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Figure 1: Comparison on a high-resolution model of a scanned ornamented shell with 3.5M triangles containing numerous tubercles
and ridges. Harmonic approaches are particularly effective at producing injective parameterizations. (a) However, due to the accumulated
Gaussian curvature that appears in the shell’s features, the harmonic GIF method of [FW22] fails to control the isometric distortion on this
challenging example (left). (b) Our method guarantees injectivity by construction (middle). It terminates in a fraction of the time required by
CM [SPSH∗17], while achieving a symmetric Dirichlet energy close to that of CM. (c) The optimal map obtained by CM (on the right) has
the lowest level of distortion, but it takes more than 13.5 times longer to compute than our method.

Abstract
We present a highly efficient and robust method for free boundary injective parameterization of disk-like triangle meshes with
low isometric distortion. Harmonic function–based approaches, grounded in a strong mathematical framework, are widely
employed. In particular, harmonic maps are valuable for guaranteeing injectivity under suitable boundary conditions. They
are also computationally efficient, as they operate within a linear subspace [FW22]. However, this restriction to a limited
subspace often introduces substantial isometric distortion, especially on highly curved surfaces. In contrast, methods that
explore the full space of piecewise linear maps [SPSH∗17] achieve much lower isometric distortion, but at the expense of
increased computational cost. We propose a hybrid method that combines the speed and robustness of harmonic maps with the
generality of full-space methods to produce injective maps with low isometric distortion up to 50 times faster than state-of-the-
art methods. The core concept is simple but powerful. Instead of searching for the optimal parameterization over the original
mesh via a full-space method, we simplify the input fine mesh and parameterize the coarse mesh. We then prolong the Beltrami
coefficients from the coarse mesh parameterization to the fine mesh, resulting in a customized Laplacian matrix that gives rise
to a harmonic map in a modified metric [WGS23,FW25]. Our method ensures injectivity, offers great computational efficiency,
and produces significantly lower isometric distortion compared to harmonic maps.

CCS Concepts
• Computing methodologies → Mesh geometry models;

pression, shape-and-image deformation, and high-level learning
tasks, to name a few. Despite an extensive body of literature on
the subject, computational mapping, and surface parameterization
in particular, remains highly active. This is primarily because the
underlying mathematical formulations lead to large-scale, nonlin-
ear, and nonconvex optimization problems.

1. Introduction

Computing high-quality surface parameterizations of triangle 
meshes efficiently i s a  f undamental p roblem i n g eometry process-
ing and computer graphics. These maps are essential for texture 
mapping, shape correspondence, remeshing, shape analysis, com-
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Over the past decade, significant progress has been made in de-
veloping fast, high-quality parameterization methods that guaran-
tee injectivity. Most of these approaches operate in the space of
(continuous) piecewise linear (P.W.L.) mappings, typically starting
with a valid but highly distorted map initialization (e.g., [Tut63]),
followed by an iterative optimization process that gradually re-
duces the geometric distortion across the mesh. Methods such as
[SPSH∗17, RPPSH17, JSP17, SYLF20] often achieve the lowest
overall distortion. Processing meshes of low to medium size can
be done in a matter of seconds. However, optimizing models with
several million triangles can consume substantial computational re-
sources and take several minutes to process, even with high-end
hardware.

Another approach to solving nonlinear optimization problems
involves restricting the solution space to a reduced-dimensional lin-
ear subspace. For mesh parameterization and deformation tasks,
the harmonic subspace is of particular interest since it possesses
desirable properties such as smoothness and injectivity guarantees
in both the discrete and smooth cases [FW22, HFCW19, LCH∗21,
CW15].

This restriction significantly reduces the dimensionality of the
problem, as the degrees of freedom are effectively limited to the UV
coordinates of a small set of boundary sampling points. Compared
to full-space methods, harmonic-subspace approaches are substan-
tially faster, often by an order of magnitude [FW22, HFCW19],
while still guaranteeing injectivity. These methods typically yield
high-quality parameterizations for meshes that do not require high
isometric distortion for flattening [SSC18, MZ13]. However, a key
limitation arises in regions with accumulated Gaussian curvature.
Harmonic and conformal methods tend to introduce unnecessary
excessive area distortion instead of tolerating a moderate amount
of shear [FW22, Figure 10].

Several recent methods for computing maps [WGS23, FW25,
FBC25] are based on the observation that any map from an abstract
2-manifold to the plane is harmonic with respect to some metric.
Notably, even the optimal solution produced by a full-space method
such as the Composite Majorization (CM) method [SPSH∗17] is
harmonic under a particular metric. Owing to the linear repro-
duction property of barycentric coordinates, constructing the cotan
Laplacian using the edge lengths of the CM parameterization (a flat
metric with low distortion) yields a harmonic subspace that con-
tains this parameterization.

With such a Laplacian, the CM solution becomes accessible to
harmonic-subspace methods such as the Globally Injective Flatten-
ing (GIF) method [FW22] or the conformal Boundary First Flat-
tening (BFF) method [SC17]. Since CM optimizes over the full
space of P.W.L. maps, its result can be regarded as the optimal so-
lution. Thus, constructing a Laplacian based on the CM layout is
sufficient for harmonic-subspace methods to reproduce the CM so-
lution. This observation is key across multiple approaches: approx-
imating this Laplacian efficiently and then applying a harmonic-
subspace method can achieve results comparable to CM at only a
fraction of CM’s runtime. This approach is not limited to a partic-
ular type of distortion measure or optimization method. The exact
same idea can be used to accelerate the solution of multiple energy-
optimization problems.

Fargion et al. [FW25] recently used this approach to solve the
surface parameterization problem. They trained a neural network to
predict the pullback metric tensor of each triangle using a dataset of
30,000 models parameterized with CM, minimizing the so-called
symmetric Dirichlet energy. During inference, they used the pre-
dicted metric to construct a modified Laplacian, which was then
fed into GIF. The results obtained are far more similar to CM’s re-
sults than to those produced by vanilla harmonic GIF. However, this
method relies on a lengthy preprocessing stage, which is based on
a specific dataset. Furthermore, the training is tied to a particular
distortion measure, and switching to a different measure requires
retraining.

In this paper, we provide a conceptually simple and general algo-
rithm for parameterizing high-resolution meshes in a fraction of the
time required by state-of-the-art methods. Our method simplifies
the fine input mesh into a low-resolution coarse mesh. We then pa-
rameterize the coarse mesh using the same geometric optimization
procedure that would otherwise be applied to the full-resolution
mesh. A key observation is that the fine mesh Laplacian can be es-
timated in a fraction of the time compared to a full nonlinear solve,
simply by prolonging the so-called Beltrami coefficients (but not
the map) from the parameterization of the coarse mesh to the high-
resolution mesh. These Beltrami coefficients encode the conformal
distortion induced by the map and in the discrete case, they de-
fine the angles of the deformed triangles, which leads to a modified
Laplacian matrix. Finally, we use the harmonic framework to flat-
ten the mesh. This process is extremely fast, comparable to a single
linear solve, and reliably maintains injectivity.

2. Previous Work

There is a vast body of work on map computation and mesh pa-
rameterization. In this literature review, we focus primarily on full-
space injective parameterization methods and harmonic subspace
approaches. We also provide a brief overview of techniques that
employ simplification or incremental remeshing for general surface
mapping.

Injective Parameterization Methods Over the last decade, re-
search on injective mappings has developed significantly, giving
rise to a wide range of approaches.

One well-studied family of techniques addresses this issue by
reformulating the optimization problem as a convex one. These ap-
proaches avoid initialization altogether [Lip12, BCE∗13, APL14,
KABL14], but their robustness is limited: the convexified feasible
set may be empty even when the original nonconvex problem has a
solution.

Another approach is to design energies whose global minimizer
corresponds to an injective map [XCGL11, WMZ12, DAZ∗20,
DKZ∗21]. Related formulations eliminate singularities at degener-
ate elements, enabling the optimization process to potentially "re-
cover" injectivity [GKK∗21, DKZ∗22, WGS23, SLS22, OKN21].
While these strategies often achieve high success rates in practice,
they lack theoretical guarantees of convergence or optimality.

In contrast, interior-point methods explicitly preserve injec-
tivity throughout the optimization. Starting with a bijective ini-
tialization, these methods incorporate barrier terms that grow
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Figure 2: Comparison to CM and GIF on high-resolution meshes with geometric features across the entire frequency domain. Our method
consistently achieves low isometric distortion, which is comparable to CM, in a fraction of the time. GIF results have significantly higher
area distortion. The symmetric Dirichlet energy and the runtime in seconds are in brackets.

importance and are supported by a robust mathematical foun-
dation [WG10, SSP08, MZ13, SSC18, SC17]. From a computa-
tional standpoint, significant progress has been made in recent
years regarding the robust evaluation of discrete conformal maps
[GSC21, CCS∗21, SWGL15]. These approaches enable mappings
from general surfaces to flat domains, potentially incorporating
cone singularities and automatic connectivity changes.

Harmonic Parameterization Methods The space of harmonic
maps is a linear subspace that generalizes the space of confor-
mal maps. Unlike conformal maps, harmonic maps are not al-
ways injective; however, their injectivity is entirely determined by
their boundary behavior. This distinctive property, coupled with
their vector space structure, makes harmonic maps widely used
[CW15, LW16, CCW16, CW17, HFCW17, WGS23].

In the discrete setting, Convex Combination Maps (CCMs) are
the closest analog. Tutte’s embedding [Tut63] and its extensions
[Flo97] guarantee a bijective mapping of a disk-like mesh onto a
convex polygon by solving a single sparse linear system. Gortler et
al. [GGT06] further proved that CCMs yield bijective maps to flat
tori, and Aigerman et al. [AL15] generalized this idea to Euclidean
orbifolds. These methods are advantageous for their simplicity, ef-
ficiency, and robustness. However, they are applicable only in re-
stricted settings where boundaries are fixed to convex domains or
are entirely absent, often producing severe distortion.

Several works have attempted to overcome these limitations. We-
ber et al. [WZ14] combined two harmonic maps to enforce injec-
tivity when the target shape is not convex. However, allowing the
boundary to move freely typically leads to lower-distortion solu-

unbounded as elements collapse. This maintains local injec-
tivity [SKPSH13, RPPSH17, LYNF18, CBSS17, KGL16, SGK19, 
SPSH∗17, SYLF20]. Commonly used isometric energies in this 
context include symmetric Dirichlet [SS15], AMIPS [FLG15], 
Neo-Hookean strain [Ogd97], symmetric As-Rigid-As-Possible 
(SARAP) [PL16], etc. These methods are applicable when a valid 
initialization is accessible, such as for disk-like surfaces where 
Tutte’s embedding provides a natural starting point [Tut63]. Nev-
ertheless, these methods guarantee injectivity only in exact arith-
metic. In floating-point implementations, even Tutte’s approach can 
fail [SJZP19,FBRCA23]. Our method shares this limitation, though 
we have not encountered such numerical failures in practice.

The need for valid initializations becomes more restrictive when 
positional constraints are introduced. Projection-based methods al-
low optimizations to start from non-injective maps to mitigate this 
issue, as discussed in [AL13, KABL15, HFCW17].

Together, these strands of work define a  w ell-established land-
scape of injective parameterization techniques. However, the non-
linear and iterative nature of these algorithms makes them much 
slower than linear or subspace-based approaches. In this paper, we 
aim to develop a method that bridges the gap between these two 
classes by computing the result of the full-space method over a 
coarse mesh. This allows for a simple, yet powerful modification 
of the subspace.

Conformal Parameterization Methods Conformal maps are 
smooth, angle-preserving maps that are locally injective by con-
struction, though they do not preserve lengths. In the field of 
geometry processing, conformal parameterizations are of central
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tions. Bright et al. [BCW17] established general injectivity condi-
tions for CCMs on arbitrary topologies with free boundaries and
cone singularities. Building on this work, Hefetz et al. introduced
Fast Locally Injective Harmonic Mapping (FLIM) [HFCW19].
This method efficiently constructs a compact harmonic subspace
using the selective inverse technique [KLS13,VCKS17] by extract-
ing the necessary rows of the Laplacian inverse without computing
it in full. The cost of this construction is comparable to solving a
sparse linear system. Once the subspace is constructed, finding a
locally injective solution reduces to a small nonlinear optimization
problem, typically involving only boundary degrees of freedom.

A related approach is Globally Injective Flattening (GIF)
[FW22], which employs the same harmonic subspace framework
as FLIM, together with Jiang et al.’s scaffolding technique [JSP17]
to compute globally injective maps with free boundaries. Freeing
the boundary consistently yields harmonic maps with minimal iso-
metric distortion within this class.

The downside of harmonic parameterizations is that they strug-
gle with highly curved surfaces and often have significantly higher
isometric distortion than non-harmonic techniques. Our method
strikes a balance by combining the computational efficiency and
robustness of harmonic-based approaches with the distortion levels
of more general techniques, all without relying on learning-based
techniques.

Quasi-Conformal maps Our method differs from the standard
harmonic subspace approach because it substitutes the Laplacian
that is induced from the metric of the 3D embedding with an al-
ternative one. Several prior works have explored the use of altered
metrics in the context of harmonic and conformal maps, though in
different applications.

For instance, [CWKBC13, FBC25] interpolate planar shapes by
blending the metric of the source and target meshes. The resulting
blended metric has pointwise bounded distortion with respect to the
source and target shapes. Since, in general, this blended metric is
not flat, they apply conformal (which is also harmonic) flattening,
producing a flat metric while preserving the conformal error bound.

Weber and Zorin [WZ14, Section 5.3] modify the original sur-
face metric to approximate an extremal quasi-conformal map un-
der fixed boundary conditions, building on their earlier work
[WMZ12]. Similarly, Wang et al. [WGS23] construct diffeomor-
phisms by optimizing within the space of quasi-harmonic maps that
satisfy specialized Cauchy boundary conditions. Their method op-
timizes the modified metric, expressed in terms of complex Bel-
trami coefficients, using a variational formulation combined with
a nonlinear iterative procedure. This work also contributes a de-
tailed theoretical framework for harmonic maps with variable met-
rics, both in smooth and discrete settings.

Neural-Based Methods [AGK∗22] is the first method to compute
surface parameterization using a data-driven approach. The authors
trained a neural network to predict the per triangle Jacobian of
the parameterization. The inferred non-integrable Jacobians are fed
into a Poisson solver in order to recover the final map. In [FW25] a
neural network is trained to predict the matrix logarithm of the 3×3
pullback metric tensor of each triangle and computes the final map

using harmonic flattening based on a modified Laplacian of the pre-
dicted metric. Instead, our method uses a geometric construction to
“predict” the modified metric.

Simplification-Based Methods Simplification is used to some ex-
tent in map computations. [BCE∗13] computes mesh quadrangula-
tion via parameterization and decimates the mesh in the flat para-
metric space while maintaining a map between the coarse and orig-
inal meshes throughout the optimization process. [SPK23] com-
putes inter-surface maps between multiple sphere-like meshes by
mapping each mesh onto an adaptively refined sphere triangulation.
This allows for efficient "direct" energy optimization via a coarse
overlay. While efficient, applying this technique into the standard
surface parameterization is not trivial. [SLMB05,LSS∗98,HGC99]
simplify a mesh, perform direct optimization on the simplified
model, and prolong the UVs linearly to obtain the parameteriza-
tion of the original mesh. The main problem with this approach is
the fact that the distortion of the triangles in the original mesh is un-
bounded, leading to frequent near-collapsed and flipped triangles,
which cannot be easily fixed. Another problem is that prolonging
the UVs usually yields piecewise smooth parameterizations, with
sharp changes between patches.

The multigrid approach of [LZBCJ21] prolongs functions across
different hierarchy levels based on their intrinsic geometry. It solves
iterative geometric optimization efficiently. Albeit, the construction
of the hierarchy is time consuming and using it to prolong UVs
may violates injectivity and is not suitable for interior point meth-
ods. [LGC∗23] is a surface simplification method that uses intrinsic
geometry to construct a bijective map between the simplified and
original meshes. [YSLF20] proposes a surface parameterization ap-
proach intended for very large meshes for which a direct solver is
not applicable. It optimizes the energy over the entire model where
only a few control points are allowed to move. The energy-descent
direction for any other vertex is defined by interpolating the de-
scent directions of the control points. Finally, [LLT∗20] proposes
a spectrum-preserving mesh decimation scheme that simplifies a
mesh while ensuring that the Laplacian of the simplified mesh re-
mains spectrally close to that of the original.

3. Algorithm

Given an input 3D disk-like triangle mesh, our algorithm first sim-
plifies it (Section 3.1) and runs a full-space energy-minimizing pro-
cedure over it (Section 3.2). Then, we extract the per triangle Be-
trami coefficient from the triangles of the simplified mesh, prolong
them over the entire input mesh (Section 3.3), and construct a mod-
ified Laplacian (Section 3.4). Finally, we use a robust harmonic
flattening method to compute an injective (locally or globally) pa-
rameterization based on this modified Laplacian (Section 3.5). The
main building blocks of our algorithm are illustrated in Figure 3.

Our algorithm can handle any mesh size. However, for the major-
ity of popular distortion measures, most advanced parameterization
algorithms can process meshes with several thousand triangles in a
fraction of a second. While it is still possible to accelerate such a
process, we focus on larger meshes, where the benefit of using our
acceleration technique will be substantial.

© 2026 The Authors.
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Figure 3: Steps of our algorithm. The input is a 3D mesh M(V,E ,F), and the output is a UV layout represented by (ui,vi)∈R2, i = 1 . . . |V|.
After simplification process (a) that creates M′(V ′,E ′,F ′), we run a global optimization process to flatten it (b). We then extract the Beltrami
coefficient of each coarse triangle, and smooth it by interpolating the Beltrami coefficient into the coarse vertices (c). After that, we project
each fine triangle onto the coarse mesh (d), such that the projected centroid defines the interpolated Beltrami coefficient of the fine triangle.
The Beltrami coefficients define a set of angles for each fine triangle (e), which in turn defines the modified Laplacian used in the harmonic
flattening process (f).

3.1. Mesh Simplification

Given an input 3D disk-like high-resolution triangle mesh, denoted
by M with (V,E ,F) vertices, edges, and faces respectively, we
first simplify the mesh (Figure 3(a)). In all our experiments (unless
stated otherwise), we use a simplified mesh with 1% the number
of triangles compared to the input mesh, where for meshes with
less than a million triangles, we use a cutoff of 10,000. The sim-
plified mesh is denoted M′(V ′,E ′,F ′). We used the parallel im-
plementation of the celebrated QSLIM method [GH97], that is part
of the open source MeshLib package [Mes25]. Our algorithm is
quite robust to the chosen simplification method since even when
the approximation is of low quality, an injective parameterization
is guaranteed.

3.2. Energy Minimization

Next, we run a full-space energy-minimizing method on the sim-
plified mesh M′, and extract the Beltrami coefficient µi of each tri-
angle ti ∈ F ′ (Figure 3(b)). For all results in this paper, we use the
CM full-space energy minimization procedure from [SPSH∗17].
Our algorithm is general and is not tied to any particular numeri-
cal optimization procedure or a specific choice of a distortion error.
However, we focus on isometric measures since conformal ener-
gies and harmonic maps are targeted by existing algorithms that
are already fast enough.

3.3. Beltrami Coefficient Approximation

Let f : S → R2 be an orientation–preserving C1 map from the sur-
face S to the plane. We denote the 2× 2 Jacobian matrix in local
coordinates by:

J =

(
ux uy

vx vy

)
. (1)

The complex Wirtinger derivatives are:

fz =
1
2

(
ux +vy + i(vx −uy)

)
fz =

1
2

(
ux −vy + i(vx +uy)

)
. (2)

The complex Beltrami coefficient is: µ = fz
fz

. Geometrically, µ =

ke2iθ encodes the conformal distortion of f . Its magnitude k = |µ| ∈
[0,1) the small dilatation, encodes the amount of shear that is in-
duced by f . It is related to the large dilatation K = σ1

σ2
= 1+k

1−k , where
σ1 and σ2 are the singular values of J which encodes the maximal
and minimal stretches. The angle θ = 1

2 argµ encodes the direction
in which the maximal stretch occurs.

The next step of our algorithm is to transfer the Beltrami coeffi-
cients from the simplified mesh to the fine input mesh. On a triangle
mesh, if f is a continuous and piecewise linear (P.W.L.) map, then
Ji and µi are constant per triangle. If we translate the vertices of
the source and target triangles such that the first vertex is at the
origin and the vertex positions are (0,v1,v2) and (0,v′1,v

′
2) in local

coordinates respectively, we get:

fz =
v′1v2 − v′2v1
v1v2 − v2v1

, fz =
v1v′2 − v2v′1
v1v2 − v2v1

, µ =
v1v′2 − v2v′1
v′1v2 − v′2v1

. (3)

We observed that transferring µ from a single triangle of the sim-
plified mesh to a patch of multiple corresponding triangles in the
input mesh produces UV maps that lack smoothness across patch
boundaries. A straightforward remedy is to smooth the UVs in post-
processing. However, performing such smoothing efficiently while
preserving bounded distortion and \ or maintaining injectivity is
challenging. In contrast, smoothing the Beltrami-coefficient field
rather than the UVs is simple, efficient, and robust, with qualita-
tive guarantees. To see this, recall that the injectivity of the har-
monic map is guaranteed (under mild assumptions) regardless of
the choice of Beltrami coefficients. Moreover, by linearly interpo-
lating with barycentric coordinates,

µ = λ1µ1 +λ2µ2 +λ3µ3, (4)

the conformal distortion induced by the blended µ remains
bounded by the conformal distortion of µ1, µ2, and µ3. Let R =
max{|µ1| , |µ2| , |µ3|}. Then the disk of radius R centered at the ori-
gin contains µ1, µ2, and µ3. Since the disk is convex and µ is a
convex combination of points inside it, µ also lies within the disk.
Hence, k = |µ| ≤ R, or equivalently

k ≤ max{k1,k2,k3}, ki = |µi| , i = 1 . . .3 (5)

© 2026 The Authors.
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The Beltrami coefficient µ is represented as a complex scalar.
However, just like the pullback metric, µ behaves as a tensor and is
only meaningful with respect to a chosen coordinate system. Since
our µ is defined on a curved manifold, no globally consistent co-
ordinate system exists. Instead, each triangle carries its own arbi-
trarily chosen local coordinate system. As a result, directly copy-
ing µ from one location on the mesh to another is meaningless. To
transfer µ consistently between coordinate systems—for example,
from a face to its vertices or vice versa—we rely on parallel trans-
port [SSC19, Section 5].

Our smoothing procedure consists of several steps. In the first
step, we transport the Beltrami coefficient from the local coordi-
nate system of each coarse triangle to the coordinate systems of its
three vertices. After all coefficients have been expressed in their
respective vertex coordinate systems, we compute a weighted av-
erage over each one-ring neighborhood. The weights are convex
and proportional to the areas of the adjacent triangles, ensuring a
smooth and well-balanced interpolation (Figure 3(c)).

Next, we project the fine mesh M onto the coarse mesh M′.
For each fine triangle tk ∈ F , we locate the closest point pk ∈M′

to its centroid. This point pk lies in a coarse triangle t j ∈ F ′ and
is represented by its barycentric coordinates λ1(pk),λ2(pk),λ3(pk)
with respect to the vertices of t j (Figure 3(d)). Our objective is to
assign a Beltrami coefficient µk to the fine triangle tk. We achieve
this by interpolating the Beltrami coefficients defined on the ver-
tices of the coarse triangle t j using the barycentric weights of pk.
Since Beltrami coefficients are defined in local coordinate systems,
the vertex coefficients of t j must first be parallel transported into the
common coordinate system of t j before interpolation. This yields
an interpolated coefficient µk, which at this stage is expressed in the
coordinate system of t j. Finally, to make µk compatible with the ge-
ometry of the fine mesh, we perform an additional parallel transport
from the coarse triangle t j to the fine triangle tk as detailed next.

For two adjacent triangles sharing an edge, a standard way to par-
allel transport a vector from one triangle to another is by conceptu-
ally flattening the dihedral angle by rotating one triangle along the
common hinge, making the problem trivial. To generalize parallel
transport to arbitrary triangles, we adopt the same idea of rotating
around a hinge. However, in our case the two triangles may differ
in size and even belong to different meshes, so there is no shared
edge that can serve as a hinge. Instead, we use the direction of the
line of intersection between the two supporting planes as the hinge.
If the two 3D triangles have the same unit normals, i.e., nk = n j,
there is no unique intersection line but the problem becomes triv-
ial. Otherwise, the vector dk j = nk × n j gives the hinge direction.
Since dk j is orthogonal to both normals, it lies in the tangent plane
of both triangles. We encode dk j in the local coordinate systems
of the two triangles and compute its angles αk and α j with respect
to the positive x-axes. Finally, given a vector u j in t j’s coordinate
system represented as a complex number, the transported vector is
uk = ei(αk−α j)u j. This process is illustrated in Figure 4. Since µ
is transported like a tensor with argµ = 2θ (where θ encodes the
stretch direction), the transport coefficient must be squared, i.e.,
µk = e2i(αk−α j)µ j.

Note, that our closest point projection does not necessarily pro-
duces a bijective map since it is done in an extrinsic fashion, rely-

x
y dkj

αj x

ydkj

αk

tj
tk

dkj

n
n

Figure 4: Parallel transport of a tangent vector from a coarse tri-
angle t j to a triangle in the input mesh tk. First, we compute the
direction of the intersection line dk j between the supporting planes
of the two triangles. Then, we measure the angle of dk j relative
to the local x-axis in both coordinate systems, denoted by α j and
αk. The rotation required to map a 2D vector from t j to its rep-
resentation in tk is αk −α j. In complex form, this is equivalent to
multiplying the scalar by ei(αk−α j).

ing on the 3D embedding of M and M′. Bijective correspondence
based on intrinsic geometry would be ideal and can be used, but
current implementations, e.g., [LGC∗23] turned out to be much
more computationally intensive. Moreover, as we’ll see in Sec-
tion 4, bijective correspondence between M and M′ does not lead
to bijective parameterization in general. On the other hand, our non-
bijective projection and Beltrami prolongation does not affect our
guarantees for the injectivity of the final parameterization since the
final harmonic flattening ensures this independently of the modified
Laplacian. Therefore, we opted for this simple choice which turned
out to be extremely fast while providing excellent quality.

3.4. Modified Laplacian Construction

After we obtain a Beltrami coefficient µk,k = 1 . . . |F| for each
triangle in the input mesh M, we construct the modified Lapla-
cian matrix. Note, that µ defines the metric only up to isotropic
scale. Hence, in general, a globally compatible metric with these
Beltrami coefficients does not exist. In [FW25, Sec. 3.1], the pull-
back metric tensor is predicted per triangle. Such a metric tensor
includes an isotropic scale, which is not encoded by µ. However,
neighboring triangles may have a common edge with incompati-
ble induced lengths. Since the Laplacian construction only requires
angles, [FW25] computes the angles of the neighboring triangles
independently, ignoring the incompatibility. This is done by sum-
ming the cotangents of the angles opposite to the common edge.
Later on, [FBC25, Sec. 6.1.1] used a similar construction, denoting
this Laplacian as the Corner Laplace-Beltrami operator.

We go one step further and decide to work with the Beltrami
coefficients instead of the metric. Dropping any information re-
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lated to isotropic scale, leaving behind edge length compatibility.
Working with Beltrami coefficients instead of the metric tensor is
simpler and more efficient as µ can be expressed using complex
numbers. More importantly, an incompatible metric is not, strictly
speaking, a metric. On the other hand, it is known from smooth
quasi-conformal theory that for any measurable function µ(z)∈ L∞

that is bounded up to a set of measure zero with ∥µ∥∞ < 1, there
exists an orientation-preserving quasi-conformal parameterization
f : S → R2, that solves the Beltrami partial differential equation
fz = µ fz. The solution is unique up to post-composition by a confor-
mal map. In simple words, for our discrete setting, it is reasonable
to assume that for any set of prescribed µk, k = 1 . . . |F|, a parame-
terization with approximately these Beltrami coefficients exists. In
the smooth case, such a map is quasi-conformal, i.e. locally injec-
tive, orientation preserving, with a bound ∥µ∥∞ on conformal dis-
tortion. The fact that the Beltrami equation is always solvable in the
smooth case, producing a map that satisfies prescribed Beltrami co-
efficients, makes the Beltrami coefficients preferable to alternatives
such as the Jacobians. Interpolated Jacobians (even in the smooth
setting) often have non-zero curl and require a Poisson projection,
which offers no control over the l∞ conformal distortion and can
easily introduce flips.

Our final design choice is to use a harmonic parameterization
rather than conformal, since this subspace provides more flexibility
and contain conformal maps as a special case. Harmonic maps are
easier to work with since they form a linear subspace. Furthermore,
it has the potential to lead to a map with less isometric distortion.

Given a triangle tk, our algorithm computes the cotangents of
respective angles after µk is applied. Locally, up to an irrelevant
similarity transformation (isotropic scale and rotation) a quasi-
conformal map with Beltrami coefficient µ acts on an infinitesi-
mal complex vector v by the real-linear map Lµ(v) = v+ µv̄. Let
(0,v1,v2) be the triangle vertex positions represented as complex
numbers in a local coordinate system. In order to compute the cotan
of the angle α that belongs to the first vertex, we use

cotα =−Re(q)
Im(q)

, q = (v1 +µv1)(v2 + µ̄v2). (6)

3.5.1. Foldovers Handling

A sufficient condition for our final algorithmic step of harmonic
flattening [FW22, HFCW19] to guarantee injectivity is positive
Laplacian weights. Various techniques exist for ensuring this con-
dition [FW25]. However, this is merely a sufficient but not a neces-
sary condition, and ignoring it still leads to injective map in the vast
majority of our results. Flipped triangles happen rather rarely in our
experiments, hence, we followed the strategies of [HFCW19] and
[FW22] that handle flipped triangles in a post process. If foldovers
appear in our final result, we first use the fast local fix of [HFCW19]
that reposition vertices that belongs to flipped triangles in the kernel
of their 1-ring. This consumes negligible amount of computation
time. In case this strategy fails, we revert to the fully robust global
approach proposed by [FW22] which requires one additional linear
solve using positive weights, which are extracted directly from the
UV layout. Hence, have extremely local effect. As expected, apply-
ing this hybrid strategy produced injective parameterizations for all
the models in our dataset.

3.5.2. Angles-Based Intrinsic Delaunay Triangulation

Another simple and elegant way to deal with negative Lapala-
cian weights is to use an intrinsic Delaunay triangulation (iDT)
[SGC21], which produces a new metric that is isometric to the
input metric. This is generally done via a finite series of edge
flips, where each iteration flips a non-Delaunay edge, turning it
into a Delaunay one, until all edges are Delaunay. Note that the
standard iDT procedure requires an input metric. In our case,
we define the modified harmonic subpsace only using the cotan-
gent triplet of each triangle, and no actual metric is utilized.
However, the modified Laplacian after the iDT does not de-
pend on any metric either, but rather yet another set of cotan-
gent triplet per triangle. Additionally, the Delaunay criteria de-
pends solely over the cotangents as well: an edge is Delaunay if
and only if the sum of its 2 opposite cotangents is non-negative.
We also observe that in each edge flip,
the cotangent triplets of the 2 output
triangles, depend solely on the cotan-
gent triplets of the 2 input triangles.
This essentially means that we can still
run the standard iDT procedure, where
we equip the triangulation only with a
cotangent triplet per triangle, rather than
edge lengths. For a given angle θ, denote
by Cθ the function 1+ cot2 θ. Given the
cotangent triplets of the 2 input triangles
(see inset), the cotangent triplets of the
output triangles are given by

cotγ1 =
cotα2 · cotβ2 −1

cotα2 + cotβ2
, cotδ1 =

cotα3 · cotβ3 −1
cotα3 + cotβ3

cotγ2 =

√
Cβ1

Cα3Cγ1

Cβ3
Cα1

−cotγ1, cotδ3 =

√
Cβ2

Cα1Cδ1

Cβ1
Cα2

−cotδ1

cotγ3 =
cotα1 · cotδ3 +1

cotδ3 − cotα1
, cotδ2 =

cotβ1 · cotγ2 +1
cotγ2 − cotβ1

We simply go over all triangles tk and use this formula 3 times, 
adding corresponding cot terms to to the relevant entries in the 
Laplacian matrix (Figure 3(e)).

3.5. Harmonic Flattening

At this point we can use any harmonic algorithm that is fast and ro-
bust with respect to injectivity. See Figure 3(f). The simplest choice 
would be to use a conformal map. The BFF algorithm [SC17] is 
one choice, though there are no strict guarantees for injectivity, 
and the restriction to conformality may lead to slightly increased 
isometric distortion. Other viable choices are the harmonic locally 
injective method FLIM [HFCW19] or its globally injective vari-
ant GIF [FW22], which also has a more optimized implementation. 
Unless stated otherwise, we use the latter. The computational com-
plexity of both FLIM and GIF is comparable to a single linear sys-
tem solve. It constitutes the majority of the runtime in our entire 
pipeline.
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The standard iDT procedure, which operates on the actual edge
lengths, has been proven to converge after a finite sequence of edge
flips [BS07], yielding an iDT metric. The proof consists of two
main steps. First, it is shown that every edge flip strictly decreases a
global measure defined over the mesh [BS07, Proposition 15], such
as the harmonic index [Mus97], which depends only on the trian-
gulation’s angles. Second, since each flip of a non-Delaunay edge
strictly decreases this measure, and because the number of possi-
ble triangulations of the vertex set V is finite, the procedure must
terminate after finitely many flips. The resulting triangulation min-
imizes the global measure and is therefore Delaunay [BS07, Propo-
sition 12]. These arguments apply directly to our setting. Because
the harmonic index depends only on angles, and because flipping
an edge in our quadrilateral configuration is equivalent to perform-
ing a standard iDT edge flip on a rescaled quadrilateral (with both
triangles scaled so that their shared edge lengths match), the har-
monic index strictly decreases in our case as well. Moreover, since
the number of possible triangulations of V is finite and each flip
strictly decreases the harmonic index, our algorithm must terminate
after finitely many flips, with no possibility of revisiting the same
connectivity. The final triangulation is guaranteed to be Delaunay,
as the procedure systematically flips all non-Delaunay edges until
none remain.

The iDT procedure described above extends the standard for-
mulation by relying solely on cotangents rather than edge lengths.
When applied over cotangents set derived from an actual edge-
length metric, the result is identical to that of the standard iDT.
Given an input metric, the iDT procedure provides new connec-
tivity with new edge lengths, describing the same metric with a
more robust representation. The key advantage of this represen-
tation in our case is that all cotangent weights in the Laplacian
of the resulting iDT are positive. As a result, the harmonic flat-
tenings of [FW22, HFCW19] provably yield injective parameteri-
zations without requiring any additional foldover corrections. Us-
ing this strategy, we obtained injective parameterizations for all the
models in our dataset.

3.5.3. Injectivity

When performing harmonic flatteing in a modified metric, a suffi-
cient condition for injectivity is positive Laplacian weights. The in-
terpolated Beltrami coefficients don’t always induce positive cotan
weights. In Sections 3.5.1 and 3.5.2 we propose two strategies to
address this issue. The first strategy completely ignores this lim-
itation and, if foldovers occur, applies a robust correction tech-
nique to eliminate them. The second strategy applies the iDT proce-
dure, based entirely on the cotangent triplets of the triangles, which
by construction produces a Delaunay triangulation with positive
cotangent weights. Under exact arithmetic, both strategies prov-
ably guarantee injectivity and were fully implemented and tested.
In practice, we obtained flip-free maps across the entire dataset with
either approach, validated using a robust orientation test based on
exact predicates [CGA24]. The first strategy was used for all the
results in our paper due to its simplicity, connectivity preservation,
and to enable a more fair comparison to CM and GIF, which don’t
allow connectivity changes.

(a) Ours (b) CM (c) GIF

E S
D

E S
D

E S
D

% of models % of models % of models

Figure 5: Distortion distribution of 3 parameterization methods on
the entire dataset (252 meshes). Each histogram shows the percent-
age of meshes in the dataset for different ESD levels in the range
[2 − 16]. GIF produces results with significantly high distortion,
with almost all results having ESD > 16. In contrast, our method
produces results with less distortion that better resembles CM.

4. Results

We implemented our method using C++, Matlab, and Python. All
experiments were conducted on a Windows 10 machine with an
Intel i9-13900KS CPU and 128GB RAM. We used the authors’
implementation of CM [SPSH∗17] and GIF [FW22] as the main
building blocks of our method, as well as for comparisons. Both
CM and GIF utilize the PARDISO 8.2 linear solver [Pan25]. For the
closest point queries, we used the functionality from the Open3D
Python library [ZPK18]. Our code and data are publicly available
on the authors’ website.

We mainly tested two types of popular distortion measures.
The symmetric Dirichlet energy [SS15] with energy density ESD =
1
2 (σ

2
1 +σ

2
2 +σ

−2
1 +σ

−2
2 ), and the symmetric as-rigid-as-possible

energy [PL16] with a density ESARAP = (σ1 − 1)2 + (σ−1
2 − 1)2.

Since both measures are isometric, they are minimized when σ1 =
σ2 = 1. ESD and ESARAP have minimal values of 2 and 0 respectively.

To stress test our method, we created a new dataset which is
based on models from the D2 group in the dataset of [LYNF18]
as opposed to those of GIF [FW22], which are based on the “well
cut” group D1 and tend to have low overall symmetric Dirichlet en-
ergy. We first excluded models for which CM achieved a symmet-
ric Dirichlet energy below 2.5. The remaining models were subdi-
vided to resolutions of up to 4M triangles. Finally, we uniformly
sampled the 20K–4M triangle range to ensure a balanced distribu-
tion of mesh sizes, resulting in a dataset of 252 models. In addition
to our dataset, we picked additional high-quality high-resolution
scans from [Thr, RPPSH17]. These are showcased in Figures 1, 2,
and 15.

UV Prolongation Baseline Earlier approaches that try to acceler-
ate mesh parameterization using mesh simplification directly pro-
long the UVs [SLMB05, LSS∗98, HGC99] from a low-resolution
mesh to a high-resolution one. These methods do not optimize
modern barrier-like isometric measures such as ESD or ESARAP and
does not guarantee injectivity. For a fair comparison, we imple-
mented a baseline approach that optimizes ESD on a simplified mesh

© 2026 The Authors.
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CM
ESD=5.4

Total Time=31 sec
#Flips=0

(a)

Ours
ESD=6.46

Total Time=3.4 sec
#Flips=0

Baseline
Excluding Flips: ESD=1.8•109 

Toal Time=28 sec
#Flips=1,808

15

2

ESD

(b) (c) (d)

Figure 6: Comparison to a UV prolongation baseline approach on a tough octopus model with 303,840 faces. (a) Both our method and CM
produce injective maps with low distortion, while the baseline introduces 1,808 flips and has an extremely high energy due to nearly collapsed
triangles. Because flips make ESD infinite, we excluded them from the baseline’s energy computation. (b) Applying a stripe pattern texture
yields smooth results for CM and our method, while the UV prolongation approach introduces broken stripes, indicating a non-smooth result.
(c) Color visualization of ESD values between 2-15. While CM and our method demonstrate smooth changes, the baseline exhibits region-
wise constant distortion, due to the UV prolongation. (d) The UV layout with zoom-in views. The baseline result is nonsmooth and introduces
flipped triangles (pink) in regions corresponding to transition between coarse triangles.

the baseline approach cannot reliably address. Our method bypass
this pitfall by prolonging Beltrami coefficients instead of UVs.

In Figure 6 we compare our result against the baseline and CM
on a challenging octopus mesh. The baseline approach produces a
map with 1,808 flipped triangles and many outliers with extremely
high distortion levels. On the other hand, our result is smooth, in-
jective, and has much lower distortion, despite the fact that we use
a simple extrinsic simplification and a prolongation that is not guar-
anteed to be bijective.

Prolonging the Beltrami coefficients with [LGC∗23] would in
principle be optimal. However, for models exceeding 2M faces,
CM was empirically faster on the high-resolution mesh than the
intrinsic simplification step of [LGC∗23] alone. Thus, although
[LGC∗23] achieves superior simplification with bijective corre-
spondence, it is currently impractical for our pipeline. On the
largest meshes in our dataset, it scaled poorly, and we terminated
the baseline after processing 85 meshes. Across these, the base-
line produced 33,931 flipped triangles out of 72.5 million. In con-
trast, using the strategy of Section 3.5.1, our method initially pro-
duced only 974 flipped triangles out of 500 million triangles (an
average of 3.8 per model). Moreover, for 163 models our parame-
terization was fully injective, with no flipped triangles. For the 89
non-injective cases, the local post-processing of Section 3.5.1 re-
stored injectivity in nearly all cases; only five required the global
fix, which entails a single additional linear solve. Ultimately, all

and prolong the UVs rather than the Beltrami coefficients to the fine 
mesh.

We used the state-of-the-art intrinsic simplification m e thod of 
[LGC∗23] which produces a simplified t riangle mesh connectivity 
M′ along with a metric (edge lengths without an embedding). The 
method also provides a bijective P.W.L. correspondence g : M → 
M′ between the input fine m e sh a n d t h e s i mplified on e.  Unlike 
extrinsic simplification methods, the intrinsic approach has greater 
potential to provide a high fidelity coarse representation since it op-
erates in a much larger space of metrics which are not necessarily 
embeddable in R3. The position of each vertex vi of the fine mesh 
under the correspondence g(vi) is encoded using the index of the 
corresponding triangle in M′ and a set of 3 barycentric coordi-
nates. We flatten the s implified mesh by  a ma p f : M′  → R2 , and 
obtain the parameterization of the fine mesh by composing the two
maps f ◦ g : M → R2. Ideally, we would like to prolong the UVs 
of the simplified m esh t o t he fi ne me sh. Ho wever, su ch UV  maps 
are not, in general, linear on a triangle of the fine mesh, but rather 
P.W.L. (on each triangle). In other words, in order to ensure that 
f ◦ g is injective, there is a need to refine M by using the common 
overlay of M and M′. Failure to do so leads to parameterizations 
that are not injective. This failure is not unique to [LGC∗23] and is 
shared by any other simplification a pproach t hat p rolong U Vs di-
rectly without mesh refinement. F igure 7  i llustrates t his problem. 
Moreover, prolonging UVs often lead to extreme distortion which
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v1
v3 (f°g)(v2)

(f°g)(v3)

v2
(f°g)(v1)

Figure 7: UV prolongation can lead to flipped triangles even if
there is a P.W.L. bijective correspondence between the input mesh
and the simplified mesh, and the simplified mesh is flattened in an
injective manner. (left) a triangle of the input mesh (blue) is mapped
onto the simplified mesh triangles (green and orange) by an orien-
tation preserving map g. (right) The green and orange triangles
are mapped by an injective P.W.L. map f to the plane. Due to the
distortion of f , when applying the composition of the two P.W.L.
maps ( f ◦ g) on v1,v2,v3, the image triangle has negative orienta-
tion (flip). While ( f ◦g) is still P.W.L., it is not P.W.L. on the trian-
gles of the input mesh and without mesh refinement the map is not
injective.

(a) GIF (b) CM

Ours ESDOurs ESD

Figure 8: Distortion comparison between our method, GIF and
CM. Each scattered plot compares our method to a different ap-
proach, using a logarithmic scale on both axes to accommodate the
high dynamic range of distortion values. Each blue dot represents a
single mesh from our dataset. (a) our method consistently achieves
significantly lower distortion than GIF, as indicated by dots above
the red dashed line y = x. (b) CM optimizes the distortion on the
fine mesh directly and therefore produces lower distortion than our
method, and substantially lower distortion than GIF. However, be-
side several outliers, all results have relatively close distortion.

parameterizations were made fully injective, as verified with exact
arithmetic (CGAL exact predicates [CGA24]).

Finally, the parameterizations produced by [LGC∗23] are only
region-wise smooth, with sharp discontinuities between patches
(Figure 6(b, c)). This occurs because each region of the original
mesh is mapped to a single coarse triangle, so the prolonged UVs
changes abruptly between these patches.

Beltrami Prolongation In Figure 5, we present a quantitative
analysis of the symmetric Dirichlet distortion produced by our full
parameterization pipeline with Beltrami coefficient prolongation,
compared against CM [SPSH∗17] and GIF [FW22]. Our approach
effectively combines the high quality of CM with the speed and ro-
bustness of GIF. As shown in the histograms, vanilla GIF exhibits
significantly higher distortion than our method on this dataset, with

almost all meshes exceeding a distortion value of 16. This behav-
ior is common for harmonic and conformal methods in the pres-
ence of large accumulations of Gaussian curvature, as illustrated
in [FW22, Figure 10].

Figure 8 provides further statistical comparisons against GIF and
CM. Our method consistently achieves dramatically lower isomet-
ric distortion than GIF. Compared with CM, aside from four out-
liers, all meshes lie in the vicinity of the red line, indicating that our
results closely approximate CM. The ESD values of the four outliers
are 87.1, 18.6, 12, and 11.4, which stem from local failures rather
than a failure to capture the global structure of the ground truth
(CM’s solution). These issues primarily arise from poor triangle
quality in the original meshes, as illustrated in [FW22, Figure 17].
When considering the 99.9% of triangles with the lowest distor-
tion in these four models, the average distortion remains relatively
low: 4, 3.4, 4.2, and 2.6. Overall, CM produces the least distorted
results, but at a substantially higher cost.

Figure 9 shows the enormous speedup of our runtime compared
to the projected Newton optimization of CM [SPSH∗17], which
optimizes the symmetric Dirichlet energy on the fine mesh. The
speedup of our algorithm becomes more substantial as the mesh
size increases. For large meshes with more than 1.5M triangles, the
speedup of all meshes but 1 is in the range 10–32. For fairness,
we loosened the stopping criteria for CM compared to the criteria
used in the authors’ implementation, to give CM a small perfor-
mance advantage as we noticed that it had little effect on the final
energy reached by CM. With the more strict stopping criteria, CM
sometimes doubled the number of iterations and our speedup was
even more pronounced. Since our algorithm produces parameteri-
zations with higher distortion than CM, we also include the speedup
when CM terminates early, as soon as it reaches our final distortion.
This has little effect on the runtime of CM, retaining the dramatic
speedups. The total time needed to process the entire dataset with
our method is 37 minutes, while CM runs more than 10 hours and
9.3 hours if it is stopped prematurely at the distortion level reached
by our method.

We performed an additional experiment in which we used the
parameterization generated by our algorithm only as an initializa-
tion for CM, which is otherwise initialized with a simple Tutte em-
bedding. This caused CM to converge faster to the same final en-
ergy level. The total runtime of this hybrid procedure on the entire
dataset was 3.5 hours, which is more than 6.5 hours less than vanilla
CM. The two results were virtually indistinguishable.

We also performed an equal-runtime comparison of distortion.
Specifically, we stopped CM prematurely after running it for the
same amount of time as our method and compared the resulting
distortion. While the entire runtime of our method is dominated
by 1-2 linear solves of a |V|×|V| matrix, CM’s initialization alone
involves a linear solve of a |V|×|V| matrix (Tutte’s embedding),
followed by an additional symbolic factorization of a 2 |V|×2 |V|
matrix (the energy’s Hessian). Empirically, for 93.7% of the 252
models in our dataset, CM’s initialization was incomplete by the
time our method had already converged. At that point, CM’s distor-
tion matched Tutte’s, which is significantly higher than ours.

Our total runtime can be divided into four main steps, with the
average fraction of time per step being 11% for simplification,
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Figure 10: Runtime comparison on our dataset. Orange dots indi-
cate CM runtime. Blue dots indicate our runtime, which is signif-
icantly shorter. Our runtime scales only with the mesh size, as it
is dominated by GIF [FW22], whose cost is governed by a linear
solver. In contrast, CM’s runtime depends both on mesh size and
the number of Newton iterations, resulting in substantial variabil-
ity.

much less predictable, since it depends on the number of Newton
iterations, which is tightly coupled to the geometry of the mesh.

Figure 1 contains an example of a high resolution scanned orna-
mented shell containing numerous tubercles and ridges (3,519,558
triangles). Although the model is of high resolution and we sim-
plify to just 35K triangles, we compute a smooth injective param-
eterization with overall low isometric distortion (ESD = 2.81) in a
fraction of the time (20.70 seconds) compared to CM. GIF is the
fastest, but its parameterization tends to be conformal and has a
much higher area distortion (ESD = 52.04). CM reaches the low-
est distortion of ESD = 2.71 in 281 seconds, more than 13.5 times
slower than ours. It takes CM 249 seconds to reach our final en-
ergy (12.3 times slower). Initializing CM with our result instead of
Tutte’s embedding reduced CM’s overall runtime to 117 seconds,
(20.70 seconds of which are consumed by our method), producing
virtually the same result 164 seconds faster.

In Figure 2, we present three high-resolution scanned meshes
(a crab, a starfish, and a scallop), each containing rich high- and
medium-frequency details. Even though the simplified mesh retains
only 1% of the original size, our method achieves a dramatic reduc-
tion in distortion compared to vanilla GIF.

Finally, Figure 15 shows the results of our method on 7 high-
resolution meshes taken from the datasets of [RPPSH17, Thr].

Additional Distortion Measures Our framework was not de-
signed specifically for the projected Newton optimization of CM
or for the symmetric Dirichlet energy. It can be applied to other
distortion measures for which the distortion of the coarse param-
eterization represent reliably the distortion of the fine parameter-
ization. To illustrate this, we conducted an additional experiment
using ESARAP, the symmetric ARAP energy. Figure 11 compares our
method with GIF and CM across our dataset of 252 meshes, mini-
mizing ESARAP. Our approach consistently achieves distortion levels
close to CM, significantly outperforming GIF, while also delivering
substantial runtime speedups over CM.

Figure 9: Runtime speedup with respect to CM across the 252 
meshes in our dataset, minimizing the symmetric Dirichlet energy. 
Each dot represents one mesh. (top) The ratio between the total 
runtime of CM and ours. The average speedup is noted near each 
cluster. (middle) Since our algorithm produces parameterizations 
with higher distortion than CM, we also show the speedup when 
CM is terminated as soon as it reaches our final d i stortion. The 
speed becomes more substantial as mesh size grows. (bottom) We 
used our results as the initialization for CM rather than the default 
Tutte embedding initialization. We show the speedup of the overall 
method (our initialization + CM), compared to vanilla CM. Our 
initialization speeds up CM by several times, which is significant 
because the two methods produce indistinguishable results.

14% for executing CM on the simplified m e sh, 4 %  f o r prolong-
ing and smoothing the Beltrami coefficients, a nd 7 1% f or running 
GIF [FW22]. Figure 10 compares our total runtime to CM when 
minimizing the symmetric Dirichlet energy. Our algorithm is sig-
nificantly faster, as its runtime is dominated by GIF, which in turn is 
dominated by only 1–2 |V|×|V| linear solves, whereas CM requires 
a 2 |V|×2 |V| linear solve for each Newton iteration. Moreover, our 
runtime depends mostly on the mesh size while CM’s runtime is
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Figure 11: (top) ESARAP distortion distribution of 3 parameteriza-
tion methods on the entire dataset (252 meshes). Each histogram
shows the percentage of meshes in the dataset for different ESARAP

levels in the range [0−14]. GIF produces results with significantly
high distortion, with almost all the results having (ESARAP > 14). In
contrast, our method produces results with low distortion that more
closely resemble those of CM. (bottom) The speedup factors of our
runtime compared to CM. The average speedup is noted near each
cluster. For meshes with more than 500K triangles, our method is
between ×10 to ×50 times faster.

Comparison to the Learning Metric Field Method As a data-
driven technique, LMF [FW25] requires a pre-trained neural net-
work that has been trained on models similar in nature to those in
the test set. The authors trained LMF on a dataset of 30K patches
with an average size of 2,658 triangles, which differ from our
dataset of real-world objects. Consequently, LMF [FW25] pro-
duced relatively high and noncompetitive distortion levels when
tested on our dataset of 252 models. To enable a fair comparison,
we evaluated both our method and LMF on LMF’s dataset, consist-
ing of 2,316 patch-like models, using their published pre-trained
network. Figure 13 shows a quantitative analysis of parameteriza-
tion distortion for our method, LMF, GIF, and CM. As seen in the
histograms, the two lowest bars of our method are closest to CM,
whereas LMF has 3.7% of models in the 16+ distortion bin, which
is empty for our method. In terms of runtime, processing LMF’s
dataset took 1.77 hours with our method, compared to 2.05 hours
for LMF.

Injectivity under Floating-Point Arithmetic Our method guar-
antees injectivity only under exact arithmetic assumptions, and fail-
ures may occur with a floating-point implementation. However,

this limitation is also present in the floating-point implementa-
tion of any other surface parameterization method. Even the stan-
dard Tutte embedding may fail on numerically challenging mod-
els [SJZP19, FBRCA23]. Such failures are particularly severe, as
they propagate to any downstream method that relies on Tutte ini-
tialization, including [SS15, RPPSH17, JSP17, SYLF20], and most
notably CM [SPSH∗17]. We show that our method is significantly
more robust than the standard Tutte (and, consequently, all its
downstream methods) under extreme numerical conditions, when
considering floating-point implementations.

In contrast to directly applying Tutte on the full-size mesh, our
method relies on the standard Tutte embedding only when run-
ning CM on a simplified version of the mesh. Applying Tutte to
a simplified mesh significantly reduces its susceptibility to numer-
ical instabilities and floating-point rounding errors. This improve-
ment arises because vertex distances increase after simplification,
thereby reducing the required numerical precision. Moreover, solv-
ing the Laplace equation for the Tutte embedding becomes more
numerically stable, since a smaller Laplacian matrix typically has a
lower condition number.

Within the modified harmonic subspace, GIF succeeds because
the Tutte initialization under the modified metric operates at a
far more moderate scale, avoiding the extreme numerical ranges
that cause standard Tutte to fail. The Progressive Embedding (PE)
method [SJZP19] provides a benchmark dataset of 80 numerically
challenging models, constructed by removing a single triangle from
sphere-like meshes. This setup makes flattening particularly diffi-
cult, as the entire mesh is mapped onto a single triangle, resulting
in a boundary with only three vertices. In the continuous setting,
this problem effectively corresponds to mapping a sphere onto a
puncture, which underlies the severe numerical instability. On this
dataset, Tutte fails on all models, and consequently CM also fails in
every case. By contrast, our method successfully produces injective
parameterizations on 63 out of the 80 models. Achieving injectivity
on the majority of this dataset is particularly noteworthy given that
Tutte-based methods achieve zero successful embeddings.

Using our default simplified mesh size, Tutte still failed on a
subset of these models. To address this, we further reduced the sim-
plified mesh to a fixed size of 1,000 faces, and, for the remaining
failure cases, to a constant size of 100 faces.

Finally, since our approach incorporates an energy-minimization
process, it produces parameterizations with significantly lower dis-
tortion than PE. Figure 12 presents a comparison between our
method, PE and CM on the same two representative models shown
in [SJZP19, Figure 2].

Robustness to Aggressive Simplification To evaluate the sensi-
tivity of our method to the mesh simplification stage, we conduct
an experiment in which we decrease the number of faces in the sim-
plified mesh, to as few as 200 faces (approximately 100 vertices).
Figure 14 reports both distortion levels and runtimes for different
simplification sizes, evaluated on the models shown in Figure 15.

The x-axis is shown on a logarithmic scale; at each step, the num-
ber of faces in the simplified mesh is halved. The rightmost point
in each plot corresponds to our method under the default simpli-
fication setting. As expected, more aggressive simplification leads
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Figure 12: Comparison on the two representative models shown in [SJZP19, Figure 2]. Each model is produced by removing a single triangle
from a sphere-like mesh. (a) Tutte fails to produce injectivity on both models. Consequently any downstream method that relies on it fails
as well, particularly CM. As a result, even when excluding the flipped faces, many faces are nearly-collapsed, producing staggering levels
of distortion. (b) PE succeeds on both models, but produces enormous distortion levels. (c) Our method produces injective results on both
models, with significantly lower distortion than Tutte and PE.

(a) Ours (b) CM

(c) GIF (d) LMF

Figure 13: Distortion distribution of 4 parameterization methods
on LMF’s dataset. Each histogram shows the percentage of meshes
in the dataset for different ESD levels in the range [2 − 16]. GIF
produces results with significantly high distortion, with the major-
ity of results having (ESD > 16). In contrast, our method and LMF
produce results with less distortion, and CM produces the least dis-
tortion. However, the 2 lower bars are the closest to CM in our
histogram, compared to LMF’s histogram. In addition, LMF has
3.7% of the models in the 16+ bar, while this bar is empty in our
histogram.

to an increase in distortion. However, even at extreme simplifica-
tion levels, the distortion remains moderate and does not escalate 
to prohibitively large values.

Notably, the runtime remains largely unchanged across all sim-
plification l e vels. T h is b e havior i s  e x plained b y  t h e f a ct t h at for 
large models, the dominant computational cost of our pipeline 
arises from the GIF optimization stage, which is identical in all 
experiments and therefore unaffected by the size of the simplified 
mesh. Consequently, aggressive simplification offers no benefit for 
large models.

5. Summary

We introduced a coarse-to-fine f ramework f or r obust a nd efficient 
parameterization of disk-like meshes with free boundaries. The key 
idea is to prolong Beltrami coefficients—rather t h an U V  coordi-
nates—from a parameterization computed on a heavily simplified 
mesh. This strategy leverages a fast coarse solve, followed by a sin-
gle harmonic reconstruction on the original high-resolution mesh. 
The harmonic step is extremely efficient a nd f ully r obust w ith re-
spect to injectivity, yielding low isometric distortion comparable to 
direct optimization. On large meshes with more than 250K vertices, 
our method achieves speedups of one to two orders of magnitude. 
In addition, we proposed a new notion of intrinsic Delaunay tri-
angulation (iDT), formulated purely in terms of cotangent angles, 
with potential applicability beyond the scope of parameterization.

5.1. Limitations and Future Work

The primary limitation of our method is a modest increase in dis-
tortion compared to direct optimization. While this gap is moderate 
in practice, understanding its roots, and designing improved build-
ing blocks to reduce it, is an important direction for future work.

© 2026 The Authors.
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Figure 14: (top) Distortion levels for progressively more aggres-
sive simplification of the models shown in Figure 15. As expected,
distortion increases with more aggressive simplification; however,
it remains moderate and does not reach problematic levels. (bot-
tom) Runtimes of our method under increasingly aggressive simpli-
fication. The runtime remains largely constant across different sim-
plified mesh sizes, as the primary computational cost comes from
GIF, which is unaffected by simplification.

Promising avenues include distortion-aware simplification strate-
gies and specialized subspaces of Beltrami coefficients that allow
direct energy optimization.

Our current prolongation procedure is extrinsic, relying on lin-
ear smoothing and simple plane-to-plane parallel transport. This
approach only weakly accounts for the geometry of the fine
mesh. More sophisticated, geometry-aware or nonlinear prolonga-
tion methods could yield further improvements.

The framework is presently restricted to topological disks. Ex-
tending it to support more general topologies, cone singularities, or
seamless constraints would significantly broaden its applicability.

Finally, although our method guarantees injectivity, it does not
directly control the maximum distortion. Incorporating bounded-
distortion guarantees, and exploring how our approach could ac-
celerate existing bounded-distortion techniques [Lip12, CLW16],
represents another valuable direction for future research.
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Figure 15: Additional results of our algorithm applied to 7 high-resolution meshes. In brackets, we have CM’s ESD for reference, our ESD,
and our runtime.
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