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Abstract
Constructing well-behaved Laplacian and mass matrices is essential for tetrahedral mesh processing. Unfortunately, the de
facto standard linear finite elements exhibit bias on tetrahedralized regular grids, motivating the development of finite-volume
methods. In this paper, we place existing methods into a common construction, showing how their differences amount to the
choice of simplex centers. These choices lead to satisfaction or breakdown of important properties: continuity with respect to
vertex positions, positive semi-definiteness of the implied Dirichlet energy, positivity of the mass matrix, and unbiased-ness on
regular grids. Based on this analysis, we propose a new method for constructing dual-volumes which explicitly satisfy all of
these properties via convex optimization.

1. Introduction

While the finite-element method with piecewise-linear shape func-
tions may be the de facto standard for tetrahedral mesh processing
of solids, finite-volume methods are useful for a variety of reasons.
In particular, unlike linear finite elements they can result in unbi-
ased operators for tetrahedralized regular grids (see Figure 1). At
the heart of the finite-volume method is the definition of local dual-
volumes around each vertex of a given tetrahedral mesh. Existing
methods attempt to generalize orthogonal Voronoi dual-volumes,
which behave well for Delaunay meshes. Unfortunately, when con-
sidering general (e.g., non-Delaunay) meshes, each approach gives
up one or more desirable properties of its resulting Laplacian and
mass matrices: continuity with respect to vertex positions, positive
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Figure 1: Linear FEM corresponds to dual-volumes formed by
connecting simplex barycenters (top, volumes scaled by 50%), but
exhibit bias on tetrahedralized grids, e.g., a generalized eigenvec-
tor Lv5 = λ5Mv5 with a pinned base (bottom). Our optimized dual-
volumes coincide with circumcentric dual-volumes on a tetrahe-
dralized regular grid (right), avoiding bias.

C0 −(L+LT )⪰ 0 M > 0 GRID

Barycentric
Circumcentric
[AHKS20]
[MMdGD11]
Ours, snapping
Ours, optimized

Table 1: Given a mesh with prescribed positions and connec-
tivity we consider existing finite-volume methods. Are their result-
ing dual volumes continuous functions of vertex positions (C0)? Do
they yield a positive semi-definite Dirichlet energy (−(L+LT )⪰ 0)
and generate a positive mass matrix (M> 0)? Do they maintain un-
biased performance on a tetrahedralized regular grid (GRID)?

semi-definiteness of its implied Dirichlet energy, positivity of the
mass matrix, unbiasedness on regular grids (see Table 1).

In this paper, we categorize existing methods according to these
criteria. Placing methods into a common construction, their differ-
ences amount to the choice of simplex centers, most importantly
triangle centers. Each choice drastically affects the discretization
of the divergence operator in a finite-volume construction. From
their constructions we show how properties of each method arise
or break down algebraically.

Based on this analysis, we propose a new method for construct-
ing dual-volumes which explicitly satisfies all of these properties
via convex optimization. In contrast to previous methods, our dual-
volumes are continuous functions of vertex positions (see Figure 2).
As a warm-up, we consider modifying the positive-volume filtering
procedure of Alexa et al. [AHKS20] to ensure continuity as tetra-
hedra morph from acute to non-acute shapes (“Ours snapping” in

© 2024 Eurographics - The European Association
for Computer Graphics and John Wiley & Sons Ltd.

DOI: 10.1111/cgf.15133

CGF 43-5 | e15133

https://diglib.eg.orghttps://www.eg.org

https://doi.org/10.1111/cgf.15133


2 of 9 Jacobson / Optimized Dual-Volumes for Tetrahedral Meshes

sudden
change

biased by
connectivity stable

grid

Barycentric

grid
perturbed 
by 10-12

Alexa et al. Optimized

Figure 2: Previous methods such as [AHKS20] reproduce circum-
centric duals for perfect grids, where tetrahedra are on the cusp of
becoming non-acute. A gentle nudge and their dual volumes jump
to totally different shapes and sizes. Our optimized dual volumes
are continuous functions of mesh vertex positions.

Table 1). Unfortunately, this — like [AHKS20] — does not ensure
that the Laplacian matrix defines a positive semi-definite Dirichlet
energy. Instead, we propose directly optimizing the centers associ-
ated with each simplex to explicitly ensure symmetry and negative
semi-definiteness of the Laplacian. All properties are satisfied by
construction, including continuity as the optimization problem is
strictly convex.

Let’s plunge into our problem’s details. We will consider preva-
lent prior methods after introducing the details of our desired prop-
erties and postpone a broader discussion of related work until our
final discussion in Section 6.

2. Finite Volume Operators

Given a tetrahedral mesh of a solid region Ω ⊂ R3 with n vertices,
we will follow a general finite-volume construction to build matri-
ces M ∈ Rn×n and L ∈ Rn×n.

2.1. Mass-matrix

Our goal is to compute a diagonal or lumped mass matrix M ∈
Rn×n, which as a quadratic form computes the inner product of
functions defined by per-vertex scalar values f ∈ Rn.

fT Mf ≈
∫

Ω

f 2 dV (1)

We can also consider M as a linear operator acting on a yet to be
determined local dual-volume ⋆i ⊆ Ω around each vertex i:

(Mf)i ≈
∫
⋆i

f dV (2)

To ensure the diagonally of M we now assume that f is constant
over each local volume ⋆i. This local dual volume ⋆i may further
be broken into contributions within the primal volume •t of each
tetrahedron t (usually only those incident on i):

(Mf)i =

(
∑
t

∫
•t∩⋆i

dV
)

fi, Mii := ∑
t

∫
•t∩⋆i

dV, (3)

with Mi j = 0 for i ̸= j.

2.2. Dirichlet Energy / Laplacian Matrix

Our goal is also to compute a sparse Laplacian matrix L ∈ Rn×n

which approximates the continuous Laplacian operator acting on
scalar functions or equivalently acting as a quadratic form comput-
ing the integral of squared gradients:

−fT Lf ≈
∫

Ω

∇ f ·∇ f dV =−
∫

Ω

f ∆ f dV
�������:0
+
∫

∂Ω

f∇ f · n̂ dS (4)

where the boundary term vanishes because we assume zero Neu-
mann boundary conditions (∇ f · n̂ = 0), which are this energy’s
natural boundary conditions.

Again, we consider the matrix as computing the local integral at
each vertex i:

(Lf)i ≈
∫
⋆i

∆ f dV (5)

This time, we assume that gradient ∇ f is constant over each lo-
cal dual volume ⋆i, which will result in a sparse (but not diagonal)
matrix L. Again the local dual volume ⋆i may be broken into con-
tributions within each primal tetrahedron volume •t , upon which
divergence theorem may be applied:

(Lf)i = ∑
t

∫
•t∩⋆i

∆ f dV = ∑
t

(∫
∂(•t∩⋆i)∩Ω

n̂ dS
)
· (∇ f )t , (6)

where the “∩Ω” enforces the zero Neumann boundary conditions
by not including any part of the boundary of the overall solid vol-
ume Ω. By now Li j are fully determined by the choice of local dual
volume ⋆i, but we momentarily postpone its explicit formula until
after defining our general dual volume construction.

3. Dual Volumes

In this paper, we provide a general construction of the local volume
contribution •t ∩ ⋆i from each tetrahedron t to the dual volume of
each mesh vertex i as a hexahedron with vertices at “centers” of all
shared simplices (see Figure 3):

1 at the vertex i,
3 at edges of t incident on i,
3 at triangle facets of t incident on i, and
1 at the tetrahedron t.

For each tetrahedron t incident on a vertex i, these centers define
the eight corners of a hexahedron •t ∩⋆i. To compute the entries of
M and L, we may explicitly create a mesh of this local contribution
and compute its volume (for M) or integral of surface normals (for
L). For simple choices of centers, we can cook up closed-form ex-
pressions for the entries of M and L without explicitly realizing a
mesh of •t ∩⋆i.

Nevertheless, the choice of how each center is defined will affect
the following criteria we may care about in the mass and Laplacian
matrix definitions above:
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Figure 3: In our general construction, each tetraheron t con-
tributes a portion of its volume •t ∩⋆i to the local finite dual-volume
of each incident vertex i. This subvolume is determined by centers
defined for each simplex. Different methods choose different centers
leading to different properties of constructed operators.

C0 — continuous function of vertex positions

The local volume ⋆i should be a continuous function of tetrahe-
dral mesh vertex positions. This ensures that integrated quantities
stored on mesh vertices don’t jump in value as the underlying mesh
changes continuously, for example, in Lagrangian simulation or
mesh deformation methods (see Figure 2).

−(L+LT )⪰ 0 — positive semi-definite Dirichlet energy

Treating the Laplacian matrix L as a quadratic form should result
in a semi-definite† Dirichlet energy. That is, for any input scalar
function f ∈ Rn we expect a non-negative Dirichlet energy:

−fT Lf ≥ 0 ∀ f ∈ Rn, (7)

with equality only for constant functions (see Figure 4). Vari-
ous methods (e.g., [VL08; Rus07; SOG09; OBS*12; SACO22;
BZC*23]) rely on explicit spectral decomposition and Dirichelt en-
ergy indefiniteness presents a major problem.

Dirichlet energy positive semi-definiteness requires that the sum
of L and its transpose is negative semi-definite or equivalently that
all eigenvalues of the Laplacian plus its transpose are real and non-
positive:

λL+LT ≤ 0, (8)

with a single zero eigenvalue corresponding to the constant func-
tion. While symmetry and negative semi-definiteness together are
sufficient to ensure this property, they are not necessary.

L = LT and λL ≤ 0
=⇒
⇍=

− (L+LT )⪰ 0. (9)

Indeed, symmetry alone or non-positive eigenvalues alone does not
appear to ensure any practical value of L. Meanwhile, an indefinite
L which does define a positive semi-definite Dirichlet energy is
effective for many or most applications.

† We use X ⪰ 0 to write that the matrix X is positive semi-definite and
z ≥ 0 to write that every element of z is non-negative.

0

-1

+1Alexa et al. Barycentric/Optimized

non-trivial function constant

Figure 4: In this numerical example, there exists a non-trivial
unit-norm function f̂ (left) such that the implied Dirichlet energy of
[AHKS20] is negative (and the energy is nonconvex): f̂T (−L)f̂ ≈
−2.96. For the barycentric and our optimized centers, L is sym-
metric negative semi-definite and that the smallest energy value is
zero from a constant function (right).

The risk of losing Dirichlet energy positive semi-definiteness is
an immediate consequence of the choice to discretize at the oper-
ator level rather than the quadratic form level. Alternatively, lin-
ear FEM or discrete calculus of variations would alternatively dis-
cretize the function space and operators present in the energy func-
tional itself, where all terms are squared and thus non-negative.

Positive semi-definite or not, we can consider the Dirichlet
“energy” implied by L as a summation of contributions per-
tetrahedron:

fT Lf = ∑
t

fT ST
t LtSt f, (10)

where St ∈ R4×n selects the entries of f corresponding to the ver-
tices of tetrahedron t, and Lt ∈ R4×4 is the contribution of tetra-
hedron t to the Laplacian matrix. By assuming that ∇ f is con-
stant in each tetrahedron t, we have reduced the discretization of
the integrated Laplacian to that of the per-vertex divergence oper-
ator, which in turn can be decomposed into a sum of contributions
per-tetrahedron, namely:

Lt = Dt Gt︸︷︷︸
fixed by assumption

(11)

where Dt ∈ R4×3 and Gt ∈ R3×4 and the entries are determined
according to Eq. (6):(

ST
t Dt

)
i
=

∫
∂(t∩⋆i)∩Ω

n̂ dS (12)

If we require symmetry L = LT for all input meshes, we are —
by reduction — requiring that:

DtGt = GT
t DT

t =−GtAGT
t (13)

for all tetrahedra t, where At ∈ R3×3 is some symmetric matrix
and minus sign appears to foreshadow the interpretation of At as
a piecewise-constant metric or diffusion tensor. Letting 1 be the
vector of ones, then because Gt1= 0, we immediately have Lt1=
0. If we further require that Lt ⪯ 0, then we are requiring that At is
positive definite:

At ≻ 0. (14)
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M > 0 — positive mass matrix

The mass matrix M should be positive for a non-degenerate input
mesh. As Mii/∑ j M j j represents the percentage of the total vol-
ume of Ω, we expect each local volume ⋆i to be positive. Since
M is diagonal by construction, this property is true if and only if
the mass-matrix M is strictly positive definite. Indefinite or worse
singular M causes all sorts of problems in numerical methods. A
sufficient condition for this property is that the local volume con-
tribution in each tetrahedron is positive:

∫
•t∩⋆i

dV > 0 for t ∋ i, or
more strictly that all centers lie within their respective simplices.

GRID — unbiased volumes on regular grids

As a unit-test for “connectivity bias,” the dual volume definition
should result in unbiased local volumes on a regular grid where
each cube cell is subdivided into six tetrahedra around an arbitrary
diagonal of symmetry (see Figure 1).

With conditions in hand, let’s immediately consider some obvi-
ous center choices and then those of prevalent prior works (sum-
marized in Table 1).

3.1. Barycentric dual-volumes

The barycentric dual-volumes are defined by using the barycenter
(a.k.a., centroid or center of mass) of each simplex. For the mass-
matrix, this results in an equal division of each tetrahedron volume
to its incident vertices:

Mbary
ii =

1
4 ∑

t∋i

∫
•t

dV (15)

Using barycenters results in the same Laplacian matrix as di-
rect application of the linear finite element method: the ubiquitous
cotangent Laplacian.

Barycenters are clearly continuous with respect to vertex posi-
tions and the cotagent Laplacian is negative semi-definite. In par-
ticular, Dbary

t = GT
t Abary

t where Abary
t = (

∫
•t

dV )I (see Figure 5).
Barycenters always lie inside each respective simplex. This imme-
diately implies that the mass matrix is positive. However, because

counteracting connectivity bias
diffusion tensors      as ellipsoids

Meshed Cube Barycentric Circumcentric

Figure 5: In our construction, any choice of dual-volume implies
a 3×3 matrix At which can be interpreted as a piecewise-constant
diffusion tensor. Barycentric dual-volumes, corresponding to linear
FEM, imply tensors proportional to the identity: in a way, trusting
the connectivity too much. Circumcentric dual-volumes imply ten-
sors which counteract connectivity bias on tetrahedralized grids.

tetrahedra volumes are distributed to each incident vertex based
on connectivity not geometry, the baricentric dual-volumes suffer
strong bias for a tetrahedralized regular grid (see Figure 1).

3.2. Circumcentric dual-volumes

Circumcentric dual-volumes are defined by using the circumcen-
ter of each simplex. For interior vertices of a Delaunay mesh, this
choice results in local dual volumes matching the Voronoi diagram
of vertices. Circumcenters are a continuous function of vertex po-
sitions for non-denegerate meshes.

While not obvious a priori, circumcentric dual-volumes result in
a symmetric Laplacian matrix. Unlike their 2D analogs for triangle
meshes, circumcentric dual-volumes do not result, in general, in
the same Laplacian matrix as the linear-FEM or barycentric dual-
volume Laplacian:

Lcircum ̸= Lbary. (16)

That is, in general, Acircum
t ̸= Abary

t for a given tetrahedron t as
Acircum

t is, in general, not diagonal. We could alternatively in-
terpret a Laplacian built with circumcentric dual-volumes as a
piecewise-linear finite-element method applied to a mesh with non-
trivial piecewise-constant metric diffusion tensors Acircum

t ∈R3×3;
in other words, Acircum

t determines a per-tetrahedron transforma-
tion Jt applied to each tetrahedron independently before applying
linear-FEM construction (see Figure 5). There is no guarantee that
the per-tetrahedron transformations could be realized by a vertex
deformation of the whole mesh in R3.

For a regular grid, circumcentric dual-volumes are unbiased, co-
inciding with a finite-differences. Unfortunately, if the mesh is non-
Delaunay the mass-matrix is not guaranteed to be positive. Circum-
centers may slip outside simplices, causing the boundary of the dual
volume to self-intersect. This may eventually cause the total signed
volume of ⋆i ∩ t and even the total signed volume of ⋆i to be nega-
tive (see Figure 6).

Circumcentric Barycentric

negative volume

positive volume

Optimized

Figure 6: For non-Delaunay tetrahedral meshes such as this heart,
circumcentric dual-volumes can result in negative entries in the
mass matrix, due to self-intersecting, flipped-inside-out contribu-
tions from each element (left). Barycentric (center) and our opti-
mized dual-volumes (right) are always positive.
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continuous deformation

tet’s circumcenter
passes through triangle’s 

edges’ circumcenters
pass through triangles’

Figure 7: As a tetrahedron continuously deforms from equilateral to non-acute, the circumcenters of the tetrahedron and its triangles pass
through the triangle and edge circumcenters, respectively. This inspires our circumcentric snapping generalization of [MDSB02], which
ensures continuity of dual-volumes but not symmetry of the Laplacian L.

3.3. [AHKS20] dual-volumes: barycentric snapping

To combat negative volumes in 2D triangle meshes, Meyer et
al. [MDSB02] proposed using circumcentric triangle centers except
when the triangle is obtuse. In this case, Meyer et al. would snap the
center to the midpoint of the edge opposite the obtuse angle. Citing
inspiration from the idea of center-filtering at a high-level, Alexa
et al. [AHKS20] snap any centers lying outside its simplex to that
simplex’s barycenter. By construction the mass-matrix is positive,
but dual-volumes on a ϵ-perturbed regular grid are biased as every
entry suddenly jumps in shape and size to the biased barycentric
dual-volume mass matrix (see Figure 2). Consider a simplex as it
morphs from non-obtuse to obtuse: its circumcenter and barycenter
will not coincide during the transition. Therefore, the dual volumes
of [AHKS20] are not a continuous function of vertex positions.

For triangle meshes, the choice of triangle center does not af-
fect the definition of the Laplacian matrix (by Stokes Theorem and
that the gradient is constant in each triangle. See, e.g., Sec. 3.3.4 in
[BKP*10]). As noted, edge midpoints are equivalent to barycenters,
so the resulting Laplacian matrix agrees with the symmetric nega-
tive semi-definite linear-FEM / barycentric dual-volume Laplacian.

For tetrahedral meshes, the choice of tetrahedron center also
does not affect the Laplacian (again, by applying Stokes Theorem
against a constant vector field in each tetrahedron) and of course
edge circumcenters are also barycenters, but obtuse triangle cir-
cumcenters snapped according to [AHKS20] will affect the Lapla-
cian matrix. As a result, the LA will be non-symmetric in the pres-
ence of obtuse triangles. Indeed, for a single tetrahderon with an ob-
tuse triangle the resulting DA

t does not satisfy DA
t Gt = GT

t (DA
t )

T .
We may solve for its analogous implied “diffusion tensor” post
facto as

AA
t =−

(
GT

)+
DA

t (17)

which in this case reveals that AA
t is, in general, not symmet-

ric and AA +(AA)T is not positive definite. This implies that we
do not have, in general, a positive semi-definite Dirichlet energy
formed with LA (see Figure 4). Across datasets of larger tetrahe-
dral meshes, we experimentally find that LA is consistently signif-
icantly asymmetric. Often, LA will have all non-negative eigenval-
ues, but LA +(LA)T is indefinite. Meanwhile, other times LA will
even have non-trivially imaginary eigenvalues, but LA+(LA)T will
be negative semi-definite.

3.4. [MMdGD11] optimization over orthogonal dual volumes

Orthogonal duals are a subset of simplex center construction where
dual faces are geometrically orthogonal to primal edges. The cir-
cumcentric dual-volumes of Section 3.2 are a special case of or-
thogonal duals, but the space is much larger [Gli05; WMKG07;
MMdGD11]. Orthogonal dual constructions for triangle meshes
(and less often tetrahedral meshes) have been considered in the
past, primarily discussed through the lens of discrete exterior cal-
culus [DHLM05].

Mullen et al. [MMdGD11] propose to optimize over the space of
metrics in each local neighborhood so that the dual is orthogonal by
construction and other properties such as mass positivity is encour-
aged by minimization. Mullen et al. may optimize both the metrics
and the primal mesh simultaneously. For our consideration, we will
consider just the metric optimization. Unfortunately, the optimiza-
tion problem is non-linear and non-convex, requiring a variant of
gradient descent to find a local minimum. This forgoes the guaran-
tee of continuity with respect to vertex positions. While they report
reducing the amount of negative volumes compared to circumcen-
tric duals, in their examples they do not eliminate negative volume
entirely. To our knowledge, there is no available open source im-
plementation of this method to provide explicit counter-examples
here.

3.5. Continuous dual-volumes via circumcentric snapping

As a warm-up to our main result, we consider modifying the
positive-volume filtering of Alexa et al. [AHKS20] to ensure con-
tinuity as tetrahedra morph from acute to non-acute shapes (we
say a tetrahedron is “acute” if all dihedral angles are less than π/2
[ESÜ04]).

Unlike Alexa et al., the original center-filtering of Meyer et
al. [MDSB02] ensures continuity with respect to vertex positions
because the triangle circumcenter is snapped to the circumcenter
of its subsimplex (the midpoint of the edge). We can generalize
the choice of Meyer et al. [MDSB02] to 3D tetrahedral meshes by
snapping circumcenters of simplices recursively to subsimplices.
This choice ensures that dual-volumes are continuous with respect
to vertex positions. To see this, consider a non-obtuse simplex mor-
phing into an obtuse one. At the moment that its circumcenter exits
the simplex it must coincide with a circumcenter of the boundary
subsimplex upon which it lies (because it is also equidistant to that
subsimplex’s corners, see Figure 7).

© 2024 Eurographics - The European Association
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By design, snapping ensures that the mass matrix is positive, and
snapping to circumcenters ensures that the mass matrix of a regu-
lar grid remains unbiased like circumcentric dual-volumes. Unfor-
tunately, circumcentric snapping — like [AHKS20] — does not
guarantee symmetry or a positive semi-definite Dirichlet energy.

4. Optimized dual-volumes

Drawing inspiration from Meyer et al. [MDSB02] and [AHKS20],
we propose to utilize circumcentric dual-volumes when possible.
Unlike those methods, we will explicitly ensure a positive semi-
definite Dirichlet energy by constraint.

Vertex circumcenters are trivially well positioned, and edge cir-
cumcenters are non-troublesome midpoints. Meanwhile, the tetra-
hedra centers do not affect the Laplacian matrix, so they can be
snapped individually post facto. What remains are the triangle cen-
ters.

We propose to optimize the center location of each triangle to
be as close as possible to its circumcenter, but to stay within their
respective triangles and so that the implied diffusion tensor At of
each tetrahedron is positive definite. To ensure the continuity of
dual-volumes, two tetrahedra sharing a triangle must agree on the
triangle’s center. Thus we consider the following optimization over
the centers of a tetrahedral mesh with vertex positions in vi ∈ R3

for i = 1, . . . ,n and triangle indices gathered into F ∈ [1,n]k×3:

min
C∈Rk×3

∑
f

∥∥o f − c f
∥∥2 (18)

s.t. c f ∈ • f ∀ f (19)

and (GT
t )

+Dt(C)⪯ 0 ∀ t (20)

where o f is the (known) circumcenter of triangle f and c f is the
optimized center, Dt(C) : Rk×3 → R4×3 is the deterministic and
linear function which selects the centers of the four triangles inci-
dent on tetrahedron t from C and builds the integrated divergence
operator according to the construction in Eq. (12).

Eqs. 18-20 define a strictly convex semi-definite program-
ming (SDP) problem. The problem always has a solution: trian-
gle barycenters are feasible. Therefore, solutions of this feasible
strictly convex optimization are a continuous function of its param-
eters (mesh vertex positions). The constraint in Eq. (20) ensures
that the Laplacian matrix is symmetric negative semi-definite, and
thus the Dirichlet energy is positive semi-definite. The constraint
in Eq. (19) ensures that the mass matrix is positive. When a cir-
cumcentric dual-volume satisfies both these properties, our solu-
tion will coincide, thus ensuring unbiased dual-volumes on regular
grids. Perturbing the mesh vertices slightly will result in a contin-
uous change, degrading gracefully while maintaining definiteness
and positivity (see Figure 2).

Large sparse semi-definite programs are tractable to solve, but
rather slow. Fortunately, we observe that simply constraining At to
be symmetric while ensuring positive dual volumes (via Eq. (19))
appears to always result in a positive semi-definite At . While we
lack a formal or symbolic proof, we constructed a numerical ex-
periment on a unit tetrahedron to hunt for an negative definite At
while keeping centers inside their triangles: finding a result would

amount to a counterexample to our claim. However, the SDPT3
solver [TTT03] declared this counterexample-search problem in-
feasible: agreeing with our hypothesis that symmetry and positive
dual volumes are sufficient conditions for positive definiteness. Out
of an abundance of caution, for a given mesh we can always ver-
ify whether the resulting symmetric At matrices are positive semi-
definite and, if not, resolve the full SDP using a large-sparse-SDP
solver like Mosek [AA00]. We have not encountered the need for
this yet.

So, we propose to replace Eq. (20) with the following linear
equality constraints enforcing symmetry:

Dt(C)Gt = GT
t Dt(C)T ∀ t. (21)

Eq. (21) appears to be a rank-6 constraint over the entries of Dt .
However, after symbolical analysis, we find that this constraint is
in fact only rank 3 over the entries of C. Thus, each tetrahedron
contributes 3 linear equality constraints (Eq. (13)), touching only
its four incident triangles’ centers.

Combined with the quadratic loss in Eq. (18) and the linear in-
equality constraints in Eq. (19), we have a convex quadratic pro-
gram (QP). By re-parametrizing C as a linear function of barycen-
teric coordinates B ∈ Rk×3, we can express the constraints in
Eq. (19) as non-negative and partition of unity constraints on B.
This large, sparse QP can be efficiently solved with a variety of
standard solvers [AA00; CKKD20; SBG*20; Mat24].

4.1. Trivial extension to intrinsic dual-volumes

While the value of intrinsic 2D triangulations has been made ex-
ceptionally clear [FSSB07; BS07; SSC19; GSC21; LGC*23], this
value has perhaps not yet extended to 3D tetrahedral meshes. Nev-
ertheless the extension of our general centric construction — and
thus also our optimized dual-volumes — to intrinsic dual-volumes
is a trivial extension. Our quantities and constraints are defined per-
element and our optimization variables can be expressed in terms
of (intrinsic) barycentric coordinates. To accommodate an intrin-
sic tetrahedralization — where mesh edges have lengths but no
prescribed vertex positions — one could simply map each tetra-
hedron to a canonical tetrahedron with matching metric, compute
relevant quantities and constraints. Each

∥∥o f − c f
∥∥2 in Eq. (18)

would split into contributions from each adjacent tetrahedron (ex-
pressed in barycentric coordinates).

5. Numerical Experiments

In Figure 8, we replicate the “Dirichlet energy minimization” ex-
periment from [AHKS20], where we generate progressively refined
tetrahedral meshes conforming to concentric spheres of radii 1.0,
0.75 and 0.5. We minimize −fT (L+LT )f subject to boundary con-
ditions of 1.0 and 0.0 on the inner and outer shells respectively, then
measure variance of the vertex values on the middle shell. In our
experiment, we generate sphere triangle meshes using centroidal
Voronoi tesselation, then use Tetgen [Si15] to mesh in between
them. As shown by Alexa et al., barycentric duals result in higher
variance than circumcentric. However, the filtered centers proposed
by Alexa et al. result in even higher variance. Our optimized centers
result in variance just above circumcentric duals.
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Figure 8: Compared to circumcentric, barycentric dual-volumes
are known to produce more variance when used to solve a radi-
ally symmetric Laplace problem. The filtered centers of Alexa et
al. [AHKS20] result in even higher variance. Our optimized cen-
ters result in variance just above circumcentric duals. In all cases,
variance decreases with mesh refinement.
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We made almost no effort op-
timizing the runtime performance
of our numerical implementation.
We implemented the optimiza-
tion of face centers in Matlab
with lots of for loops. Never-
theless, the bottleneck is solving
the large-sparse quadratic pro-
gram (using Mosek [AA00]). The
number of variables in the opti-
mization (three times the number
of triangles 3k) closely tracks 30× the number of mesh vertices in
the previous experiment. The inset plot shows that sub-quadratic
performance in the number of vertices, far better than worst-case
complexity for convex quadratic programs indicating that sparsity
is paying off. Timings are recorded on a 2020 MacBook Pro laptop
(2.3GHz Quad-core Intel Core i7, 32GB RAM).

Once constructed numerically, our Laplacian L and mass matrix
M have the same sparsity and thus same runtime implications for
downstreams tasks as others methods (but unlike alternatives with
larger stencils, e.g., [BBA21]). In Figure 4, we compare the nu-
merically computed eigenvectors of the Laplacian built from our
dual volumes to that of Alexa et al. [AHKS20], whose lack of
semi-definiteness manifests as numerical debris in the eigenvec-
tors. Laplacian eigenmodes are a critical downstream task used in a
variety of applications areas in geometry processing [VL08; Rus07;
SOG09; OBS*12; SACO22; BZC*23].

Our optimized dual-volumes are continuous with respect to ver-
tex positions. In Figure 9, we consider a downstream design anal-
ysis task where the tetrahedral mesh connectivity of a wrench
is transported along with procedural changes to its design à la
[SXZ*17]. The squared norm of a sinusoidal function f is measured
across the changing designs: fT Mf. The line plots show relative dif-
ferences of each method’s value compared to that of barycentric

0%

1%
Relative difference compared to using barycentric 

Circumcentric

Barycentric

Alexa et al.
Ours, optimized

Figure 9: Consider computing fT Mf as the vertex positions
of a tetrahedral mesh change with its design (bottom) Barycen-
tric, circumcentric, and our optimized dual-volumes are continu-
ous function of mesh vertex positions, and so is this value computed
with their respective mass matrices. The dual volumes of Alexa et
al. [AHKS20] are discontinuous, producing a noisy value as the
design changes. The line plot (top) shows the relative difference of
each method’s value compared to that of barycentric dual volumes
as the design changes.

dual volumes as the design changes. The dual volumes of Alexa et
al. [AHKS20] produce a noisy discontinuous function, while ours
— like barycentric and circumcentric — are continuous with re-
spect to change in vertex positions.

6. Discussion & Conclusion

0% 100%50%

% of circumcenters
outside triangles and tets

th
in

g
i1
0
kAs casually observed by Alexa

et al. [AHKS20], tetrahedral
meshes are often not Delaunay in
the wild. Constrained Delaunay
meshers (e.g., [Si15; DPVA23])
do not enforce the local Delau-
nay criteria at constrained (e.g.,
boundary) faces. Meanwhile,
optimization-based meshers
(e.g., [HZG*18; HSW*20]) will
trade Delaunay-ness for improved aspect ratios or other important
mesh quality measures. Indeed, considering the 10,000 outputs of
TETWILD run on the Thingi10k dataset [ZJ16], we see that most
tetrahedra circumcenters lie outside, and roughly one quarter of
face circumcenters lie outside (inset). Consequently, circumcentric
dual-volumes result in negative mass matrix entries for 74% of the
meshes across the dataset. The barycentric snapping method of
Alexa et al. [AHKS20] results in asymmetric Laplacian matrix L
for 100% of the models, and of these Cholesky decomposition of
L+LT fails on 57%.

The general construction considered in this paper explicitly con-
structs the dual volume. Besides making constraints and analy-
sis explicitly clear, ensuring a geometric realization could prove
essential for applications which rely on sampling or interpola-
tion within dual-volumes. Elcott et al. [ETK*07] use primal-dual
meshes for fluids and generalized barycentric coordinates for in-
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terpolation. Batty et al. [BXH10] extend this to non-conforming
Delaunay meshes, where circumcentric dual volumes are positive
and convex shaped. Our optimized dual-volumes are positive but
not necessarily convex; on the other hand, we do not require a De-
launay mesh, so meshes can be conforming. While convenient for
velocity interpolation, convexity is not strictly necessary and gener-
alized barycentric coordinates have since improved for non-convex
polyhedra [JMD*07; HS08; ZDL*14; CDH23].

In this paper, we considered construction and optimization of
dual-volumes assuming a contract with the user that the primal
mesh remains fixed. Prior works have also considered (simulta-
neous) optimization of the primal mesh or its intrinsic connectiv-
ity to improve Laplacian and mass-matrix operators for 2D trian-
gulations [dMMD14] and tetrahedral meshes [SMWF22] or both
[MMdGD11; Ale19; ABE*20; Ale20; MKMD23]. Alexa [Ale19]
shows how unique the situation is for triangulations in 2D and that
many clear concepts or algorithms do not extend to 3D and beyond.
While we believe our optimization generalizes in theory to higher
dimensional meshes, we leave this exploration to future work.

The space of orthogonal duals is too small to include the
barycentric duals (and thus linear FEM, the de facto standard).
Our general construction with simplex centers and space of opti-
mization explicitly includes these, while others do not [WMKG07;
MMdGD11].

When considering the orthogonal dual construction of the Lapla-
cian for 2D triangle meshes, the choice of triangle center at
the circumcenter seems to have great importance: Wardetzky et
al. [WMKG07] write “the cotan weights ... arise from assigning
dual vertices to circumcenters of primal triangles” [WMKG07]).
However, in the more general view of constructing dual-volumes by
connecting simplex centers, the choice of triangle center is demon-
strably irrelevant. For the cotan weights to arise, only the choice of
edge centers at midpoints matters (see also [BKP*10]).

In 3D, the situation is very different. Edge centers remain
canonically midpoints, but triangle centers are neither irrelevant
nor canonically determined. Fortunately, they span an interesting
enough space to find dual-volumes that fulfil a variety of proper-
ties. Like the triangle center in 2D, the tetrahedron center in 3D is
irrelevant to the Laplacian matrix, but does affect the mass matrix.

The taxonomy of Wardetzky et al. [WMKG07] is not quite
expressive enough to capture the locality or lack thereof of our
proposed approach. The sparsity pattern of our Laplacian matrix
matches the combinatorial mesh, but the entries are effectively de-
termined via a global optimization (similar to [MMdGD11]).

Alexa et al. [AHKS20] muse about linearly blending between
barycentric and circumcentric duals. Using a single parameter for
the entire mesh would result in a space that could ensure positiv-
ity, definiteness and continuity, but not unbiased-ness on (local)
grid structures. It is not obvious how to spatially vary this blend
so that properties are ensured locally; our optimization works on a
large space by considering effectively two parameters per triangle
(barycentric coordinates of its center).

Wardetzky et al. [WMKG07] propose a general construction of
symmetric 2D triangle mesh Laplacians by spanning a parameteri-
zation over the metrics of each edge. This is analogous to our ob-

servation that once ∇ f is assumed to b e piecewise constant in an
element, what remains is the choice of divergence operator D or dif-
fusion tensor A. Perhaps the construction of Wardetzky et al. could
be generalized to tetrahedral meshes, but it would seem to corre-
spond to directly parameterizing A rather than working with sim-
plex centers. By optimizing centers directly we ensure that dual-
volumes are continuous across triangles and embedded. In this pa-
per, we focus on the effect of these properties on the Laplacian
and mass matrices. It would be interesting to explore our optimized
dual-volumes for other operators or uses (e.g., fluids [BXH10]).

Employing convex-optimization to build the Laplacian and mass
matrices will often be more expensive than a single subsequent
sparse linear system or truncated eigenvalue decomposition. In
some applications, ensuring the features in Table 1 may be worth
the wait. In any case, our result also serves as an existence proof
that we hope fuels future research into more efficient methods.
Finally, any invocation of a feature chart like Table 1 should be
met with a critical speculation about which other feature columns
should be considered in the future. We hope the analysis and novel
method presented here will continue to fuel research into dual-
volumes. To this end, we have open-sourced implementation as part
of the gptoolbox [Jac*24] library.
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