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Abstract
In the context of Laser Metal Deposition (LMD), temporary support structures are needed to manufacture overhanging
features. In order to limit the need for supports, multi-axis machines intervene in the deposition by sequentially repositioning
the part. Under multi-axis rotations and translations, slicing and toolpath generation represent significant challenges. Slicing
has been partially addressed by authors in multi-axis LMD. However, tool-path generation in multi-axis LMD is rarely
touched. One of the reasons is that the required slices for LMD may be strongly non-developable. This fact produces a
significant mismatch between the tool-path speeds and other parameters in Parametric space vs. actual Euclidean space.
For the particular case of developable slices present in workpieces with cylindrical kernel and overhanging neighborhoods,
this manuscript presents a methodology for LMD tool path generation. Our algorithm takes advantage of existing cylindrical
iso-radial slicing by generating a path in the (κ,z) parameter space and isometrically translating it into the R3 Euclidean
space. The presented approach is advantageous because it allows the path-planning of complex structures by using the
methods for conventional 2.5-axis AM. Our computer experiments show that the presented approach can be effectively used in
manufacturing industrial/mechanical pieces (e.g., spur gears). Future work includes the generation of the machine g-code for
actual LMD equipment.

CCS Concepts
• Computing methodologies → Shape modeling; Modeling and simulation; • Applied computing → Computer-aided design;

1. Introduction

Laser Metal Deposition (LMD) uses the power of a laser beam to
melt a jet metal powder and add it to a workpiece. As opposed
to other Additive Manufacturing (AM) processes, LMD does not
allow the addition of support structures to build overhanging fea-
tures. To answer this limitation, researchers are developing multi-
axis LMD machines. However, 2.5-axis AM process planning does
not apply for the multi-axis case.

1.1. Scope

The kernel, K, of a polygon Q is the convex subset of Q from which
all the points in the boundary of Q are visible. This manuscript ad-
dresses 3D solid geometries B for which there is an axis L ⊂ R3

such that all cross-sections of B perpendicular to L: (i) are con-
nected, (ii) have non-null kernel intersecting L, and (iii) have ker-
nel containing a disk of radius R > 0 whose center is in L. These
facts imply that L is a common rotation axis for the whole work-
piece such that the material dispenser radial position and the angu-
lar position of the in-process workpiece can be synchronized so the

dispenser is able to deliver the material in all points of the instanta-
neous periphery of the in-process cross-sections without hitting an
already built portion of the workpiece.

Workpieces in which all cross-sections in one direction have ker-
nel but there is no intersection of the projections of the kernels may
still be manufactured, but an instantaneous mobile pivot point of the
rotation axis will be needed (with its direction ray being constant).
This requirement demands a multi-axis milling machine instead of
a lathe and will not be considered in this manuscript. We also ig-
nore workpieces for which there exists no vector n ∈ R3 such that
every workpiece cross-section (normal to n) contains kernel.

2. Literature Review

In multi-axis AM, the 3D solid may be decomposed into a se-
quence of simpler workpieces, along with the rigid transforma-
tions which re-position the growing workpiece in the multi-axis
machine. These 3D set partition algorithms use geometrical and
optimization heuristics in order to reduce the usage of ancillary
support structures. Refs. [WDF∗17, REaL05] use 1D simplifica-
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tions (skeletons) of the 3D solid to perform the decomposition. The
branches in the skeleton define the sub-solids of the decomposi-
tion. Ref. [DPC∗16] identifies the zones of higher surface curva-
ture to segment the given solid. Refs. [GWYN19,WDF∗20] divide
the solid with cutting planes. The placement of the cutting planes
minimizes the area (or volume) of the overhanging geometry.

Multi-axis AM allows the deposition of non-planar layers.
Ref. [DWW∗18] discretizes the solid into voxels to compute syn-
chronized 5-axis non-planar toolpaths that considerably reduce the
need for support structures. Refs. [SGM21, XLCT19] define scalar
fields (geodesic distance [SGM21] and temperature [XLCT19])
over the volume of the 3D solid. The slices correspond to isolevel
surfaces of these scalar fields. Ref. [EMSW21] presents support-
minimizer slicing LMD method to fabricate gas exhaust mani-
folds. Refs. [DDK17, ZMFX18] use cylindrical coordinate trans-
forms to perform cylindrical-based slicing for revolute workpieces.
The aforementioned publications do not present a discussion on the
generation of tool paths.

2.1. Conclusions of the Literature Review

In the existing literature, several approaches aim to reduce the us-
age of support structures in AM by using multi-axis machines.
Refs. [DDK17, ZMFX18] use coordinate transforms to execute the
slicing. The toolpath generation for these slicing methods is still
an open research question.This manuscript presents a method to
efficiently compute the slices and the toolpaths for 3D solids B
with a rotation axis that allows radial access to all borders of B
cross-sections. The toolpath generation method uses isometric (i.e.,
distance-preserving) parametrization along with conventional 2.5-
axis toolpath generation [MZCO∗21,MZRM∗21,MZPA∗22] algo-
rithms. This article shows that the presented algorithm can be used
for the manufacturing of industrial workpieces, such as spur gears.

3. Methodology

Figure 1 shows the procedure used to slice the B-Rep (skin) of the
workpiece and to generate the tool paths to materialize the solid
slices. The procedure applies to a workpiece having a revolution
axis common to all its axial cuts’ kernels. For slicing: (i) apply to
the B-Rep a cylindrical transform which maps the revolute work-
piece into a prismatic one (in the cylindrical coordinate system).
(ii) slice with planes (in the cylindrical coordinate system) the pris-
matic B-Rep. For tool path generation in each iso-radial flat slice:
(a) correct for length warping by computing (in this case) linear
re-parametrization particular to each iso-radial slice, (b) apply the
algorithms for flat slice tool-path planning, and (c) map tool paths
in the cylindrical coordinate system back to Euclidean space iso-
radial slices.

3.1. Cylindrical-Based Slicing for Overhanging Geometry

The map from cylindrical (θ ∈ (−π,π],ρ > 0,z) to Cartesian coor-
dinates (x,y,z) is given by:

f (θ,ρ,z) = (x,y,z) = (ρcos(θ),ρsin(θ),z) (1)

Figure 1: Workflow for the slicing and toolpath generation.

The map from Cartesian to cylindrical coordinates is given by:

g(x,y,z) = (θ,ρ,z) =
(

atan2(y,x),
√

x2 + y2,z
)

; (2)

atan2(y,x) =

{
arccos(x/ρ); y ≥ 0
−arccos(x/ρ); y < 0

(3)

The representation of a cylinder of radius R, CR, in Cartesian coor-
dinates is:

CR =
{
(x,y,z) : x2 + y2 = R2

}
; (4)

which in cylindrical coordinates is the plane:

CR = {(θ,ρ,z) : ρ = R} . (5)

Therefore, a slice ρ = R of the prismatic B-Rep in cylindrical coor-
dinates amounts to a cylindrical slice in Cartesian coordinates.

3.2. Toolpath Generation Using Isometric Parametrization

The distance on a plane in cylindrical coordinates does not match
the distance on a cylinder in Cartesian coordinates. Therefore, we
transform the iso-radial slices in cylindrical coordinates onto the
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(a) Dataset. Spur gear. (b) Gear tooth to be
manufactured.

(c) Gear tooth in cylin-
drical coordinates.

(d) Planar slicing in
cylindrical coordinates.

(e) Corresponding slicing
in Cartesian coordinates.

Figure 2: Cylindrical-based slicing using coordinate transformation and planar slicing.

space (κ,Ri,z) which is isometric (i.e., distance-preserving) to the
Euclidean space.

Given the slice Si, which represents the intersection with the
plane ρ = Ri in cylindrical coordinates, we apply the following
transformation to Si, w : Si → Mi ⊂ R3, where Mi is a plane:

w(θ,Ri,z) = (Riθ,Ri,z); w−1(κ,Ri,z) = (κ/Ri,Ri,z). (6)

This transformation stretches the θ-coordinate as given by the
cylinder radius Ri. The map from coordinate (κ,z) to Cartesian co-
ordinates is h = f ◦w−1:

h(κ,Ri,z) = f (w−1(κ,Ri,z)) (7)

= f (κ/Ri,Ri,z) (8)

= (Ri cos(κ/Ri),Ri sin(κ/Ri),z). (9)

Notice h maps planes in the coordinate system (κ,Ri,z) to cylinders
of radius Ri in Cartesian coordinates (x,y,z). The magnitude κ is
the arc length measured on the cylinder surface.

Now, we show that the function h is an isometry (i.e., distance-
preserving) and a bijection from planes onto cylinders. Let B1 be
the plane defined by the equation y = R. Consider the parametriza-
tion σ1 for B1:

σ1(u,v) = (u,R,v) (10)

Let B2 be a cylinder of radius R centered at the origin with
parametrization σ2:

σ2(u,v) = (Rcos(u/R),Rsin(u/R),v) (11)

Consider the function h : B1 → B2:

h(x,R,z) = (Rcos(x/R),Rsin(x/R),z) (12)

(i) σ2(u,v) = h(σ1(u,v)) and (ii) I1 = I2, where Ii is the first fun-
damental form of Bi. Therefore, h is an isometry.

(ii) follows from:

J1 =

1 0
0 1
0 0

 J2 =

−sin(u/R) 0
cos(u/R) 0

0 1

 ; Ii = JT
i Ji (13)

I1 =

[
1 0
0 1

]
= I2 (14)

where J1 and J2 are the Jacobians of B1 and B2, respectively.

Notice that we apply the same map h to the whole slice Si in
cylindrical coordinates, that is, no local mapping is necessary for
each planar patch on Si.

For all revolution workpieces, the approach in this manuscript
cannot be applied when the rotation radius of the deposition spot
nears zero. This limitation includes (but is not limited to) cylindri-
cal and conical workpieces. In order to apply our approach, it is
necessary to previously build, using traditional additive manufac-
turing, a cylindrical cob with a minimal finite radius. After this cob
is available, our method may proceed. Notice that for cones, there
is no finite radius different from 0 at the apex. This would be a the-
oretical limitation of our proposition. However, conical pieces with
a sharp apex are discouraged at the level of mechanical or product
design. It is common to introduce a bevel or spherical smoothing at
the cone apex.

4. Results

To demonstrate the potential of our approach to manufacture indus-
trial workpieces, we apply our method to the LMD path-planning
of one tooth of a spur gear.

Fig. 2(a) displays the geometry of the spur gear that we use for
demonstration. Fig. 2(b) shows the tooth to which we apply our
slicing and tool-path planning its manufacturing via LMD.

Fig. 2(c) shows the prismatic solid associated to the gear tooth in
cylindrical coordinates. We apply conventional planar slicing over
this prismatic solid in cylindrical coordinates.

Fig. 2(d) displays the flat slices resulting from the planar slicing.
We map the flat slices back to Cartesian coordinates using Eq. 1 to
show that each flat slice in cylindrical coordinates corresponds to a
cylindrical slice in Cartesian coordinates.

Fig. 2(e) shows the cylindrical slices in Cartesian coordinates.
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Figure 3: Toolpath for cylindrical slice using isometric
parametrization.

The distance D between the flat slices in Fig. 2(d) is the same as
the distance between the cylindrical slices in Fig. 2(e).

Fig. 3 presents the tool-path generation for one of the slices
obtained at the previous stage. We use the function w (Eq. 6) to
map the flat slices obtained in cylindrical coordinates onto planar
patches isometric to cylindrical patches in Cartesian coordinates.
We use the spiral infill pattern for the tool-path planning, although
other 2D infill patterns may be used. Finally, we map the obtained
tool-path onto the cylinder surface in Cartesian coordinates using
the function h (Eq. 9).

It is important to remark that the function h preserves the dis-
tance d between deposition lines. It is relevant because it allows
the tool-path generation on a 2D planar polygonal region (where
robust path planning algorithms already exist) instead of on a 3D
curved surface. The reader may also notice that one must apply a
different transformation to each slice since the function w depends
on the cylinder radius R.

As stated in Section 3, our method is suitable for a particular
set of revolute workpieces with a cylindrical 3D core. In addition,
to meet the condition of self-support, the sub-solids adhered to the
cylindrical kernel cannot have prominent overhang features in the
radial direction.

5. Conclusions

This manuscript presents a process planning method for Laser
Metal Deposition (LMD) of revolute parts. These parts consist of

a 3D (informally called cylindrical) kernel with overhanging fea-
tures. Our method maps the B-Rep of the revolute workpiece to
cylindrical coordinate space, producing a prismatic B-rep. This
prismatic shape is sliced and its slices processed for LMD using
2D path planing tools. The tool paths are corrected for constant ve-
locity and mapped back to Euclidean space thus producing the rev-
olute part. This method is successful for generation of LMD tool
paths for spur gear teeth. Future work addresses the actual gear
manufacturing.
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