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Abstract

The problemof defininga modelfor deformableobjectswhich allows the userto perform cutsis still open.
Geneally speakingthe reasonis that sud a task affectsthe connectivityand the topolagy of the mesh while
the assumptiorthat they never change is the basisof mostalgorithmsfor both computationof deformationand
collision detection. Thedrawbad of appmoaching this problemasoneof cuttingbasedon re-meshingis that the
meshexhibitsa higherdensitywhere it hasbeencutthanelsavhee. Thispaperproposesn on-the-flytetrahedal
simplificationschemeto copewith sud a fragmentatiorproblem.

1. Intr oduction

To modeldeformableobjectsis still a challengewhich pro-
videsmary opportunitiesfor researchthanksto theincreas-
ing demandgo apply theoreticalmodelsto real situations.
Especiallyin applicationdomainslike virtual sumgery, the
modelshouldenableheuserto performcutsontotheobject,
while sucha featureis not consideredn mostof the pre-
vious approachesThis paperis mainly an extensionof the
approachfor cutting tetrahedraimeshesproposedn 5. We
shav experimentallythat the badly shapedtetrahedracre-
atedby thereferredapproacicanbe deletedfrom the mesh
without ary notableeffect on the simulation,hencewe in-
troducean on-the-fly edgecollapsesimplificationthat pre-
ventsthe creationof mary degenerateetrahedraThe rest
of the paperis organizedasfollows. In Section2 we review
the previous work on the subject,outlining advantagesand
dravbacksof every proposedpproactandSection3 briefly
reviews our approacho the problem(for the extendedver-
sionsee®). Sectiond introduceshe extensionwe developed
to copewith the problemof fragmentatiorandfinally Sec-
tions 5 and 6 presenthe resultsof the proposedechnique
andfuturework, respectiely.

2. Previouswork

In thecommoncuttingparadigmheuserholdsascalpeland
movesit towardsthe surfaceandthenthroughthe volumeof
the objectitself, producinga cut on the object. This means
that the representationf the object,always built in a pre-
processingphasehasto be updatedcoherentlywith the cut
performed.n this paperwe focusattentionon how therep-
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resentatiorof the objectcouldbechangedccordingo acut
action.

Sofarthreekindsof solutionshave beerproposedo manage
therepresentationf cutsandto updatethe meshrepresent-
ing the object:

1. simply deletefrom the meshthe cells that are touched
by the scalpel(seeFigure 1.a). This approachis pro-
posedn 2 for tetrahedrameshesusinga discretemodel
for physicalsimulation,the eliminationof a tetrahedron
requiresfew updatingoperationsTheseare performed
on the parametersf the systemrelatedto the tetrahedra
sharingoneof thefour verticesof thedeletedetrahedron.
Unfortunately both the visual effect andthe simulation
accurayg strictly dependon the densityof thetetrahedra.
Basicallythe problemis that the objectis not really cut
but partially erasedrom the scene.

2. duplicatethe nodeswhich are nearto the scalpeland
remove adjaceng relations(seeFigure 1.b): firstly, the
meshnodesclosestto the trajectory of the scalpelare
moved sothatthe setof internalfacessharingsuchver
ticesare on the trajectory; secondlythe moved vertices
areduplicated aswell asthefaceghey define)andthere-
sultingmeshis conformedo thecut. This approactdoes
not lead to loss of volume, aswas the casein the pre-
vious technique Furthermorethe numberof nodecells
remain constantafter the cut. In ¢ the authorsusethis
schemebut do not move the nodesthereforeobtaininga
jaggedlook. An adwantageof this approachseemso be
thatfinite elementanalysiscould be used,sincethe du-
plication of nodesonly requiresa local modificationto
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therows of thestiffnessmatrix relatedto suchnodesAc-
tually, to move the nodesto matchthe trajectoryof the
scalpelmeanschangingthe restingpositionof the mesh,
hencenvalidatingthe computationgor the cellsaffected
by suchdisplacements-urthermoreasfor the previous
techniguethe resultsdependon the densityof the cells,
sincethe biggerthe cells arethe morethe displacement
of their nodesaffect the shapeof themesh.

3. replacethe cellsthatare cut with a new setof cells (see
Figurel1.c). This approactis similar to thefirst one,ex-
ceptthanthedeletedcellsarereplacedwith a setof cells
occupying the samevolumebut with no properintersec-
tion with thetrajectoryof the scalpel.This solution,first
proposedn 1 for tetrahedrakells, offersthe mostpleas-
antvisualresults evenif thestratgy usedto find the new
setof tetrahedraauses high fragmentatiorof themesh
anddegeneratdetrahedra.

(b) )

Figure 1: Threestratggiesfor implementingcuts: (a) delet-
ing the cells intersectedby the scalpel; (b) adapting the
shapeof the mesh;(c) splitting the cells intersectedinto
more cells

We chosehislastapproacho manageuttingactionsand
we proposech solutionthat limits the increaseof the mesh
sizew.r.t. thepreviousapproachbriefly describedn thenext
section.

3. Review of our approach

Ourapproachpresentedn °, consistof replacingthetetra-
hedraintersectedy the surfacedefinedby the movementof
the scalpelwith a setof tetrahedraoccupying the samevol-
ume and with no properintersectionswith sucha surface.
We computean integer value by determiningwhich edges
are intersectedoy the scalpeland usethis value to access
a Look Up Tablestoringthe setof tetrahedrao usefor re-
placemen{detailscon be found on the paperpreviously re-
ferredor in 4). Although this techniquemodifiesthe mesh
with neitherloss of volume nor vertex displacemenandit

givesan accuraterepresentatiomf the cut, it alsohastwo
dravbacksconnectedvith the generatiorof new tetrahedra:

e FragmentatioProblem Every cuttetrahedroris replaced
by a numberof tetrahedraangingfrom 4 to 9, depending
onhow it hasbeentraversedby thescalpel Thisgivesrise
to afragmentatiorof themesharoundthewalls createdy
the cut, resultingin ameshwith non-uniformcompleity.

e DegenerateTetrahedraThe shapeof the new tetrahedra
dependsolelyontheintersectiorpointsbetweerthetra-
jectory of the scalpelandthe edgesof the cut tetrahedra
(seeFigure2, soaeverykind of degenerateetrahedroris
likely to becreated.

4. On the fly edge-collapséo eliminate mesh
fragmentation

We proposea simpleandeffective stratey to solve boththe
problemsabove simultaneouslyanon-the-flyedge-collapse
simplificationof the mesh.Edgecollapsingprovidesa sim-
pleway of simplifying simplicial compleesin d dimension.
It consistsof unifying the extremesof anedgeandthenup-
datingthemesh deletingfrom thedatastructureall the sim-
plexesthatsharethe collapsededge.This techniquehasthe
nice propertyof avoiding an explicit re-triangulatiorphase,
which marksan importantdifferencefrom the approaches
basedon vertex eliminationandenablesnoreefficient pro-
cessing.

degenerate tetrahedron

scalpel

Figure 2: Exampleof how a degeneate tetraheda is cre-
ated.Thescalpelintersectsthe edgesvery closeto the ver
tices.

We arein generalnot free to selectary edgeto be col-
lapsedbecauseave areinterestedn preservinghetopology
andthe quality of the mesh.For example,the collapseof an
edgewhichis ontheborderof ahole cancauseheremoval
of the hole from the meshanda changeof the meshtopol-
ogy (seeFigure3). Furthermorenotall of theedgescanbe
collapsedwhile still maintainingthe propertiesof the input
simplicial comple or the quality of the decompositionA
2D exampleis shawvn in Figure4: the collapseof edge(a,b)
introducedwo degenerateeells(a,c,d)and(c,b,d)eachhav-
ing zeroarea.

The topological correctnes®f an edgecollapsecan be
ensuredisingthelink conditions?.

(© TheEurographic#ssociation2001.



Ganorelli and O’Sullivan/ Animatingcutswith on-the-flyre-meshing

collap se

Figure 3: Thecollapseof theede (a, b) causesheremoal
of theholeanda change in the mesrtopology

d
N
‘
gA h
Figure 4: Thecollapseof edee (a,b) doesnot respectthe
topolaggical conditionsand is therefore rejected;this pre-

ventsa meshupdatethat would haveintroduceddegeneate
cells.

4.1. Driving simplification

We useedge-collapses a tool for re-meshingthe part of

thesolid involvedin the cut. Thedomainof thatre-meshing
consistsof all the tetrahedracreatedduring the cut, so the

candidatecollapsed.e.thesetof edgeghatpossiblywill be

collapsedcorrespondso the edgesof suchtetrahedraThe

approachs straightforvard: we only have to find out which

arethe badly shapedetrahedraandwhich of their edgesto

collapsein orderto remove themfrom the mesh.In order
to proceedasfastaspossible the collapseis doneby move

one of the extremesof the edgeone the other Generally
speaking,the stratgy of collapsingthe edgein the point

alongthe edgethat optimizesthe resultingmeshwould be

preferableput it requiresmoretime. Furthermoreascanbe

seenbelaw, the collapsededgesare always very shortand

so the location of the point wherethe edgeis collapsedis

nagligible.

A measureof the quality of a tetrahedroris the aspect
ratio, i.e. the ratio of the radiusof the inscribedsphereto
theradiusof the circumscribedsphereThis hasa maximum
value of (%) for a regular tetrahedronWe will referto the
quality asthevalue3 x aspedratio (i.e. betweerD and1l).

Every time a new tetrahedroro is createdwe apply the
following steps:

1. computeits quality Q(o)
2. if Q(o) < 1 thenaddthepair < (0),Q(0) > toH

wheree(o) is the shortestedgeof the tetrahedrorand H
is a heapof pairswith the orderingrelationon the second
element.Sothe root of the heapcontainsthe shortestedge
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of thetetrahedromwith the minimumquality.

Thereasorto collapsethe shortesedgefirst is thatwe want
to deletethe badly-shapedetrahedrorwith the minimum
modificationto therestof themesh.

We storethe edgeto be collapsedbecausét is not possi-
bleto actuallycollapseanedgewhentherelatedtetrahedron
is createdThereasoris thatduringthe cutthemeshis nota
simplicial compl&, ascanbe seenin Figure5. This condi-
tion musthold, atleastin theregion of influenceof theedge
to becollapsed.

trajectory of scalpel

\

\

\

\
\
\\

\
AN

Figure5: Aslongthescalpeldoesnotleavethetetrahedon,
it cannotbe replacedbecausenot all intersectionshetween
thetrajectoryof the scalpelandthe edgesare known.
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Figure 6: Elimination of the simplec (b, c,d). To collapse
theedae (b, c) correspondso a smallerchange in thesystem
thanto collapseany otheredg of the samesimplex.

Changeson the Mass Spring System
In thebestcasethe averagevolumeof thetetrahedrareated
by the cut (beforeedgecollapse)is 1/4 of the volume of
the original tetrahedraWe studiedexperimentallythe rela-
tionshipbetweenrthe quality of tetrahedraandtheir volume
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in this contet, iteratingseveral cutting operationsandcom-
puting the densitydistribution of the volume over the badly
shapedetrahedrdseeFigure? for details).As expectedthe
badlyshapedetrahedrdave almostO volume(notethatthis
is not true in general).Thereforetheir contrikution to the
massvaluesof theverticesandto thestiffnessof their edges
is almost0 aswell andcould be neglectedwithout ary no-
tabledifference.

Figure6.a shavs how the valuesof the massspringsystem
are modified after an edgecollapse.The massof the mov-
ing nodeis simply addedto the other extremeof the edge
andthe sameis donewith the springsthatcollapsetogether
Note that this canbe donebecauseve choosethe shortest
edgeof the degeneratdetrahedronthereforethe restof the
meshis almostunchangedit would be very differentif, as
Figure6.b shavs, we did notchoosethe shortesedge.

% of tetrahedra

% volume original tetrahedron

Figure 7: Thedensitydistribution of the volumeof the cre-
atedtetraheda whosequality is under0.3

5. Results

We evaluatethe resultsof our approachn termsof perfor

manceand also quality and size of the resultingmesh.In

particularwe comparethe meshresultingfrom a cut opera-
tion with or without applying on-the-flyedgecollapse.Ta-
ble 1 reportsthe time requiredfor updatingthe meshasthe
sum of the time requiredfor replacingtetrahedrgplus the
time requiredby re-meshingoy meansof edgecollapse.lt

shouldbe notedthat the algorithmis naturally suitedto a
time-criticalimplementationthe only thing requiredat the
time of cutis to storethe edgedo be collapsedcon the heap,
while theactualcollapsesanbe donelateron.

Table 2 shavs the improvementof the meshdueto the
edge-collapseWe measuredquality with two parameters
(the visual effect can be seenin Figure 9): the numberof
tetrahedraand the density distribution of the quality (see
graph8). Thetablehastwo rows for eachcut: onewith the
qualityvaluesf nore-meshings appliedandonewhenedge
collapseis applied.Thedatain this tablerelateto the partof
the meshinvolvedin the cut (neitherthe tetrahedraeplace-
mentnorthere-meshingffect therestof themesh).

#CuT #CrT #RmT tRepl. tEC

85 455 335 254 651
103 536 258 273 431

Table 1. Timesare expressedn millisecondsandreferto a
Pentiuml!l 1Ghz256MBRAM. CuT = cut tetrahedn, CrT
= createdtetraheda, RmT = remwed tetrahedsg, t Repl
= time for replacingtetrahedsn, t.EC = time for remwing
tetraheda. Pleasenot that thesetime relateto theinterval
of timewheee the cutit performed(8 — 10sec.)

015 +
01+

D05 4.cecm-n’

Qual

edge collapse = - - - - no edge collapse ‘

Figure 8: The densitydistribution of the quality of tetra-
hedra producedwith and without applying edge collapse
(dashedand continuousline, respectively) With the edge
collapsetechniquea higher numberof tetrahedr havebet-
ter quality.

6. Futur ework

In this papemwe presente@techniqueo limit fragmentation
and avoid degenerateetrahedraduring a cut operationon

a tetrahedraimesh.Currently our approachdoesnot apply

to physical modelling through Finite Element Analysis,

becausat is not clearif and how the re-meshingwe use
(both tetrahedrareplacementand edge collapse) can be

mapped on an on-the-fly modification of the stiffness
matrix. We arecurrentlyorientingour researchowardsthis

problem.

Anotheraspectoncerndevel of detail: splitting thetetra-
hedraintersectedy thescalpelalwaysproducesanaccurate
result, but whenthe meshis fine enough,simply duplicat-
ing faceswould also achieve this (recall that to duplicate
facesdoesnot createnew tetrahedra) Therefore,a hybrid
approachthat usesboth techniquesdependingon the fine-
nessof therepresentatiosouldbe considered.

(© TheEurographic#ssociation2001.
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ficuttetra  #crTet ave.qual. ~1of x|

455 0.28
85 _—
240 0.46
712 0.35
137 324 0.38

Table 2: Examplesf cut: the upperrow showsthe number
andtheavemge quality of thetetrahedr if theedge collapse
techniqueis not appliedand the lower row showsthe same
datawhenit is applied.
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Figure 9: Upper snapshotA exampleof cut without ap-
ply edee collapse The edge which would be collapsedare
marked green.Notehowthey correspondo verytiny tetra-
hedia. Lower snapshot.The samecut applying edg col-
lapse Notethat the meshis more regular, althoughit can
happernthat someedg is topolagically notcollapsable
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