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rendering
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Figure 1: Comparison between real life hair picture (middle) and hair renderings using our dual model (left) and current state of the art ray
scattering model [CBTB16] (right). Hair fibers are placed between the viewer and a strong light source. On the real picture, we observe a
strong forward scattering likely due to diffraction. Our model (a = 30µm, b = 20µm, ddiff = 1, and a melanin concentration of 8) can render
a similar diffraction effect while the ray model falls short at modeling it.

Abstract
Realistic hair rendering relies on fiber scattering models. These models are based on either ray tracing or on full wave-
propagation through the hair fiber. Ray tracing can model most of the scattering phenomenon observed but misses the important
effect of diffraction. Indeed human natural hair specific dimensions and geometry demands for the wave nature of light to be
taken into consideration for accurate rendering. However, current full-wave model requires nonpratical, several days precom-
putation, that needs to be repeated for every change in the hair geometry or color, for appropriate results. We present in this
paper a dual hair scattering model which considers the dual aspect of light: as a wave and as a ray. Our model accurately
simulates both diffraction and scattering phenomena without requiring any precomputation. Furthermore, it can simulate light
transport in hairs of arbitrary elliptical cross-sections. This new dual approach enables our model to significantly improve the
appearance of rendered hair and qualitatively match scattering and diffraction effects seen in photos of real hair while adding
little computation overhead.

CCS Concepts
• Computing methodologies → Reflectance modeling;

1. Introduction

Light has a dual aspect since it has been experimentally character-
ized both as a ray and as a wave at the same time. In the field of
computer graphics, we mostly consider light as a ray. It has per-
mitted the development of very satisfactory models to render light

effects for many situations since we principally work within the
visible spectrum wavelength range. Indeed when the light wave-
length is far inferior to the dimensions of the object it interacts with,
the wave effects of the light are negligible. However this changes
when light interacts with objects with dimensions closer to that of
the light wavelength. In the latter settings, effects from interference
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and diffraction phenomena become prominent. Hairs are interest-
ing because they lie at the border. On the one hand, they are thick
enough so that most scattering effects can be modeled with light
considered as a ray. On the other hand, hairs are thin enough that
light gets diffracted when interacting with them.

This diffraction creates a strong forward scattering effect that can
not be modeled using classical ray reflection functions. A second
key issue that needs to be addressed when considering hairs is that
of the cross-section. A natural hair fiber should be modeled as a
cylinder with an elliptical cross-section. The ratio of the semi-major
axis over the semi-minor axis varies and may reach values of 1.6.
The non-circular feature of the hair fiber cross-section is key to
account for differences in hair appearance [KM17]. Current hair
models either rely on heavy precomputation to model ellipticity or
fall short at modeling it accurately [KM17].

To tackle both issues, we developed a new dual extension to
current hair scattering model that takes into account the ellip-
tical cross-section of the hair fiber as well as the light diffrac-
tion phenomenon. As opposed to current solutions, our model is
precomputation-free, allowing easier practical usage, and integrat-
ing the dual nature -wave and ray- of light. We have integrated our
model in a modern offline ray tracer and applied it to hair rendering.
We measured rendering performances of our model and compared
it to current classical hair model performances [CBTB16]. We also
performed qualitative comparisons to underline the new effects en-
abled by our model.

The main contributions of our work are as follows. We provide
a new precomputation-free azimuthal scattering function for hair
rendering which includes:

-full derivation for light transport inside the elliptical hair fiber
that supports light arriving from any angle.

-integration of a new diffraction scattering lobe, with study of
spectral effects and integration.

The organization of the rest of the paper is as follows. First, we
offer an overview of the state of the art in hair scattering models and
wave reflection models. Then, we lay the theoretical background
on which our work is based. Afterward, we describe our new dual
model in two parts. One on the ray interaction with arbitrary ellip-
tical cross-section fibers. The other on the wave diffracted by the
same hair geometry. Finally, we will present our results.

2. Previous work

Hair models. In 2003, Marschner et al. [MJC∗03] presented the first
hair scattering model based on the scattering of a dielectric circu-
lar cylinder. The fundamental layout that they introduced will be
presented in Section 3 as we also use a dielectric cylinder represen-
tation for our hair fiber. It should be noted that their initial exten-
sion to cover small elliptical cross-section settings was later shown
to inaccurately reflect the difference with circular section [KM17].
Following this work, important research efforts have been under-
taken to improve hair rendering models. D’Eon et al. [dFH∗11],
offered a new energy-conserving longitudinal scattering function, a
new simple way to sample the hair scattering function [dMH13]
and a new non-separable longitudinal scattering function which

takes into account the azimuthal angle when computing the lon-
gitudinal function [dMH14]. To accurately model fur, Yan et al.
extended the circular dielectric cylinder model by including a sec-
ond cylinder concentric to the first one [YTJR15] [YJR17]. The
latter model can also be used to render hair. [ZW07] formalized
the notion of Bidirectional Curve Scattering Distribution Function
(BCSDF) for representing the scattering distribution of a fiber in
the far field approximation. BCSDF can also be used to describe
textile fibers even though they often have more complex shape than
hair fibers [ACG∗17].

Our model finds its origin in the work of Chiang et al.
[CBTB16]. Their model provides several improvements over
D’Eon’s [dFH∗11]. It redefines the azimuthal scattering function
using a logistic distribution in order to improve rendering speed
and allows good artistic control over the hair aspect.

Some hair rendering models rely on precomputation to gain
some efficiency [OTS10]. The efficiency they gain is at the expense
of memory storage and practicability, since large tables upload is
necessary. In recently published works, two groups have attempted
to address both issues of ellipticity and wave effects. They used
precomputation, not for efficiency’s sake but rather to create more
realistic models.

In 2017, [KM17] offered an extensive investigation on ellipti-
cal hair fibers. Their measurements of light scattering by real hairs
concluded to the necessity of a new scattering model that would
accurately account for the ellipticity of the hair fiber. In the same
paper, they provided a new azimuthal scattering function that ac-
curately matches the measurements. Unfortunately, this model re-
lies on heavy precomputation and requires the user to load 400MB
worth of precomputed tables. Their measurements also revealed a
new strong forward scattering lobe that failed to be modeled by
their ray tracing simulation. In their recent work, [XWM∗20] pre-
sented a new full wave-based model for fiber scattering. For very
thin fibers such as silk or spider web, this new model reproduces
iridescence effects due to the interferences and diffractions of the
light waves. For thicker fibers, this model underlines the impact of
diffraction which introduces strong forward scattering of the light.
This new model relies on even heavier precomputation efforts that
can take up to several days and even larger data tables loading than
required by [KM17]. These developments reveal the central im-
portance of elliptical cross-section and wave effects in hair fiber
scattering even though the proposed solutions are of limited prac-
tical use. Our model aims at accurately taking into account both
the ellipticity of the hair fiber and the wave nature of light into a
new dual scattering model which is precomputation-free and has
relatively little overhead.

Wave models. The wave nature of light is attracting more atten-
tion within the rendering community in recent years. [HP17] intro-
duced a dual model accounting for the duality of light. They pre-
sented a microfacet reflection model based on both the microscale
geometry where light is considered as a ray and on the nanoscale
geometry where light is considered as a wave. This new dual model
better fits the scattering measurements. The proper rendering of
many iridescence effects requires factoring in the wave nature of
light. [YHW∗18] and [WVJH17] have addressed this issue, com-
ing up with various solutions for scratch iridescence on metallic
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surfaces. [BB17] and [Ste19] have investigated the integration of
spectral dependencies to reproduce proper iridescence without the
use of expensive spectral rendering. The study of diffraction for
surface reflection has also been adressed in [Sta99] and [CHB∗12].
To the best of our knowledge, only [XWM∗20] has tried to tackle
the issue of rendering wave scattering effects in the setting of hair
fibers.

Optics. Light scattering by ellipsoidal droplets has attracted a lot
of attention in optics mainly in the study of rainbows. Although
our interest lies in elliptical cylinder fibers, the scattering of light
by droplets shed some insight into what can happen in the fiber
case. Two general approaches have been developed. One is based
on calculating the propagation of rays inside the droplet, [Loc96],
[LA97]. The second relies on solving the wave propagation through
the droplet [ŽD86]. Our derivation of light propagation inside the
elliptical fiber generalizes the work of [LM94] to arbitrary incom-
ing angle and multiple light bounces inside the hair. Studies of el-
liptical cylinder scattering can be found. Using ray propagation,
[ALS98] relies on the Fourier Transform to study backward scat-
tering caustics. Our model studies both forward and backward scat-
tering and aims for easy integration in a rendering context. The use
of wave propagation is mainly applied to antenna devices in the
optics literature and relies mainly on Mathieu function [MW08],
[Zou11]. However, all such studies involve large wavelength val-
ues when compared to cylinder thickness, and thus do not apply to
our setting of hair fibers interacting with visible light.

3. Background

We will start by presenting the fundamental layout, resulting from
previous researches in the field which forms the base of our model.
All notations can be found in Table 1.

Hair rendering is based on the computation of light scattering by
every single hair fiber. The scattering function in the case of a fiber
is called the Bidirectional Curve Scattering Distribution Function
(BCSDF) [ZW07] and named S in the equations throughout this
paper. The incoming and reflected light directions are expressed in
a spherical coordinate system and can be fully characterized by the
longitudinal angle θ ∈ [−π,π] and the azimuthal angle φ ∈ [0,2π].
The situation is presented in Figure 2.

We use the factored lobe approximation [MJC∗03] which as-
sumes that the scattering function can be divided into several
modes, each representing the scattering of light based on the num-
ber of time the ray travels inside the hair. Most of the light energy is
scattered in the first three modes [dFH∗11]. By noting p the number
of times the ray is propagated through the fiber, we have:

- the R lobe (p = 0) describing the light immediately reflected
by the fiber,

-the TT lobe (p = 1) describing the scattering of the light after
one propagation inside the fiber,

- the TRT lobe (p = 2) describing the scattering of the light after
two propagations inside the fiber.

In Section 4, we provide the derivation for the first three lobes for
an elliptical cross-section fiber. See Figure 3 for illustration. How-

Notation Parameter Value
φi Incoming azimuthal angle [0,2π]

φr,p Reflected azimuthal angle for lobe p [0,2π]

θi/r Incoming/reflected longitudinal angle [−π,π]

S BCSDF /
p Number of light travels inside the hair 0,1,2
h Displacement of intersection point [−1,1]
ρ Hair’s index of refraction 1.55
sp Logistic scale for lobe p /
Mp Longitudinal scattering function for lobe p /
Np Azimuthal scattering function for lobe p /
L Logistic distribution /
Ap Energy scattered in lobe p /
φp Azimuthal angles difference for lobe p /

η(θi,ρ) Bravais’ index /
a Ellipse semi-major axis (µm) [50,100]
b Ellipse semi-minor axis (µm) [50,100]

D(φi) Hair diameter [2b,2a]
~n Normal vector to the ellipse /

γi/t,p Incident/refracted angle for lobe p [−π

2 , π

2 ]

Lp Length of pathway p inside the hair fiber /
F(ρ,θ) Fresnel coefficient calculation function /

fp Fresnel coefficient for lobe p [0,1]
Tp Transmission coefficient for lobe p [0,1]
σ Absorption of the hair fiber /
E0 Amplitude of the incoming electic field /
λ Wavelength of incoming light (nm) [380,780]
Ω Transmission function of the hair [0,1]
δ Optical path difference /

∆Φ Phase difference /
Cdiff Scattering distribution for diffraction /

F Fresnel number /
V Viewer distance /

Ndiff Azimuthal diffraction scattering function /
φdiff Azimuthal angles difference for diffraction /
sdiff Logistic scale for diffraction /
ddiff Parameter over outer cylinder’s thickness [0,1]

Table 1: Parameters used in this work.

ever, should one be interested in including more lobes [dFH∗11],
extrapolating to higher orders of p is straightforward.

S(θr,θi,φr,φi,h,ρ,s) =
inf

∑
p=0

Sp(θr,θi,φr,p,φi,h,ρ,sp) (1)

Following classical approximation models [MJC∗03],
[dFH∗11], [CBTB16], we further assume that, for each mode,
the scattering function can be described as the product of the
longitudinal scattering function, M and the azimuthal scattering
function, N.

Sp(θr,θi,φr,p,φi,h,ρ,sp) = Mp(θr,θi)Np(θi,φr,p,φi,h,ρ,sp) (2)

For the longitudinal scattering function, we will use the energy
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Figure 2: Representation in spherical coordinates of the light in-
teracting with an elliptical hair fiber. Showing the longitudinal an-
gle θ and the azimuthal angle φ for the incoming ray (blue) and the
reflected ray (green).

conservation function proposed by D’Eon [dFH∗11]. Based on the
work of [CBTB16], we write the azimuthal scattering function in
the following way:

Np(θi,φr,p,φi,h,ρ,sp) = Ap(θi,h,ρ)L(φp,sp) (3)

where Ap represents the amount of light being scattered in the lobe
p while L represents the angular distribution in which the light
is being scattered. We express L as a logistic distribution and sp,
which represents the scale of the distribution for each lobe, is com-
puted as in [CBTB16]. Np is expressed as a function of h repre-
senting the displacement of the intersection point between the ray
and the fiber (Figure 3), ρ representing the index of refraction of
the hair, and φp the difference between the incoming and reflected
azimuthal angles for the lobe p.

φp = φr,p−φi (4)

Previous work on elliptical cross-section fibers falls short in ex-
pressing the azimuthal scattering function using those parame-
ters and uses precomputation instead. In this work, we provide a
derivation of ray propagation inside the elliptical hair fiber and
thus extend the current circular cross-section scattering model of
[CBTB16] to a broader, arbitrary elliptical cross-section, model.

4. Our Model - Ray Scattering

We present the first part of our dual model on ray scattering by
an elliptical cross-section hair fiber. We start by introducing our
assumptions which enable us to focus our work on the azimuthal
scattering function N. Then we provide the derivation necessary
to compute N. As expressed previously, the azimuthal scattering
function can be divided into two parts. We address each part in a
different subsection.

4.1. Hypotheses

The use of Bravais’ index [MJC∗03], allows us to consider the
setting of ray-3D hair interaction problem as a two dimensional
problem by projecting the incoming ray on the azimuthal plane (xy

Figure 3: Light travel path (in blue) inside the elliptical hair fiber
in the azimuthal plane.

plane in Figure 2). It is done by substituting the regular index of re-
fraction by Bravais’ index when applying Snell-Descartes laws to
calculate the refracted angle. We thus solely consider the azimuthal
scattering function N to model the effect of elliptical cross-section
and diffraction. Bravais’ index varies with the longitudinal angle of
the incoming ray and is computed using the following equation:

η(θi,ρ) =

√
ρ2− sin2(θi)

cos(θi)
(5)

Natural human hair thickness may vary substantially from one
person to another and a value of 75µm is commonly used [Smi02].
In this work, we consider hairs as fibers of thicknesses ranging from
50 to 100µm. When rendering thicker fibers, factoring in diffraction
may not be necessary and for thinner fibers, interference effects
have to be combined with diffraction in order to create realistic
effects.

Finally, we assume that the observation distance of the camera is
much greater than the width of the fiber. We will call this assump-
tion the far field approximation. We will use it when considering
the diffraction pattern introduced by the hair fiber.

4.2. Ray scattering for elliptical cross-section

We derive here the variables necessary to compute the logistic dis-
tribution for each lobe R, TT, and TRT.

We considered an elliptical hair fiber defined by a semi-minor
axis length b and a semi-major axis length a. The ellipse follows
the parametric equation.

y2

b2 +
x2

a2 −1 = 0 (6)

A ray is incident on the elliptical hair fiber. The projected diameter
of the hair D(φi) depends on the incoming azimuthal angle in the
following way.

D(φi) = 2bcos2(φi)+2asin2(φi) (7)
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The normal vector to the hair surface at any point of the surface is
defined by:

~n =
1√

b4x2 +a4y2

(
b2x
a2y

)
(8)

The point of intersection between the incoming ray and the hair
fiber is noted (x0,y0). The normal at this point is noted ~n0. In the
following section, we will derive the necessary equations to fully
define the light pathway inside the elliptical hair fiber for the lobes
R, TT, and TRT.

We first need to compute the incident angle of the ray on the fiber
γi,0 in the following way.

γi,0 = arccos(< ~wi · ~n0 >) (9)

where < · > is the dot product operation. The azimuthal angle for
the light immediately reflected, corresponding to the R lobe, can be
deduced:

φr,0 = φi−2γi,0 (10)

Rather than using the displacement of the intersection point h, the
following derivation is more intuitive when considering the inci-
dent angle γi,0 directly. Thus, we will replace h by γi,p in the fol-
lowing equations. We can thus define N0 as follows

N0(θi,γi,0,φi,φr,0,ρ,s0) = A0(θi,γi,0,ρ)L(φ0,s0) (11)

We can then figure out the transmitted angle γt,0 using Snell-
Descartes laws of refraction with Bravais’ index.

γt,0 = arcsin(η(θi,ρ)sin(γi,0)) (12)

By solving the ray-ellipse intersection problem analytically, we
can then express the propagation length L1 inside the elliptical fiber
by:

L1 =
2(b2x0 cos(ψ0)+a2y0 sin(ψ0))

b2 cos2(ψ0)+a2 sin2(ψ0)
(13)

with ψ0 being equal to ψ0 = φi− γi,0 + γt,0

Following one propagation through the hair, the ray exits at the
point (x1,y1) where:

x1 = x0−L1 cos(ψ0) y1 = y0−L1 sin(ψ0) (14)

We can then determine the internal incident angle and external re-
fracted angle after one propagation through the hair fiber respec-
tively noted γi,1 and γt,1.

The total reflected azimuthal direction for p = 1 is then defined
by:

φr,1 = φi− γt,1 + γi,1 + γt,0− γi,0 +π (15)

We can thus define N1 as follows:

N1(θi,γi,1,φi,φr,1,ρ,s1) = A1(θi,γi,1,ρ)L(φ1,s1) (16)

Because the geometry is elliptic, total internal reflection may oc-
cur, in which case, A1 = 0 and the intensity of the TT mode is null.

Proceeding in the same way as for TT mode, we can then express
the propagation length L2 inside the elliptical fiber by:

L2 =
2(b2x1 cos(ψ1)+a2y1 sin(ψ1))

b2 cos2(ψ1)+a2 sin2(ψ1)
(17)

with ψ1 being equal to

ψ1 = arccos(< ~n1 ·~x >)+π+ γi,1 (18)

After two propagations the ray exits the hair at (x2,y2) obtained
by:

x2 = x1−L2 cos(ψ1) y2 = y1−L2 sin(ψ1) (19)

Internal incident angle and external refracted angle noted respec-
tively γi,2 and γt,2 can be deduced.

The reflected azimuthal angle for p = 2 is defined by:

φr,2 = φi− γt,2 + γi,2 +2γi,1 + γt,0− γi,0 +2π (20)

We can thus define N2 in the following way,

N2(θi,γi,2,φi,φr,2,ρ,s2) = A2(θi,γi,2,ρ)L(φ2,s2) (21)

A part of Section 7 is dedicated to the validation of this deriva-
tion. But as a first step, one can simply set the ellipse as a cir-
cle (a = b) to observe that we obtain the same equations as in
[MJC∗03], [dFH∗11] and [CBTB16].

4.3. Fresnel Coefficients

Now that we have derived the variables needed to compute the lo-
gistic distribution of the scattering function, we will focus on ex-
pressing Ap representing the amount of energy being scattered for
each lobe.

Let us denote F(ρ,θ) as the Fresnel coefficient calculation
function, and define fp as fp = F(ρ,arccos(cos(θi)cos(γi,p)))
[dFH∗11]. We can thus define A0, A1 and A2 in the following way:

A0 = f0
A1 = (1− f0)T1(1− f1)

A2 = (1− f0)T1 f1T2(1− f2)

(22)

where Tp = exp(−σ
Lp

cos θ
) and σ is the absorption of the hair fiber

which can be calculated from the melanin concentration in the hair
[dFH∗11]. As noted earlier in the elliptical cross-section case, total
internal reflection may occur. Under that circumstance, the ampli-
tude of the mode is null.

In the circular cross-section settings, we have:

γi,0 = γt,1 = γt,2 and γt,0 = γi,1 = γi,2 (23)

Thus a general form for Ap can be written:

Ap = (1− f0)T
p

1 f p
1 (1− f1) for p > 0 (24)

In the literature, [dFH∗11], another expression may be found
where f0 is used instead of f1 in the equation above (Eq. 24). We
believe that our expression is a more adequate approximation of
the reflected energy since f0 describes the energy reflected for an
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incidence angle of γi,0 at an air-hair interface and f1 describes the
energy reflected for an incidence angle of γt,0 at the same interface.
Internal reflection occurs with an incident angle of γt,0, thus us-
ing f1 for the internal reflection appears more suitable. We show in
Figure 4 that the difference in intensity for the TRT lobe can reach
10% by using f1 instead of f0.

Figure 4: A comparison of renderings of the TRT lobe of a cir-
cular hair fiber, with a melanin concentration of 1.3, using Eq. 24
(middle) and using an equation that replaces f1 with f0 in Eq. 24
(left). The intensity variation displayed on the right demonstrates
that our derived expression for Ap yields a difference in intensity
that can reach up to 10%.

We have derived the first part of our dual model, that is the az-
imuthal scattering function for an arbitrary elliptical cross-section
hair fiber setting with light considered as a ray. Before validating
this part with numerical experiments and renderings, we will first
present the second part of our dual model on diffraction by a hair
fiber.

5. Our Model - Diffraction

As elucidated in Sections 1 and 2, in order to properly model the
diffraction of the light by the hair fiber, we now need to consider
light as a wave. Using the same setting described in Section 4.1 and
illustrated in Figure 3, we now contemplate a light wave, propagat-
ing in the azimuthal plane, arriving on an elliptical cross-section
fiber. We consider a linear polarization such that the electric field
belongs to the azimuthal plane. We also consider that the equilib-
rium has been reached so there is no time variation. The electric
field of the electromagnetic wave can be expressed in the following
way

E(x,y) = E0 exp [
−2π

λ
i(cos(φi)x+ sin(φi)y)] (25)

5.1. Geometry modifications

To analytically solve the diffraction of the wave by the hair, we
need to simplify the geometry of the problem. First, we will ap-
proximate the elliptical cross-section of the hair in the azimuthal
plane by a rectangle of similar size. The width of this rectangular
occlusion is equal to the projected diameter D(φi). We suppose it
is a perfect occlusion which means that any light hitting the rectan-
gular occlusion is blocked. The light transmission Ω(h) of the hair

fiber can thus be written as follows:

Ω(h) =

{
0 if|h| ≤ D(φi)

2
1 otherwise

= 1− rect D(φi)
2
(h) (26)

where h is the displacement of the intersection point.

Babinet’s principle [BW19] is a powerful optical law stating that
the light diffracted by an occlusion has the same distribution as the
light diffracted by the exact complementary of that occlusion. Ap-
plying this principle here, we can deduce that the diffraction pattern
caused by the hair is the same as the one obtained by a slit of the
same size. The light wave can now be considered interacting with
a rectangular slit for which the light transmission can be described
by Ω

′(h).

Ω
′(h) =

{
1 if |h| ≤ D(φi)

2
0 otherwise

= rect D(φi)
2
(h) (27)

The light wave is blocked except for the part passing through a
slit of the size of the hair projected diameter. An illustration of the
transformation and the resulting new setting is provided Figure 5.

Figure 5: Representation of the geometry modifications used to
derive the diffraction scattering distribution.

5.2. Scattered Energy derivation

We would like to express the energy of the light field seen by a
viewer far away from the hair. Because we consider light as a wave,
we have to sum the amplitudes and phases of the waves arriving at
the viewer’s position. To do so, we will calculate the difference in
phase between a light wave passing through the middle of the slit
and one passing through a point on the slit defined by a displace-
ment h. The phase difference ∆Φ can be expressed as a function of
the optical path difference δ:

∆Φ =
2π

λ
δ (28)

From the situation illustrated in Figure 6 we can deduct that the
optical path difference is equal to :

δ = hsin(φ) (29)

with φ representing the difference between the incoming azimuthal
angle and the reflected azimuthal angle.

We now sum the wave amplitudes and phases arriving at the
viewer’s position.

Eviewer =
∫ ∞
−∞

Ω
′(h)E0e−i∆Φdh (30)

According to Babinet’s, principle all the light waves are blocked
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Figure 6: Geometric representation of the optical path difference
obtained with a slit of size D(φi).

except for the portion passing through the slit of size D(φi). We
can thus write the total wave as:

Eviewer =
∫ −D(φi)

2

−D(φi)
2

E0e−
2iπ
λ

h sin(φ)dh (31)

Which can be analytically expressed by:

Eviewer = E0sinc(
D(φi)

λ
sin(φ)) (32)

with sinc defined as sinc(x) = sin(πx)
πx

We derived the amplitude of the wave at the viewer’s position.
The energy is calculated by taking the modulus square of the am-
plitude. Based on this derivation, we define a new energy scatter-
ing function Cdiff that describes the behavior of the light as a wave
when interacting with the hair.

Cdiff = sinc2(
D(φi)

λ
sin(φ)) (33)

Several remarks can be made at this point. First, we used the
far field approximation to obtain the diffraction distribution, also
known as Fraunhofer’s diffraction. To verify this assumption, we
need to calculate the Fresnel number of our setting [BW19]. In-
deed, the far field assumption is valid if the dimensions of the set-
ting under study result in the value of the Fresnel number being
small when compared to 1. The latter is verified under our condi-
tions. Indeed, in our case, the Fresnel number is defined by:

F =
D2(φi)

V λ
(34)

with V the distance of the viewer to the hair. In the worst case sit-
uation, that is the smallest wavelength light (λ = 400nm, violet)
beaming through a very thick hair (D(φi) = 100µm), the Fresnel
number becomes larger than 1 (F ≥ 1) when the viewer’s position
is 2.5cm away or closer from the hair. At a distance of 1m, the F
value drops almost two orders of magnitude below 1.

Next, the Cdiff expression outcome (Eq. 33) calls for several com-
ments. We note the dependency in λ which means that spectral ren-
dering may be required to observe the effect in a realistic man-
ner. We will thoroughly address this topic in the next section. Also,
the variation of Cdiff with sin(φ) should be emphasized. Since the

sinc function is maximized at 0, the diffraction reaches a maximum
when the difference in azimuthal angle between the incoming and
reflected rays is equal to π. This explains the observation of a strong
forward scattering lobe (see Section 7).

Lastly, the width of the sinc function is inversely proportional to
D(φi)

λ
. This ratio is very large when considering the visible spectrum

wavelength range and a natural hair thickness. Consequently, the
angular spread of the diffraction scattering function is quite small.
In other words, the diffraction lobe quickly falls to zero when the
viewer is not in the perfect forward scattering direction.

5.3. Spectral integration and approximation

In this section, based on numerical experimentation and analysis,
we will study the spectral dependency of the diffraction energy
scattering function Cdiff that we have derived in the previous sec-
tion. Resorting to spectral rendering can be costly, and even though
some published work provides useful techniques to reduce the cost
of spectral integration [WND∗14], limiting the rendering to RGB
remains the less computationally expensive option.

We performed numerical spectral integration of the diffraction
energy scattering Cdiff over the visible spectrum, i.e. from 380nm
to 780nm. The resulting XYZ spectral integration of the diffraction
distribution is shown as dotted lines in Figure 7. We fit the three
blue, green, and red channels of the spectral integration with a sin-
gle logistic distribution to have a single pdf to use in the rendering
process, (Figure 7, solid line). The spectral integration for the red,
green and blue channels are very similar to the logistic distribution
for hair fibers of typical 50 to 100µm thickness range.

Figure 7: Spectral integration of the diffracted energy distribu-
tion (dotted lines) as a function of the reflected azimuthal angle.
Approximation by a logistic distribution is superposed in solid line
for the red (left), green (middle) and blue (right) channels. The hair
fiber was defined by a = 37.5µm, b = 25µm and φi = 50o

We observe that the fitting by a logistic function matches the
main peak of the integral very well. However, it does smooth out the
ripples. Yet this is acceptable as those ripples are only responsible
for a small amount of the total energy. Based on this study, we
define a new azimuthal diffraction scattering function Ndiff.

Ndiff = L(φi−φr,diff,sdiff) (35)

with φr,diff = φi +π
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The parameter sdiff controls the scale of the logistic distribution.
We find an expression for sdiff as a function of D(φi) that best fits
the spectral integral for all values of D(φi) for fiber thickness be-
tween 50µm and 100µm

sdiff = 2.18∗105D2(φi)−35.82∗D(φi)+3.63∗10−3 (36)

With this, the azimuthal diffraction scattering function is fully
defined. We now have all the elements of our dual scattering func-
tion. We will now describe how we implemented our model inside
a ray tracing rendering engine.

6. Implementation

We implemented our new dual hair model in PBRT [PJH16]. As ob-
served before [XWM∗20], simply adding the diffraction scattering
function as an extra lobe to the BCSDF (Eq. 1) leads to excessive
energy being scattered by the hair. To solve this issue [XWM∗20]
approach relies on the precomputation of the scattered energy dis-
tribution and therefore is not applicable to our model. Instead, we
propose to introduce a second concentric elliptical cylinder around
the hair fiber (Figure 8).

Figure 8: A schematic of a hair fiber cross-section with our dou-
ble elliptical concentric cylinder approach. Depending upon the
beams’ traveling paths (blue arrows), light is scattered using the
ray scattering function or the diffracted scattering function.

The inner cylinder is the actual hair fiber with its geometry un-
changed. If a ray hits the inner cylinder, light is considered as a ray
and the ray scattering function is calculated following the equations
provided in Section 4.

Sray = M0N0 +M1N1 +M2N2 (37)

If a ray intersects the outer cylinder but not the inner hair fiber,
then light is considered as a wave and is diffracted. The diffracted
azimuthal scattering function defined in Section 5 is then called.

Sdiff = MdiffNdiff (38)

For Mdiff we use the longitudinal scattering function defined in
[CBTB16] for p > 2.

The thickness of the outer cylinder is introduced as a parame-
ter ddiff ∈ [0,1] for the user to select. If ddiff = 0, then there is no
outer cylinder, no light is diffracted and we have a full ray scatter-
ing model. When ddiff = 1, then the outer cylinder radius is twice
that of the inner cylinder and a large amount of light is diffracted.
Figure 16 illustrates the effect of the parameter ddiff on the final
rendered image. Using this double cylinder representation, our dual
model satisfies the white furnace test (see Figure 9).

Figure 9: White furnace test for the reference model [CBTB16]
(left), and our model (a = 37.5µm, b = 25µm) without diffraction -
ddiff = 0 (middle) and with diffraction - ddiff = 0.4 (right)

We render the scenes using an Intel Xeon 64-bit 32 cores CPU.
For comparison purposes, we used as a reference the model devel-
oped by [CBTB16] for ray scattering by circular cross-section hair
fibers. This reference model was implemented with our Fresnel co-
efficient calculation presented Section 4.3. We used 50µm thick hair
fibers in the scenes rendered with the reference model.

7. Results

7.1. Validation

We present here evidence that our assumptions are valid and that
the dual model can qualitatively reproduce the full ray tracing sim-
ulation while offering at the same time a realistic rendering of the
diffraction phenomenon. We provide a visualization of the dual
scattering function (Figure 10) in the azimuthal plane and com-
pare it with a full ray tracing simulation, used in the precomputed
approach, for each term, R, TT, TRT, and the diffraction scatter-
ing function separately for better illustration and comparison. For
the illustrations, we used a color scale that uses pure blue at the
lower end and pure yellow at the higher end and scaled each illus-
tration independently. For the total azimuthal scattering function,
we summed all functions and we used the square root of the diffrac-
tion function to be able to visualize the other lobes as well.

We observe that our dual model provides a very good match
with the ray tracing simulation for the 3 scattering lobes N0, N1,
and N2. Additionally, the diffraction that could not be taken into
account with a ray model is now responsible for a strong scatter-
ing in the forward direction. Indeed, the two lines observed on the
visualization of Ndiff occurs when |φi − φr,diff| = 180o, which is
consistent with the measurements and the observations described
in [XWM∗20] and [KM17].

7.2. Renderings

We illustrate the significant improvements in hair renderings intro-
duced by our new dual model described in the previous sections.
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Figure 10: Representation of the Azimuthal scattering function as a function of the incoming (φi) and reflected (φr) azimuthal angles. We
compare a full ray tracing simulation, used in the precomputed approach, (top row) and our dual model (bottom row) for the three scattering
lobes (N0, N1 and N2 respectively), for the diffraction (Ndiff) and the sum of the all four (NTotal). The hair fiber was defined by a = 37.5µm,
b = 25µm, θi = 0o, s = 0.01, and a melanin concentration of 0. Our developed approach closely match the ray tracing simulation and handle
the diffraction effect.

More specifically, we rendered a few scenes that demonstrate the
importance of modeling the elliptical nature of the natural hair fiber
as well as the observed diffraction phenomenon resulting from ac-
counting for the wave nature of light. All renderings have fiber el-
liptical cross-section semi-minor axis length b of 20µm and semi-
major axis length a of 30µm. Thus the average thickness of the fiber
is 50µm, just like the radius of the circular fibers used to render the
reference model, while retaining an ellipticity of 1.5. We choose
this setting such that the differences observed in the renderings will
be due to the changes in the scattering distribution, not a change in
the absorption of the fiber.

First, we sought to visualize the rendering contribution of mod-
eling the hair fiber in its natural elliptical cross-section geometry.
Figure 11 compares the reference model using circular cylinders
with our dual model where the diffraction parameter ddiff is set to
0, thus voluntarily eliminating any diffraction effect. We observe a
significant difference in the rendered images. More light is being
scattered towards the camera when accounting for ellipticity.

The next set of renderings demonstrate the ability of the dual
model to qualitatively render the observed physical diffraction phe-
nomenon resulting from light propagating as a wave through human
hair. Figure 12 illustrates again that ellipticity alone does not ac-
count for the strong forward scattering of light, so ray models can
not reproduce this effect. However, as depicted when we set ddiff to
its maximal value of 1, the rendering effect of the simulated diffrac-
tion is dramatic. Our dual model can efficiently render the strong
forward scattering that can be observed in real life. In Figure 12 it
can be seen that the hair fibers directly between the light and the

Figure 11: Hair rendering comparison between the circular ref-
erence model (left) and our model (right) both rendered with a
melanin concentration of 1. Our model was rendered using a =
30µm, b = 20µm, ddiff = 0, so no diffraction effect is displayed.

viewer are not the only ones to get brightened by the diffraction,
the fibers at the bottom of the hair geometry are brightened as well.
Thus, using neutral color transparency to approximate the diffrac-
tion effect does not seem a viable option. In the setting of Figure 1
where the hair fibers are between the viewer and the light source,
the strong forward scattering introduced by diffraction has a major
effect on the final rendering. Adding the diffraction to the scatter-
ing model helps us to reproduce the brightening effect of the hairs
observed on the real-life photograph. Because the dual model takes
into account the dual behavior of light both as a ray and a wave si-
multaneously, it achieves realistic reproduction of hair appearance
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resulting from the interaction of light with the elliptical geometry
of fibers.

Figure 12: Hair rendering comparison using the reference model
(left), our model without diffraction (middle, a = 30µm, b = 20µm,
and ddiff = 0), and our model with diffraction (right, a = 30µm,
b = 20µm, ddiff = 1), all with a melanin concentration of 8. Ray
models can not render the strong forward scattering because it is a
wave effect of light. Our full model can render the diffraction which
creates a great rendering enhancement.

Our dual model can also apply to other fibers like fur. Figure 13
shows the improvements due to our dual model in the rendered
bunny when compared with the rendering using the commonly
used circular ray model. The strong forward scattering triggered by
diffraction enables the light to propagate deeper inside the bunny’s
fur. One immediate consequence is that the hard shadows are con-
siderably softened as evidenced by the fluffier appearance of the
bunny’s head. Moreover, the elliptical geometry of the fur fiber sub-
stantially changes the light reflections observed on the bunny’s side
for example. The combination of these elements provides a more
natural appearance to the toy.

Even when the light source and the viewer are on the same side,
our model provides some dramatic rendering effects. In Figure 14
and Figure 15, we compare two renderings obtained with the ref-
erence model and our model with diffraction (ddiff = 0.2). We ob-
serve that more light is scattered from the top of the hair and that
the change in color is more smooth using our model.

In constructing our model we have set the amount of diffracted
light as an adjustable parameter through the ddiff variable setting.
It may vary from 0 (no diffraction) to 1 (maximum amount of light
diffracted). We further sought to study the influence of the ddiff pa-
rameter on rendering. We reproduced the same scene with values
of ddiff increasing from 0 to 1 in 0.2 increment. We can see that in-
creasing the ddiff value results in the “whitening” of the general ap-
pearance of the hair fibers. The ddiff parameter controls the amount
of light that is directly scattered by the hair from the light source.
Since in this case the light source is white, the hair gets added a
white contribution which results in a grayer appearance with the
increase in ddiff value. In Figure 1 the light source is more yellow
and the diffraction adds a yellow tone to the hair. As a general ob-
servation, even small values of ddiff (between 0.2 and 0.5) provide
a good rendering of the diffraction effect.

To further demonstrate the capabilities of the model, we com-
pared its rendering time to that of the reference ray scattering only,
circular geometry model (Table 2). Very little overhead, from a
few seconds to a few minutes, is observed. In addition, while of-
fering accurate simulations of both diffraction and ray scattering

Figure 13: Fur rendering comparison between the reference model
(top) and our model (bottom) (a = 30µm, b = 20µm, ddiff = 0.2),
both rendered with a melanin concentration of 1. Ellipticity modi-
fies the reflection (red box), and diffraction smoothes the hard shad-
ows (green box).

phenomena for arbitrary elliptical fibers the dual model does not in-
volve cumbersome precomputation. It can be observed that as ddiff
increase, the rendering time increase as well. Indeed, as opposed
to scattered rays, diffracted rays are not attenuated, so diffraction
tends to make rays propagation longer before they are terminated.
Because the rendering time is mostly driven by the ray-curve in-
tersection computation, the more a ray propagates inside the hair
geometry scene, the longer the rendering time.
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Figure 14: Hair rendering comparison with the light source and
the camera placed on the same side of the hair geometry, using
the reference model (left) and our dual model (right) both rendered
with a melanin concentration of 0.3. Our model was rendered using
a = 30µm, b = 20µm, ddiff = 0.2.

Figure 15: Hair rendering comparison with the light source and
the camera placed on the same side of the hair geometry, using
the reference model (left) and our dual model (right) both rendered
with a melanin concentration of 0.3. Our model was rendered using
a = 30µm, b = 20µm, ddiff = 0.2.

8. Limitations and future work

In this paper, we have addressed light scattering by natural human
hair. Specifically, we have studied the interaction of light both as
a ray and as a wave on hair fibers of thickness in the range of 50
to 100µm. Interaction with thinner fibers requires further investiga-
tions. Our model may still work for 10− 50µm wide fibers with a
requirement for spectral rendering of the diffraction lobe. However,

Figure Reference model Dual model
1 2h55 3h10

11 15m28s 16m19s
12 13m07s 13m46s
13 1h14 1h16
14 7h53 8h18
15 10h41 11h23
16 / 11h04 to 13h06

Table 2: Rendering time for the images presented in this paper.
We observe that our model introduces little overhead compare to
[CBTB16].

when considering fibers with a few µm thicknesses, the model does
not apply because the phenomenon of interference must be taken
into account to accurately reproduce the appearance. The approxi-
mation of the spectral integration of Cdiff by Ndiff could be further
investigated. For this work, we have compared the approximation
of the spectral integration with a logistic distribution and a Cauchy
distribution. The logistic distribution yielded better results. A thor-
ough exploration of other distributions would be useful. Another
path for further investigation includes the study of the diffraction
lobe parameters ddiff and sdiff to offer better artistic control. We
have set the maximum value of ddiff to 1 that makes the outer cylin-
der thickness the same as the inner cylinder radius. Finding a more
physically meaningful way to set the parameter ddiff could also help
improve our model. Finally, our model validation is mostly quali-
tative, real hair reflection measurements would be needed to quan-
titatively validate our model.

9. Conclusion

We have successfully introduced a new hair scattering model for
rendering the human hair fibers with no precomputation require-
ments while still accounting for hair elliptical cross-section and
light diffraction effects. The results show that our mathematical
derivations of the interactions of arbitrary elliptical cross-section
hairs and light taking into account its dual nature of ray and wave,
qualitatively reproduces the appearance of hair as observed in real
life pictures by including the diffraction phenomenon. Our model
is adjustable and easily usable. We have illustrated that this dual
model provides dramatic rendering enhancement of natural light ef-
fects when compared to the commonly used circular geometry and
ray-only scattering models while adding very little computational
overhead.
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