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Abstract
For image-based, semi- or fully automated design of transfer functions for direct volume rendering, it is beneficial
to have an estimation of the noise level in the rendered image. A topology-motivated noise measure is suggested
based on the Euler Characteristic, i.e., on the number of islands and holes in the rendering. The effectiveness
of this concept lies in the observation that the Euler Characteristic of the real objects of interest in a rendered
scene is usually very low, typically orders of magnitude lower than the Euler Characteristic caused by noise.
Interestingly, the Euler Characteristic, which is defined for binary images, can be computed simultaneously for
all possible super level sets of an integer-valued gray-scale image in a single raster scan. An efficient algorithm
for 2D and 3D is presented with computation cost as low as total variation. The Total Euler Characteristic of
the super level sets is proposed as a noise level estimation, i.e., the L1-norm of the evolution curve of the Euler
Characteristics for all possible isovalues. The superiority of the Total Euler Characteristic to other common noise
estimation methods such as total variation and total second derivatives is demonstrated on renderings of the
Marschner-Lobb phantom.

Categories and Subject Descriptors (according to ACM CCS): I.3.3 [Computer Graphics]: Picture/Image
Generation—Viewing algorithms

1. Introduction and Motivation

The ability to cope with noise is one of the strengths of di-
rect volume rendering (DVR). Simply by widening the ramp
of the opacity transfer function (TF), isosurfaces can often
be rendered successfully even in quite noisy image data vol-
umes [HJ05, PB07]. The alternative employment of a prior
smoothing of the data volume may require substantial pre-
computation time, and may also require specific choices of
algorithms and parameter settings, and thus entail implicit
decisions which are not obvious to the viewer of the ap-
parently smooth rendering. In particular in certain medical
imaging use-cases, a direct rendering with implicit noise re-
duction by soft TFs may be the more trusted solution in
view of potential artifacts or erroneous suppressions by too
sophisticated preprocessing algorithms or explicite surface
segmentations.

In image-driven TF design [PB07], a two-dimensional
rendering of a given three-dimensional image volume is gen-
erated with a certain TF, then the rendering is analyzed by a
human or an algorithm, and the TF is varied iteratively until
an optimal result is achieved. A basic primitive of a TF is a

simple ramp function which can be parametrized by a level
and a window width. For noisy image data, a wide ramp can
effectively prevent too early termination of the view rays. On
the other hand, the width of the TF ramp should be as narrow
as possible in order to preserve the details of the isosurface
of interest. To negotiate this trade-off between noise sup-
pression and detail preservation, it is useful to have an auto-
matic and efficient estimation of the noise level in the render-
ing resulting from a certain TF. A well founded and widely
used choice is the total variation (TV) [ROF92,Sze10] which
is usually computed as the L1-norm of the local gradients.
However, in an unsupervised TF optimization, this may lead
to an over-estimation of the noise and thus to an unneces-
sary loss of rendering details if the object of interest itself
contains a significant amount of gradients on its isosurface,
which is then mis-interpreted as noise. Another widely used
measure which avoids this problem of true gradients is the
total amount of second derivatives (L1-norm of the local
Laplacian). Again, however, this measure may lead to noise
over-estimation and unnecessary loss of detail if the objects
of interest does indeed possess a strongly curved isosurface.
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The visually most obvious sign of noise in a rendering is
the presence of tiny bright or dark speckles. If the render-
ing is binarized into the sub- and super level set at a certain
isovalue, these speckles manifest as connected components
and holes of the super level set. In algebraic topology, these
are known as the first two Betti numbers. The Euler Charac-
teristic χ measures topological complexity and gives only a
combination of these two properties

χ = #islands−#holes

but has the advantage to be computable very effciently on
binary images [Gra71, LVG80].

In order to analyze the overall noise level of a grayscale
–not binary– rendering, we need to analyze the evolution of
the Euler Characteristic through all possible super level sets,
i.e., for all possible isovalues of the rendered image. Interest-
ingly, for an integer-valued image all these Euler Character-
istics can be computed simultaneously for all isovalues in a
single raster scan, with computation costs as low as standard
total variation, as shown in section 2. This curve, i.e., the
topological evolution of the Euler Characteristic χ(T ) as a
function of the isovalue T , can serve as a superior noise mea-
sure, because the truely relevant –not noise-related– num-
ber of connected components and holes in a rendering is
typically very low for many practical applications in med-
ical visualization. E.g. for endo-luminal renderings (bron-
choscopies, colonoscopies) there typically is only a single
connected components with few holes at furcations. In con-
trast, the number of noise induced speckles may be higher by
several orders of magnitude. Thus, the noise estimation by
virtue of the Euler Characteristics essentially approximates
zero once a good TF has been found, while a significant
amount of gradients and curvatures may still remain in the
rendering. The latter might be excessively smoothed out by
standard noise measures such as total variation, which have
a significant non-vanishing offset accounting for the true im-
age content of interest.

As the Euler Characteristic χ(T ) can be positive as well
as negative depending on the isovalue T , it is advantageous
to use as a scalar noise level estimation the Total Euler Char-
acteristic TEC , i.e., the L1-norm of the Euler Characteristics
of the super level sets for all possible isovalues T :

T EC = ∑
T
|χ(T )|

The remainder of this paper is organized as follows: The ef-
ficient computation of the Euler Characteristic for all super
level sets is detailed in section 2, and an example is given
to illustrate its behavior. In section 3 experimental results
for noise simulations with the Marschner-Lobb phantom are
given to demonstrate the effectiveness of the Total Euler
Characteristic, and to compare it to total variation, followed
by conclusions in section 4.

1.1. Related Work

Topological aspects have been considered previously for TF
design in direct volume rendering [WDC∗07], however with
respect to the contour tree rather than to noise. The Eu-
ler Characteristic is an important and well understood topo-
logical descriptor, and invariant against translation, rotation,
scaling and warping [Loh98, OS06, CGR11]. Formally, it
can be described as the sum of the first Betti numbers,
for which efficient comptutation methods have been pre-
sented [DE93, PCM03]. The Euler Characteristic is one of
the Minkowski functionals and has been used successfully
in medical imaging for change detection in dynamic se-
quences [HWK∗05], pulmonary texture analysis [HNL∗10],
bone density analysis [RdSB09], etc. The noise measure de-
scribed in this paper is conceptually unrelated but algorith-
mically very similar to the efficient histogram-based compu-
tation of the total gradient for all possible level sets presented
in [PWH01, WZ01].

2. Efficient Euler Characteristic Computation For All
Isovalues Simultaneously

In 2D, the Euler Characteristic can be computed conve-
niently via the Euler-Poincaré formula [OS06]

χ = #vertices−#edges+#faces

A crucial property of the Euler Characteristic is its additiv-
ity, so the global Euler Characteristic for a whole image can
be summed up from purely local Euler Characteristics, i.e.,
by a sliding window which checks the vertices, edges, and
faces in a 2×2 neighborhood (Fig. 1). In order to achieve this
simultaneously for all isovalues T we employ a histogram
technique with a histogram variable H[T ] with a bin width
of one for each possible intensity value I. For explanation, let
us consider the isovalue T to start with the highest possible
intensity value T = Imax. While we lower this isovalue, a ver-
tex at a certain image position (x,y) will become part of the
super level set when the isovalue reaches the intensity I(x,y)
at this pixel. So the histogram is incremented at this bin I. An
edge becomes part of the super level set when the isovalue
becomes lower than the pixel and its neighbor, i.e., once the
isovalue is lower than the minimum of the two neighbor-
ing values. According to the Euler-Poincaré formula, this
bin will be decremented. Furthermore, the bin of the mini-
mum intensity of four neighboring pixels forming a face will
be incremented. Finally, after the raster scan is concluded,
the such filled histogram H is accumulated starting from the
highest bin, so that each bin contains the cumulative counts
for all vertices, edges and faces which have become part of
the super level set so far until the current isovalue has been
reached (see pseudo-code in Fig. 1). The algorithm is exact
and tractable for integer-valued data such as 8- and 16-bit
images. It is conveniently extensible to 3D by considering
the next Betti number, which is achieved by decrementing
the histogram for 8-voxel-cubes in a 2×2×2 neighborhood.
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Figure 1: Computation of the Euler Characteristic by a
raster scan with a sliding 2×2 window, with pseudo-code for
efficient computation for all level sets simultaneously, using
an Euler-weighted histogram H with bins for all possible iso-
values I = [0..Imax]. (Extension to 3D with a sliding 2×2×2
window.)

In that way it can be applied to the 3D data volume instead
of the 2D render image. For completeness it should be men-
tioned that the Euler Characteristics of the sub level sets can
be computed analogously by replacing MIN by MAX and
inverting the final accumulation order.

2.1. Computation Cost

Apart from the histogram accumulation which is not depen-
dent on the number of pixels in the image and thus negligi-
ble, four intensity points have to be sampled for each image
pixel (eight for 3D). In comparison, total variation (using a
one-sided neighbor scheme in x and y) needs three sample
values, and total second derivatives needs five samples (left
and right neighbors in x and y).

2.2. Example

Fig. 2 shows a simple example image with multiplicative
Gaussian noise. The dark and bright image area are of equal
size, but the standard histogram has different peak heights
since the noise-distribution is wider for the brighter center
area. For each histogram peak, the Euler Characteristic χ(T )
first becomes negative as holes appear for isovalues below

Figure 2: Example image (integer values 0..1500) with dark
and bright area of equal size with multiplicative Gaussian
noise, with standard histogram and the topological evolution
of the Euler Characteristic χ(T ) as a function of isovalue T .

the center of the distribution, then positive as islands remain
at higher isovalues, with a zero-crossing at the center of the
distribution. Note that the curve of the Euler Characteristic
is much smoother than the standard histogram.

3. Experimental Results

The Marschner-Lobb phantom [ML94] is a widely used
phantom to evaluate rendering techniques [HJ05,PB07]. The
phantom was thresholded at 0.5 and Gaussian noise was
added of various standard deviations σ (Fig. 3), followed by
conversion to integer values by scaling with 1000. For com-
parison of the response of various noise estimation methods,
the depth image of the direct volume rendering in z-direction
was used, i.e., the position where the view ray reaches 100%
opacity. The depth image –although not shown to the user–
is a better measure of isosurface integrity than the final ren-
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Figure 3: DVR depth image of the Marschner-Lobb-
phantom (left), with Gaussian noise of σ = 40% of the data
contrast (right).

Figure 4: Response of noise estimation methods to
Marschner-Lobb-phantom with different levels of Gaussian
noise (abscissa: relative Gaussian σ, ordinate: max re-
sponse normalized to 1).

dering with shaded and specular lighting. Total variation
(TV) was measured as ∑ |Ix|+ |Iy|, and total second deriva-
tives (TSD) as ∑ |Ixx|+ |Iyy|. Fig. 4 shows that even the TEC
does not respond ideally, i.e., with zero to complete absence
of noise (because numercial inaccuracies at the thin crests
of the ML-phantom produce some speckles). However, the
TEC response is significantly lower and thus more reflec-
tive of the true noise level than TV and TSD. In another
experiment, window (Fig. 5) and level (Fig. 6) of a simple
ramp TF were varied, and the resulting rendering evaluated
by the three noise estimation methods. The noise minima –
desirable for a good TF– are more pronounced for TEC than
for TV or TSD.

4. Conclusions and Future Work

An efficiently computable topology based noise measure
was presented which is beneficial for automated evaluation
of direct volume renderings, and for controlling the parame-
ters of TFs or other smoothing operations. Total Euler Char-

Figure 5: Noise response to variation of the TF ramp width
(Marschner-Lobb-phantom with Gaussian noise σ = 20%,
max response normalized to 1).

Figure 6: Noise response to variation of the TF ramp center
(Marschner-Lobb-phantom with Gaussian noise σ = 20%).

acteristic (TEC), i.e., the L1-norm of the evolution curve of
the Euler Characteristic over all super level sets, appears to
be a more suitable noise measure than e.g. total variation for
scenes which contain many true gradients and curvatures, as
it better approximates zero for vanishing noise. Furthermore,
its topological motivation may be more reflective of human
perception of noise in images.

TEC can be computed for 2D in the rendered image for
image-centric TF design, or for 3D in the data volume for
data-centric TF design. The data-centric approach does not
have the view angle dependency which is inherent to image-
centric TF design. The practical benefits of TEC for either
approach need to be investigated further. The evolution curve
of the Euler Characteristics may also be another helpful ad-
dition to the Contour Spectrum [BPS97, PWH01].

Extension of the algorithm from integer to floating point
data appears straightforward, but the approximation error
needs to be analyzed with respect to histogram bin width.
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