

1
2

k(∥x1 − x2∥ − l)2  or  l2 1
2

k(
∥x1 − x2∥

l
− 1)2

Spring displacement

x1 x2

Spring stiffness

Current length

Rest length

Area weighting

P = ∫Ω0

ΨdX

Continuous setting:

Elasticity energy density  
(elasticity energy per unit area)

A strain measure



Incremental Potential
Mass-Spring Elasticity Energy Gradient and Hessian

MassSpringEnergy.py



Incremental Potential
Mass-Spring Elasticity Energy Hessian Implementation

MassSpringEnergy.py



Incremental Potential
Mass-Spring Elasticity Energy Hessian Projection (make_PSD)

Solution:  ̂A = QΛ̂Q−1, Λ̂ij = Λij > 0 ? Λij : 0

utils.py



Incremental Potential
Gradient and Hessian

time_integrator.py



Time Integration
time_integrator.py



Simulator with Visualization
Simulator.py



Demo



Free Online Book and Python Tutorial
Code: github.com/phys-sim-book/solid-sim-tutorial

GPU version coming!

Free online book: phys-sim-book.github.io

http://github.com/phys-sim-book/solid-sim-tutorial
http://phys-sim-book.github.io
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Self-Contact (Briefly) xn+1 = arg min
x

E(x)

s . t . ∀ij, dij(x) > 0
 iterates non-adjacent surface primitive pairsij

xn+1 = arg min
x

E(x) + Δt2 ∑
ij

wijb(dij(x))

[Li et al. 2020]



Thin Objects (Briefly)

xn+1 = arg min
x

E(x)

E(x) = ∑
e

VeΨ(Fe) +
1

2Δt2
∥x − (xn + Δtvn)∥2

M

∑
e

VeΨstretch(Fe) + ∑
d

wdΨbend(θd)

θ



Thin Objects

[Li et al. 2021]



Nearly Rigid Effects (Briefly)
If don’t care about the tiny deformations,
Can simply track rotation\affine transformation   
and translation  per body!

Q
q

X
x

Q

q

x = Q(X − XCOM) + XCOM + q

Constant deformation gradient per body,

E(x) = ∑
e

VeΨ(Fe) +
1

2Δt2
∥x − (xn + Δtvn)∥2

M

xn+1 = arg min
x

E(x)

Qn+1, qn+1 = arg min
Q,q

E(ϕ(Q, q))

E(ϕ(Q, q)) = ∑
e

VeΨ(Fe(Q, q))

+
1

2Δt2
∥ϕ(Q, q) − (xn + Δtvn)∥2

M

Minimize in the subspace 
(Let )x = ϕ(Q, q)

XCOM



Nearly Rigid Objects

[Ferguson et al. 2021] [Lan et al. 2022]



Fluids (Briefly)

xn+1 = arg min
x

E(x)

E(x) = ∑
e

VeΨ(Fe) +
1

2Δt2
∥x − (xn + Δtvn)∥2

M

Ψ(Fe) = μ(det (Fe) − 1)2

No penalty on shearing,  
only penalizes volume change

Use particles and neighbors to compute  
via e.g. SPH, MLS

F



Fluids

[Xie et al. 2023]



Conclusion and Future Works

xn+1 = arg min
x

E(x)

E(x) = ∑
e

VeΨ(Fe) +
1

2Δt2
∥x − (xn + Δtvn)∥2

M

Optimization time integration 


  enables reliable and versatile physics-based simulation

Improving efficiency and scalability;
Incorporating path-dependent effects, e.g. damping, plasticity, friction, etc;
Application to inverse problems, e.g. computational design, robot learning, etc.
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Introduction to Optimization Time Integration 
for Solids and Fluids (Part II)

Minchen Li & Jiayi Eris Zhang



f = m
dv
dt

forces

mass

accelerations



58 https://www.youtube.com/watch?v=rutAGoBZtew

Adobe MAX 2020 Sneak







61
https://beforesandafters.com/2021/06/27/tech-weeklies-substance-rebrand-v-ray-5-for-c4d-update-nvidias-canvas-red-giant-universe-4/

Materials

Complex Geometries

Contacts



Time steps
Time

Time Stepping

Li et al, SIGGRAPH 2019



Time steps
Time

Li et al, SIGGRAPH 2019



Time steps
Time

Time Stepping

Li et al, SIGGRAPH 2019



Time steps
Time

Time Stepping

Li et al, SIGGRAPH 2019

Direct Simulation?



Twigg and James, SIGGRAPH 2007

Many Samples!



Art-directable Simulation! 



F=ma

Control!
Rigging!

Physics!
Automation!

…

…







https://www.youtube.com/watch?v=4OxphYV8W3E&t=1s

Primary Motion OnlyWith Secondary Motion



Skinning

Jacobson et al. 2012



Key-frame Animation



The False Linear Spectrum 

Keyframe 
Animation

Physics 
Simulation



Keyframe 
Animation

Physics 
Simulation

Initial Value

Problems

Rig Space 
Physics

Modify 
Rest Shape

…
Spacetime 

Constraints

The False Linear Spectrum 



Keyframe 
Animation

Physics 
Simulation

Initial Value

Problems

Rig Space 
Physics

Modify 
Rest Shape

…
Spacetime 

Constraints

The False Linear Spectrum 



Keyframe 
Animation

Physics 
Simulation

Initial Value

Problems

Rig Space 
Physics

Modify 
Rest Shape

…
Spacetime 

Constraints

The False Linear Spectrum 



“Creative primary effects and physical 
secondary effects are not contradictory, but 

rather they are complementary” 



Primary Motion + Our Complementary Secondary Motion



ur
<latexit sha1_base64="cSOHoNXe38Mmm9H/+/rYk3PATuM="></latexit> :

Any Rig Type

Input Rig Function

pt
<latexit sha1_base64="io9YXqNCfkr/pWJhgQmOcQRn5nc="></latexit>

urt
<latexit sha1_base64="cW0csdSsu2aUBFM0+SP/hHEfvIk="></latexit>



Input Rig Parameters Sequence

Frame t

Time Steps



urt
<latexit sha1_base64="cW0csdSsu2aUBFM0+SP/hHEfvIk="></latexit>

Rig Displacement

ut
<latexit sha1_base64="aqHenFsykHWqkQBebTu7pIV4U6s="></latexit>

Final Displacement Complementary

Displacement

= +
uct

<latexit sha1_base64="VN5zKWmwMEtGPKpmoUyDQgIs6Mk="></latexit>



Time Integration

h2�(ut )
<latexit sha1_base64="p1wxIVB1getL8EXDUzpzdB9WIN0="></latexit>

Elasticity Potential

1
2
kut � ũk2M

<latexit sha1_base64="SFZ7fy7rz+/8nTtlzISQjK/oc8M="></latexit>

Inertia Term

Any Physical Model

E(ut )
<latexit sha1_base64="Zpgh6cgC2vkf0h7on5xa74a2m4Y="></latexit>

+=

ut = argmin
ut

Et (ut )
<latexit sha1_base64="ujlRcW94c3lbe7Tz7D1mPdzT1tA="></latexit>

uct = argmin
uct

Et (urt + uct )
<latexit sha1_base64="qRLsfSRnwc8calzvIh5J2E/5Y7w="></latexit>



rest pose rig pose physics undoes rig pose

Unconstrained

uct = �urt
<latexit sha1_base64="lE69ioRQaUb/QJWMyjdzO/VGq7U="></latexit>



Orthogonal Constraint

ur (pt )
<latexit sha1_base64="16/O3SGT+l+9ZnzmlVpwNrIOxmA="></latexit>

+ uct
<latexit sha1_base64="siJ1m1b017jK591247EfcSvIp/s="></latexit>

� ur (p)
<latexit sha1_base64="H7jzBtfcuzCCHNYj9MJ6buaLW9s="></latexit>

argmin
q

1
2

��ur (pt ) + uct � ur (q)
��2
M = pt

<latexit sha1_base64="Pw5xlR4iL0TvG637rzCIzxNio38="></latexit>

�|t Muct = 0
<latexit sha1_base64="ASxLDaqzce0UP24HhoQaRZnsIk0="></latexit>

linear!

Jacobian of 

Rig displacement


J

J⊥



Constrained Simulation

min  subject to orthogonality constraintE(ut)



87

uct = argmin
uct

Et (urt + uct )
<latexit sha1_base64="qRLsfSRnwc8calzvIh5J2E/5Y7w="></latexit>

�|t Muct = 0
<latexit sha1_base64="ASxLDaqzce0UP24HhoQaRZnsIk0="></latexit>

subject to

Complementary Dynamics [Zhang et al. 2020]



Input Output



Cloth Simulation (Mass-Spring System)

Primary Motion



+ Our Complementary Secondary Motion

Cloth Simulation (Mass-Spring System)



Input Output

Cloth Simulation (Mass-Spring System)



Input Rigid Body Simulation



Ours
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uct = argmin
uct

Et (urt + uct )
<latexit sha1_base64="qRLsfSRnwc8calzvIh5J2E/5Y7w="></latexit>

�|t Muct = 0
<latexit sha1_base64="ASxLDaqzce0UP24HhoQaRZnsIk0="></latexit>

subject to

Complementary Dynamics [Zhang et al. 2020]

Cost increases with mesh resolution!

Constraint matrix is dense!



95

uct = argmin
uct

Et (urt + uct )
<latexit sha1_base64="qRLsfSRnwc8calzvIh5J2E/5Y7w="></latexit>

�|t Muct = 0
<latexit sha1_base64="ASxLDaqzce0UP24HhoQaRZnsIk0="></latexit>

subject to

Model Reduction

<latexit sha1_base64="KWzHebrYFyrz6SzHLs9SG6sEqj0=">AAAB2nicbY87T8MwFIUdnqW8CowsFV2KFFVJ32xVGWAsiD4QLZXj3gardhLZThFEWdgQI4zwT/gj/BtMyVLKmY7OPffqfk7AqFSW9WUsLa+srq2nNtKbW9s7u5m9/Y70Q0GgTXzmi56DJTDqQVtRxaAXCMDcYdB1Jqc/8+4UhKS+d6UeAhhw7Hp0TAlWOrp28o9DdUuOs8NMzipYM2UXjZ2YHErUGmY++yOfhBw8RRiW8kZSl/je2BQwpXA/iDDhWKg43Q+wC17IHRDUcyPXd/RvOg4lBJhM9DDCXHKs7uZDSTADAUynIxhrvBlsFDIlsL6sgzi6PGvGUb1q2icls1ip/FcVMEp6xVLNtG3LrNfitMa1/8Itmk6xYFcL5YtyrtFMwFPoEB2hPLJRDTXQOWqhNiKIo1f0jj6MvvFkPBsvv9UlI9k5QHMy3r4B7WmFwQ==</latexit>

1 (I2C )
<latexit sha1_base64="YijnRgdqLUPTPjrVQRZYbnvgdZs=">AAAB1nicbY85T8NAEIXHnCFcAUoaRBoKK7Jz00WhgDIgckgkROvNxKyyPrS7DgLLdIgSSvgv/BH+DUtwE8Krnt68Gc3nhJxJZVlfxtLyyuraemYju7m1vbOb29vvyCASFNs04IHoOUQiZz62FVMce6FA4jkcu87k7GfenaKQLPCv1UOIA4+4PhszSpSO2o9DdUuHubxVsGY6WjR2avKQqjXMffZHAY089BXlRMobyVwa+GNT4JTh/SAm1CNCJdl+SFz0I89BwXw3dgNH/6XjSGJI6EQPY+JJj6i7+VBSwlEg1+kIxxptBhpHXAmiL+sgia/Om0lcr5r2acksVir/VQWO0l6xVDNt2zLrtSSrce2/cIumUyzY1UL5spxvNFPwDBzCMZyADTVowAW0oA0UGLzCO3wYPePJeDZefqtLRrpzAHMy3r4BI9+Exg==</latexit>

I2C

<latexit sha1_base64="YijnRgdqLUPTPjrVQRZYbnvgdZs=">AAAB1nicbY85T8NAEIXHnCFcAUoaRBoKK7Jz00WhgDIgckgkROvNxKyyPrS7DgLLdIgSSvgv/BH+DUtwE8Krnt68Gc3nhJxJZVlfxtLyyuraemYju7m1vbOb29vvyCASFNs04IHoOUQiZz62FVMce6FA4jkcu87k7GfenaKQLPCv1UOIA4+4PhszSpSO2o9DdUuHubxVsGY6WjR2avKQqjXMffZHAY089BXlRMobyVwa+GNT4JTh/SAm1CNCJdl+SFz0I89BwXw3dgNH/6XjSGJI6EQPY+JJj6i7+VBSwlEg1+kIxxptBhpHXAmiL+sgia/Om0lcr5r2acksVir/VQWO0l6xVDNt2zLrtSSrce2/cIumUyzY1UL5spxvNFPwDBzCMZyADTVowAW0oA0UGLzCO3wYPePJeDZefqtLRrpzAHMy3r4BI9+Exg==</latexit>

I2C

dim(U) >> dim(z)
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Primary Motion + Complementary Dynamics

100X faster now!
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Face Tracking Augmentation



100

Skeleton Tracking Augmentation



© 2016 Adobe Systems Incorporated.  All Rights Reserved.  Adobe Confidential.

Speed

Fidelity
v.s.

In physical simulation..

101
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High-res sim in real time?

Marvelous Designer - https://twitter.com/paarsec/status/1412440542202499073
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Houdini Vellum Marvelous Designer

Intersection and Explosion



104 IPC [Li et al. 2021]
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Interactive + High-quality 
Cloth Simulation ?



Progressive Refinement in Rendering and Geometry

[Hoppe 1996]

106

[Redway3D 2021]



Progressive Refinement in Rendering and Geometry

107

UE5 Nanite

https://80.lv/articles/discussing-the-possibilities-and-drawbacks-of-unreal-engine-5-s-nanite/
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?
How can we map the progressive 

approach to cloth simulation



109
Low-res direct sim High-res direct sim

Challenge #1: Inconsistencies in Direct Simulation

Not similar!

Stuck on the nose!



110

Challenge #2: Artifacts in Cascadic Methods

Coarse-level Simulation Prolongated Solution Fine-level Simulation

Level 0 Level 1 Level 2

Level 3

Direct simulation

Sharp creases 
and kinks

Membrane Locking!
Sensitive Couture     [Umetani et al. 2011]



Unstructured Domain

111

Challenge #3: Linear Multigrid Doesn’t Apply

<latexit sha1_base64="Etj41epy57hdW5tuSwl47gGRKYU="></latexit>

Ax = b
Applies for solving linear systems!

Regular Grid
[Liu et al. 2021]



112

Interactive + High-quality 
Cloth Simulation ?

=

Progressive!
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Progressive Cloth Simulation

Consistent progression across resolutions

Reliable stable, intersection-free simulation

Interruptibility at any point for parameter changes 

Interactive preview with consistent coarse-level simulation



Rapid Refinement

3x
114



3x
115

Asynchronous Collision Resolution



4x
116

Material Exploration



10x
117

Handle-Based Manipulation



3x
118

Fine-Tuning



40x
119

Refinement
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1.5K 6K 24K 92K 372K

Progressive Refinement
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Final converged state

Initial state

Incremental Potential Problem
<latexit sha1_base64="EDoevIsY2GWuppbOMLaG6F2wv90=">AAABhXicZY/JTsMwFEWfy9BSpgBLNhHdFFSqBFVlBVQgJJZFooNESmQbEyxiO7LdEhTlN/gatvAP/A1tyQZ6N+/oDffqkSTmxnreNyotLa+slitr1fWNza1tZ2e3b9RYU9ajKlZ6SLBhMZesZ7mN2TDRDAsSswF5uZrNBxOmDVfyzr4lbCRwJPkTp9hOW6HjpQ/ZUe6euYHA9lkl2bxqkWEdCS7zPEzd63raCAjWWZofVkOn5jW9udxF8AuoQaFu6JwHj4qOBZOWxtiYe8MjquRTQ7MJZ6+jDFOBtc2rQYIjJseCMM1llEWKTJ/IZ4H+f/tF6J80/XazdduqdS6L6ArswwHUwYdT6MANdKEHFN7hAz7hC5XRMWqh9u9qCRU3e/BH6OIHPm5lBw==</latexit>

G⇤ = argmin
G

⇢ (G, Ḡ)

E

…
X0

x*

    where
<latexit sha1_base64="TBRSup0GfP0oPv4eaKFuWCr7fsg=">AAABcHicZU7LSsNAFL2prxpfUTdCF0azEZWSSNGVUqqCy4imLZgSJuNtOpjMhJlpRUoXfo1b/Rx/wy8w1Wy0Bw7ncF/nxnnKlHbdT6MyN7+wuFRdNldW19Y3rM2tthJDSTGgIhWyGxOFKeMYaKZT7OYSSRan2ImfLqf9zgilYoLf65ccexlJOOszSnRRiqzatX1uh75i9lEhg6m0Cl4VvIssx627P7BnjVcaB0r4kXURPgo6zJBrmhKlHhRLqOD9Y4kjhs+9MaEZkXpihjlJkA+zGCXjyTgRcfHvxCwCvf/nZ037pO6d1hu3DafZKqOrUIN9OAAPzqAJN+BDABRe4Q3e4QO+jB1j19j7Ha0Y5c42/IFx+A0q7FmX</latexit>

⇢ =  + � + ⌫ + ⇡ + (

Membrane and bending energies [Li et al. 2021]Contact, friction and strain 
limiting potentials
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El

<latexit sha1_base64="CXAFXUGjcoN2wqOniEdv4W/aqyQ=">AAABXHicZY7NSsNAFEbv1Ko1tRoV3LgRsxGRkEjRnRTduKxg2oqtYTLehsHJTJiZVCXkKdzqg7nxWayajfasDvfvu0kuuLFB8EEaS83lldXWmtNe72xsulvbA6MKzTBiSig9SqhBwSVGlluBo1wjzRKBw+Tx8rs/nKE2XMkb+5LjJKOp5FPOqJ2Xbp/vy6MqLkUVu17gBz/sL0pYiwc1/dg9Hz8oVmQoLRPUmDvDU6bk9FjjjOPTpKQso9pWzjinKcoiS1BzmZapSua/Vc48MPx/flEGJ3546nevu17voo5uwR4cwCGEcAY9uII+RMAgg1d4g3f4JE3SJp3f0Qapd3bgD2T3C4I6ViE=</latexit>

G⇤;

Prolongation and Multi-resolution IP Problem

Level 0

Level 1

Level 2

Level L

…

<latexit sha1_base64="H6dOp3OeL6+H5jrSf0trE5jx8cQ=">AAABwHicbY/LTgJBEEVr8IX4Ql26MbJxMSHTvN0RXOgSjQMkgqSnKYYO87K7B6OT+Qa3+gP+k39ji7NRvKubW7cqdZzI41JZ1qeRW1vf2NzKbxd2dvf2D4qHRz0ZxoKhzUIvFAOHSvR4gLbiysNBJJD6jod9Z375Pe8vUEgeBnfqOcKRT92ATzmjSkd2d0werHGxZJWtpU5XDclMCTJ1x8WP4SRksY+BYh6V8l5yl4XB1BS44Pg0SijzqVBpYRhRF4PYd1DwwE3c0NF/6TiWGFE218OE+tKnaqbDCU41xBIpiT0lqL6hgzS5veqkSathkouqWanX/6sKnGS9SrVpEmKZrWZa0GDkL8aq6VXKpFGu3dRK7U6GmIcTOINzINCENlxDF2xgwOEV3uDd6BgzIzQef6o5I9s5hl8yXr4A5Ex64A==</latexit>

%01

<latexit sha1_base64="NCkTY7ZyhscAZy89t8Hnbk/fUD0=">AAABwHicbY/NTsJAFIVv8Q/xD3XpxsjGRUNa/t0RXOgSjQUSQTIdLmVC26kzU4w2fQa3+gK+k2/jiN0ontXJuefe3M+NfCaVZX0aubX1jc2t/HZhZ3dv/6B4eNSTPBYUHcp9LgYukeizEB3FlI+DSCAJXB/77vzye95foJCMh3fqOcJRQLyQTRklSkdOd1x5sMfFklW2ljpdNXZmSpCpOy5+DCecxgGGivpEynvJPMrDqSlwwfBplBAaEKHSwjAiHoZx4KJgoZd43NV/6TiWGBE618OEBDIgaqbDCU41xBIpiX0liL6hgzS5veqkSath2hdVs1Kv/1cVOMl6lWrTtG3LbDXTggaz/2Ksml6lbDfKtZtaqd3JEPNwAmdwDjY0oQ3X0AUHKDB4hTd4NzrGzODG4081Z2Q7x/BLxssX5v564g==</latexit>

%12

<latexit sha1_base64="K8Qm2BQFtxvDNS2IEWSEjOkkQ0M=">AAABxHicbY87T8MwFIUdnqW8CowsiC4MoYr7ZquKBAwdCqIPREvluLfBqp1EtlOEovAnWGHlP/FvMCULlDMdnXvu1f3ckDOlHefTWlpeWV1bz2xkN7e2d3Zze/tdFUSSQocGPJB9lyjgzIeOZppDP5RAhMuh507Pv+e9GUjFAv9WP4cwFMTz2YRRok101x61HuLWKU5GubxTcOY6WjQ4NXmUqj3KfQzGAY0E+JpyotS9Yh4N/IktYcbgaRgTKojUSXYQEg/8SLggme/FXuCa30wcKQgJnZphTIQSRD+acAwTAzLHiiOuJTE3TJDEN5fNJK5XbXxWsouVyn9VCeO0VyzVbIwdu15LsgYM/8VYNN1iAVcL5etyvtFMETPoEB2jE4RRDTXQFWqjDqJIoFf0ht6tC4tbyop+qktWunOAfsl6+QKV8nyV</latexit>

%!�1!

For each level l = 0, 1, 2, .., L

<latexit sha1_base64="0KQK39eD2mGd9bYeouj+K2vKBXQ=">AAABh3icZY/LTsJAFIZP8QZ4q7p008gGDcGWEHSjQY2JS0zkklhsZsahTOzMNDMD1jR9D5/Grb6CbyNgN8q/OV/O5f9zcBwxbVz32yqsrK6tbxRL5c2t7Z1de2+/p+VEEdolMpJqgJGmERO0a5iJ6CBWFHEc0T5+uZnP+1OqNJPiwbzFdMhRKNiIEWRmrcBuJE/pSeZcOD5HZizjdFEVT5EKORNZFiTObRBVk5qPkUqT7Lgc2BW37i7kLIOXQwVydQL70n+WZMKpMCRCWj9qFhIpRjVFp4y+DlNEOFImK/sxCqmYcEwVE2EaSjx7I5sHev/tl6HXqHutevO+WWlf59FFOIQjqIIHZ9CGO+hAFwi8wwd8wpdVsk6tlnX+u1qw8psD+CPr6gdsHmXm</latexit>

G⇤ = argmin
G

⇢; (G, Ḡ)

<latexit sha1_base64="Sgs2QIYVX0N5N+Y4tQrIkzx6Qkg=">AAABfHicZY7LSsNAFIZP6q3WW9Slm2IEhWpJpNSVUqqCy4qmLdgSJuNpHJzMhJlJRUofwadxqw/iy4gxzUb7L34+zu0/YcKZNq77ZZUWFpeWV8qrlbX1jc0te3unq2WqKPpUcqn6IdHImUDfMMOxnygkccixFz5f/vZ7Y1SaSXFvXhMcxiQSbMQoMVkpsA+vA149rw46mmVQy+BpBu3cr3K/C3hgO27dzVWdB68ABwp1Avti8ChpGqMwlBOtHzSLqBSjY4Vjhi/DCaExUWZaGSQkQpHGISomokkkw+z3aSUL9P6fn4fuad1r1hu3DafVLqLLsAf7cAQenEELbqADPlB4g3f4gE/4tg6smnUyGy1Zxc4u/JHV/AHY/V7R</latexit>

⇢; =  ; + �; + ⌫; + ⇡; + (;    where
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For each level 
l = 0, 1, 2, … , L

<latexit sha1_base64="0KQK39eD2mGd9bYeouj+K2vKBXQ=">AAABh3icZY/LTsJAFIZP8QZ4q7p008gGDcGWEHSjQY2JS0zkklhsZsahTOzMNDMD1jR9D5/Grb6CbyNgN8q/OV/O5f9zcBwxbVz32yqsrK6tbxRL5c2t7Z1de2+/p+VEEdolMpJqgJGmERO0a5iJ6CBWFHEc0T5+uZnP+1OqNJPiwbzFdMhRKNiIEWRmrcBuJE/pSeZcOD5HZizjdFEVT5EKORNZFiTObRBVk5qPkUqT7Lgc2BW37i7kLIOXQwVydQL70n+WZMKpMCRCWj9qFhIpRjVFp4y+DlNEOFImK/sxCqmYcEwVE2EaSjx7I5sHev/tl6HXqHutevO+WWlf59FFOIQjqIIHZ9CGO+hAFwi8wwd8wpdVsk6tlnX+u1qw8psD+CPr6gdsHmXm</latexit>

G⇤ = argmin
G

⇢; (G, Ḡ)
Quasistatic Stepping

<latexit sha1_base64="qJDBixA44txlb4J1uKVx2oCTXcY=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlMVZEMZR/MPhsiS1hFDTz4Lz8b1mZY7KMUmsvbOCM62mJwZnAh8nc8JyYtzCHxeEoypzikYoPueaVl8t/Cow+X9+WQanUdKNOtedsHdRR7fhAI7gGBI4gx5cQR9SYMDhBV7hDd7h02t6rd/Rhlfv7MMfvOALNudUMA==</latexit>G0
<latexit sha1_base64="i7gO5n4gfzpKahcqi4qWLt7EW/Y=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsCKEoQVXZUAULYxGkrURLZZtTy8KxI9spoKqPwAqvBi+DCJAF+k2fzu0/NJfCujj+8GpLy/WVRnPVX1vf2NwKtnd6VheGYcq01GZAiUUpFKZOOImD3CDJqMQ+fbj47venaKzQ6sY95zjKCFdiIhhxZen66e5oHIRxFP+wvyhJJSFUdMfB2fBesyJD5Zgk1t5awZlWk2ODU4GPoxlhGTFu7g9zwlEVGUUjFJ9xTcuv5n4ZmPw/vyi9kyhpR62rVtg5r6KbsAcHcAgJnEIHLqELKTDg8AKv8Abv8OnVvcbvaM2rdnbhD17wBTBWVCk=</latexit>

G⇤

… …

<latexit sha1_base64="5tAm0vxWcA/G+KSYRH/eOPSMB7E=">AAABWnicZY7LSsNAFIZP4q1NvcTLzo2YjaCERIrupOjGZQXTFGwJM+NpGJrMhJlJVUIewq0+meDDGDUb7bf6OLf/0CLj2gTBh2WvrK6tb3S6Tm9za3vH3d0baVkqhhGTmVRjSjRmXGBkuMlwXCgkOc0wpvOb7368QKW5FPfmpcBpTlLBZ5wR05Ti56Qyp2GduF7gBz8cLUvYigctw8S9mjxKVuYoDMuI1g+ap0yK2ZnCBcenaUVYTpSpnUlBUhRlTlFxkVappM1ntdMEhv/PL8vo3A8v/P5d3xtct9EdOIRjOIEQLmEAtzCECBjM4RXe4B0+LdvqWr3fUdtqd/bhD9bBFykyVPE=</latexit>GC+1<latexit sha1_base64="gGZm9B87jeRq1EBH8v0d5HnBKmE=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlCVZEMZR/MPhsiS1hFDTz4Lz8b1mZY7KMUmsvbOCM62mJwZnAh8nc8JyYtzCHxeEoypzikYoPueaVl8t/Cow+X9+WQanUdKNOtedsHdRR7fhAI7gGBI4gx5cQR9SYMDhBV7hDd7h02t6rd/Rhlfv7MMfvOALN9dUMQ==</latexit>G1
<latexit sha1_base64="9yEmU+2hsEKnOxUk35FrriWqh5A=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKqgo2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlHWyIIyj+IfDZUlqCaGmnwXn43vNyhyVY5JYe2cFZ1pNTwzOBD5O5oTlxLiFPy4IR1XmFI1QfM41rb5a+FVg8v/8sgw6UXIada+7Ye+ijm7DARzBMSRwBj24gj6kwIDDC7zCG7zDp9f0Wr+jDa/e2Yc/eMEXOMdUMg==</latexit>G2

<latexit sha1_base64="Y0INlCbKh8R3/vw6oJKjSuH+GIw=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlLksCOMo/uFwWZJaQqjpZ8H5+F6zMkflmCTW3lnBmVbTE4MzgY+TOWE5MW7hjwvCUZU5RSMUn3NNq68WfhWY/D+/LIPTKOlGnetO2Luoo9twAEdwDAmcQQ+uoA8pMODwAq/wBu/w6TW91u9ow6t39uEPXvAFdqdUdA==</latexit>GC

Artificial time stepping 
(implicit Euler)

<latexit sha1_base64="mxFP/+HDz86SrsJJdfzkABzc4gQ=">AAABrXicZY+7TsMwFIadcivlFmBksehS1FKSqIIJVIGQWJCKRNpKpIkc46YWsRM5bgkyfjXeg50VnoFQskD/5Xw6l//XCdOYZtKy3o3K0vLK6lp1vbaxubW9Y+7u9bNkKjBxcRInYhiijMSUE1dSGZNhKghiYUwG4dPVz3wwIyKjCb+XLykZMRRxOqYYyaIVmMPcV7Jpa3gOPYbkJEnVvAqmkIgY5VoHObwO4kbe8kIkVK6PYBN6Y4GwsrVyJr6jofcKc3gMc18WGKhb7TuBWbfa1lxwEewS6qBULzAvvMcETxnhEscoyx4yGuGEj1uCzCh5HimEGRJS17wURYRPWUgE5ZGKkrB4VteKQPu//SL0nbZ92u7cderdyzK6Cg7AIWgAG5yBLrgBPeACDN7AB/gEX8aJ4Rqe4f+uVozyZh/8kRF9A4fDdB8=</latexit>

GC+1 = argmin
G

⇢; (G, Ḡ) +
1
2⌘2

kG � GC k2"



For each level 
l = 0, 1, 2, … , L

<latexit sha1_base64="0KQK39eD2mGd9bYeouj+K2vKBXQ=">AAABh3icZY/LTsJAFIZP8QZ4q7p008gGDcGWEHSjQY2JS0zkklhsZsahTOzMNDMD1jR9D5/Grb6CbyNgN8q/OV/O5f9zcBwxbVz32yqsrK6tbxRL5c2t7Z1de2+/p+VEEdolMpJqgJGmERO0a5iJ6CBWFHEc0T5+uZnP+1OqNJPiwbzFdMhRKNiIEWRmrcBuJE/pSeZcOD5HZizjdFEVT5EKORNZFiTObRBVk5qPkUqT7Lgc2BW37i7kLIOXQwVydQL70n+WZMKpMCRCWj9qFhIpRjVFp4y+DlNEOFImK/sxCqmYcEwVE2EaSjx7I5sHev/tl6HXqHutevO+WWlf59FFOIQjqIIHZ9CGO+hAFwi8wwd8wpdVsk6tlnX+u1qw8psD+CPr6gdsHmXm</latexit>

G⇤ = argmin
G

⇢; (G, Ḡ)
Coarse-level Proxy Energies

    where
<latexit sha1_base64="QrtY/r4kPQnefidTkhMjU/bHOxo=">AAAB2nicZZDLTsJAFIZP8YZ4q7p008gGIyEUAXVhQvC6xAuXxJJmOgxlwvSSzhQ1TTfujFsfw6dxZ/RhHLEmKP/qO/85Z/LPsXxGuSgW35XUzOzc/EJ6MbO0vLK6pq5vtLgXBpg0sce8oGMhThh1SVNQwUjHDwhyLEba1vD4u98ekYBTz70RDz7pOsh2aZ9iJKRlqmenJtOONKPBqYTcvcl2tF1ZDibL+gSfTPD1L2dMNVssFMfSpkFPIAuJGqYaGz0Phw5xBWaI81tObey5/XxARpTcdSOEHRSIOGP4yCZu6FgkoK4d2Z4lvybtkBMf4aFsRsjhDhIDafZIX95hfJUoZCJA8g1pxNHVeT2ODqp5/XAvX6pUYplX/59uGlqlgl4tlC/L2Vo9SZ6GLdiGHOiwDzW4gAY0AcMrvMEHfCqG8qg8Kc8/oykl2dmEP1JevgCrxIC+</latexit>

⇢; =  ; (G; ) + �; (G; ) + ⌫; (G; ) + ⇡; (G; ) + (; (G; )



For each level 
l = 0, 1, 2, … , L

Coarse-level Proxy Energies
<latexit sha1_base64="xkmxZnKhCwDgVpzpu9ZZi4EJFX0=">AAAB0nicZZDLTgIxFIY7XhFvoy7dENmgIYRBQF1oCCbqEg23RGDSKWVsaGcmbQfRpgvj1sfwadzqxrexIBvl35wv/zmn+U+9iBIh8/lva2FxaXllNbGWXN/Y3Nq2d3abIow5wg0U0pC3PSgwJQFuSCIpbkccQ+ZR3PKGl5N+a4S5IGFQl08R7jLoB2RAEJTGcu2LsUt7R6nzVIdB+RBGalo5U5D7jARau8pM6NSVSzMGsh0PcjXWhmo9eph07XQ+l58qNQ/ODNJgpppr604/RDHDgUQUCnEviI/CYJDleETwY1dBxCCXOtmJoI+DmHmYk8BXfuiZk4wdCxxBNDRNBZmYhDVmHw/M/dPfUDGVHJo3jKHV3XVVq9Ny1jk7zhZKJW3yOv/TzUOzkHPKueJtMV2pzpInwD44ABnggBNQATegBhoAgXfwAT7Bl1W3nq0X6/V3dMGa7eyBP7LefgDHyIP5</latexit>

G⇤; = argmin
G;

�; (G; , Ḡ; , %; )

    where
<latexit sha1_base64="/ddqyN/0iObX4ebBRF9SZAir1iU=">AAAB+3icbY/LTsJAGIWnXhFvqEs3jWw0NqQFBFxoDBp16Q0lEdJMh586cXrJzBQ1TZ9G48K49SXc6sa3cayYoHhWJ+ec+TOfEzIqpGl+aCOjY+MTk5mp7PTM7Nx8bmHxXAQRJ9AgAQt408ECGPWhIalk0Aw5YM9hcOFc7371Fz3gggb+mbwLoe1h16ddSrBUkZ3b3reZvqW3JNzK9FocMckxh04S11W1emuzNX1d3xvwpz8+ydq5vFkwU+nDxuqbPOrryM49tjoBiTzwJWFYiEtBXRL4XYNDj8JNO8bEw1wm2VaIXfAjzwFOfTd2A0chqTgSEGJyrcoYe8LD8kqFHegq/oH/qxsqSOKTg3oS1yqGtVkyihsb/01T1HRXLFUNyzKNWjUFs/5iDJvzYsGqFMrH5fxOvY+YQctoBa0iC1XRDjpER6iBCHpAr+gNvWuJdq89ac/f0xGt/2YJ/ZL28gmYUpA0</latexit>

�; = ⌫; (G; ) + ⇡; (G; ) + (; (G; )
<latexit sha1_base64="6rW5e9NN9LAND9m1j8MFmckR8vc=">AAAB/XicbY87T8MwFIUd3pRXgJEloksRUZW00JatKgMMDAHRFomUyHFvU6vOQ7EDRVHEr4EJsfInWEHi32AgS6FnOjr3+Pp+bsQoF4bxqczMzs0vLC4tF1ZW19Y31M2tDg+TmECbhCyMr1zMgdEA2oIKBldRDNh3GXTd0fH3vHsLMadhcCnuI+j52AvogBIsZOSozX3N1mwBY/GzK02YiLGPY7kuS22LU+dMK1k3TBs7bE+TZWs4EWWOWjTKxo+0/8bMTRHlshz1ye6HJPEhEIRhzq859UgYDPQYbinc9VJM5P8iK9gR9iBIfBfkNV7qha6EknHCIcJkJIcp9rmPxVCGfRjIk6cwXJy0srRR082jql45PJxWjaGf9yrVum6aht6oZwUJZv7F+G86lbJZKx+cHxSbrRxxCe2gXVRCJqqjJjpFFmojgp7QG3pHH8qD8qg8Ky+/1Rklf7ONJqS8fgGzO5Iu</latexit>

+  ! (%;G; ) + �! (%;G; )

<latexit sha1_base64="hlYNnw4WmoH3j8LWJtnG67OOxJI=">AAAB8HicbY+5TgMxFEU9YQ/bACVNRBokhmicBAIFEoICCoqAyCIREnmcl8GKZ5HtYZE1/wEVoqHgJ2jhE/gbTJiG5VZX59339K4XcyaV635YubHxicmp6Zn87Nz8wqK9tNyUUSIoNGjEI9H2iATOQmgopji0YwEk8Di0vOHh17x1DUKyKDxXdzFcBsQP2YBRogzq2ZWOgls1uqN9Qe5SXe/ywl6h3jvp6pNNnBY6tB8paYDmGzjt8jTfs4tuyR2p8NfgzBRRpnrPfu70I5oEECrKiZQXkvk0CgeOgGsGN5ea0IAIleY7MfEhTAIPBAt97Uee6WFwIiEmdGiGmgQyIOrKwD4MTOnv1xOuBDE3DEj12dFBqne2HbxbccpbW/9FBfSzXLlSczB2nZ3aqBj+XeOvaZZLeLtUPa0W9w+yitNoFa2hdYRRDe2jY1RHDUTRA3pFb+jdEta99Wg9fUdzVrazgn7IevkEvoeN4A==</latexit>

%; = %!�1! · · · %;;+1

<latexit sha1_base64="6u30xFfPq7WW0HARJJWOYLPu42M=">AAAB1nicbY85T8NAEIXXnCFcBipEg0hDYUV2brooFFAGRA6JRNZ6MzGrrA/trkOQZagQLX8CSvg9/BsW4wIIr3p682Y0nxMyKqRpfmgLi0vLK6u5tfz6xubWtr6z2xVBxAl0SMAC3newAEZ96EgqGfRDDthzGPScyenXvDcFLmjgX8m7EIYedn06pgRLFdn6/kDCTKZ34ohJjjmMknhms8TWC2bRTHU4b6zMFFCmtq2/DkYBiTzwJWFYiGtBXRL4Y4PDlMLtMMbEw1wm+UGIXfAjzwFOfTd2A0d9q+JIQIjJRA1j7AkPyxsVjmCs0H48qG6oIIkvz1pJ3KgZ1knZKFWr/1VTlrRXKtcNyzKNRj3JKzDrL8a86ZaKVq1YuagUmq0MMYcO0BE6RhaqoyY6R23UQQQ9oBf0ht61vnavPWpP39UFLdvZQ7+kPX8CWsKFQQ==</latexit>G;

For handling 

contact 

constraints!

<latexit sha1_base64="uDo1ScHGrwDyjOnqz/LaNjdaW+c=">AAAB3XicbU+5TsNAFFyHK4TLQEkTkYbCiuzcdFEooAyIHBIJ1nrzYlZZH9pdhyDLJVSIlj+gooV/4W9YghtIphrNm/fejBMyKqRpfmmZldW19Y3sZm5re2d3T98/6Iog4gQ6JGAB7ztYAKM+dCSVDPohB+w5DHrO5Oxn3psCFzTwr+VDCEMPuz4dU4Klkmw9P5Awk/M7ccQkxx7m6lQSt29ZfmazxNYLZtGcI79IrJQUUIq2rb8NRgGJPPAlYViIG0FdEvhjg8OUwv0wxkT9kEluEGIX/MhzQH10YzdwVGglRwJCTCZqGGNPeFjeKXEEYxVrSc6r81YSN2qGdVo2StXqMiuHUeorleuGZZlGo57kVDHrf41F0i0VrVqxclkpNFtpxSw6QsfoBFmojproArVRBxH0hN7RB/rUbO1Re9Zefq0ZLd05RH+gvX4DBS2IAg==</latexit>

%;G;

For sampling the actual fine-level elastic energies!

Prolong to the fine level
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Newton-type Descent Optimizer

E

…

Converged!<latexit sha1_base64="CXAFXUGjcoN2wqOniEdv4W/aqyQ=">AAABXHicZY7NSsNAFEbv1Ko1tRoV3LgRsxGRkEjRnRTduKxg2oqtYTLehsHJTJiZVCXkKdzqg7nxWayajfasDvfvu0kuuLFB8EEaS83lldXWmtNe72xsulvbA6MKzTBiSig9SqhBwSVGlluBo1wjzRKBw+Tx8rs/nKE2XMkb+5LjJKOp5FPOqJ2Xbp/vy6MqLkUVu17gBz/sL0pYiwc1/dg9Hz8oVmQoLRPUmDvDU6bk9FjjjOPTpKQso9pWzjinKcoiS1BzmZapSua/Vc48MPx/flEGJ3546nevu17voo5uwR4cwCGEcAY9uII+RMAgg1d4g3f4JE3SJp3f0Qapd3bgD2T3C4I6ViE=</latexit>

G⇤;
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Quasistatic Preview Stepping

For each level 
l = 0, 1, 2, … , L

<latexit sha1_base64="8VrAL7zBeq6yaZPuKDFObCR6mRc=">AAABk3icZY/LSsNAFIbP1Futt6q4chPspkopiRRdiFKqiBuhgr2AacNknMbBuYSZaa2EvI1P41Y3vo2xZqP9N+fjnP+cnxPGnBnrul+osLC4tLxSXC2trW9sbpW3d7pGjTWhHaK40v0QG8qZpB3LLKf9WFMsQk574fPlz7w3odowJe/ta0wHAkeSjRjBNmsF5YtpwIdHzrnjC2yfVJzMqhYJ1pFgMk2DJHOkznXAqxnU/BDrZJpm1B7yw1JQrrh1dyZnHrwcKpCrnQX6j4qMBZWWcGzMg2ERUXJU03TC6MsgwURgbdOSH+OIyrEIqWYySiIVZi+lP4He//Pz0D2ueyf1xl2j0mzl0UXYhwOoggen0IQbaEMHCLzBO3zAJ9pDZ6iFrn6tBZTv7MIfodtvT7Nq0Q==</latexit>

G⇤; = argmin
G;

�; (G; , Ḡ; , %; )

<latexit sha1_base64="qJDBixA44txlb4J1uKVx2oCTXcY=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlMVZEMZR/MPhsiS1hFDTz4Lz8b1mZY7KMUmsvbOCM62mJwZnAh8nc8JyYtzCHxeEoypzikYoPueaVl8t/Cow+X9+WQanUdKNOtedsHdRR7fhAI7gGBI4gx5cQR9SYMDhBV7hDd7h02t6rd/Rhlfv7MMfvOALNudUMA==</latexit>G0

… …

<latexit sha1_base64="5tAm0vxWcA/G+KSYRH/eOPSMB7E=">AAABWnicZY7LSsNAFIZP4q1NvcTLzo2YjaCERIrupOjGZQXTFGwJM+NpGJrMhJlJVUIewq0+meDDGDUb7bf6OLf/0CLj2gTBh2WvrK6tb3S6Tm9za3vH3d0baVkqhhGTmVRjSjRmXGBkuMlwXCgkOc0wpvOb7368QKW5FPfmpcBpTlLBZ5wR05Ti56Qyp2GduF7gBz8cLUvYigctw8S9mjxKVuYoDMuI1g+ap0yK2ZnCBcenaUVYTpSpnUlBUhRlTlFxkVappM1ntdMEhv/PL8vo3A8v/P5d3xtct9EdOIRjOIEQLmEAtzCECBjM4RXe4B0+LdvqWr3fUdtqd/bhD9bBFykyVPE=</latexit>GC+1<latexit sha1_base64="gGZm9B87jeRq1EBH8v0d5HnBKmE=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlCVZEMZR/MPhsiS1hFDTz4Lz8b1mZY7KMUmsvbOCM62mJwZnAh8nc8JyYtzCHxeEoypzikYoPueaVl8t/Cow+X9+WQanUdKNOtedsHdRR7fhAI7gGBI4gx5cQR9SYMDhBV7hDd7h02t6rd/Rhlfv7MMfvOALN9dUMQ==</latexit>G1
<latexit sha1_base64="9yEmU+2hsEKnOxUk35FrriWqh5A=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKqgo2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlHWyIIyj+IfDZUlqCaGmnwXn43vNyhyVY5JYe2cFZ1pNTwzOBD5O5oTlxLiFPy4IR1XmFI1QfM41rb5a+FVg8v/8sgw6UXIada+7Ye+ijm7DARzBMSRwBj24gj6kwIDDC7zCG7zDp9f0Wr+jDa/e2Yc/eMEXOMdUMg==</latexit>G2

<latexit sha1_base64="Y0INlCbKh8R3/vw6oJKjSuH+GIw=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsDChKUFU2VMHCWARpK9Eqss2pZeHYke0UUNVHYIVXg5dBBMgC/aZP5/YfWkhhXRx/eI2V1eZaq73ub2xube8Eu3sDq0vDMGVaajOixKIUClMnnMRRYZDkVOKQPlx+94czNFZodeueC5zkhCsxFYy4qnTzlLksCOMo/uFwWZJaQqjpZ8H5+F6zMkflmCTW3lnBmVbTE4MzgY+TOWE5MW7hjwvCUZU5RSMUn3NNq68WfhWY/D+/LIPTKOlGnetO2Luoo9twAEdwDAmcQQ+uoA8pMODwAq/wBu/w6TW91u9ow6t39uEPXvAFdqdUdA==</latexit>GC
<latexit sha1_base64="i7gO5n4gfzpKahcqi4qWLt7EW/Y=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsCKEoQVXZUAULYxGkrURLZZtTy8KxI9spoKqPwAqvBi+DCJAF+k2fzu0/NJfCujj+8GpLy/WVRnPVX1vf2NwKtnd6VheGYcq01GZAiUUpFKZOOImD3CDJqMQ+fbj47venaKzQ6sY95zjKCFdiIhhxZen66e5oHIRxFP+wvyhJJSFUdMfB2fBesyJD5Zgk1t5awZlWk2ODU4GPoxlhGTFu7g9zwlEVGUUjFJ9xTcuv5n4ZmPw/vyi9kyhpR62rVtg5r6KbsAcHcAgJnEIHLqELKTDg8AKv8Abv8OnVvcbvaM2rdnbhD17wBTBWVCk=</latexit>

G⇤

Artificial time stepping 
(implicit Euler)

<latexit sha1_base64="IkmyC2dG3zCsAXuV0BmFhh0ga8o=">AAABvXicZY87T8MwFIWd8irlFWBksehS1FIlVQUTUIGEWJCKRB8SaSLHuKmF7USO+0DGf5Gd/8EKIi1ZoGe4/q597j1ymDCaKsf5sAorq2vrG8XN0tb2zu6evX/QTeOxxKSDYxbLfohSwqggHUUVI/1EEsRDRnrhy838vTchMqWxeFSvCRlwFAk6pBip7CqwR7OA+VpVXQMvoMeRGsWJXpySayQjToUxgc5cBt4GrJJBzQuR1DOTUdtnJ7AKvaFEWLtGNwz03mDmgafz6qusDfS98RulwC47dWchuAxuDmWQqx3Yl95zjMecCIUZStOnlEY4FsOaJBNKpgONMEdSmZKXoIiIMQ+JpCLSURxmnzfzQPf/+mXoNuruWb350Cy3rvPoIjgCx6ACXHAOWuAOtEEHYPAOPsEX+LauLGIxS/xaC1Y+cwj+yJr+AN/RetI=</latexit>

GC+1; = argmin
G;

�; (G; , Ḡ; , %; ) +
1
2 kG; � GC; k

2
"

<latexit sha1_base64="i7gO5n4gfzpKahcqi4qWLt7EW/Y=">AAABVnicZY67TsMwFIZPCqUl3AKMLIgsCKEoQVXZUAULYxGkrURLZZtTy8KxI9spoKqPwAqvBi+DCJAF+k2fzu0/NJfCujj+8GpLy/WVRnPVX1vf2NwKtnd6VheGYcq01GZAiUUpFKZOOImD3CDJqMQ+fbj47venaKzQ6sY95zjKCFdiIhhxZen66e5oHIRxFP+wvyhJJSFUdMfB2fBesyJD5Zgk1t5awZlWk2ODU4GPoxlhGTFu7g9zwlEVGUUjFJ9xTcuv5n4ZmPw/vyi9kyhpR62rVtg5r6KbsAcHcAgJnEIHLqELKTDg8AKv8Abv8OnVvcbvaM2rdnbhD17wBTBWVCk=</latexit>

G⇤

Up-res

intersections
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Safe Prolongation for Contacts

Prolong to the next level

In-plane upsampling

<latexit sha1_base64="nmFYIKbVRdbK/VRYOrx/L+s59vI=">AAABwHicbY/JTgJBEIZrcEPcUI9ejFyMmZAZdm8ED3pEI0siSHqaYujQs9jdg8tknsGrvoDv5NvY4lwU/9Ofv/6q1OeEnEllWZ9GZmV1bX0ju5nb2t7Z3cvvH3RlEAmKHRrwQPQdIpEzHzuKKY79UCDxHI49Z3bxPe/NUUgW+LfqOcShR1yfTRglSkedpxG/PxvlC1bRWuh42dipKUCq9ij/MRgHNPLQV5QTKe8kc2ngT0yBc4aPw5hQjwiV5AYhcdGPPAcF893YDRz9l44jiSGhMz2MiSc9oqY6HONEQyyQ4ogrQfQNHSTxzWUriRs10z4vm6Vq9b+qwHHaK5Xrpm1bZqOe5DSY/Rdj2XRLRbtWrFxXCs1WipiFIziBU7ChDk24gjZ0gAKDV3iDd6NlTI3AePipZox05xB+yXj5AmJpez0=</latexit>

G⇤;
Intersection-free 
converged state 

at level l

<latexit sha1_base64="zIT6fsROnQQnGs6XCTbMkOpbw7U=">AAABzHicbY9LT8JAFIWnPhEfoC7dENkYbUiHtzuCC10ZNPJIBJrpcKkTpo/MTFHTdOufcKv+J/+NI3ajeFYn5557cz8n5Ewqy/o0VlbX1jc2M1vZ7Z3dvVx+/6Ang0hQ6NKAB2LgEAmc+dBVTHEYhAKI53DoO7OL73l/DkKywL9TzyGMPOL6bMooUTqy87mOHfMznIx54cnm41M7X7RK1kKFZYNTU0SpOnb+YzgJaOSBrygnUt5L5tLAn5oC5gweRzGhHhEqyQ5D4oIfeQ4I5ruxGzj6Rx1HEkJCZ3oYE096RD3ocAJTDbTAiyOuBNE3dJDEt5ftJG7WTXxeMcu12n9VAZO0V640TIwts9lIshoM/8VYNr1yCddL1ZtqsdVOETPoCB2jE4RRA7XQFeqgLqIoQq/oDb0b14YyYiP5qa4Y6c4h+iXj5QvlOn8r</latexit>

%;;+1G
⇤
;

Target shape 
at level l+1

Potentially have intersections!

CCD search

Safe initial 
(intersection-free) 
shape at level l+1

<latexit sha1_base64="oZt647Ra3IPVTtxbjRdJ/WhbcWc=">AAABzHicbY87T8MwFIUdnqU8GmBkqeiCIKrivtmqMsCECiJtJdpGjusGq85DtlNAVlb+BCvwn/g3mJIFypmOzj336n5ezKiQtv1prKyurW9s5rby2zu7ewVz/6AnooRj4uCIRXzgIUEYDYkjqWRkEHOCAo+Rvje7+J7354QLGoV38jkmowD5IZ1SjKSOXLPgjJmr2BlMi0/jU5e5Zsku2wsVlw3MTAlk6rrmx3AS4SQgocQMCXEvqI+jcGpxMqfkcaQQDhCXaX4YI5+ESeARTkNf+ZGnf9RxIkiM8EwPFQpEgOSDDidkqoEWeCphkiN9Qwepur3spKrVsOB51arU6/9VOZlkvUq1aUFoW61mmtdg8C/GsulVyrBRrt3USu1OhpgDR+AYnAAImqANrkAXOACDBLyCN/BuXBvSUEb6U10xsp1D8EvGyxfsMH8w</latexit>

* ;
;+1G

⇤
;

<latexit sha1_base64="4bEw7qv4CdGy98SGe5unJaYFXZ4=">AAAB3HicbU+5TsNAFFyHK4TLQEkBIg2FFdm56aJQQBkQOSQcovXmxVllfWh3HUCWO6gQLZ9AQwsfw9+wBDeQTDWaN++9GSdkVEjT/NIyS8srq2vZ9dzG5tb2jr671xFBxAm0ScAC3nOwAEZ9aEsqGfRCDthzGHSdydnPvDsFLmjgX8uHEPoedn06ogRLJQ30Q1vCvZzdiSMmOfYwV6eS2MYsHONkoOfNgjnD0TyxUpJHKVoD/c0eBiTywJeEYSFuBHVJ4I8MDlMKd/0YE/VCJjk7xC74keeAeujGbuCozEqOBISYTNQwxp7wsBwrcQgjlWpBzKvzZhLXq4Z1WjKKlcoiK4dh6iuWaoZlmUa9luRUMet/jXnSKRasaqF8Wc43mmnFLDpAx+gEWaiGGugCtVAbEfSE3tEH+tRutUftWXv5tWa0dGcf/YH2+g2wGIfd</latexit>UReturn

<latexit sha1_base64="dILuGvvmMmeZzRK/qRI2mtCJj64=">AAACHnicbY87T8MwFIUdnqW8CowsEV14hCoutIUBCZUBxoLoQ6I0ctzbYOE8FDulKMp/YeKnwIRY4UewwoopWWg50/U5x1f3swPOhDTNd21icmp6ZjYzl51fWFxazq2sNoQfhRTq1Od+2LKJAM48qEsmObSCEIhrc2jatyc/ebMPoWC+dynvA7h2ieOxHqNEKsvKkbaEgRzuiSMuQ+KSUK1K4oEV8x2cdEz9SK93+O9LH3S2La7v6G3Cgxuib9ZGkt3R7lZi5fJmwRxKHx9wOuRRqpqVe2x3fRq54EnKiRBXgjnU93pGCH0Gd9cxoepImWTbAXHAi1wb1MlO7Pi2olZ2JCAg9FaFMXGFS+SNMrvQU1z/gF6cVpP4oGzgwz2jWCr9Vw2hm/aKexUDY9M4qCRZBYZHMcaHRrGAy4X98/38cTVFzKB1tIE2EUYVdIzOUA3VEUXP6AN9oi/tQXvSXrTX3+qElv5ZQ3+kvX0Dm++e0g==</latexit>

G0;+1 = * ;
;+1G

⇤
; + U (%;;+1G

⇤
; �* ;

;+1G
⇤
; )
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Safe Prolongation for Strain Limiting

Contact and Strain Limiting-Safe State

Principle 

stretches are 

under the limits!

Contact-Safe State

Principle 

stretches are 

over the limits!

SL-feasible Optimization
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Twisted Ribbon
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Level 0

Subdivision

Level 1

P0
1

Level 2

P1
2

…

Level L

PL−1
L

Coarse-to-Fine Hierarchy
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Coarse-to-Fine Hierarchy

Nested Collision ObjectsSurface not representable by repeated 
loop subdivision of a base mesh
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Progressive Shell Quasistatics

139
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Fine-to-Coarse Hierarchy

High Resolution 
Input Model

Decimation

140

P0
1P1

2PL−1
L

…
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Two Key Ingredients

141

Prolong

Coarse-Level Proxy Energies

<latexit sha1_base64="OyLeleQes2vveNc5zE0d3uThqmk="></latexit>

G⇤; = argmin
G;

�; (G; , Ḡ; , %; )

where

Barrier-Based Terms Shell Elastic Energies

<latexit sha1_base64="XPfKDWzrWQ+PDh3yLjJ5tPiixcU=">AAAB/XicbVDLSsNAFJ34tr6iLt2I3YiEkOnbnehCl1VsFUwtk+ltHDp5MDOpSgj+gj/hTlzqRtDf8G8caxCqHrhwOPfcyz3XizmTynE+jInJqemZ2bn5wsLi0vKKubrWllEiKLRoxCNx7hEJnIXQUkxxOI8FkMDjcOYNDr76Z0MQkkXhqbqNoRMQP2R9RonSUtfccRXcqNGeC+F7nRRbjl3RhUtZ2rzkWeEHXbPo2M4Im38JzkkR5Wh2zVe3F9EkgFBRTqS8kMynUdi3BAwZXHdSQgMiVFZwY+JDmAQeCBb6qR95+nwtJxJiQge6mZJABkRdjYuSEg4C9JFuD/r6A6McacKVIHqzFrL05HA/Sxs1C++WrVK1+p9VQC/3lcp1C2PHatSzr7j4d7i/pF2ycc2uHFeKe/t58Dm0gbbQNsKojvbQEWqiFqLoHj2jN/Ru3BkPxqPx9G2dMPKZdTQG4+UTlaOP2A==</latexit>

%;

<latexit sha1_base64="peoy8Crqm22qfbohvq4Yvsn2YR8="></latexit>

�; = ⇠; (G!) +  ; (%; (G; ))

Safe Initialization

Level l

Level l+1
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Intrinsic Prolongation

Intrinsic Prolongation

[Liu et al. 2021]

#V: 50K #V: 500

Forward decimation Bijective  map

…
0L-2L-1L
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Quasistatic Preview Simulation

4X Playback



Progressive Refinement

17
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Progressive Colliders

Back View

Refining fixed collision geometries! 





Vellum 
Level 0



Vellum 
Level 1



Vellum 
Level 2



Level 0

Level 1

Level 2 Time

?

Zhang et al. 2022, 2023



Progressive Dynamics 
Level 0



Progressive Dynamics 
Level 1



Progressive Dynamics 
Level 2



Zhang et al. 2024

Progressive Dynamics 
Level 2



Zhang et al. 2024
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Speed

Fidelity
v.s.

In physical simulation..

156
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Adaptive Simulation

Ferguson et al. 2023
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Time

Direct Simulation

• Constrained System

• Reduced-Order System

• Multilevel System

• Adaptive System

• …

Art-directability!
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Time



Thank You!
Questions?

Image sources:

• https://r-wong253249-sp.blogspot.com/2013/11/pose-to-pose-and-frame-by-frame-research.html

• https://dreamfarmstudios.com/blog/what-is-3d-rigging/

• https://drive.google.com/file/d/1oxeQ9L_DX_u_3nig-DMoW_GHZGO1Sva9/preview

• https://medium.com/@jaleeladejumo/gradient-descent-from-scratch-batch-gradient-descent-stochastic-gradient-descent-and-mini-batch-def681187473

• https://academic-accelerator.com/encyclopedia/spring-system

• https://en.wikipedia.org/wiki/Smoothed-particle_hydrodynamics

• https://duxingyi-charles.github.io/publication/lifting-simplices-to-find-injectivity/

• https://www-users.cse.umn.edu/~narain/files/admm-pd.pdf

https://r-wong253249-sp.blogspot.com/2013/11/pose-to-pose-and-frame-by-frame-research.html
https://dreamfarmstudios.com/blog/what-is-3d-rigging/
https://drive.google.com/file/d/1oxeQ9L_DX_u_3nig-DMoW_GHZGO1Sva9/preview
https://medium.com/@jaleeladejumo/gradient-descent-from-scratch-batch-gradient-descent-stochastic-gradient-descent-and-mini-batch-def681187473
https://academic-accelerator.com/encyclopedia/spring-system
https://en.wikipedia.org/wiki/Smoothed-particle_hydrodynamics
https://duxingyi-charles.github.io/publication/lifting-simplices-to-find-injectivity/
https://www-users.cse.umn.edu/~narain/files/admm-pd.pdf

