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Tiled Characteristic Maps for Tracking Detailed Liquid Surfaces
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Figure 1: Fountain with lucy statues. 300×200×300 resolution, 12×8×12 tiles. 54.9 seconds per video frame on average. Wired box and
the color on the right visualize tiles and the map distortion, respectively.

Abstract
We introduce tiled characteristic maps for level set method that accurately preserves both thin sheets and sharp edges over a
long period of time. Instead of resorting to high-order differential schemes, we utilize the characteristics mapping method to
minimize numerical diffusion induced by advection. We find that although a single characteristic map could be used to better
preserve detailed geometry, it suffers from frequent global re-initialization due to the strong distortions that are locally gener-
ated. We show that when multiple localized tiled characteristic maps are used, this limitation is constrained only within tiles;
enabling long-term preservation of detailed structures where little distortion is observed. When applied to liquid simulation,
we demonstrate that at a reasonably amount of added computational cost, our method retains small-scale high-fidelity (e.g.,
splashes and waves) that is quickly smeared out or deleted with purely grid-based or particle level set methods.
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1. Introduction

Level set method has become a vital tool for tracking deforming
surfaces in the visual effects industry [BLMB13; Mus13]. The no-
table advantages of level set methods are the robust handling of
topological changes, ease of implementation, and the efficient fixed
patterned memory access by the use of finite differential schemes.

Despite of its heavy use, level set methods inherently induce nu-
merical diffusion at both advection and the re-initialization steps.
This limitation has been ameliorated in a number of ways, such as
high-order schemes [MG07; HK10] second-order accurate bound-
ary conditions [RS00], semi-Lagrangian contouring [BGOS06] and
the particle level set method [ENGF03]. These aforementioned
techniques achieve higher accuracy; however, the added compu-
tational cost can be considerably large due to the extended stencil
size or an increased number of variables (e.g., particles or quadra-
ture points) [HK10; ENGF03].

Alternative approaches to complement the shortcomings of
the level set method is to combine different surface representa-
tions, such as particles [CFL*07; FAW*16; SWT*18] or explicit
meshes [BB09; WMB11]. This works to some extent; however,
these strategies mainly focus on specific types of features (e.g., par-
ticulate splashes, thin sheets or wrinkles) and do not equally resolve
a wide range of geometric fidelity.

In this paper, we leverage characteristic mapping method; we
store multiple characteristic maps representing the state of the
level set at a time, and advect them instead of advecting the
signed distance field. Such an application has been hinted in some
work [Hac05; QZG*19]; however, to the best of our knowledge, no
previous work demonstrated the practical use for liquid simulation.

In particular, we propose tiled characteristic maps with the aim
of distributing the re-initialization of mapping. The distributed re-
initialization avoids globally re-setting the maps, which we find
important for liquid simulation since dynamically moving surfaces
generate strong local distortions. Altogether, our contributions are
listed as follows

• A first practical framework for the level set method that uses
characteristic maps
• Tiled characteristic maps avoiding the global re-initialization
• A memory-saving tiling using an upwind tracer predictor
• Estimated topological changes to detect necessity for local re-

distancing

2. Related Work

In the following subsections we will discuss various surface track-
ing methods in the context of liquid simulation for graphics.

2.1. Level Set Methods

We refer readers to a thorough review by Osher and Fed-
kiw [OF03] and Gibou et al. [GFO18] for a vast body of lit-
erature of the level set methods. In graphics, level set meth-
ods are used not only to track moving surfaces but also to sim-
ulate fracture [HJST13; WFL*19] and to detect collisions for
cloth [WWYW20], solid [JST*16] and rigid bodies [MEM*20].

2.1.1. PDE-based Methods

Advancing the state of the level set is given by the solution to a
partial differential equation (PDE) of the form [OF03]

∂ϕ
∂t

+uuu ·∇ϕ = 0, (1)

where ϕ, uuu denote a scalar-valued signed distance field and velocity,
respectively. Level set re-distancing may be solved as a solution to
a PDE of the form [SSO94]

∂ϕ
∂τ

+ sgn(ϕ0)(|∇ϕ|−1) = 0, (2)

where τ, ϕ0 denote fictitious time and the initial state of ϕ (begin-
ning of the time step, see [FF01]), respectively. In solving (1) and
(2), the gradient evaluation plays an important role. Foster and Fed-
kiw [FF01] and Museth [Mus13] suggested using Essentially Non-
Oscillatory (ENO) or Weighted ENO (WENO) schemes. Heo and
Ko [HK10] proposed to use a high order polynomial approximation
using a pseudo-spectral representation. These high-order schemes
are quite effective at preserving the original shape; but the added
computational cost can be also reportedly expensive [HK10].

Despite its accuracy, high order schemes have at least two lim-
itations. First, many high order schemes require a large stencil
support, making boundary treatments difficult. Constrained inter-
polation profile (CIP) [SKK07] exceptionally handles this issue.
Second, PDE-based methods come with severe CourantFriedrich-
sLewy (CFL) constraint (i.e., CFL < 1). This limitation could be
alleviated by a multi-step temporal integration, which adds extra
computational overhead.

Note that our contributions are orthogonal to those high-
order schemes; for example, we have used a fifth-order WENO
scheme [GFO18] for the gradient evaluation.

2.1.2. Other Approaches

We used a semi-Lagrangian scheme for advecting level set be-
cause of its simplicity and stability. Several researchers also have
explored the use of semi-Lagrangian schemes instead of solv-
ing the PDE [IGLF06; EQYF13; FWD14]. However, some semi-
Lagrangian schemes are highly diffusive [FF01]; therefore, special
treatment is needed if a high accuracy is desired, such as employing
a WENO interpolation [KTT13].

Level set re-distancing can be done either by the fast march-
ing [Set99], a fast sweeping technique [Zha04] or the semi-
Lagrangian contouring [BGOS06]. In our implementation, we have
used the PDE-based approach because the resulting surfaces are
heuristically smoother this way [KMA20].

2.2. Mesh-based Methods

Mesh-based surface trackers have been studied as an alternative to
the the level set method [WMB11]. In contrast to level set meth-
ods, mesh-based surface trackers are not diffusive by nature since
mesh components are explicitly moved forward by velocity. On the
other hand, unlike level set methods, handling topology changes
(e.g., splitting and merging) is not trivial. With this difficulty in
mind, many researchers focused on how to gracefully deal with
such topological events.
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Figure 2: Waterdrop. 250× 200× 250 resolution, 10× 8× 10 tiles. 21.9 seconds per video frame on average. Level set simulation and the
particle level set method are shown on the left and middle columns, respectively. Our method is shown on the right column. Notice that our
method better preserves thin sheets of the crown.

An early work of purely mesh-based surface tracker in graph-
ics is the work of Brochu and Bridson [BB09]. This framework is
extended to multi-material [DBG14] and fluid simulation [BBB10;
DHB*16]. Other types of Lagrangian approaches were also pro-
posed such as tetrahedra [CWSO13; WJL*20] and simplicial
complexes [MEB*14]. These purely mesh-approach handle colli-
sion detection by explicitly detecting collisions between meshes.
This task can be facilitated by the aid of grids. For example,
Müller [Mül09] proposed an extended marching cube for robustly
handling topological changes that preserved inner sheets within
cells. Some state-of-the-art methods even eliminated the need for
grids [CMMK15].

2.3. Particle-based Methods

Particles also have been used to track the evolution of liquid sur-
faces. For an overview of particle-based reconstruction methods,
we refer readers to a survey by Lefebvre et al. [IOS*14]. Generally,
surfaces of particles are represented as an iso-contour of a distance
function computed from a set of particles. Usually, naive compu-
tation of particle surfaces this way introduces undesired bumps.
Some researchers smoothed these bumps. For example, Yu and
Turk [YT10] introduced an anisotropic particle-based mesh recon-
struction method. Bhatacharya et al. [BGB11] proposed a new bi-
harmonic energy function to reconstruct minimize bumps on the
particle surfaces.
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Figure 3: Pouring. 200×200×200 resolution, 8×8×8 tiles. 37.3 seconds per video frame on average. Our method is shown on the right
column while the level set method and the particle level set method are shown on the left and the middle columns, respectively. Notice that
consistent thin sheets are only preserved with our method.

2.4. Hybrid Methods

Some surface trackers combine best of the multiple (mostly two)
methods. Wojtan et al. [WTGT09; WTGT10] proposed mesh-based
surface trackers that handle topology changes aided by grid-based
marching cubes. Yu et al. [YWTY12] presented a mesh-based sur-
face tracker applied for SPH fluids. Sato et al. [SWT*18] seam-
lessly stitched level set and particle-based surfaces.

2.5. Characteristic Map

Characteristic map (a.k.a the method of characteristics) is shown
effective for advection since the method is non-diffusive by na-
ture. It was first introduced in graphics by Hachisuka [Hac05] fol-
lowed by the works of Tessendorf and Pelfrey [TP11], Sato et
al. [SWT*18] and Qu et al. [QZG*19]. An overview of the char-
acteristic map is described in the next section. We note that these
methods primarily focus on smoke, and the applications to the level
set are only experimental. To the best of our knowledge, our work is
the first to show that characteristic mapping can be used for liquid
simulation.

3. Recapitulations

Our work builds upon the substantial body of the level set method
and the characteristic map. For this reason, we outline important
fundamentals of both methods before detailing our extension.

3.1. Level Set Method Recapitulation

Level set method is a grid-based surface tracker that facilitates
topological changes. In level set methods, a signed distance func-
tion ϕ is defined near the surfaces (e.g., 3 cells bandwidth), and the
surfaces are defined as a set of points where ϕ = 0. Advection is
performed by either solving (1) or via a semi-Lagrangian (or its
extended) advection. Topology changes are automatically handled
during advection.

Re-distancing must be performed at some intervals by (mostly)
either solving (2) or the fast marching [Set99] since the slope of
a signed distance field may be gradually flattened in the course
of simulation [Bri08]. Our method directly extends the level set
method. In doing so, we perform both advection and re-distancing
using those accuracy/efficacy proven algorithms.

3.1.1. Characteristic Map Recapitulation

Characteristic map defines a mapping X (where X itself is also
a function of time) such that X(xxx) = yyy, where both xxx ∈ R3 and
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Figure 4: Breaking dam. 250× 250× 125 resolution, 10× 10× 5 tiles. 25.8 seconds per video frame on average. Our method is shown at
the right column. Level set method and the particle level set method are shown on the left and the middle columns, respectively. Notice that
our method captures more vibrant splashes reflected by the wall.

yyy ∈R3 denote spatial positions. With this setting, a solution to the
advection equation

∂q(xxx)
∂t

+uuu(xxx) ·∇q(xxx) = 0 (3)

can be alternatively solved by

q(xxx) = q0 (X (xxx)) , (4)
∂X(xxx)

∂t
+ uuu(xxx) ·∇X (xxx) = 0, (5)

X0(xxx) = xxx, (6)

where q(xxx), q0, and X0 denote an arbitrary scalar field to be ad-
vected, the initial fields of q and the initial map, respectively. This
way, we can solve for the time evolution of X instead of q to track
the transport of q without numerical diffusion [TP11]. Usually, the
mapping is defined discretely on grids, which is passively advected
together with velocity.

When applied to fluids (level sets), map distortion consistently
develops, making locally high compression. Eventually, the map

is no longer resolvable. Therefore, it is a common practice to re-
initialize mapping when such a high distortion is detected [Hac05;
TP11; QZG*19]. We follow the same strategies except that we use
localized tiles as we explain in the next section.

4. Method Overview

At the heart of our method is a localized characteristic map pop-
ulated per tile. To avoid confusion, we consistently use the termi-
nology "tile", which corresponds to a box in 3D. To begin with, we
first lay tiles with each tile having a fixed resolution of width Nx,
height Ny and depth Nz, where Nx,Ny,Nz are all integers. For clarity,
we illustrate procedures in two dimensions.

4.1. Simulation Loop

We base our method on a level set based liquid simulator [FF01]
and the second-order accurate pressure solver on free sur-
faces [ENGF03]. Since the only difference from these works is how
we advect the level set field; we focus our discussion only around
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Algorithm 1 Level Set Step (Level Set Advection)
1: for all tile do
2: Allocate / Delete / Retain Characteristic Map {§4.2}
3: Advect Map X {§4.3}
4: if High Distortion Detected {§4.4} or

Tracer Out Of Bounds {§4.5} or
Collision Expected {§4.6} then

5: Reset Reference Level Set ϕref
i, j,k = ϕi, j,k

6: Reset Characteristic Map s.t. X(xxx) = xxx
7: end if
8: end for
9: for all cell i, j,k do

10: ϕi, j,k← 0
11: θsum← 0
12: for all tile do
13: θ← Compute Interpolation Weight 4.7
14: ϕi, j,k← ϕi, j,k +θ ϕref

i, j,k (X(xxx)) {§4.7}
15: θsum← θsum +θ
16: end for
17: ϕi, j,k← ϕi, j,k/θsum
18: end for
19: Re-distance ϕ {§4.8}
20: Post Process ϕ {§4.9}

the level set calculations. The overview of our algorithm is illus-
trated in Algorithm 1.

4.2. Allocating Characteristic Maps

At the beginning of each time step, we find tiles that contains at
least one pair of adjacent cells of which level set signs at two cells
are different; indicating air and liquid cells. For convenience, we
call these tiles as "liquid/air" tiles. Next, we allocate a characteris-
tic map for each tile with each map having 3Nx× 3Ny× 3Nz reso-
lution. Such a redundant space is needed as it allows longer back-
tracking of characteristic maps. Note that we allocate maps only for
liquid/air tiles to reduce memory consumption. If a map is already
allocated, we skip this allocation (and keep the original intact). We
delete the map if a tile is no longer classified as liquid/air.

4.3. Map Advection

Our next step is to advect characteristic maps. We do this by
solving for (5) using a trilinearly interpolated semi-Lagrangian
method [Sta99]. If needed, some source term (e.g., injected liquids)
may be integrated [TP11].

4.4. Distortion Computation

We adopt the Cauchy-Green deformation tensor (conventionally
denoted by E ∈ R3×3) as a deformation estimator. Finally, the dis-
tortion is given as the Frobenius norm of EEE. If the squared distortion
average within a tile exceeds a pre-defined tolerance εtol (we use
0.1 throughout our examples), we re-initialize the map associated
with the tile.

Figure 5: Minding the edge. If virtual tracers (re-mapped particles)
shown in black dots approach an edge within the range of half a tile
size (rightmost), we re-initialize the map. Orange arrow indicates
the velocity field.

4.5. Minding the Edge

Our characteristic maps are bounded by tiles; therefore, we also re-
initialize tiles in which at least one referencing position (which we
reinterpret as a backward tracer position) is approaching a bound-
ary of the map (that is, the edges of 3Nx × 3Ny × 3Nz domain).
Proximity criterion we use is to check if the shortest distance to the
edges is less than half a tile width (Figure 5).

4.6. Handling Collision

We find that special care is needed where liquid is expected to
merge within the next time steps to prevent undesired air gaps to
be generated. Note that a similar issue is also reported [BBB10].
We address this issue as follows. First, we detect possible future
collision events similarly to the method of Koike et al. [KMA20];
that is, we trace positions forward in time and check if the tracer
path bridges liquid-air-liquid cells and satisfy the following two
conditions

• Relative velocity of two liquid cells residing in the opposite sides
across the air cells is greater than or equal to the maximal veloc-
ity of these liquid cells.
• Dot product of two level set gradients on the liquid cells residing

in the opposite sides across the air cells is less than −0.5.

Finally, if such tracers are found, we re-initialize tiles that overlap
with the trajectories (Figure 7).

4.7. Seamless Level Set Stitching

In the above exposition we illustrated how our per-tile level set is
computed, but we still have not detailed how to define the global
level set, which we will need to compute pressure and surface visu-
alization. Hence, our next task is to flatten these localized level sets
onto a single global grid by stitching these tiles without artifacts at
its seams.

To obtain a global level set value at an arbitrary position xxx, we
first locate nearby four tiles and find the minimal L1 distances to
the edges and corners from these tiles. If all the distances are larger
than a given threshold (which we define as transition bandwidth,
denoted by Dband), we simply copy a value from the underlying
tile. If any of distances falls below Dband/2, we interpolate value
from the tiles. Overall, actual interpolation occurs only when query
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Figure 6: Level set interpolation at tile boundaries. When comput-
ing a globally defined level set value at a query position, we inter-
polate tile level sets among four neighbor tiles if necessary. More
specifically, interpolation takes place only within red bands shown
on the left where associated interpolation weights are shown on the
right.
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Figure 7: Predicted topological events. We seed virtual particles
starting from liquid cells and let them move by the underlying ve-
locity to check if a tracer bridges liquid-air-liquid cells. If found,
we re-initialize maps associated with tiles crossing with the trajec-
tory.

points hit red regions in Figure 6 left. We set Dband = 6∆x through-
out our examples.

Our interpolant kernel with respect to a tile is designed to be the
combination of linear and bi-linear interpolants. For example, con-
sider a case where the nearest point from a query point lie on an
edge. In this case, the weight is given as a linear function such that
θi = 1− di/Dband where di, Dband denote the distance to an edge
and the bandwidth of transition. For a case where the nearest posi-
tion refers to a corner, the bi-linear interpolant is used as illustrated
in Figure 6 right.

4.8. Re-distancing

Once the preliminary global level set is computed, we perform level
set re-distancing to ensure that |∇ϕ| = 1 near liquid surfaces. This
is particularly important for second-order accurate boundary con-
ditions for pressure as an actual distance is needed to calculate an
appropriate liquid fraction [ENGF03]. Note that since the global
level set will not be carried to the next time step, this re-distancing
should be performed (preferably) every time step.

4.9. Post Processing

In principle, all the above steps are sufficient to get a valid globally
defined level set. However, in our implementation we find that flick-
ering slits are observed around the tips of thin sheets (Figure 10).
We believe that this is mainly because characteristic mapping pre-
serves highly thin sheets that may not be captured by some grid
cells due to the Nyquist limit. We find that simply eroding the level
set by the shift of ∆x/4 effectively reduces the artifacts (to coun-
teract the effect of erosion, one may dilate the level set by −∆x/4
at the beginning of the simulation). A further post-process (e.g.,
smoothing [FF01]) might be done if desired.

4.10. Reducing Redundant Space

Figure 8: Anisotropic tile exten-
sion for redundancy reduction. In
this example, velocity is pointing
downward, making only upward
margins sufficient while leaving
other directions tight.

Our characteristic maps
contain some redundant
space to allow longer
back-tracing (out-of-tile
back-tracing) of charac-
teristic maps. However,
such a redundancy also
comes at a cost of both
extra memory require-
ments and the additional
advection overhead.
This redundancy may be
optionally reduced by
anisotropically design-
ing redundant margins.
Our basic idea is to
extend redundant space
only towards upwind
directions.

For example, if a tile
contains velocity compo-

nents that are all pointing downward directions, the back-traced
positions along this velocity will drift only upward directions (Fig-
ure 8). In this specific case, more redundant space will be allocated
towards upward, while making other directions relatively tighter. In
our implementation, the amount of upward extension Dup is com-
puted by

Dup = min(Dband,max(−α∆tuy,0)+(β+Dband/2)∆x) , (7)

where α and β are constant parameters dictating scaling and an ad-
ditional extension width, which we set α = 10 and β = 3. Note
that the minimal amount Ny/2 is required to ensure smooth inter-
polation between tiles. Dright, Dleft and Dbottom can be computed
likewise.

5. Results

We performed four sets of experiments: level set method, particle
level set method, a globally defined characteristic map, and the tiled
characteristic maps (our method). As for the level set method we
implemented, we performed re-distancing (WENO5/PDE) every 3
steps, and used a tri-linearly interpolated semi-Lagrangian method.
We also performed Zalesak’s disk rotation and the Enright’s test.
Time per video frame is available in the associated figure captions.
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Figure 9: Re-initialization artifacts of a globally defined char-
acteristic map. Before being re-initialized (top). After the re-
initialization (bottom). When re-initialization is triggered, a notice-
ably large part of thin sheets are deleted within a single step.

Figure 10: Effect of our post-processing. Without dilation (left).
With our dilation (right). Notice that many slits and small holes are
removed on the right.

5.1. Water Drop

Figure 2 primarily demonstrates that our method preserves crown
sheets thinner than the level set method. As can be seen from the
figure, both the level set and the particle level methods fail to
keep such sheets. Globally defined characteristic map may also
better preserve thin sheets for a longer period of time, global re-
initialization immediately removes large parts of sheets within a
single step, resulting in temporally noticeable artifacts (Figure 9).
250× 200× 250 resolution, 10× 8× 10 tiles. Simulated on an
AMD Ryzen 9 3900X CPU workstation.

5.2. Breaking Dam

Figure 4 is an example of breaking dam interacting with spheri-
cal obstacle. Like the traditional level set method, we extrapolate
level set towards solid to handle the presence of solid obstacles.
Notice that our method remains robust without special care in such
cases. 250× 250× 125 resolution, 10× 10× 5 tiles. Simulated on
an AMD Ryzen 9 3900X CPU workstation.

5.3. Corner Pouring

Figure 3 shows an example of pouring water onto a box. This is
particularly challenging with the level set method since the wide

spreading sheets are quickly wiped away due to the numerical dif-
fusion. Our method on the other hand allows the sheets to land the
floor. 200× 200× 200 resolution, 8× 8× 8 tiles. Simulated on an
AMD Ryzen 9 3900X CPU workstation.

5.4. Fountain

Finally, Figure 1 shows a case with complicated sheets and solids.
Notice that when multiple columns of water form consistent thin
sheets that are merged to the pool on the ground. Traditional level
set, particle level set method, on the other hand, fail to maintain
such thin sheets. 300×200×300 resolution, 12×8×12 tiles. Sim-
ulated on an AMD Ryzen 9 3900X CPU workstation. Comparisons
are available in the supplemental video.

5.5. Timings and Memory Reduction

In our implementation, we used OpenVDB[Mus13] where applica-
ble. As shown in Table 1, the run-time overhead ranges from a half
to up to twice the cost of the level set method. It is expected that
our method runs as fast as particle level set method for cases where
observed visual complexity is almost the same.

As for the memory consumption, we observed that the total
amount is similar to the particle level set method. Particularly, this
amount and also the run-time are closely linked to the added visual
complexity in the resulting simulation, indicating that added over-
heads are somehow justified. Table 2 shows a reduction rate of our
anisotropic tile extension. With our extension, our method cuts the
overall memory use into (up to) half.

5.6. Zalesak’s Disk Rotation and Enright’s Test

To quantitatively evaluate the accuracy of advection, we performed
both the Zalesak’s disk rotation experiment and Enright’s deforma-
tion test as also done by previous work [KTT13; WTGT09] shown
in Figure 11. Our method better maintains sharp corners and thin
sheets than both the level set and the particle level set methods. For
the level set method and our method, we used semi-Lagrangian ad-
vection and the WENO5/PDE re-distancing schemes [Mus13]. The
only difference is the presence of our extension.

6. Discussion

6.1. Advanced Characteristic Maps

We based a (comparably) primitive characteristic mapping [TP11]
because of its simplicity. This can be further improved by Qu et
al. [QZG*19], which we leave for future work.

6.2. Post Process

In our current implementation, we employed a simple erosion al-
gorithm to clean up small slit artifacts. This could be also further
improved by a dilation-erosion-smooth algorithm [Mus13]. In the
supplemental video, we provide a simulation without post process-
ing to illustrate how this post process improves the visual anima-
tion.
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Table 1: Timings of our method, a level set and the particle level set. Postprocess includes dilation, map distortion computation, tile alloca-
tion/deletion (these three steps only exist in our method), surface meshing, and the re-distancing. All numbers are given by seconds.

Scene Grid Resolution Tile Resolution Method
Vel Step

LS Step Postprocess Total
Project Rest Total

Fig. 2 / Drop 250×200×250
- LSM 1.5 0.9 2.4 0.6 1.3 4.4
- PLS 1.4 0.8 2.2 4.3 1.3 7.9

10×8×10 Ours 1.5 2.0 3.5 0.6 2.6 6.8

Fig. 4 / Dam 250×250×125
- LSM 1.6 0.6 2.2 0.5 1.1 3.8
- PLS 1.1 0.5 1.6 3.6 1.1 6.4

10×10×5 Ours 1.5 1.9 3.4 0.5 2.4 6.4

Fig. 3 / Pouring 200×200×200
- LSM 1.1 0.6 1.7 0.8 1.6 4.3
- PLS 0.2 0.7 0.9 3.6 1.2 5.8

8×8×8 Ours 1.0 1.9 2.9 0.8 3.9 8.0

Fig. 1 / Fountain 300×200×300
- LSM 0.7 1.4 2.1 1.0 2.3 5.6
- PLS 0.7 1.3 2.0 7.7 2.4 12.3

12×8×12 Ours 2.2 3.8 6.0 1.3 6.0 13.7

Figure 11: Zalesak’s disk rotation. Level set (left column), particle
level set (middle column) and our method (right column). 200×
200×200 resolution, 8×8×8 tiles.

Table 2: Memory reduction rate with/without the anisotropic tile
extension. The memory consumption includes all the components
of the solver, such as velocity and pressure.

Scene w/o (GB) w (GB) Reduction Rate (%)
Fig. 2 / Drop 0.95 0.5 52.4
Fig. 4 / Dam 0.88 0.39 44.3

Fig. 3 / Pouring 1.19 0.56 46.5
Fig. 1 / Fountain 1.94 0.94 48.7

6.3. FLIP/APIC

In this paper we have not incorporated FLIP/APIC [JSS*15] meth-
ods because focusing on the purely level set method more clearly
demonstrates the advantages of our method. If desired, our method
may be combined with these FLIP-based extensions [FAW*16;
SWT*18].

6.4. Volume Loss

We showed that our method better preserves sheets and splashes,
but like the level set method we do not guarantee volume preserva-
tion. This may be corrected by global [KLL*07] or local [GAB20]
volume preservation algorithms.

6.5. Global Characteristic Maps

In the case of Figure 2, the global characteristic maps run 13%
slower than our approach. This is because the global characteris-
tic maps require that the velocity field must be extrapolated in the
whole domain while our method does not.

6.5.1. Tile Size

We chose Nx,Ny and Nz in a heuristic manner. For example, if tiles
are too large, the (undesired) impact of re-initialization due to the
local distortions would reach many nearby cells. If tiles are too
small, our characteristic maps become less effective. In our experi-
ments, we find that a size of 253 was a good balance.
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Figure 12: Memory consumption overview of a level set method, the particle level set method, and our method, respectively. Note that we
used OpenVDB where possible to reduce explicit grid allocation.

6.5.2. Particle Level Set Method

Our implementation of the particle level set method is based on
the work of Enright et al. [ENGF03]. We note that this particle
level set method can be extended to better preserve splash and
sheets [GSLF05].

6.5.3. Advection

We used semi-Lagrangian advection because of its simplicity. A
more accurate advection scheme such as BFECC, MacCormack
could be used with special care near free surfaces [SFK*08].

6.6. Limitations

6.6.1. Source and Sink

Currently, our method only supports the advection of the form
Dϕ/Dt = 0; indicating that no source or sink terms should be intro-
duced. In the context of characteristic mapping methods, it is shown
that such a source term may be taken into account by performing
extra forward tracing [Hac05; TP11; QZG*19]. In our implemen-
tations, we simply reset mapping if a source term such as water
injection is needed.

Note that re-distancing level set is not affected by this limitation
because it is only performed on a scratch grid (a globally flattened
level set field), and will not be carried back to the tile’s level set
grids, except when the characteristic map is reset.

6.6.2. Nyquist Limit

It should be noted that our method may suffer from the Nyquist
limit when a strong deformation is allowed to be generated. For
example, when two virtual back-tracked particles originated from
adjacent cells travel too far from each other, some highly detailed
geometries residing between two particles will be overlooked. This

limitation may be alleviated by super-sampling of back-tracking;
which would add more extra computation overheads.

7. Conclusions

In this paper, we proposed new tiled characteristic maps for level
set method. The principle idea of our method is to assign locally
defined characteristic maps to individual tiles. Unlike the globally
defined characteristic map, which responds to locally strong dis-
tortions and deletes all the small-scale features (thin sheets and
spindles) within a single step, our method re-initializes maps only
where necessary, leaving other parts of liquid geometry untouched.

We ran a number of examples and demonstrated that our method
is robust against a wide variety of liquid simulation scenarios, in-
cluding the presence of obstacles and a water pouring on a flat con-
tainer. Considering the increased visually rich complexity, we be-
lieve that overhead of our method is within a reasonable range (e.g.,
additional run-time is up to twice of the level set method). We also
validated the quantitative accuracy via Zalesak’s disk rotation and
the Enright’s deformation test.

In future work, we are interested in exploring our method not
only (more advanced) liquid (e.g., surface tension) but also smoke,
fire, viscoelastic materials and highly viscous fluid, which all in-
volve non-trivial material transport. We believe that our method
can be also applied for engineering and medical purposes outside
graphics, such as shape extraction [ZM10; BN14], boundary detec-
tion [AUS13] and MRI image segmentation [Bar11].
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Figure 13: Enright’s test [EFFM02]. Level set (left column), par-
ticle level set (middle column) and our method (right column).
200×200×200 resolution, 8×8×8 tiles.
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