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Figure 1: Existing methods can model and simulate various magnetic phenomena for computer graphics applications. The images illustrate,
from left to right and top to bottom, magnetically-induced interactions among rigid bodies [TGPS08; KH22; KH20; WFJB24], simulation and
control of hard-magnetic thin shells [CNZ*22], and the field-driven behaviors of ferrofluids and magneto-viscoelastic materials [HHM19;
SNZ*21; NWWC24].

Abstract
Physics-based modeling and simulation have long been central to computer graphics, enabling the creation of realistic and
expressive digital worlds. While extensive progress has been made in simulating physical phenomena of various materials, mag-
netic interactions, characterized by their long-range, nonlinear, and material-dependent nature, have only recently attracted
sustained attention. Emerging research has explored magnetic effects across rigid bodies, deformable solids, ferrofluids, and
magneto-viscoelastic materials, leading to a diverse set of models and solvers. However, these efforts have often evolved in iso-
lation, leaving the broader landscape fragmented. This survey provides the first consolidated perspective on magnetic modeling
and simulation for computer graphics. We begin by revisiting the fundamentals of magnetostatics and magneto-mechanical cou-
pling, summarizing the governing equations that underlie existing methods. Building on this foundation, we review numerical
algorithms in two complementary aspects: those addressing magnetic fields and magnetization, and those focused on force com-
putation and integration with simulation frameworks. By clarifying common principles and comparing methodological choices,
we discuss the successes and challenges of existing literature and outline promising directions for advancing the modeling and
simulation of magnetic phenomena.

CCS Concepts
• Computing methodologies → Physical simulation; • Applied computing → Physics;

1. Introduction

Physics-based modeling and simulation have long been a central
topic in computer graphics (CG), enabling the creation of visually
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compelling and physically plausible animations. Pioneering work
such as Terzopoulos et al. [TPBF87] on deformable models, Stam
[Sta99] on stable fluid simulations, and Müller et al. [MCG03]
on smoothed particle hydrodynamics (SPH) established the foun-
dation for incorporating physics-based methods into graphics ap-
plications. These techniques have since been extended to cover a
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broad spectrum of phenomena, including cloth dynamics [BW98;
BFA02], fracture [TF88; PKA*05], granular flows [FSJ01; ZB05],
and multiphysics coupling [FAMO99; SSC*13], significantly en-
riching the realism and versatility of digital worlds. Within this
landscape, magnetism represents a relatively new but increasingly
active research direction. Unlike classical forces such as contact
force, elastic force, or uniform gravity, magnetic interactions are
inherently long-ranged, nonlinear, and material-dependent, posing
both unique opportunities and computational challenges for the
graphics community. Recent years have witnessed a growing body
of research dedicated to magnetic modeling and simulation, aiming
to expand the repertoire of physics-based animation and to capture
visually distinctive effects involving various magnetic materials.

Early efforts in this area include the rigid-body simulations of
Thomaszewski et al. [TGPS08], which discretized objects into
magnetic dipoles under linear magnetization, but neglected induced
fields. Building on this, Kim et al. progressively introduced non-
linear magnetization grounded in micromagnetics [KPH18], refor-
mulated magnetic forces as surface interactions [KH20], and de-
veloped differentiable magnetization dynamics to enhance stabil-
ity and efficiency [KH22]. Chen et al. [CNZ*22] further extended
the scope by simulating and controlling hard-magnetic thin shells,
coupling magnetic potential energy with St. Venant–Kirchhoff elas-
ticity, and employing a fully implicit Newton solver with adjoint-
based differentiation. More recently, Westhofen et al. [WFJB24]
coupled magnetic energies with incremental potential contact (IPC)
[LFS*20], achieving a strongly coupled simulation of magnetic
rigid bodies.

Beyond solid materials, Ishikawa et al. [IYI*13] pioneered pro-
cedural magnetic fluid animation based on a SPH analysis. Inspired
by this early effort, Huang et al. [HHM19; SHM23] developed
a physically grounded SPH framework for ferrofluid simulations,
which assumed linear volumetric magnetization and employed vol-
umetric magnetic force models. In parallel, Ni et al. [NZWC20]
proposed a unified framework capable of handling rigid bodies,
soft bodies, and ferrofluids, using level sets to track material sur-
faces and modeling magnetic forces as surface interactions. To
further improve efficiency, Huang and Michels [HM20] adopted
a surface-only liquid solver [DHB*16] combined with boundary
element methods (BEM) for magnetic field computation, while
Ni et al. [NWWC24] introduced a hybrid approach that couples
high-fidelity grid-based fluid solvers with a lightweight boundary-
based magnetostatic solver. In addition to typical fluids, Sun et
al. [SNZ*21] extended the scope to magneto-viscoelastic materials
by combining the material point method (MPM) with grid-based
solvers for nonlinear magnetization.

Despite the remarkable progress in simulating the dynamics of
both magnetic solids and fluids, the broader landscape of mag-
netic modeling and simulation for computer graphics remains frag-
mented and underexplored. The variety of approaches, ranging
from magnetization models to force solvers, are all rooted in the
same physical foundations, yet they have often been developed in
isolation. Bringing these threads together is valuable not only for
clarifying the underlying principles, but also for revealing com-
monalities that can inspire cross-fertilization between methods and
applications. In this survey, we take a step toward this goal by

consolidating existing advances into a coherent framework. We be-
gin with the fundamental laws of magnetostatics (§2), then exam-
ine magneto-mechanical coupling (§3), summarizing its govern-
ing equations. Relying on these foundations, we review solvers for
magnetic fields and magnetization (§4), as well as force evalua-
tion and their integration into simulation systems (§5). Finally, in
§6, we discuss the current landscape of capabilities and limitations,
and highlight promising avenues for future research.

2. Magnetostatics

The magnetic phenomena of interest in computer graphics are typi-
cally those generated by magnetic fields induced by steady currents
or permanent magnets, without the need to account for the effects of
displacement currents (i.e., time-varying electric fields). In physics,
magnetic fields that satisfy these conditions are well described by
the theory of magnetostatics.

This section provides a brief overview of magnetostatics. For
detailed derivations and explanations, we refer readers to the text-
books by Jackson [Jac98] or Griffiths [Gri23].

2.1. Fundamental Equations

For historical reasons, two vector fields, 𝑩 and 𝑯, are commonly
used to describe magnetism. Although 𝑩 is generally regarded as
the more fundamental quantity, in the presence of material media
(precisely the situations of interest in CG), 𝑯 remains an important
auxiliary field.

𝑩, we refer to as the magnetic induction, is derived from Am-
père’s molecular current hypothesis. This hypothesis asserts that
free magnetic charges do not exist, implying that 𝑩 is a field with-
out sources and therefore divergence-free:

∇ · 𝑩 = 0, (1)

which is known as Gauss’s law for magnetism.

𝑯, we refer to as the magnetic field, is introduced by analogy
with electric fields. In matter, the differential form of Ampère’s cir-
cuit law relates 𝑯 to the free current density 𝒋f :

∇×𝑯 = 𝒋f , (2)

which can be simply called Ampère’s law.

In vacuum, the magnetic induction is always proportional to
the magnetic field, with the proportionality constant 𝜇0 = 4𝜋 ×
10−7 Hm−1, known as the vacuum permeability. In matter, how-
ever, the presence of an external magnetic field induces magnetiza-
tion in the material, which in turn contribute to the magnetic induc-
tion. To quantify the magnetization, we introduce a vector field 𝑴
that has the same physical dimension as 𝑯. The constitutive rela-
tion among 𝑩, 𝑯, and 𝑴 is expressed as

𝑩 = 𝜇0 (𝑯+𝑴). (3)

By construction, 𝑴 vanishes identically outside the material.

Fundamentally, the magnetization 𝑴, like the magnetic field 𝑯,
also originates from electric currents. The difference lies in the
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Figure 2: The two equivalent definitions of a magnetic dipole. Left:
the limiting case of a current loop; Right: the limiting case of a pair
of opposite magnetic charges.

source: 𝑯 is generated by macroscopic free currents, but 𝑴 is gen-
erated by so-called bound currents that arise from magnetized mi-
croscopic particles (see §2.3). Similar to Eq. (2), with the density
of bound currents denoted 𝒋b, the following relation holds:

∇×𝑴 = 𝒋b. (4)

By substituting Eq. (3) into the sum of Eqs. (2) and (4), we obtain

∇×𝑩 = 𝜇0 𝒋, (5)

where 𝒋 = 𝒋f + 𝒋b is the total current density. This yields Ampère’s
law in vacuum.

The Biot–Savart law. Unlike Gauss’s and Ampère’s laws, which
express the intrinsic properties of magnetic fields only implicitly,
the Biot–Savart law provides an explicit formula for the magnetic
induction generated by a current distribution:

𝑩(𝒙) = 𝜇0
4𝜋

∭
𝑉 ′

𝒋 (𝒙′) × (𝒙− 𝒙′)
∥𝒙− 𝒙′∥3 d𝑉 ′. (6)

In essence, this expression can be regarded as the Green’s func-
tion solution to Eqs. (1) and (5), subject to boundary conditions at
infinity.

2.2. Magnetic Dipoles

Since no isolated positive or negative magnetic charges (i.e., mag-
netic monopoles) have ever been observed, the dipole constitutes
the leading term in the multipole expansion of the magnetic induc-
tion. From the perspective of either 𝑩 or 𝑯 , a magnetic dipole can
be defined in two equivalent ways:
(1) as the limiting case of a current loop carrying current 𝐼 and

enclosing an area 𝑨, with 𝐼𝑨 held fixed as 𝐴→ 0; or
(2) as the limiting case of a pair of opposite magnetic charges ±𝑞

separated by a distance 𝑙, with 𝑞𝑙 held fixed as 𝑙→ 0.
The magnetic dipole moment (often abbreviated as the magnetic
moment) 𝒎 is defined to have a magnitude of either 𝐼𝑨 or 𝑞 𝒍, and
a direction given either by the loop’s normal according to the right-
hand rule or from the negative toward the positive magnetic charge.
Fig. 2 illustrates the two definitions of a magnetic dipole.

The magnetic dipole model plays a central role in understand-
ing magnetization and modeling permanent magnets. Based on the
current-loop definition, we can use the Biot–Savart law to show that
a magnetic moment 𝒎 generates the magnetic induction

𝑩(𝒙) = 𝜇0
4𝜋

3𝒓 (𝒎 · 𝒓) −𝒎

∥𝒓∥3 + 2𝜇0
3

𝒎 𝛿(𝒓), (7)

where 𝒓 = 𝒙 − 𝒙0, 𝒓 = 𝒓/∥𝒓∥, 𝒙0 denotes the dipole position, and
𝛿(𝒓) is the three-dimensional Dirac delta function. Alternatively,
starting from the magnetic-charge definition and Coulomb’s law,
the magnetic field produced by this moment can be derived as

𝑯(𝒙) = 1
4𝜋

3𝒓 (𝒎 · 𝒓) −𝒎

∥𝒓∥3 − 1
3
𝒎 𝛿(𝒓). (8)

By dividing Eq. (7) by 𝜇0 and subtracting Eq. (8), we obtain

𝑴 (𝒙) = 𝒎 𝛿(𝒓), (9)

which once again demonstrates that the magnetization serves as a
bridge between the two perspectives on magnetism.

2.3. Magnetization and Magnetism

Ampère’s molecular current hypothesis proposes that each funda-
mental unit of a magnetic material—namely, a molecule (or, as we
now know, possibly an atom or ion)—contains an internal loop cur-
rent. In other words, each unit can be considered a magnetic dipole.
Accordingly, based on Eq. (9) and the principle of superposition,
the magnetization within a material can be defined as

𝑴 (𝒙) = lim
Δ𝑉→0

∑
𝑖 𝒎𝑖

Δ𝑉
, (10)

which sums over all magnetic moments within an infinitesimal vol-
ume Δ𝑉 surrounding the point 𝒙. The hypothesis further states
that the magnitude of the magnetic moment carried by identical
molecules is invariant, while its orientation may vary depending on
the molecular alignment. In most cases, the orientations of these
magnetic moments are random, resulting in 𝑴 = 0, and the mag-
netic fields produced by individual units cancel each other, so the
material exhibits no macroscopic magnetism. However, when an
external magnetic field is applied, the magnetic moments tend to
align along the field direction, giving rise to a nonzero magneti-
zation, 𝑴 ≠ 0, which manifests macroscopically as the material
becoming magnetized.

2.3.1. Magnetism in Common Materials

Variations in how molecular magnetic moments respond to exter-
nal fields lead to distinct types of magnetism in materials. The most
common categories are diamagnetism, paramagnetism, and ferro-
magnetism.

Diamagnetism. All materials exhibit diamagnetism, an effect aris-
ing from electromagnetic induction in atomic electrons that pro-
duces a response opposing an external magnetic field. The mag-
nitude of diamagnetism is typically very small, and in most sub-
stances it is masked by other forms of magnetism. According to
Langevin’s classical theory [Lan05], the magnetization induced by
this effect is always antiparallel to 𝑯 and can be calculated as

𝑴 = −𝑛𝜇0e2𝑍

6𝑚
𝑎2𝑯, (11)

where e ≈ 1.602×10−19 C is the elementary charge, 𝑍 is the num-
ber of orbital electrons per atom, 𝑚 is the electron mass, 𝑎2 denotes
the mean square radius of the electron orbit, and 𝑛 is the number
density of atoms in the material. For substances containing multi-
ple atomic species, the total magnetization should be obtained by
evaluating Eq. (11) for each species and summing the contributions.
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Figure 3: Plot of the Langevin function. For small 𝛼, the growth is
nearly linear, while for large 𝛼, the function approaches 1 asymp-
totically without ever reaching it.

Paramagnetism. Paramagnetism refers to the property of mate-
rials that exhibit a weak positive response to an external magnetic
field. Substances exhibiting paramagnetism are widespread, includ-
ing alkali metals and all transition elements except iron, cobalt,
and nickel. Based on thermodynamics and statistical physics,
Langevin’s classical theory [Lan05] derives the following expres-
sion for the magnetization of paramagnetic materials:

𝑴 = 𝑛𝑚 𝐿

(
𝜇0𝑚∥𝑯∥
𝑘B𝑇

)
𝑯

∥𝑯∥ , (12)

where 𝑘B ≈ 1.381×10−23 JK−1 is the Boltzmann constant, 𝑇 is the
absolute temperature, 𝑚 is the magnitude of each magnetic mo-
ment, and 𝑛 is the moments’ number density. The function 𝐿 (·) in
Eq. (12), known as the Langevin function, is defined as

𝐿 (𝛼) = coth𝛼− 1
𝛼

, (13)

which approaches 1 as 𝛼 → ∞, thereby bounding the maximum
possible magnetization. See Fig. 3 for illustration.

Ferromagnetism. Unlike diamagnetism or paramagnetism, fer-
romagnetic materials (such as iron, cobalt, and nickel) exhibit a
strong response to external magnetic fields. As the field strength 𝑯
increases, the magnetization 𝑴 rises rapidly until it reaches satura-
tion. When 𝑯 is subsequently reduced, the decrease in 𝑴 is smaller
than its previous increase. Remarkably, even after the external field
is completely removed, a ferromagnet can retain a nonzero rema-
nent magnetization in the original direction of 𝑯. This behavior is
referred to as hysteresis. Fig. 4 illustrates the hysteresis loops of
two types of ferromagnetism that correspond to so-called soft and
hard magnetic materials:
• Soft magnetic materials exhibit narrow hysteresis loops with

small remanent magnetization;
• Hard magnetic materials exhibit wide hysteresis loops, with

magnetization that remains nearly unchanged upon removal of
the external field.

Consequently, hard magnetic materials are widely used in the fab-
rication of permanent magnets. By contrast, hysteresis leads to a
magnetic response that depends on the magnetization path. The re-

Remanence
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M

(a) Soft magnetic materials;
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M

(b) Hard magnetic materials.

Figure 4: Hysteresis loops of ferromagnetic materials in one di-
mension. Initially, the magnetization 𝑀 increases with the applied
field 𝐻 until saturation. As 𝐻 decreases back to zero, 𝑀 remains
nonzero, exhibiting remanence. Demagnetization requires revers-
ing 𝐻 to a certain magnitude, known as the coercivity.

sulting effective anisotropy means that the magnetization 𝑴 is gen-
erally not aligned with the applied field 𝑯.

2.3.2. Quantification and Linearization

To quantify and compare the strength of magnetic responses across
materials, when the magnetization and magnetic field are aligned,
the ratio of 𝑴 to 𝑯 is commonly defined in engineering and physics
as the magnetic susceptibility, denoted by 𝜒:

𝑴 = 𝜒𝑯, for a given material. (14)

In general, for pure substances, the susceptibility of diamagnetic
materials is on the order of −10−5 to −10−6, that of paramagnetic
materials ranges from 10−5 to 10−3, and that of ferromagnetic ma-
terials exceeds 10, reaching values as high as 105.

Substituting Eq. (14) into Eq. (3) yields

𝑩 = 𝜇r𝜇0𝑯 = 𝜇𝑯, for a given material, (15)

where 𝜇r = 1 + 𝜒 is the relative permeability, and 𝜇 = 𝜇r𝜇0 is
the permeability. With these parameters, magnetization can be re-
garded as a correction to the vacuum constitutive relation 𝑩 = 𝜇0𝑯.

In practice, even for a given material, the susceptibility 𝜒 and
permeability 𝜇 are not constant, as they depend on the magnetic
field strength and hysteresis effects. Nevertheless, in many cases
these parameters can be approximated as constants, allowing the
material to be treated as linearly magnetizable. Specifically:
• According to Eq. (11), the ratio 𝑴/𝑯 for diamagnetism is in-

dependent of the external field, so the magnetization of diamag-
netic materials are typically regarded as linear.

• From the Taylor expansion of the Langevin function defined in
Eq. (13) at 𝛼 = 0, namely 𝐿 (𝛼) = 𝛼/3+O(𝛼3), it follows that
paramagnetism can be linearized under weak-field conditions.

• For soft magnetic materials, the hysteresis loop approximately
passes through the origin, and its slope can be taken as the sus-
ceptibility under weak fields.

2.4. Magnetic Forces

A charged particle moving in a magnetic field experiences a
Lorentz force that is perpendicular to both its velocity and the di-
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rection of the magnetic induction. Expressed in terms of current
density, the force density is

𝒇 = 𝒋 ×𝑩. (16)

Applying this expression to the current-loop definition of a mag-
netic dipole, one can show that a magnetic moment 𝒎 in a magnetic
field experiences a torque that tends to align it with 𝑩:

𝝉 = 𝒎×𝑩. (17)

Similarly, the force on 𝒎 due to a nonuniform magnetic field can
be expressed as

𝑭 = (𝒎×∇) ×𝑩 = ∇(𝒎 · 𝑩), (18)

where 𝒎 is treated as constant when taking spatial derivatives. This
allows us to define the potential energy of a magnetic moment in a
magnetic field as

𝑊 = −𝒎 · 𝑩. (19)

Computing the torque and force on a magnetic dipole is rela-
tively straightforward, but evaluating the force exerted on a bulk
magnetic medium is considerably more involved. Similar to con-
tinuum mechanics, electrodynamics introduces the Maxwell stress
tensor 𝑻, which allows the magnetic force density to be expressed
as the divergence of 𝑻:

𝒇 = ∇ ·𝑻. (20)

The derivation of 𝑻 generally starts from the Lorentz force law
(Eq. (16)). However, in matter, different treatments of the electro-
magnetic work lead to ambiguity regarding the appropriate form
of 𝑻. This issue gave rise to the well-known Abraham–Minkowski
controversy in the late 19th and early 20th centuries.

Considering the magnetic part of 𝑻, the Einstein–Laub formula-
tion [EL08] asserts that

𝑻Ein = 𝑩⊗𝑯− 𝜇0
2
∥𝐻∥2𝑰, (21)

where 𝑰 is the identity tensor. From this, we can obtain the magnetic
force density

𝒇Kel = ∇ ·𝑻Ein = 𝜇0 (𝑴 ·∇)𝑯, (22)

commonly referred to as the Kelvin force. By contrast, the
Minkowski formulation [Min08] proposes

𝑻Min = 𝑩⊗𝑯− 1
2
(𝑩 ·𝑯)𝑰, (23)

which leads to the force density

𝒇Min = ∇ ·𝑻Min = (𝑩 ·∇)𝑯− 1
2
∇(𝑩 ·𝑯). (24)

For an isotropic linear magnetization, Eqs. (22) and (24) reduce to

𝒇Kel =
𝜇0
2
𝜒∇

(
∥𝑯∥2

)
, (25)

𝒇Hel = − 𝜇0
2
∥𝑯∥2

∇𝜒, (26)

where the latter is known as the Helmholtz force.

It should be noted that, despite their different mathematical
forms, all expressions for the magnetic force density are experi-
mentally valid [AFM*22]. The apparent discrepancy among these

formulations originates from different conventions in partition-
ing stresses between the electromagnetic field and the mechanical
medium. The linear results in Eqs. (25) and (26) provide a particu-
larly transparent illustration of this freedom: the difference between
force densities derived from alternative Maxwell stress tensors can
be expressed as the gradient of a scalar field, which can be absorbed
into the mechanical stress without affecting observable quantities.

Moreover, since 𝑩, 𝑯, and 𝑴 may undergo discontinuities
across material interfaces, the interfacial magnetic force corre-
sponds to the net pressure given by the jump in 𝑻 · 𝒏 between
the two media, where 𝒏 denotes the unit normal to the interface.
Consequently, when all materials involved are linearly magnetiz-
able and are separated by well-defined interfaces, the Helmholtz
force model is almost always the most convenient—and often the
optimal—choice. In this case, the magnetic force is entirely con-
centrated at material boundaries in the form of surface tractions,
while no magnetic body force arises within the bulk.

3. Magneto-Mechanical Coupling

Having reviewed the principles of magnetostatics, we now incorpo-
rate the effects of magnetic fields into mechanical analysis through
the concepts of magnetic forces. In this section, we continue to
work from a continuous perspective, under which we mathemati-
cally model magneto-mechanical coupling and derive the govern-
ing equations for simulating the dynamics of magnetic materials.

3.1. Determination of Magnetic Fields

As discussed in §2.4, magnetic forces are always functions of the
field vectors (i.e., 𝑩, 𝑯, and 𝑴). Therefore, the calculation of mag-
netic forces requires the prior computations of the magnetic fields
themselves. Under the quasistatic assumption of magnetostatics,
both the relaxation time of field variations and electromagnetic in-
duction effects can be neglected. Consequently, whenever the con-
figuration of magnetic materials changes, the field instantaneously
relaxes to a new equilibrium consistent with the prescribed bound-
ary conditions. In other words, magnetic fields can always be de-
termined directly from the current material distribution, rather than
evolved from their past history.

In general, the systems we simulate are not isolated and may be
subject to magnetic fields generated by external permanent magnets
or steady currents. Denoting these prescribed external contributions
by 𝑩ext and 𝑯ext, and the fields induced by the internal material
magnetization by 𝑩int and 𝑯int, the total fields are written as{

𝑩 = 𝑩ext +𝑩int, (27a)

𝑯 = 𝑯ext +𝑯int. (27b)

The external fields themselves satisfy Gauss’s law, Ampère’s law,
and the constitutive relation in the simulation domain:

∇ · 𝑩ext = 0, (28a)

∇×𝑯ext = 0, (28b)

𝑩ext = 𝜇0𝑯ext, (28c)

with the free currents producing 𝑯ext assumed to lie outside the
system and thus neglected. Fig. 5 illustrates such a decomposition
of the magnetic field.
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Figure 5: A sphere in a uniform magnetic field (𝑯ext) is magnetized
and produces an induced field (𝑯int), which further leads to a syn-
thesized field (𝑯) as their summation. Source: Ni et al. [NZWC20].

The internal magnetic fields 𝑩int and 𝑯int are the unknowns to
be solved. Subtracting Eq. (28b) from Eq. (2), we readily see that,
for systems without internal free currents ( 𝒋f = 0, which is the case
for scenarios of interest in CG), 𝑯int is irrotational:

∇×𝑯int = 0, (29)

allowing the introduction of a scalar potential 𝜙 such that 𝑯int =

−∇𝜙. Substituting this into Eqs. (1), (3), (27), and (28) yields the
governing scalar equation

∇2𝜙 = ∇ ·𝑴 (𝑯), (30)

where 𝑴 is typically modeled as a function only of the local field
𝑯 = 𝑯ext −∇𝜙 (ferromagnetic materials with pronounced hystere-
sis being a notable exception). In this formulation, 𝜙 is the sole in-
dependent unknown, uniquely determined by imposing the bound-
ary condition at infinity:

𝜙(𝒙) → 0 as ∥𝒙∥ →∞. (31)

3.2. Equations of Motion for Magnetic Materials

Overall, the equations of motion for magnetic materials can be re-
garded as those for their non-magnetic counterparts, with the addi-
tion of a magnetic force term. To keep this survey self-contained,
we present the governing equations for different classes of materi-
als according to their kinematic form.

In the following text, we denote by 𝒈 the gravitational acceler-
ation, by 𝒇 the original external force density term, and by 𝒇m the
additional magnetic body-force density.

3.2.1. Magnetic Rigid Bodies

The motion of a rigid body follows Newton’s second law for linear
momentum and Euler’s equation for angular momentum:

𝑀 ¤𝒗 = 𝑀𝒈+
∭

𝑉

( 𝒇 + 𝒇𝑚) d𝑉 , (32a)

𝑰 ¤𝝎+𝝎× (𝑰𝝎) =
∭

𝑉

(𝒙− 𝒙c) × ( 𝒇 + 𝒇𝑚) d𝑉 , (32b)

where 𝒗 is the translational velocity of the center of mass 𝒙c, 𝝎 is
the angular velocity, 𝑀 is the total mass of the body 𝑉 , and 𝑰 is the
inertia tensor about the center of mass.

3.2.2. Magnetic Deformable Continua

Unlike rigid bodies, the internal forces in deformable continua (in-
cluding primarily elastic solids and fluids) cannot be prescribed

arbitrarily but must be represented through the divergence of the
Cauchy stress tensor 𝝈. The equations of motion for magnetic de-
formable continua are therefore governed by the so-called Cauchy
momentum equation:

ρ

[
𝜕𝒖

𝜕𝑡
+ (𝒖 ·∇)𝒖

]
= ∇ ·𝝈+ρ𝒈+ 𝒇 + 𝒇m, (33)

where ρ denotes the mass density and 𝒖 the velocity field. The spe-
cific constitutive form of the Cauchy stress tensor 𝝈 characterizes
the material behavior of the continuum.

Elastic solids. Depending on the choice of hyperelastic model,
there are multiple ways to define the Cauchy stress tensor for elas-
tic solids [SB12]. One widely used model that offers both accuracy
and numerical stability for volumetric elastomer simulations is the
Neo-Hookean constitutive model:

𝝈 =
𝜇

𝐽

(
𝑭𝑭⊤ − 𝑰

)
+ 𝜆 log 𝐽

𝐽
𝑰, (34)

where 𝜇 and 𝜆 are the first and second Lamé parameters, 𝑰 denotes
the identity tensor, 𝑭 is the deformation gradient, and 𝐽 = |𝑭 | rep-
resents the volumetric change. For thin-shell elastomers, a common
choice is the St. Venant–Kirchhoff (StVK) model, expressed as

𝝈 =
𝜇

𝐽
𝑭

(
𝑭⊤𝑭− 𝑰

)
𝑭⊤ + 𝜆 tr (𝑭⊤𝑭− 𝑰)

2𝐽
𝑭𝑭⊤. (35)

Integrating the momentum equation (33) through the shell thick-
ness yields a surficial formulation [Wei12], suitable for shell simu-
lations, rather than a fully volumetric one.

Incompressible fluids. For incompressible fluids, the Cauchy
stress tensor is typically described by Stokes’s constitutive relation,
which decomposes the stress into volumetric (pressure) and devia-
toric (viscosity) components [Bat00]:

𝝈 = −𝑝𝑰+∇ · 𝜇
[
∇𝒖+ (∇𝒖)⊤

]
, (36)

Here, 𝑝 denotes the pressure and 𝜇 the dynamic viscosity (analo-
gous to the first Lamé parameter in solids). Substituting Eq. (36)
into Eq. (33) yields the incompressible Navier–Stokes equations,
which must be solved together with the incompressibility constraint
∇ ·𝒖 = 0 to determine 𝑝. A typical representative of incompressible
fluids is liquid. Liquids possess a well-defined free surface, across
which surface tension arises. This effect is commonly expressed as
a pressure difference

Δ𝑝 = 2𝛾𝜅, (37)

where 𝛾 denotes the surface tension coefficient and 𝜅 is the mean
curvature of the surface. Besides, if the assumption of an ideal
fluid supporting arbitrary positive pressures is relaxed, the isotropic
stress term −𝑝𝑰 should be replaced with a hyperelastic stress for-
mulation (e.g., Eq. (34)). This modification leads to the governing
equations for (nearly) incompressible viscoelastic fluids [RGJ*15].

4. Magnetostatic Solvers

Building on the governing equations introduced in §3.1 and §3.2,
incorporating magnetic effects into numerical algorithms requires
augmenting traditional physical simulation pipelines in two com-
plementary aspects:
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Figure 6: Magnetic rigid bodies are decomposed into cells, each
with a magnetic dipole located at its center. The dipoles inside soft
ferromagnetic objects (colored) are polarized by the magnetic field.
Source: Westhofen et al. [WFJB24].

(1) A dedicated stage of magnetostatic solvers that model material
magnetization and compute the system’s magnetic fields; and

(2) The evaluation of magnetic forces on objects and their integra-
tion into existing time-stepping schemes.

In this section, we present a systematic categorization of magne-
tostatic solvers in the computer graphics literature, while deferring
the discussion of force application to §5.

4.1. Dipole-Based Approaches

Solving the governing equations of magnetostatics (§3.1) is gen-
erally complex and computationally expensive, making real-time
simulation challenging. Fortunately, for rigid bodies, whose inter-
nal magnetic interactions can be safely neglected, it is often un-
necessary to compute a continuous magnetization field. Instead,
the body’s magnetic behavior can be efficiently approximated us-
ing one or several discrete magnetic dipole moments, providing a
compact yet effective representation of its magnetization.

4.1.1. Direct Magnetization Methods

Thomaszewski et al. [TGPS08] discretized a rigid body into a col-
lection of small cells, each represented by a magnetic dipole 𝒎𝑖 lo-
cated at its center 𝒙𝑖 (Fig. 6). For permanent magnets, these dipoles
are predefined and rigidly attached to the material, translating and
rotating with the body as a whole. When determining the magnetic
field, the external magnetic induction 𝑩ext can be obtained by sum-
ming the contributions of all such dipoles:

𝑩ext (𝒙) =
𝜇0
4𝜋

∑︁
𝑖∈𝑃

3(𝒙− 𝒙𝑖) [𝒎𝑖 · (𝒙− 𝒙𝑖)] − ∥𝒙− 𝒙𝑖 ∥2 𝒎𝑖

∥𝒙− 𝒙𝑖 ∥5 , (38)

where 𝑃 denotes the index set of cells belonging to the permanent
magnets. The above expression directly follows from Eq. (7).

For other magnetically responsive rigid bodies, assumed to ex-
hibit linear magnetization, we denote their cell indices by 𝑄. Each
cell is assumed to be spherical, and because of its small size, the
magnetic induction inside can be regarded as uniform. Under this
assumption, the magnetization within a cell is homogeneous, lead-

Figure 7: The direct magnetization method can be used to compute
magnetic field lines. “North” and “south” poles of the magnets are
shown in red and blue. Source: Thomaszewski et al. [TGPS08].

ing to the analytical form

𝑴𝑖 =
1
𝜇0

3𝜒
3+ 𝜒

[
𝑩ext (𝒙𝑖) +𝑩∗

int (𝒙𝑖)
]

, (39)

where 𝑩∗
int is 𝑩int excluding the self-induced field of 𝒎𝑖 . Consider-

ing that 𝑴 represents the magnetic moment density (see Eq. (10)),
similar to Eq. (38), we can expand 𝑩∗

int to yield the following ex-
pression for each 𝒎𝑖 :

𝒎𝑖 =
𝑉𝑖

𝜇0

3𝜒
3+ 𝜒

𝑩ext (𝒙𝑖) +
𝜇0
4𝜋

∑︁
𝑗∈𝑄, 𝑗≠𝑖

3𝒓 𝑗 (𝒎 𝑗 · 𝒓 𝑗 ) −𝒎 𝑗

∥𝒓 𝑗 ∥3

 , (40)

where 𝒓 𝑗 = 𝒙− 𝒙 𝑗 , 𝒓 𝑗 = 𝒓 𝑗/∥𝒓 𝑗 ∥, and 𝑉𝑖 denotes the volume of the
𝑖-th cell.

Eq. (40) indicates that both sides depend on the unknown dipole
moments {𝒎𝑖}, requiring either an iterative procedure or the solu-
tion of a global linear system. For stability and convergence con-
siderations, however, Thomaszewski et al. [TGPS08] simplified the
formulation by retaining only the external field 𝑩ext on the right-
hand side, thereby neglecting the contribution of the induced in-
ternal field 𝑩∗

int. To better account for the neglected mutual induc-
tion, Westhofen et al. [WFJB24] later proposed an improvement
in which the induced term (i.e., the summation over linearly mag-
netized cells) uses the dipole moments 𝒎 𝑗 from the previous time
step as an approximation. This strategy enhances physical accuracy
while incurring almost no additional computational cost, providing
a balanced compromise between efficiency and realism.

The magnetic field lines generated using the direct magnetization
method are plotted as shown in Fig. 7.

Hard-magnetic soft bodies. As mentioned earlier, the magnetic
moments 𝒎𝑖 of permanent magnets are predetermined and simply
undergo rigid translation and rotation with the body as a whole,
without requiring additional computation. This concept can be ex-
tended to deformable solids with continuous magnetization fields.
For hard-magnetic soft bodies, Chen et al. [CNZ*22] assumed that
the magnetization in the material (reference) space, denoted 𝑴, is
prescribed in advance. During deformation, the spatial magnetiza-
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P1

P2

S2

S1

Figure 8: Magnetic rigid bodies are decomposed into cells, each
with two magnetic dipoles (or equivalently, submagnetizations).
Permanent magnets (𝑃1 and 𝑃2) are shaded since it cannot be po-
larized by the magnetic field. Source: Kim et al. [KPH18].

tion can be computed as

𝑴 = 𝐽−1𝑭𝑴, (41)

In systems composed purely of hard-magnetic materials, once 𝑴 is
calculated, the corresponding fields 𝑯 and 𝑩 follow directly, com-
pleting the determination of the magnetic field.

4.1.2. Magnetization Dynamics Methods

To accurately capture mutual induction and nonlinear magnetiza-
tion, Kim et al. [KPH18] drew inspiration from micromagnetics
and formulated the magnetization dynamics between discrete mag-
netic moments at the macroscopic scale. As Thomaszewski et al.
[TGPS08], each rigid body is discretized into a set of cells. How-
ever, instead of placing a single dipole in each cell, Kim et al.
[KPH18] introduced two normalized dipoles, 𝒎1

𝑖
and 𝒎2

𝑖
, at the

cell center (Fig. 8). These dipoles are constrained to have constant
magnitude and evolve under the influence of the magnetic field ac-
cording to the Landau–Lifshitz–Gilbert (LLG) equation:

d𝑴 𝑝

𝑖

d𝑡
= − 𝛾

1+𝛼2 𝑴
𝑝

𝑖
×

(
𝑯+𝛼𝑴 𝑝

𝑖
×𝑯

)
, (42)

where 𝑴 𝑝

𝑖
= 𝒎𝑝

𝑖
/𝑉𝑖 denotes the submagnetization, 𝛾 is the gyro-

magnetic ratio, and 𝛼 is a material-specific damping constant. The
overall magnetization of each cell is given by the average of its two
submagnetizations, i.e., 𝑴𝑖 = (𝑴1

𝑖
+𝑴2

𝑖
)/2. Assuming again that

each cell is spherical, the magnetic field 𝑯 in the LLG equation can
be expressed as

𝑯(𝒙𝑖) = 𝑯∗ (𝒙𝑖) −
1
3
𝑴𝑖 , (43)

where 𝑯∗ = 𝑯ext +𝑩∗
int/𝜇0. Note that we denote the field simply as

𝑯 instead of 𝑯eff as in the original paper, since at the macroscopic
scale of interest, unlike in micromagnetics, the demagnetizing field
is implicitly included in 𝑯.

To determine the magnetic field for a given material setup, we
can integrate the virtual time-stepping form of Eq. (42) until a
steady state is reached. Kim et al. [KPH18] adopted a semi-implicit

�M�

�  H *�

Ms

�M�

�  H *�

Ms

(a) Non-differentiable [KPH18]; (b) Differentiable [KH22].

Figure 9: Magnetization curves of the magnetization dynamics
methods. Source: Kim and Han [KH22].

integration scheme originally proposed by Serpico et al. [SMB01].
This method combines the midpoint rule with an appropriate ex-
trapolation formula, which guarantees the preservation of magneti-
zation magnitude throughout the integration process.

Remanence. Using magnetization dynamics methods, we can
qualitatively reproduce the remanent magnetization behavior
observed in ferromagnetic materials. The magnetocrystalline
anisotropy defines a set of easy axes within a ferromagnet. When
the magnetization direction 𝑴𝑖 deviates from all of these easy axes,
an additional field term 𝑯K arises in 𝑯, which drives 𝑴𝑖 to realign
toward the nearest easy axis. This mechanism can be easily incor-
porated into the time integration of the LLG equation with respect
to 𝑴 𝑝

𝑖
, simply by modifying the evaluation of the effective mag-

netic field 𝑯 at each virtual time step.

Susceptibility. In magnetization dynamics methods, the resulting
magnetization curve is inherently nonlinear, since the magnitudes
of 𝒎1

𝑖
and 𝒎2

𝑖
are constant. Even when these vectors align, they can

only produce a magnetization of limited magnitude. From Eq. (42),
it can be observed that at steady state, either 𝑯 ≠ 0 and 𝑴 𝑝

𝑖
∥ 𝑯,

or 𝑯 = 0. The former corresponds to the saturated magnetization
condition, whereas the latter implies that the concept of magnetic
susceptibility with respect to 𝑯 loses its meaning. Nevertheless,
we can define a modified susceptibility 𝜒∗ as the ratio between 𝑴
and the modified field 𝑯∗. From Eq. (43), it follows that 𝜒∗ = 3.
This motivates replacing the constant coefficient 1/3 in the formu-
lation with an adjustable self-demagnetizing factor 𝛾D, thereby re-
laxing the assumption of spherical cells [KH20]. Effectively, 𝛾D
determines how 𝑩 relates to 𝑴 as

1
𝜇0

𝑩 =
1
𝛾D

𝑴, (44)

under which the modified susceptibility becomes 𝜒∗ = 1/𝛾D.

Stability Enhancements. The original LLG equation (42) con-
tains a precession term 𝑴 𝑝

𝑖
×𝑯 that deteriorates the convergence

efficiency. To address this issue, Kim and Han [KH22] neglected
this term and retained only the damping term 𝑴 𝑝

𝑖
×

(
𝑴 𝑝

𝑖
×𝑯

)
.

Since the magnitude of the magnetization ∥𝑴 𝑝

𝑖
∥ is a constant in

LLG equation, the evolution can be described by the angle 𝜃 𝑝
𝑖

be-
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tween 𝑴 𝑝

𝑖
and 𝑯. Taking the inner product of the damping equa-

tion with 𝑯 yields

d𝜃 𝑝
𝑖

d𝑡
=

{
−𝛽 ∥𝑯∥ sin𝜃 𝑝

𝑖
, |𝜃 𝑝

𝑖
| < 𝜋/2,

−𝛽 ∥𝑯∥ (2− sin𝜃 𝑝
𝑖
), |𝜃 𝑝

𝑖
| ≥ 𝜋/2,

(45)

where 𝛽 is a user-defined damping coefficient. Although neglect-
ing the precession term reduces the physical fidelity of the mag-
netization dynamics, no noticeable artifacts were observed in the
reported results [KH22]. Moreover, as mentioned earlier, the mag-
netization dynamics methods typically exhibit only two regimes
(linear growth proportional to 𝜒∗ and saturation), resulting in a
non-smooth magnetization curve (Fig. 9a) that is unfavorable for
differentiable applications. To overcome this limitation, Kim and
Han [KH22] reformulated Eq. (43) as

𝑯(𝒙𝑖) = 𝑯∗ (𝒙𝑖) −
1

𝑓 −1 (∥𝑴𝑖 ∥)
𝑴𝑖 , (46)

where 𝑓 −1 (∥𝑴∥) is the inverse of the smooth nonlinear function

𝑓 (𝐻) = 𝑀s tanh
(

1
𝛾D𝑀s

𝐻

)
, (47)

with the constant 𝑀s denoting the saturation magnetization magni-
tude. This formulation preserves the asymptotic behavior of mag-
netization as 𝑯∗ → 0 and 𝑯∗ →∞, while ensuring a smooth tran-
sition between the two regimes. See Fig. 9b.

4.2. Medium-Based Approaches

While dipole-based approaches embody the long-standing com-
puter graphics philosophy of discretizing complex phenomena into
manageable elements, medium-based approaches reflect the com-
munity’s deep expertise in developing high-precision numerical
solvers. The latter treat the magnetic quantities 𝑩, 𝑯, and 𝑴 as
continuous fields and solve in full the partial differential equations
(PDEs) defined by Eqs. (30) and (31).

Since medium-based approaches solve the same governing equa-
tions under a unified physical model, their physical accuracy and
computational complexity are directly comparable. Here, we sum-
marize a qualitative comparison of the solvers to be introduced in
this subsection in Tab. 1, while their quantitative comparisons can
be found at the end of §4.2.3.

4.2.1. SPH Methods

Inspired by fluid simulation techniques, Huang et al. [HHM19;
SHM23] adopted the smoothed particle hydrodynamics (SPH)
framework to discretize linearly magnetized continua. Assuming
that each particle represents a small uniform volume 𝑉 , the mag-
netic moment of the 𝑖-th particle located at 𝒙𝑖 is computed as

𝒎𝑖 =𝑉𝜒 [𝑯ext (𝒙𝑖) +𝑯int (𝒙𝑖)]. (48)

Consequently, the magnetization field at any position 𝒙 in the sys-
tem can be expressed, following the SPH formulation, as

𝑴 (𝒙) =
∑︁
𝑖

𝒎𝑖𝑊 (𝒙− 𝒙𝑖 , ℎ), (49)

where𝑊 (𝒓, ℎ) is a smoothing kernel that satisfies
𝑊 (𝒓, ℎ) = 1

ℎ3 𝑤

(
∥𝒓∥
ℎ

)
, (50a)∭

R3
𝑊 (𝒓, ℎ) d𝑉 = 1, (50b)

with 𝑤(𝑟) being a Gaussian-like kernel function.

According to the superposition principle, substituting Eq. (49)
into the governing equation (30) yields

𝑯int (𝒙) = −∇𝜙(𝒙) = −
∑︁
𝑖

∇𝜙𝑖 (𝒙), (51)

where 𝜙𝑖 (𝒙) satisfies the following Poisson equation:{
∇2𝜙𝑖 (𝒙) = ∇ ·𝒎𝑖𝑊 (𝒙− 𝒙𝑖 , ℎ), (52a)

𝜙𝑖 (𝒙) → 0 as ∥𝒙∥ →∞. (52b)

Using the gradient, divergence, and Laplacian operators defined in
SPH formulations, Huang et al. [HHM19] solved the system (52)
and derived an analytical expression for the magnetic field contri-
bution of each particle:

−∇𝜙𝑖 (𝒙) = 𝜼(𝒙− 𝒙𝑖 ,𝒎𝑖), (53)

𝜼(𝒓,𝒎) = [𝑊avg (𝒓) −𝑊 (𝒓)] 𝒓 (𝒎 · 𝒓) −
𝑊avg (𝒓)

3
𝒎̂, (54)

where 𝑊avg (𝒓) denotes the average kernel value within a sphere of
radius ∥𝒓∥:

𝑊avg (𝒓) =
3

∥𝒓∥3

∫ ∥𝒓 ∥

0
𝑊 (𝜉) 𝜉2 d𝜉. (55)

Note that the smoothing radius ℎ is a fixed constant and is thus
omitted from the kernel arguments for brevity.

Substituting Eq. (48) into Eq. (51) and adding the result to
Eq. (49), by evaluating at each SPH particle center, we obtain

𝑩(𝒙𝑖)
𝜇0

−𝑯ext (𝒙𝑖) =
∑︁
𝑗

[
𝜼(𝒙𝑖 − 𝒙 𝑗 ,𝒎 𝑗 ) +𝒎 𝑗𝑊 (𝒙𝑖 − 𝒙 𝑗 )

]
. (56)

It is straightforward to see that the right-hand side is a linear com-
bination of the unknown moments {𝒎𝑖}. With 𝒎𝑖 ≈𝑉𝜒𝑩(𝒙𝑖)/(1+
𝜒)𝜇0, the above equation can be rewritten as a linear system with
respect to {𝑩(𝒙𝑖)}. This system is symmetric, but its positive def-
initeness is not guaranteed. Therefore, Huang et al. [HHM19] pro-
posed solving it in the least-squares sense using the conjugate gra-
dient for least squares (CGLS) method. Moreover, since 𝜼(𝒓,𝒎) is
non-compactly supported, the resulting linear system is dense, and
the matrix–vector product evaluation becomes computationally ex-
pensive. However, noting that Eq. (54) asymptotically reduces to
Eq. (8) when ∥𝒓∥ ≫ ℎ, the summation can be accelerated via the
fast multipole method (FMM) [BG97]. This optimization reduces
the computational cost of a single system evaluation from O(𝑁2)
to O(𝑁), where 𝑁 denotes the number of SPH particles.

Smoothed susceptibility. The interpolation based on SPH parti-
cles smooths physical quantities such as the susceptibility 𝜒. This
eliminates the discontinuity on the right-hand side of Eq. (30). As
observed by Huang et al. [HHM19], the transition layer of 𝜒 is ap-
proximately 2ℎ thick. See Fig. 10 for illustration.
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Table 1: Comparisons among medium-based magnetostatic solvers. In each column, the cells with properties that are preferred due to
correctness or simplicity are colored light green. Here, 𝐾 denotes the number of iterations, and 𝑁 denotes the number of boundary vertices
that are input into BEM solvers. For SPH solvers, 𝑁

√
𝑁 ≈ 𝑁p, where 𝑁p denotes the number of SPH particles; for FDM solvers, 𝑁

√
𝑁 ≈ 𝑛3,

where 𝑛 is the grid resolution. Source: Ni et al. [NWWC24].

Approach
Physical accuracy Linear system Computational complexity

Sharp interface BC at infinity Sparsity Method Time Space
SPH [HHM19; SHM23] No Yes Dense CGLS O(𝐾𝑁

√
𝑁) O(𝑁

√
𝑁)

FDM [NZWC20; SNZ*21] No No Sparse GMGPCG O(𝐾𝑁
√
𝑁) O(𝑁

√
𝑁)

BEM [HM20] Yes Yes Dense PGMRES O(𝐾𝑁2) O(𝑁2)
BEM [NWWC24] Yes Yes Dense FPI O(𝐾𝑁) O(𝑁)

Figure 10: The SPH method smooths the susceptibility 𝜒, which is
constant within the center region of the continuum (colored yellow)
and drops quickly down to zero beyond the boundary (colored dark
blue). A transition layer of approximately 2ℎ is observed. The SPH
particles are plotted as red dots, while the red circle indicates the
support of the kernel function. The distance between adjacent par-
ticles is given by ℎ. Source: Huang et al. [HHM19].

4.2.2. Finite Difference Methods

Unlike the SPH method, which discretizes physical fields using ran-
domly distributed particles, finite difference methods (FDMs) are
built upon regular background grids. In this framework, physical
quantities are stored at grid nodes, while values between nodes are
interpolated using trilinear interpolation. The distance between ad-
jacent nodes is referred to as the grid spacing, denoted by Δ𝑥.

Ni et al. [NZWC20] observed that under the assumption of linear
magnetization, Eq. (30) can be reformulated as ∇2𝜙 = ∇ · 𝜒(𝑯ext −
∇𝜙), which leads to

∇ · (1+ 𝜒)∇𝜙 = ∇ · 𝜒𝑯ext, (57)

a Poisson equation with spatially varying coefficients. Here, 𝜒 is
no longer a material-specific constant but rather a spatial field
that takes different values in different media. In an ideal setting,
𝜒 exhibits discontinuities across material interfaces, which makes
Eq. (57) challenging to solve in its discrete form. To address this
issue, Ni et al. [NZWC20] employed a smoothed Heaviside step
function 𝜃 to regularize the interface between two media with mag-

netic susceptibilities 𝜒1 and 𝜒2:

𝜒(𝒙) = [1− 𝜃 (𝜑(𝒙))] 𝜒1 + 𝜃 (𝜑(𝒙)) 𝜒2, (58)

𝜃 (𝜑) =


0, 𝜑 ≤ −𝜀,
1
2 +

𝜑

2𝜀 +
1

2𝜋 sin 𝜋𝜑

𝜀
, |𝜑| < 𝜀,

1, 𝜑 ≥ +𝜀
(59)

where 𝜑(𝒙) denotes the signed distance function (SDF) of the 1st
medium (positive outside and negative inside), and 𝜀 is the inter-
face thickness parameter, typically chosen as a small multiple of
Δ𝑥. In Appendix A, we analyze, in a simplified setting, how such
a diffuse-interface regularization of 𝜒 modifies the interfacial mag-
netic force balance and quantify the leading-order error induced by
smoothing a physically sharp magnetic interface.

Discretizing Eq. (57) using FDM is straightforward. To improve
numerical accuracy, Ni et al. [NZWC20] adopted a marker-and-
cell (MAC) grid [HW65], where 𝜙 and 𝜒 are stored at cell centers,
while 𝑯ext is stored at cell faces. Taking the 1D case as an example,
the finite difference scheme with spatially varying coefficients for
cell 𝑖 can be written as(

1+ 𝜒𝑖+1/2
)
(𝜙𝑖+1 −𝜙𝑖) −

(
1+ 𝜒𝑖−1/2

)
(𝜙𝑖 −𝜙𝑖−1)

(Δ𝑥)2

=
𝜒𝑖+1/2 (ℎ𝑖+1 − ℎ𝑖) − 𝜒𝑖−1/2 (ℎ𝑖 − ℎ𝑖−1)

Δ𝑥
,

(60)

where ℎ denotes the 1D component of 𝑯ext. The integer subscripts
𝑖, 𝑖−1, and 𝑖+1 represent cell indices, while the half indices refer
to cell faces. Applying this construction to all 𝑖 yields a symmetric,
positive-definite, and sparse linear system, which can naturally be
solved efficiently using a geometric multigrid-preconditioned con-
jugate gradient (GMGPCG) solver [MST10].

It should be noted, however, that FDMs suffer from a significant
limitation: the computational domain covered by the grid is finite,
making it difficult to naturally impose the far-field boundary con-
dition (31). In practice, one often has to enlarge the grid as much
as possible and approximate Eq. (31) by enforcing the Neumann
boundary condition 𝜕𝜙/𝜕𝑛 = 0 on the grid boundary. For magnetic
modeling, this is equivalent to enclosing the system in a metallic
box, preventing magnetic field lines from leaving the domain—
effectively introducing a form of magnetic shielding. The quanti-
tative error introduced by this finite-domain Neumann truncation,
and its scaling with the size of the computational domain, are an-
alyzed analytically in Appendix B. In addition, it is possible—
and worthy of further investigation—to impose far-field conditions
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more accurately within FDMs by using methods such as artificial
boundary conditions [Hou13] or Kelvin transformations [NRC21].

Nonlinear magnetization. FDMs can also be employed to de-
termine magnetic fields in materials with nonlinear magnetiza-
tion. Sun et al. [SNZ*21] discretized Eq. (30) on a collocated
grid, where all physical quantities are stored at the same cell lo-
cation, using finite-difference approximations of the nabla opera-
tor [RSG*08]. In their formulation, the magnetization 𝑴 (𝑯) fol-
lows the nonlinear magnetization curve described by Eq. (12). Let
𝝓 = (𝜙1, 𝜙2, . . . , 𝜙𝑁 ) denote the vector of scalar potentials at all grid
points, where 𝑁 is the total number of nodes. Sun et al. [SNZ*21]
observed that, owing to the monotonicity of the Langevin function,
the Jacobian matrix 𝜕𝑭/𝜕𝝓 ∈ R𝑁×𝑁 of the discretized nonlinear
system 𝑭(𝝓) = 0 is always symmetric and semi-positive definite.
This property allows the system to be efficiently solved via the
Newton–Raphson method, achieving quadratic convergence toward
the solution.

4.2.3. Boundary Element Methods

Under the assumption of linear magnetization, the magnetization
can always be obtained from the magnetic induction as 𝑴 =

𝜒𝑩/(1+ 𝜒). This implies that the divergence of 𝑴 vanishes inside
the medium, causing the right-hand side of Eq. (30) to vanish as
well. Across material interfaces, however, 𝑴 exhibits discontinu-
ities. By applying the divergence theorem to a small pillbox volume
straddling the boundary, we can derive

∇2𝜙 = (𝑴2 −𝑴1) · 𝒏𝛿Γ, (61)

where 𝒏 is the unit normal pointing from medium 1 to medium 2,
𝛿Γ is the generalized Dirac delta function on the boundary Γ, and
the subscripts indicate limits taken on each side of the boundary.

Considering that the solution to{
∇2𝐺 (𝒙,𝒙′) = −𝛿(∥𝒙− 𝒙′∥), ∀𝒙, (62a)

𝐺 (𝒙,𝒙′) → 0, ∥𝒙∥ →∞ (62b)

is 𝐺 (𝒙,𝒙′) = 1/(4𝜋∥𝒙− 𝒙′∥), it is natural to define

𝜎(𝒙) = −(𝑴2 −𝑴1) · 𝒏, 𝒙 ∈ Γ, (63)

such that the solution to Eq. (61) can be formulated as

𝜙(𝒙) =
∬

Γ

𝐺 (𝒙,𝒙′)𝜎(𝒙′) dΓ′, ∀𝒙, (64)

which is termed the single-layer potential. By taking the normal
derivative of Eq. (64), we can further obtain[

𝜕𝜙

𝜕𝑛
(𝒙)

]
±
=

∬
Γ

𝜕𝐺

𝜕𝑛
(𝒙,𝒙′)𝜎(𝒙′) dΓ′ ∓ 1

2
𝜎(𝒙), 𝒙 ∈ Σ, (65)

where the superscripts “+” and “−” correspond to the limits taken
from media 2 and media 1, respectively. Substituting Eq. (65) into
Eq. (63), it is straightforward to show that

𝜎(𝒙)
2𝛼

= −
∬

Γ

𝜕𝐺

𝜕𝑛
(𝒙,𝒙′)𝜎(𝒙′) dΓ′ +𝑯ext (𝒙) · 𝒏, 𝒙 ∈ Γ, (66)

where 𝛼 = (𝜒1 − 𝜒2)/(2+ 𝜒1 + 𝜒2) is the reduced permeability.

In Eq. (66), the only unknown is the surface function 𝜎(𝒙). Ni et
al. [NWWC24] proposed to discretize the boundary Γ into a point

(a) Ground truth; (b) FDM’20
(ϵ ≈ 8.39%);

(c) BEM’20
(ϵ ≈ 1.80%);

(d) BEM’24
(ϵ ≈ 2.44%).

Figure 11: Comparison of different solvers with respect to accu-
racy of the magnetic pressure on a sphere surface. Higher pressure
is mapped to warmer color in the visualization, and the maximum
relative error of each solver is reported in the captions. Source: Ni
et al. [NWWC24].

cloud {𝒙𝑖}, each associated with a scalar value 𝜎𝑖 , surface area ele-
ment Δ𝐴𝑖 , and normal vector 𝒏𝑖 . The unknowns can then be solved
through a fixed-point iteration (FPI) of the form

𝜎𝑖 = −2𝛼
∑︁
𝑗

𝜕𝐺

𝜕𝑛𝑖
(𝒙𝑖 ,𝒙 𝑗 )𝜎(𝒙 𝑗 )Δ𝐴 𝑗 +2𝛼𝑯ext (𝒙𝑖) · 𝒏𝑖 . (67)

They further showed that when |𝛼 | < 1, the FPI scheme is guar-
anteed to converge as long as the point cloud is sufficiently dense.
Since the kernel 𝜕𝐺/𝜕𝑛𝑖 = ∇𝐺 · 𝒏𝑖 involves a fixed normal 𝒏𝑖 dur-
ing summation, the computation can be efficiently accelerated us-
ing the fast multipole method (FMM), reducing the per-iteration
complexity from O(𝑁2) to O(𝑁), where 𝑁 denotes the number of
surface samples. It is worth noting that Eqs. (64), (65), and (66)
are all boundary integral equations (BIEs). Solving a volumetric
problem by reformulating it as a BIE lays the foundation of the
boundary element method (BEM) [SS11].

Double-layer potential. In contrast to Ni et al. [NWWC24], who
derived and solved the single-layer potential formulation, Huang
and Michels [HM20] developed a BEM approach based on the
double-layer potential. Suppose the magnetic scalar potential of the
external field, 𝜙ext, is known (with 𝑯ext = −∇𝜙ext). Starting from
the single-layer potential 𝜙, we can define a modified potential

𝜙∗ = 𝜇𝜙+ (𝜇− 𝜇0)𝜙ext, (68)

which satisfies 𝑩int = −∇𝜙∗. Analogous to the single-layer case, a
surface density 𝜎∗ can be introduced such that the following bound-
ary integral equations hold:

𝜙∗ (𝒙) =
∬

Γ

𝜕𝐺

𝜕𝑛′
(𝒙,𝒙′)𝜎∗ (𝒙′) dΓ′, 𝒙 ∉ Γ, (69)

𝜎∗ (𝒙)
2𝛼

= −
∬

Γ

𝜕𝐺

𝜕𝑛′
(𝒙,𝒙′)𝜎∗ (𝒙′) dΓ′ − 𝜇0𝜙ext. (70)

Unlike Ni et al. [NWWC24], who employed a lightweight Nyström
method [TC20], Huang and Michels [HM20] used a Galerkin for-
mulation on a linearly interpolated triangular mesh to explicitly as-
semble the linear system, which was then solved using a precondi-
tioned generalized minimal residual (PGMRES) solver [SS86]. Be-
cause the normal vector 𝒏′ in the kernel 𝜕𝐺/𝜕𝑛′ varies across the
surface, FMM cannot be applied for acceleration. Consequently,
both the evaluation cost per iteration and the memory footprint of
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Figure 12: Comparison of different solvers in terms of computa-
tion time on Eulerian grids with various resolutions. The timing
measurement starts when a solver achieves a relative residual re-
duction below 10−6. Note that only the BEM solver of Huang and
Michels [HM20] is implemented with GPU acceleration and is lim-
ited to handling resolutions no greater than 1363 due to memory
constraints arising from the assembly of dense matrices. For the
BEM solver of Ni et al. [NWWC24], there is a large constant factor
in the time complexity of the FMM-accelerated verison. A direct
summation version can be a better choice with resolutions lower
than 1003. Source: Ni et al. [NWWC24].

the system scale as O(𝑁2), where 𝑁 denotes the number of mesh
vertices.

Accuracy and efficiency. To quantitatively compare the accuracy
and efficiency of three representative magnetostatic solvers: the
FDM of Ni et al. [NZWC20], the BEM of Huang and Michels
[HM20], and the BEM of Ni et al. [NWWC24], a benchmark
scenario is constructed. a magnetic sphere (𝑟 = 1m, 𝜒 = 1) is
centered at the origin. Under an external magnetic field 𝑯ext =

(0,1Am−1,0), the total magnetic field inside the sphere becomes
𝑯 = (0,0.75Am−1,0), yielding an analytical solution for the in-
terfacial magnetic pressure (see Eq. (74)). On a Cartesian grid of
resolution 1283, covering the domain −2m ≤ 𝑥, 𝑦, 𝑧 ≤ 2m, all meth-
ods are evaluated. The input mesh for the BEMs is extracted from
this grid using marching cubes [LC87], and the results are shown in
Fig. 11. Across grid resolutions ranging from 323 to 5123, the time
required for each solver to reduce the relative residual below 10−6

is plotted in Fig. 12. In terms of accuracy, the Galerkin-based BEM
of Huang and Michels [HM20] achieves the highest precision. In
contrast, the fixed-point BEM of Ni et al. [NWWC24] demonstrates
the lowest spatial and temporal complexity, offering superior com-
putational efficiency.

5. Magnetic Material Simulations

Having established the theoretical foundations (§2–3) and mag-
netostatic solvers (§4), what remains is the evaluation of mag-
netic forces and their integration into traditional physical simula-
tion pipelines. In general, the choice of simulation methods, frame-
works, and pipelines is closely tied to the nature of the underlying

Figure 13: Snapshots of an interactive simulation in which soft
ferromagnetic spheres are lifted by a permanent magnet. Source:
Thomaszewski et al. [TGPS08].

Figure 14: The crane magnet and a large number of soft ferromag-
nets. Source: Kim et al. [KPH18].

materials. Accordingly, we categorize and summarize existing sim-
ulation frameworks that can be extended to incorporate magnetic
effects, based on three representative material types: rigid bodies,
elastic bodies, and fluids.

5.1. Magnetic Rigid Bodies

Magnetic rigid bodies, or simply magnets, are the most common
form of magnetic matter encountered in everyday life, and their be-
haviors are the most familiar to us. Since a rigid body possesses
only six (three translational and three rotational) degrees of free-
dom (DoFs), its dynamical simulation is relatively straightforward.
With collisions, contacts, and friction unaltered, the rigid-body
simulation pipelines do not differ substantially. Therefore, the key
challenge in incorporating magnetic effects lies primarily in mod-
eling and computing the magnetic forces themselves.

5.1.1. Equivalent Dipole Methods

As discussed earlier, a common approach in magnetic rigid-body
simulation is to discretize each rigid body into a collection of small
cells, each carrying an embedded dipole 𝒎𝑖 . This representation
not only facilitates the computation of magnetization but also en-
ables the evaluation of magnetic forces within the same framework.
Kim and Han [KH20] referred to such a force model as equivalent
dipole methods (EDMs).

As introduced in §2.4, the force exerted on a magnetic dipole in a
field is given by Eq. (18). Naturally, the total magnetic force acting
on a rigid body can be obtained by summing the contributions of
all constituent dipoles:

𝑭m =
∑︁
𝑖

∇[𝒎𝑖 · 𝑩(𝒙𝑖)]. (71)
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Figure 15: A heavy and strong sphere magnet falls down and
strikes the metal balls. Source: Kim and Han [KH22].

Figure 16: A magnetizable ball is running indefinitely from the fun-
nel into the tracks and loops back into the funnel. The additional
momentum for the ball to loop back into the funnel is provided by
turning on and off an electromagnet at the correct time. Source:
Westhofen et al. [WFJB24].

These forces induce a moment about the body’s reference point
(typically the center of mass), known as the mechanical torque:

𝝉m =
∑︁
𝑖

(𝒙𝑖 − 𝒙c) ×∇[𝒎𝑖 · 𝑩(𝒙𝑖)]. (72)

However, this mechanical torque does not account for all torque
components. When a dipole moment 𝒎𝑖 is misaligned with the lo-
cal magnetic field 𝑩, the external field exerts an aligning torque on
it, as defined in Eq. (17). Since this internal pair of torques cancels
out in terms of net force, it produces the same resultant torque with
respect to any reference point. By summing the contributions of all
dipoles, we obtain the magnetic torque:

𝝉∗m =
∑︁
𝑖

𝒎𝑖 ×𝑩(𝒙𝑖). (73)

In systems without hard-magnetic materials, this magnetic torque
term can typically be neglected.

Substituting Eqs. (71–73) into the rigid-body governing equa-
tions (32) and integrating them using an explicit Euler scheme
yields a straightforward simulation pipeline for magnetic rigid bod-
ies [TGPS08; KPH18; KH22]. Standard treatments for contact and
friction can be adopted from Andrews et al.’s SIGGRAPH course
[AEF22]. In addition, Kim and Han [KH22] observed that treating
𝒎𝑖 as a variable rather than a constant when evaluating the gradi-
ent in Eq. (71) can significantly improve numerical stability, though
the two formulations are theoretically equivalent—differing only in
how the force components are categorized (see §2.4).

We refer the reader to Figs. 13–15 for simulation results of EDM
pipelines, which mainly differ in their magnetostatic solvers.

Strongly coupled simulation. The aforementioned framework is
weakly coupled, since the computation of forces (including mag-

(a) Initial frame; (b) Simulation w/o 𝑯int; (c) Simulation w/ 𝑯int;

Figure 17: An iron box is attracted by a permanent magnet. The
simulation result is visually realistic only if the internal field has
been correctly solved. Source: Ni et al. [NZWC20].

Figure 18: A cubic magnet stably attracts 243 small metal balls,
simulated by integrating the BEM-based magnetostatic solver into
Bullet Physics SDK [Cou15]. Source: Ni et al. [NWWC24].

netic, contact, and frictional forces) is performed asynchronously
with respect to the rigid bodies’ state updates at each time step.
To address this limitation, Westhofen et al. [WFJB24] introduced
an optimization-based, strongly coupled formulation by combining
the incremental potential contact (IPC) energy [FLS*21] with the
dipole magnetic potential energy, 𝑊m = −∑

𝑖 𝒎𝑖 · 𝑩(𝒙𝑖). In each
time step, the dipoles of non-permanent magnets are first deter-
mined following the procedure in §4.1.1. These magnetic moments
are then fixed and rigidly attached to the bodies as those belong-
ing to permanent magnets, after which all dipoles are jointly han-
dled within a unified optimization problem solved using Newton’s
method. This scheme is therefore semi-implicit in nature. To further
improve numerical conditioning, Westhofen et al. [WFJB24] pro-
posed considering only near-field dipole–dipole interactions within
the optimization, while treating long-range interactions explicitly
to reduce the condition number of the Hessian matrix. See Fig. 16
for a simulation experiment using this scheme.

5.1.2. Magnetic Boundary Methods

A rigid body can be regarded as a magnetic medium, and the
magnetic force within such a medium can take multiple forms
(see §2.4). Examining the Helmholtz force in Eq. (26), Ni et al.
[NZWC20; NWWC24] observed that it is proportional to ∇𝜒, and
thus vanishes inside linearly magnetized materials with spatially
uniform susceptibility. In this case, the net magnetic action on the
object reduces to the pressure difference caused by the disconti-
nuity of the magnetic stress 𝑻 · 𝒏 across the boundary. Kim and
Han [KH20] referred to this class of models as magnetic boundary
methods (MBMs).

Assuming a susceptibility 𝜒 for the magnetic material and 𝜒 =
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Figure 19: The huge crane magnet pulls up the metal junks. The
thin, sharp and complex materials are stably simulated. Source:
Kim and Han [KH20].

0 in air, and adopting the Minkowski formulation, the magnetic
pressure acting on the boundary can be expressed as

𝑝m =
1
2
𝜇0𝜒∥𝑯∥2 + 1

2
𝜇0 (𝜒𝑯 · 𝒏)2, (74)

where 𝑯 is evaluated on the material side of the interface. This
pressure always acts inward, perpendicular to the object’s surface.

In computer graphics, rigid bodies are typically represented by
surface meshes. By evaluating Eq. (74) at each vertex 𝒙𝑖 of the
mesh, the total magnetic force and torque on the rigid body can be
computed as

𝑭m = −
∑︁
𝑖

[𝑝(𝒙𝑖)Δ𝐴𝑖] 𝒏𝑖 , (75)

𝝉m = −
∑︁
𝑖

[𝑝(𝒙𝑖)Δ𝐴𝑖] (𝒙𝑖 − 𝒙𝑐) × 𝒏𝑖 , (76)

where 𝒏𝑖 denotes the outward-pointing normal and Δ𝐴𝑖 denotes the
control area, associated with the 𝑖-th vertex. Substituting these ex-
pressions into an existing rigid-body dynamics framework directly
enables the simulation of magnetic rigid bodies.

To evaluate the magnetic field required in Eq. (74), Ni et al.
[NZWC20; NWWC24] proposed two complementary solutions
based on FDM and BEM. In the FDM approach, the rigid body
is first embedded in a background grid, from which its SDF 𝜑 is
constructed. A linear system is then solved following the procedure
described in §4.2.2, and the boundary field value 𝑯̃ is obtained via
interpolation. Since FDM inherently smooths the boundary, the re-
sulting 𝑯-field near the interface is also smoothed. An equivalent
form of the magnetic pressure, accounting for this smoothing ef-
fect, is given as [NZWC20]:

𝑝m =
1
2
𝜇0𝜒∥𝑯̃∥2 + 1

8(𝜒+1) 𝜇0 (𝜒𝑯̃ · 𝒏)2. (77)

Unlike FDM, BEM directly solves for the magnetic field on the
boundary without discretizing the surrounding volume, making it
particularly well-suited for MBMs. Combining BEM with MBM is
thus straightforward and requires no additional effort [NWWC24].
We demonstrate the results of MBMs coupling with FDM and BEM
in Figs. 17 and 18, respectively.

Alternatively, Kim and Han [KH20] derived MBMs from the
magnetic vector potential formulation [Jac98]:

𝑨(𝒙) = 𝜇0
4𝜋

∭
𝑉

𝑴 (𝒙′) × 𝒙− 𝒙′

∥𝒙− 𝒙′∥3 d𝑉 ′. (78)

Figure 20: A soft magnetic lotus attracted by a moving magnet,
with deformations demonstrated by the von Mises strain distribu-
tion in the upper-right corner. Source: Ni et al. [NZWC20].

When the magnetization 𝑴 inside the object is uniform, 𝑴 can
be taken outside the integral, and the remaining volume integral
can be converted into a surface integral using the divergence theo-
rem. Similarly, the magnetic induction 𝑩 = ∇× 𝑨 can be evaluated
via surface integration, allowing 𝑭m, 𝝉m, and 𝝉∗m to be expressed
purely in boundary-integral form. Unlike the pressure-based formu-
lation above, this approach assumes each rigid body has a homoge-
neous magnetization. To accommodate arbitrarily shaped bodies,
Kim and Han [KH20] approximated each rigid body as one cell
with two submagnetizations. See Fig. 19 for an experiment.

EDM vs. MBM. Similar to our conclusions in the discussion of
magnetic force formulations (§2.4), when the system contains only
linearly magnetized materials, the latter (MBM) can achieve more
accurate results with lower computational complexity, even if com-
plex geometries or strong mutual induction are present. However,
in terms of ease of implementation, numerical stability, and gener-
alizability, EDM often exhibits distinct advantages.

5.2. Magnetic Elastic Bodies

Magnetic elastic bodies have significant applications in areas such
as magnetic soft robotics. With the advancement of technologies
like 3D printing, researchers can now freely design elastic bod-
ies whose magnetization varies spatially, and control their motion
through externally applied magnetic fields [ZKC*19; WKGZ20;
YPC*21]. Compared with rigid bodies, the dynamics of elastic
bodies are more complex. In computer graphics, two commonly
used frameworks for elastic body simulation are based on the fi-
nite element method (FEM) [SB12] and the material point method
(MPM) [JST*16]. The former excels at modeling elastic solids,
whereas the latter can also be extended to simulate viscoelastic flu-
ids, such as magnetic clay.

5.2.1. FEM Frameworks

For weakly coupled simulations, incorporating magnetic forces
into a FEM framework is relatively straightforward. We can simply
compute the magnetic body force density at the vertices of tetra-
hedral or hexahedral elements, or equivalently, the magnetic pres-
sure at the vertices of surface elements (triangles or quads), and
directly apply these forces within an existing FEM solver. Ni et
al. [NZWC20] adopted this approach by combining the magnetic
field computed via FDM with the magnetic pressure formulation of
MBM (Eq. (77)), integrating both into an FEM-based elastic solver.
The implementation closely parallels the rigid-body case, with the
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Figure 21: A deforming thin-shell hexagram, which is consistent
with real-world experiments [KPLZ19]. Left: curling up; right:
arm-shaking. The magnetization profile is optimized using the im-
plicit FEM framework. Source: Chen et al. [CNZ*22].

(a) Initial frame; (b) Linear solver; (c) Nonlinear solver.

Figure 22: A square magnetic elastic solid is attracted toward a
permanent magnet. Under the same MPM framework, the simula-
tion crashes when a magnetostatic solver restricted to linear mag-
netization is used. Source: Sun et al. [SNZ*21].

primary additional cost being the computation of the elastic body’s
SDF 𝜑 on the background grid. Leveraging this framework, the
simulation results are shown in Fig. 20.

For strongly coupled cases, where magnetic and mechanical ef-
fects must be solved simultaneously, the formulation simplifies
considerably when only hard-magnetic materials are present. In
this scenario, it suffices to include the magnetic energy density
𝑤 = −𝑴 · 𝑩 in the total potential energy of the system. Building
upon this idea, Chen et al. [CNZ*22] further neglected the influ-
ence of the induced internal field and approximated the magnetic
energy density as

𝑤 ≈ −𝑴 · 𝑩ext = −𝐽−1
(
𝑭𝑴

)
· 𝑩ext. (79)

This magnetic term, along with its Jacobian and Hessian with re-
spect to vertex positions, is incorporated into an implicit Euler
integration scheme alongside the StVK thin-shell elastic model.
Notably, this framework is fully differentiable: using the adjoint
method, we can efficiently compute derivatives of the simulated
motion of magnetic thin shells with respect to either the rest-state
magnetization 𝑴 or the external magnetic field 𝑩ext. By defining
an objective function and performing gradient-based optimization,
Chen et al. [CNZ*22] demonstrated the design and motion control
of magnetically actuated thin-shell robots. See Fig. 21 for the ex-
ample that virtualizes a real-world ferromagnetic soft robot.

5.2.2. MPM Frameworks

MPM provides a unified framework for simulating deformable con-
tinua. As a hybrid approach combining particles and grids, MPM
leverages the advantages of the former in material tracking and the
latter in field computation. Sun et al. [SNZ*21] proposed to trans-

Figure 23: A lump of magnetic clay (viscoelastic fluid) in a con-
tainer is attracted by a magnet, generating a spike. Source: Sun et
al. [SNZ*21].

fer the magnetization 𝑴 stored on grid nodes to magnetic moments
𝒎 on particles during the grid-to-particle (G2P) step. These mo-
ments are then advected with the particles to their new positions
and subsequently mapped back to the grid during the particle-to-
grid (P2G) step, forming the initial 𝑴-field for the next time step.
This field serves as an initial guess for the finite difference magne-
tostatic solver designed for nonlinearly magnetized materials (see
§4.2.2), thereby accelerating the convergence of Newton iterations.

In conventional FDM-based field solvers, spatially varying mag-
netic susceptibility often requires smoothing through SDFs and
smoothed step functions, which can be computationally expensive.
The particle representation in MPM naturally eliminates this over-
head. Assuming Langevin paramagnetism (12), the magnetization
𝑴 is proportional to the particle number density 𝑛, which can be
computed at grid nodes through the P2G process by weighted accu-
mulation of the microscopic particle counts represented by MPM
particles. This grid-based 𝑛-field is inherently smooth, leading to
a correspondingly smooth right-hand side in the governing equa-
tion (30). As a result, the magnetostatic field can be solved more
robustly without explicit spatial filtering.

When nonlinear magnetization is considered, the volumetric
magnetic body force within the material can no longer be neglected.
Meanwhile, due to the smoothed boundary treatment, there is no
jump in the Maxwell stress tensor, and thus no magnetic pressure
arises. Under these conditions, Sun et al. [SNZ*21] adopted the
Kelvin force (22) as their magnetic force model, successfully sim-
ulating magnetized elastic solids and viscoelastic fluids. Notably,
the inclusion of nonlinear magnetization not only enhances physi-
cal fidelity but also naturally limits the magnitude of the magnetic
force, which substantially improves numerical stability (Fig. 22).

Historically, magnetic modeling has been viewed from two
complementary perspectives: a microscopic one based on discrete
dipoles and a macroscopic one based on continuous fields. By asso-
ciating the former with particles and the latter with grids, the MPM
framework of Sun et al. [SNZ*21] effectively bridges these two
perspectives, revealing a coherent theoretical foundation that unites
discrete and continuum views of magnetism. A lump of magnetic
clay that is simulated by this framework is shown in Fig. 23.

5.3. Ferrofluids

Ferrofluids (also known as magnetic fluids) are colloidal suspen-
sions of nanoscale ferromagnetic particles, which have found wide
applications in materials science [LKC*19; ZSYZ19], robotics
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(a) Normal-field instability; (b) Labyrinthine instability.

Figure 24: Characteristic phenomena of ferrofluids. The normal-
field instability arises due to the interplay of magnetic, gravita-
tional, and capillary forces, leading to the formation of regular
patterns or spikes aligned parallel to the magnetic field direction.
The labyrinthine instability occurs when a thin layer of circular
ferrofluid is sandwiched between two glass panes, and the mag-
netic field is applied perpendicular to the panes. Source: Ni et al.
[NWWC24].

[FDK*20; FJL*22], and artistic design [Kod08; YCE*16]. Due to
the complex interplay of three distinct forces—gravity, magnetic
forces, and surface tension—ferrofluids can form characteristic pat-
terns, which, depending on their morphology, are referred to as
normal-field instabilities and labyrinthine instabilities [Ros97]. See
Fig. 24 for illustration.

Despite the name, ferrofluids do not exhibit macroscopic ferro-
magnetism. From a statistical mechanics perspective, Rosensweig
[Ros97] described their magnetization using Langevin paramag-
netism (see Eq. (12)). The fluid dynamics governing ferrofluids,
based on the Navier–Stokes equations, are among the most com-
plex, and consequently, the number of simulation frameworks de-
veloped for fluids is the largest. Across various frameworks, previ-
ous studies have successfully demonstrated the ability to reproduce
ferrofluid instabilities in virtual environments.

5.3.1. SPH Frameworks

In §4.2.1, we have introduced an SPH-based discretization and the
corresponding magnetic field solver. Naturally, this approach finds
its main use in SPH-based ferrofluid simulations. Because the SPH
method smooths out the ferrofluid boundary, the magnetic pressure
term on the surface vanishes, leaving only the problem of deter-
mining how to define and integrate the volumetric magnetic force
density.

Huang et al. [HHM19] (see Fig. 25) constructed a ferrofluid sim-
ulation framework based on the Kelvin force (Eq. (22)) combined
with the standard weakly incompressible SPH formulation aug-
mented by artificial surface tension (see the tutorial by Koschier
et al. [KBST22]). Since the magnetic field 𝑩 (and hence 𝑯 and 𝑴,
given a predefined susceptibility 𝜒) is already obtained by solving
a linear system at each SPH particle center, directly evaluating the
force density 𝑓m = 𝜇0 (𝑴 ·∇)𝑯 at these centers is straightforward.
However, this value cannot simply be treated as the uniform force
density for the entire SPH particle, as SPH particles typically oc-
cupy a relatively large volume.

To address this issue, Huang et al. [HHM19] examined the

Figure 25: Ferrofluid climbing up a magnetized helix. The helix
mesh and SPH particles are visualized in parallel with the rendered
ferrofluid. Source: Huang et al. [HHM19].

Figure 26: Under magnetic actuation, the rest fluid evolves into a
spiked equilibrium shape. Source: Shao et al. [SHM23].

Kelvin force exerted by the 𝑗-th SPH particle on the 𝑖-th particle,
expressed as

𝒇 𝑗→𝑖 = 𝜇0

∭
𝑉𝑖

𝑴𝑖 (𝒙) ·∇𝜼(𝒙− 𝒙 𝑗 ,𝒎 𝑗 ) d𝑉𝑖

= 𝜇0𝒎𝑖 ·
∭

𝑉𝑖

𝑊 (𝒙− 𝒙𝑖 , ℎ)∇𝜼(𝒙− 𝒙 𝑗 ,𝒎 𝑗 ) d𝑉𝑖 . (80)

When ∥𝒙𝑖 − 𝒙 𝑗 ∥ ≥ 4ℎ, this integral admits an analytical solution:

𝒇 𝑗→𝑖 = 𝜇0 (𝒎𝑖 ·∇)𝜼(𝒙𝑖 − 𝒙 𝑗 ,𝒎 𝑗 ), (81)

which coincides with the force exerted by magnetic moment 𝒎 𝑗

on magnetic moment 𝒎𝑖 . However, when ∥𝒙𝑖 − 𝒙 𝑗 ∥ < 4ℎ, we must
numerically integrate Eq. (80).

Since performing such numerical integration for every pair of
SPH particles is prohibitively expensive, Huang et al. [HHM19]
instead precomputed the integral for a range of particle distances
∥𝒙𝑖 − 𝒙 𝑗 ∥, kernel radii ℎ, and moment orientations (𝒎𝑖 ,𝒎 𝑗 ), and
then fitted the results using piecewise polynomial functions for ef-
ficient runtime evaluation—essentially constructing a lookup table.
Because there are O(𝑁2) such pairwise interactions among 𝑁 SPH
particles, they further modified the fast multipole method to accel-
erate the summation of these forces in this specific formulation.

Divergence-free SPH. Shao et al. [SHM23] extended the above
framework to Divergence-Free SPH (DFSPH) [BK15], by which
the results are shown in Fig. 26. They observed that incorporating
the Kelvin force into DFSPH led to poor convergence, primarily
because it can yield outward-pointing forces, especially near the
ferrofluid surface. This tends to spuriously expand the fluid volume
and thus undermines the incompressibility constraints. To over-
come this issue, they adopted the current-loop force model [Byr77]
instead of the Kelvin force model, defined as

𝑓m = (𝑴 ·∇)𝑩 = 𝜇0 (𝑴 ·∇)𝑯+ 𝜇0 (𝑴 ·∇)𝑴. (82)
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(a) External magnetic field 𝑯ext; (b) Magnetic induction 𝑩;

(c) Kelvin force; (d) Current loop force.

Figure 27: Illustration of the Kelvin and current loop force models
in a uniform external magnetic field. The Kelvin force points out-
ward, while the current loop force points inward. Source: Shao et
al. [SHM23].

Figure 28: Ferrofluid on the ground being attracted by an upper
magnet. The underlying surface mesh is visualized. Source: Huang
and Michels [HM20].

The first term corresponds to the Kelvin force term, and the second
term can be expressed as

𝜇0
2
∥𝑴∥2 − 𝜇0𝑴 × (∇×𝑴). (83)

Intuitively, ∥𝑴∥2 is larger inside the ferrofluid and vanishes out-
side, so this additional term promotes inward-pointing forces near
the interface. This difference in the resulting force directions is il-
lustrated in Fig. 27. From a continuum viewpoint, the Kelvin and
current loop forms yield the same interfacial traction. Their differ-
ence can be absorbed into the pressure in an incompressible for-
mulation. Introducing this term alleviates the spurious expansion
and makes the simulation more compatible with the DFSPH frame-
work. The evaluation approach for this current-loop force follows
exactly the same strategy as Huang et al. [HHM19] used for the
Kelvin force.

Figure 29: Ferrofluid inside a crystal ball magnetized by an ex-
ternal magnetic field (left) and a magnet (right). Source: Ni et al.
[NZWC20].

5.3.2. Surface-Only Frameworks

Da et al. [DHB*16] proposed a surface-only liquid simulation
framework, which assumes that the fluid velocity field 𝒖 is har-
monic (∇× 𝒖 = 0 and ∇ · 𝒖 = 0). Under this assumption, the ve-
locity on the boundary alone suffices to represent the entire flow
field. Consequently, the method requires no volumetric discretiza-
tion. Maintaining only the surface mesh is sufficient for performing
the simulation.

Surface-based fluid simulation offers two major advantages.
First, the explicit representation of the surface naturally ensures ex-
cellent volume preservation. Second, the mean curvature required
for computing surface tension can be directly obtained using dis-
crete differential geometry techniques (see the book of Botsch et
al. [BKP*10]), achieving high accuracy. For ferrofluid simulations,
where surface tension plays a critical role, this explicit surface rep-
resentation also facilitates the use of BEMs for solving the mag-
netic field (§4.2.3).

Huang et al. [HM20] adopted a Galerkin BEM formulation with
double-layer potentials as their magnetostatic solver, and used the
computed 𝑯-field to evaluate the magnetic pressure (Eq. (74)),
which is later integrated into the surface-only pressure solver. Such
a ferrofluid simulation pipeline required minimal modification to
the original surface-only liquid framework but is sensitive to the
accuracy of numerical integration, as pointed out by Huang and
Michels [HM20]. According to their ablation studies, employing
a low-order BEM scheme (such as the collocation method) led to
increased energy dissipation, while computing magnetic pressure
only at vertices, rather than integrating it over faces using quadra-
ture points, often caused simulation instabilities or crashes. They
further observed that only the double-layer potential formulation
was stable in the surface-only context. Using a single-layer poten-
tial under the same numerical setup likewise resulted in crashes.

We demonstrate the surface-only ferrofluid simulation in Fig. 28.

5.3.3. Grid-Based Frameworks

Grid-based (Eulerian) fluid simulation [Bri15] typically employs
the level-set method [OF03] for tracking free surfaces. In this for-
mulation, the interface is implicitly represented by a signed dis-
tance field (SDF) 𝜑(𝒙), which is advected with the flow and pe-
riodically reinitialized to maintain numerical stability. Geometric
quantities on the surface, such as the outward normal and mean cur-
vature, can be directly computed as 𝒏 = ∇𝜑/∥∇𝜑∥ and 𝜅 = ∇ · 𝒏,
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respectively. Consequently, the surface tension at any surface point
can be readily evaluated via Eq. (37).

Within the grid-based simulation framework, pressure projection
constitutes the core step. It solves for the pressure field 𝑝 under a
finite-difference discretization and uses the pressure gradient force
−∇𝑝 to project the velocity field 𝒖 onto a divergence-free space,
enforcing incompressibility. Since surface tension can be expressed
as a pressure jump across the interface (Eq. 37), it naturally appears
as a boundary condition in the pressure projection step. This treat-
ment of surface tension is known as the ghost fluid method (GFM)
[KFL00; GFCK02], which enforces interfacial discontinuities in a
sharp yet numerically stable manner.

As discussed in §5.1.2, the magnetic force derived from 𝑻m in
Minkowski formulation can be interpreted as an effective pressure
difference across the boundary. Therefore, we can incorporate the
magnetic contribution into the conventional capillary pressure 𝑝c =

2𝛾𝜅 to obtain a magnetically augmented surface tension model:

Δ𝑝 = 𝑝− 𝑝air = 𝑝c − 𝑝m. (84)

By enforcing this condition as the boundary constraint in the pres-
sure projection step, we can simulate the dynamics of ferrofluids.
As in §5.1.2, both FDM and BEM are available for determining
the magnetic field. Since grid-based fluid simulations typically use
level sets to track the fluid interface, FDM can directly reuse the
level-set function 𝜑 without additional preprocessing [NZWC20].
The simulation results are given in Fig. 29.

When coupling grid-based fluid solvers with a BEM-based mag-
netostatic solver, Ni et al. [NWWC24] observed that the surface
mesh extracted from the level-set function 𝜑 using marching cubes
[LC87] is particularly well suited as the input for BEM, owing to
several essential properties:
• It is fine-grained that the distance between neighbouring vertices

is less than
√

3Δ𝑥;
• Its vertex positions {𝒙𝑖} align precisely with all the interface

points required for evaluation in the ghost fluid method;
• Local vertex areas {Δ𝐴𝑖} can be readily determined based on its

topological characteristics.
Here, the local vertex area Δ𝐴𝑖 is estimated as one-third of the to-
tal area of all adjacent faces connected to the vertex. Therefore, Ni
et al. [NWWC24] adopted fixed-point iterations to solve the BEM
based on the single-layer potential (§4.2.3), and integrates the re-
sulting magnetic pressure into the grid-based fluid solver as they
did for FDM. See Fig. 24 for results.

It is worth noting that the inherent non-conservative nature
of level-set methods becomes more pronounced when applied
to ferrofluid simulations. Existing work [NZWC20; NWWC24]
addresses this issue by incorporating a volume control strategy
[KLL*07] during the projection step, effectively compensating for
volume gain or loss through artificial adjustment.

6. Discussions

At present, research on magnetic modeling and simulation in com-
puter graphics can be broadly categorized into two paradigms. The
first approximates magnetization and magnetic forces through the
interactions among discrete dipoles, typically applied to magnetic

solids. The second solves for continuous magnetic fields within
the medium using various numerical methods, primarily targeting
magnetic fluids. In terms of computational efficiency, the former
offers a clear advantage; in terms of physical fidelity, the latter
provides a more accurate and principled description of magnetism.
Much like the coexistence of sphere-based approximations and in-
cremental potential contact models in collision handling, or mass–
spring systems and finite element methods in cloth simulation, both
paradigms serve distinct purposes and remain valuable directions
for continued exploration.

Overall, computer graphics researchers have achieved remark-
able progress in physics-based animation of magnetic materials,
spanning rigid bodies, elastic solids, and fluids, as well as both
linear and nonlinear magnetization behaviors. These efforts have
produced numerous visually convincing and aesthetically appeal-
ing results, contributing substantially to the advancement of digital
content creation. Nevertheless, current magnetostatic solvers and
magnetic material simulation pipelines still face several common
challenges and inherent limitations. In the following, we summa-
rize these issues and discuss potential directions for future research,
hoping to inspire further development in this exciting domain.

Implicit schemes. Magnetic fields are determined by the instanta-
neous configuration of the material. Consequently, any numerical
scheme that first evaluates the magnetic field and magnetic forces
based on the current state and then integrates forward in time to ob-
tain the next state is explicit in nature. From this perspective, among
all the frameworks discussed in this paper, only the differentiable
magnetic shells proposed by Chen et al. [CNZ*22] employ a fully
implicit time integration scheme, though their formulation is lim-
ited to hard-magnetic materials. Similarly, the semi-implicit frame-
work by Westhofen et al. [WFJB24] also treats all magnetic com-
ponents as permanent magnets during per-step energy optimization.
To date, there exists no numerical formulation that implicitly com-
putes magnetic forces based on the future configuration while ac-
counting for linear or nonlinear magnetization. In computer graph-
ics, implicit integration methods are known to significantly improve
the stability and computational efficiency of dynamic simulations.
Making progress in this direction could therefore play a pivotal role
in bringing magnetic modeling and simulation into real-time 3D
applications.

Nonlinear magnetization. In physics, understanding the mecha-
nisms underlying magnetization has been fundamental to major
developments throughout the 20th century. In computer graphics,
however, most existing methods are built upon the assumption of
linear magnetization, an approximation that holds only under re-
strictive physical conditions and is therefore of limited applicabil-
ity in practice. Although Kim et al. [KPH18] approached nonlin-
ear magnetization from a micromagnetic perspective and Sun et
al. [SNZ*21] modeled it using Langevin paramagnetism, both at-
tempts remain relatively coarse and suffer from clear numerical
limitations: the magnetization dynamics of Kim et al. [KPH18]
are primarily qualitative and constrained to rigid bodies, while the
method of Sun et al. [SNZ*21] requires Newton iterations over
the entire grid, resulting in significant computational overhead. A
promising research direction might be to address nonlinear mag-
netization within the framework of BEMs. This would, however,
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demand new theoretical developments, since interior terms such as
∇ ·𝑴 generally introduce volume contributions and thus cannot be
represented only using boundary integrals. That is why all bound-
ary integral equations presented in §4.2.3 assume linear magneti-
zation. Furthermore, well-established physical models, such as the
Ising model of ferromagnetic phase transitions [Isi25; Ons44] and
the Jiles–Atherton hysteresis model [JA86], possess corresponding
numerical formulations but have yet to be explored in computer
graphics applications.

Differentiable solvers. A defining feature of magnetic materials
is their long-range controllability, which grants them decisive im-
portance in fields such as biomedicine and robotics. To promote
deeper integration between numerical tools in computer graphics
and these application domains, it is not sufficient to perform ac-
curate and efficient forward modeling and simulation. We must
also enable inverse optimization, which demands that the solvers
themselves be differentiable. At present, only the work of Chen et
al. [CNZ*22] has explicitly addressed this requirement, success-
fully reproducing laboratory experiments [ZKC*19] within a vir-
tual environment. In the biomedical context, Yan et al. [YSS*24]
leveraged magnetic modeling techniques from graphics to design
and analyze their soft microrobots. However, the potential of such
digital-twin-based approaches remains far from fully realized. In
this regard, boundary-integral formulations under BEM offer a crit-
ical advantage by reducing volumetric DoFs to surface samples.
While the resulting long-range interactions are dense, they can be
efficiently accelerated using FMM, which yields linear computa-
tional complexity. Equipping such scalable FMM or BEM pipelines
with differentiability would enable real-time or near-real-time sim-
ulation of extremely large-scale magnetic systems containing mil-
lions of dipoles. This capability would empower engineers to inter-
actively test and refine complex assemblies composed of numer-
ous microscopic magnets (such as magnetic bearings or robotic
swarms), thereby enabling rapid validation of their kinematic and
dynamic performance and dramatically accelerating the design cy-
cle.

Integration into PIC/FLIP. While previous studies have success-
fully extended various popular fluid simulation frameworks, such
as SPH, surface-only, and grid-based methods, to support magnetic
fluids, one of the most prominent framework in modern computer
graphics, PIC/FLIP [ZB05], has yet to receive similar attention.
Compared with the aforementioned methods, PIC/FLIP offers su-
perior conservation of volume [KLTB21], linear momentum, and
angular momentum [JSS*15]. However, it suffers from a critical
drawback in the context of magnetic fluid simulation: the diffi-
culty of applying surface tension. This issue has been noted by
Sun et al. [SNZ*21], who, for this very reason, were unable to
extend their MPM framework to ferrofluid simulation. One pos-
sible workaround is to adopt a two-phase FLIP formulation, as
in MultiFLIP [BB12], to better preserve the liquid–air interface,
which introduces additional overhead. More recently, Hyde et al.
[HGMT20] formulated surface tension from a surface-energy ob-
jective and discretized its forces within MPM, which could poten-
tially be adapted to other hybrid solvers. Another straightforward
solution may be to borrow ideas from SPH and introduce an ar-
tificial surface tension term [JWL*23] to approximate curvature-

based effects. Other possible directions include adapting PIC/FLIP
in a manner similar to MPM to improve its magnetic compatibil-
ity, enabling both particles and grids to jointly represent magnetic
field and magnetization information. In addition, recent advances
in using the lattice Boltzmann method (LBM) [MXL*24] for water
simulation have shown impressive results in graphics [LMLD22].
Integrating magnetic effects into such highly parallel solvers could
lead to large-scale, efficient magnetic fluid simulations.

Human–computer interaction. Magnetic materials are trans-
forming next-generation robotics by enabling non-contact actua-
tion and complex deformations [KPLZ19; HLMS18; EM13], while
simultaneously providing proprioception and high-precision tac-
tile sensing via magnetoelastic and inductive effects [ZZX*24;
KLS*14]. As a breakthrough “electronic skin” technology, mag-
netic tactile sensing converts physical contact into digital sig-
nals [ZCJC24; MCC22; KZ22] with exceptional robustness, ac-
curacy, and multimodal capability—effectively bridging the phys-
ical and digital worlds. The frontier of this research field lies in
the paradigm of “Hardware-Defined Sensing.” Its efficacy stems
from customized magnetic encoding—utilizing multi-pole arrays
and structured laminates to transfigure complex mechanical mo-
tions into spatially unique magnetic signatures. This architecture
facilitates the physical pre-encoding of mechanical DoFs, embed-
ding sensing intelligence into the material morphology. Magnetic
modeling and simulation underpin this process, providing the foun-
dation for signal capture, recognition, and interpretation, and en-
abling a high-fidelity, real-time tactile digital twin that bridges
hardware-defined magnetic encoding with algorithmic inference. A
primary challenge is the physical decoupling of forces and torques
through the coordinated design of magnetization patterns and sen-
sor structures [DZP*24], allowing robots to extract structured me-
chanical information from complex contacts. Here, simulation-
driven morphological optimization quantifies the spatial orthogo-
nality and field gradients of diverse magnetic patterns, ensuring that
each mechanical DoF produces a distinct “magnetic fingerprint”
that maximizes decoupling resolution at the source. This capability
facilitates the understanding of fundamental interaction modes—
pushing, pulling, twisting, and sliding—supporting precise manip-
ulation, safe interaction, and natural human–robot interfaces. An-
other challenge lies in handling the nonlinear, time-varying nature
of tactile signals arising from the fundamental physics of contact.
Future research must develop real-time magnetic simulation frame-
works capable of dynamically reconstructing multidimensional
force and torque data [YHY*21; YSSP22] under strict computa-
tional constraints, where reduced-order or neural surrogate models
trained on synthetic simulation data enable fast inverse mapping
from composite magnetic signals to decoupled force and torque
components. Such physics-based models will enable synchronized
virtual-real perception and advance innovation in robotics, virtual
reality, and human-machine collaboration.

7. Conclusion

This survey presents a systematic review of magnetic modeling and
simulation, a topic that has recently gained increasing attention in
the computer graphics community. As the first comprehensive sur-
vey dedicated to this area, it aims to clarify the distinctions and
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connections among existing studies in terms of their physical for-
mulations and numerical solvers. All these methods originate from
the same underlying magnetostatic principles and equations of mo-
tion, yet adapt to graphics applications through varying degrees of
approximation and discretization.

We have provided an organized summary of the methods’ re-
spective strengths and limitations, highlighting the diverse strate-
gies that have emerged across various magnetic materials. We hope
this paper, by consolidating fragmented knowledge into a unified
framework, can serve as both an introductory reference for practi-
tioners entering the field of magnetic modeling and simulation, and
a guidepost for researchers seeking promising future directions—
fostering both the practical adoption and academic advancement of
this emerging topic in computer graphics.
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Appendix A: Sharp versus Smoothed Magnetic Interfaces

This section quantifies the modeling error incurred when a phys-
ically sharp jump in magnetic permeability is replaced by a dif-
fuse transition layer of thickness 𝜀 in numerical schemes (e.g.,
smoothed-Heaviside or diffuse-interface formulations). Using a
minimal ferrohydrodynamic stability problem as a testbed, previ-
ously analyzed by Cowley and Rosensweig [CR67] and Abou et
al. [ADW97], we (i) recover the sharp-interface dispersion rela-
tion from a standard Maxwell-stress calculation, and (ii) perform
a matched expansion for a generic regularized profile 𝜇r (𝑧) across
the interface. The key result is that smoothing generically contami-
nates the normal magnetic pressure at O(𝜀) (equivalently O(𝑘𝜀) in
the dispersion relation), unless the regularization is centered so as
to preserve the sharp-interface symmetry.

Sharp interface. We consider an incompressible magnetic liquid
of infinite depth occupying 𝑧 < 𝜁 (𝑥, 𝑡), with density ρ and surface
tension 𝛾, under gravity 𝒈 and a uniform imposed vertical field
𝑯0 = 𝐻0𝒛. Irrotational flow, 𝒗 = ∇𝛷, implies

∇2𝛷 = 0, (85)

with a decaying plane-wave ansatz

𝛷(𝑥, 𝑧, 𝑡) = 𝐴e𝑘𝑧ei(𝑘𝑥−𝜔𝑡 ) , 𝑧 < 𝜁, (86)

and interface perturbation

𝜁 (𝑥, 𝑡) = 𝑠+ 𝜁0ei(𝑘𝑥−𝜔𝑡 ) , 𝑘𝜁0 ≪ 1. (87)

The kinematic boundary condition at 𝑧 = 0 gives

𝜕𝜁

𝜕𝑡
=
𝜕𝛷

𝜕𝑧

����
𝑧=0

⇒ −i𝜔𝜁0 = 𝑘𝐴. (88)

The linearized dynamic boundary condition reads

ρ
𝜕𝛷

𝜕𝑡

����
𝑧=0

= −ρ𝑔𝜁 +𝛾∇2𝜁 + 𝑝m, (89)

where 𝑝m is the normal magnetic pressure jump.

In magnetostatics 𝑯 = −∇𝜙tot and ∇ · 𝑩 = 0 imply

∇ · (𝜇∇𝜙tot) = 0, (90)

with 𝜇 = 𝜇0 for 𝑧 > 𝜁 and 𝜇 = 𝜇r𝜇0 for 𝑧 < 𝜁 . The unperturbed
fields are uniform, with magnitudes 𝐻0 above and 𝐻0/𝜇r below.
The linear solutions are therefore

𝜙tot (𝑥, 𝑧, 𝑡) =

−𝐻0𝑧+ 𝑎e−𝑘𝑧ei(𝑘𝑥−𝜔𝑡 ) , 𝑧 > 𝜁,

−𝐻0
𝜇r
𝑧+ 𝑏e𝑘𝑧ei(𝑘𝑥−𝜔𝑡 ) , 𝑧 < 𝜁 .

(91)

Imposing continuity of tangential 𝑯 and normal 𝑩 at 𝑧 = 𝜁 to O(𝜁0)
yields

−𝐻0𝜁0 + 𝑎 = −𝐻0
𝜇r
𝜁0 + 𝑏, −𝐻0 − 𝑘𝑎 = −𝐻0 + 𝜇r𝑘𝑏, (92)

hence

𝑎 = −𝜇r𝑏 =
𝜇r −1
𝜇r +1

𝐻0𝜁0. (93)

Using Eq. (74), the magnetic pressure jump expanded to first order

in 𝜁0 is

𝑝m =
𝜇r −1
2𝜇r

𝜇0𝐻
2
0 +

(𝜇r −1)2

𝜇r (𝜇r +1) 𝜇0𝑘𝐻
2
0 𝜁0, (94)

where the constant term is balanced by the mean elevation 𝑠. Sub-
stitution into the dynamic condition gives the sharp-interface dis-
persion relation

ρ𝜔2 = ρ𝑔𝑘 +𝛾𝑘3 − (𝜇r −1)2

𝜇r (𝜇r +1) 𝜇0𝑘
2𝐻2

0 . (95)

At onset (𝜔 = 0) one obtains

ρ𝑔+𝛾𝑘2 − 𝜅 𝜇0𝑘𝐻
2
0 = 0, 𝜅 =

(𝜇r −1)2

𝜇r (𝜇r +1) , (96)

and minimizing 𝐻2
0 (𝑘) yields the critical field

𝐻2
c =

2√ρ𝑔𝛾
𝜅𝜇0

. (97)

Diffuse interface and leading error. We now replace the jump in
𝜇r by a smooth profile 𝜇r (𝑧) transitioning over a layer of thickness
𝜀 ≪ 𝜁0 (cf. Eq. (59)). Within the layer, ∇ · (𝜇r∇𝜙tot) = 0 no longer
reduces to a constant-coefficient equation. Writing

𝜙tot (𝑧) = 𝛼+ 𝛽(𝑧)ei(𝑘𝑥−𝜔𝑡 ) −
∫ 𝑧

𝜁

𝐻0
𝜇r (𝑧)

d𝑧, (98)

the perturbation amplitude satisfies

d
d𝑧

(𝜇r (𝑧)𝛽′ (𝑧)) − 𝜇r (𝑧)𝑘2𝛽(𝑧) = 0. (99)

Because 𝛽 = O(𝜁0) varies across a thickness 𝜀, one has 𝛽′ =
O(𝜁0/𝜀), so terms involving 𝜇′r = O(1/𝜀) enter at leading order.
A consistent inner expansion is therefore

𝜇r (𝑧)𝛽′ (𝑧) =
𝐶0
𝜀

+ 𝑘𝐶1 +𝐶2𝑘
2 (𝑧− 𝜁), (100)

and hence

𝛽(𝑧) = 𝛽0 +
∫ 𝑧

𝜁

𝐶0
𝜀 𝜇r (𝑠)

d𝑠

+ 𝑘
∫ 𝑧

𝜁

𝐶1
𝜇r (𝑠)

d𝑠+ 𝑘2
∫ 𝑧

𝜁

𝐶2 (𝑠− 𝜁)
𝜇r (𝑠)

d𝑠.
(101)

Matching to outer solutions of the form

𝜙tot (𝑥, 𝑧, 𝑡) =

−𝐻0𝑧+

(
𝑎+ 𝑘𝜀 𝑎 (1) + 𝑘2𝜀2𝑎 (2)

)
e−𝑘𝑧ei(𝑘𝑥−𝜔𝑡 ) ,

−𝐻0
𝜇r
𝑧+

(
𝑏+ 𝑘𝜀 𝑏 (1) + 𝑘2𝜀2𝑏 (2)

)
e𝑘𝑧ei(𝑘𝑥−𝜔𝑡 ) ,

(102)
gives, at leading order,

𝑎+ 𝜇r𝑏 = 0, (103)

as in the sharp problem, but the first correction involves
permeability-weighted moments of the inner solution and is gener-
ically nonzero:

𝑎 (1) + 𝜇r𝑏
(1) = −1

𝜀

∫ 𝜁+𝜀

𝜁 −𝜀

𝜇r (𝑧)
(
𝛽0 +

∫ 𝑧

𝜁

𝐶0
𝜇r (𝑠)𝜀

d𝑠
)

d𝑧. (104)

This term is precisely the mechanism by which smoothing in-
troduces an O(𝜀) shift in the matched amplitudes and, through
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Eq. (74), an O(𝜀) error in 𝑝m (hence an O(𝑘𝜀) error in the dis-
persion relation and inferred threshold).

The O(𝜀) contribution cancels only if the regularization pre-
serves the sharp-interface symmetry, i.e., if the transition is cen-
tered so that 𝜇r (𝑧) is (up to constant prefactors on each side) an
even function about 𝑧 = 𝜁 . A generic smooth interpolation between
𝜇r = 1 and 𝜇r = const need not satisfy this centering condition, mak-
ing the cancellation nontrivial.

Consistency check with sharp interface. For the original discon-
tinuous interface, one finds

1
𝜀

∫ 𝜁+𝜀

𝜁 −𝜀

𝜇−1
r (𝑧) d𝑧 = 1+ 1

𝜇r
, (105)

so that

𝐶0 = 𝜇r
𝑎− 𝑏
1+ 𝜇r

, 𝛽0 =
𝑎+ 𝜇r𝑏

1+ 𝜇r
= 0. (106)

The permeability-weighted integral entering the matching condi-
tion then becomes

𝑎 (1) + 𝜇r𝑏
(1) = −1

𝜀

∫ 𝜁+𝜀

𝜁

(
𝛽0 +𝐶0

𝑧− 𝜁
𝜀

)
d𝑧

− 1
𝜀

∫ 𝜁

𝜁 −𝜀

𝜇r

(
𝛽0 +

𝐶0
𝜇r

𝑧− 𝜁
𝜀

)
d𝑧,

(107)

which evaluates to

𝑎 (1) + 𝜇r𝑏
(1) = −(𝜇r +1)𝛽0 = 0. (108)

Thus, a hard interface produces no first-order correction.

Implication for simulations. In practice, diffuse-interface or
smoothed-Heaviside regularizations of the magnetic permeability
are often introduced for numerical robustness, in order to alleviate
the stiffness associated with a discontinuous jump in material prop-
erties. The present analysis shows that such regularizations mod-
ify the interfacial Maxwell stress at O(𝜀), with the correction con-
trolled by the structure of the transition layer. The sharp-interface
result is recovered in the limit 𝜀 → 0, or when the regularization
preserves the symmetry of the discontinuous problem.

Appendix B: Error Induced by a Finite Neumann Boundary

In this section, we quantify the error incurred when the open mag-
netostatic boundary condition, defined by decay at infinity, is ap-
proximated by a homogeneous Neumann condition imposed at a
finite radius. As an analytically tractable model, we consider a lin-
early magnetizable sphere placed in a uniform applied magnetic
field. By comparing the induced response obtained from the ex-
act infinite-domain solution with that resulting from a finite-radius
Neumann truncation, we derive a closed-form expression for the
relative error. In the asymptotic limit 𝑅2 ≫ 𝑅1, the truncation error
is shown to scale as O((𝑅1/𝑅2)3).

We consider a sphere of radius 𝑅1, composed of a linear mag-
netic material with permeability 𝜇r𝜇0, placed in a uniform exter-
nal magnetic field 𝑯ext = 𝐻0𝒛. In the absence of free currents, the

magnetic field can be expressed as 𝑯int = −∇𝜙, where the scalar
potential satisfies Laplace’s equation,

∇2𝜙 = 0. (109)

Owing to axial symmetry about the 𝑧 axis, the scalar potential ad-
mits the multipole expansion

𝜙1 =
∑∞

𝑙=0

(
𝐴𝑙𝑟

𝑙 +𝐵𝑙𝑟−(𝑙+1)
)
𝑃𝑙 (cos𝜃), 𝑟 ≤ 𝑅1,

𝜙2 =
∑∞

𝑙=0

(
𝐶𝑙𝑟

𝑙 +𝐷𝑙𝑟
−(𝑙+1)

)
𝑃𝑙 (cos𝜃), 𝑟 > 𝑅1,

(110)

where 𝑃𝑙 denotes the Legendre polynomial of degree 𝑙. Regularity
at the origin requires 𝐵𝑙 = 0, and the gauge freedom of 𝜙 is fixed
by setting 𝐴0 = 𝐶0 = 0. The applied field corresponds to the scalar
potential 𝜙0 = −𝐻0𝑟𝑃1 (cos𝜃).

At the material interface 𝑟 = 𝑅1, continuity of the tangential com-
ponent of 𝑯 and the normal component of 𝑩 yields

𝜇0
𝜕 (𝜙1 +𝜙0)

𝜕𝑟

����
𝑟=𝑅1

= 𝜇r𝜇0
𝜕 (𝜙2 +𝜙0)

𝜕𝑟

����
𝑟=𝑅1

,

𝜕𝜙1
𝜕𝜃

����
𝑟=𝑅1

=
𝜕𝜙2
𝜕𝜃

����
𝑟=𝑅1

.

(111)

Open boundary at infinity. Imposing decay of the magnetic field
at infinity requires 𝐶𝑙 = 0 for all 𝑙. Substitution into Eq. (111) and
projection onto individual Legendre modes yields 𝐷0 = 0 and, after
straightforward algebra,{

𝐴1 −𝐻0 = 𝜇r (−2𝐷1𝑅
−3
1 −𝐻0),

𝐴1𝑅1 = 𝐷1𝑅
−2
1 ,

(112)

together with, for all 𝑙 ≥ 2,{
𝑙 𝐴𝑙𝑅

𝑙−1
1 = −𝜇r (𝑙 +1)𝐷𝑙𝑅

−(𝑙+2)
1 ,

𝐴𝑙𝑅
𝑙
1 = 𝐷𝑙𝑅

−(𝑙+1)
1 .

(113)

The solution is

𝐴1 = − 𝜇r −1
2𝜇r +1

𝐻0, 𝐷1 = − 𝜇r −1
2𝜇r +1

𝐻0𝑅
3
1 , (114)

with all higher-order multipoles vanishing identically,

𝐴𝑙 = 0, 𝐷𝑙 = 0, ∀ 𝑙 ≥ 2. (115)

Homogeneous Neumann boundary at 𝑟 = 𝑅2. We now replace
the open boundary by a homogeneous Neumann condition,

𝜕𝜙2
𝜕𝑟

����
𝑟=𝑅2

= 0, (116)

which enforces

𝐷0 = 0, 𝑙𝐶𝑙𝑅
𝑙−1
2 − (𝑙 +1)𝐷𝑙𝑅

−(𝑙+2)
2 = 0, 𝑙 ≥ 1. (117)

Together with the interface conditions at 𝑟 = 𝑅1, the resulting linear
system for the dipolar mode yields

𝐴1 =

(
1
𝑅3

1
+ 2
𝑅3

2

)
𝐷1, 𝐷1 = − 𝜇r −1

2𝜇r+1
𝑅3

1
−2 𝜇r−1

𝑅3
2

𝐻0, (118)

while all higher-order coefficients again vanish identically.
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Relative error. Comparing the dipolar coefficients obtained from
the two outer-boundary conditions, the relative error introduced by
the finite-radius Neumann boundary is

𝐷1,Neu −𝐷1,∞
𝐷1,∞

=

2 𝜇r−1
𝑅3

2
2𝜇r+1
𝑅3

1
−2 𝜇r−1

𝑅3
2

∼ O
(
𝑅3

1

𝑅3
2

)
, (119)

demonstrating that the truncation error induced by a homogeneous
Neumann boundary decays cubically with the ratio 𝑅1/𝑅2 in the
limit 𝑅2 ≫ 𝑅1.

This result provides a quantitative a priori estimate for the finite-
domain error introduced by magnetic shielding boundary con-
ditions in numerical simulations. In particular, achieving a pre-
scribed relative accuracy 𝜀 in the induced dipolar response requires
𝑅2/𝑅1 ≳ 𝜀−1/3.
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