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This tech document is organized into four sections. Section 1 covers in greater detail the
derivation of our pressure projection from the incompressible Euler equations. Section 2
discusses implementation details for the matrices derived in Section 1, including expressions
for the entries in terms of local cell indices. Section 3 goes into detail about our cut cell
formulation and the necessary modifications to the various matrices. Finally, Section 4
shows that standing pool is a solution of our discretized system.

1 Pressure Projection

After splitting, the weak forms of the incompressible Euler equations are

utl —w B il ntl
rpl———)dx= [ p""V-r+pr- gdx — p"r - nds(x), (1)
Q At Q o0

/qu u"tdx =0 (2)

with boundary condition
/ p(u"thon— a) ds(x) = 0. (3)
0p

On the boundary 925 we have p = 0, and on the boundary 0€p we have the Lagrange
multiplier p"*! = A"+, We can then rewrite (1) as

n+1l _
/ r-,o(uAtw> dx:/p"HV-r—i—pr-gdx—/ Ay nds(x). (4)
Q Q oQp

Let NV; be the multiquadratic B-spline basis function associated with cell center x;, and
let xc be the multilinear B-spline basis function associated with grid node xc.
We interpolate u™*!, w, r, p"*1, A"+l ¢, and p using these functions as follows:

n+1l _ —n+1qp7,
Uy — = Uy N,



Wo = WailVi

o = TailVi
P =P xe,
AT = A o,

q = qeXes

[t = HbXb,

where Greek subscripts («, 3, etc.) denote vector components and the subscript b in
place of ¢ indicates that the grid node is a boundary node. Also note that we have used
summation notation.

Substituting these interpolations into the weak form above, we obtain the equations

A"t — W, ON;
R L S e ®)
+ / pfoziNigadX
Q
— / )\ﬁHbeaiNinads(x),
o0p
ON;
/Q et 15 M dx =, (6)
/ b XDb (ﬂZ;rlNina — a) ds(x) = 0. (7)
o0p

Rearranging the terms and using the Kronecker delta function é,5, we can rewrite these
three equations as

_ p —n+1 — = ON; n+1
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Q
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Since 7,4, g, and pp are arbitrary, we can eliminate them from the equations. Next,

we define the vectors Ut W, P*H1 and A™! to be the vectors with entries Ugf -

' Wi = Was, PR = pitt, and AP = APTL In other words, they are the vectors
, and )\ﬁﬂ, respectively.

containing all @™, w;, pnt!
Furthermore, we define the following matrices:

Maipy = 5a5/QAptNideX,

ON;
Dcai:/XcadX>
0 X

o
Bpai = / naXbNids(x),
o

and vectors:

Jai = / PgaNidx,
Q

Ap = / axpds(x).
0Qp

With these definitions, the above equations can be rewritten in the form

M(Un+1 _ W) — DTPn+1 _ BTAn+1 + g, (11)
DU"! =0, (12)
BU"l = A. (13)
These equations can be written as a single linear system
M -DT BT untl MW +g
-D Pl | = 0 (14)
B An+1 A
Now define the gradient matrix
G = [-D”,B"].
Then equation (11) becomes
1 prtl
MU"™" +G( Ant ) =MW +g. (15)
Multiplying by GTM™! yields
0 _ Pn+1 L
<A>+GTM 1G<An+1):GT(W—M1g), (16)



where we have applied equations (12) and (13). By inverting the symmetric positive definite
matrix GTM~1G, we obtain an expression for P**! and A"

< iZE > = (G"™™M'G)™ (GT (W-M"1g) - ( g >> : (17)

Solving for U™*! via equation (11), we obtain the velocity correction

+1 -1 prt! “1,
U = MG )T WM g (18)

2 Element Matrices

Let Q° denote a voxel in the domain. Then we have element analogs of M, D and B:
M5 = dap LNiN-dx
odf] qe At 7

ON;
D¢ . = 1d
dad /Qe Xd axa X’

B = /806 NaXbNids(x).
D

On the element €., there are only 4 grid node indices d and 9 cell center indices i in 2D
for which the corresponding functions xq and N are nonzero. Hence, we consider only
these indices which are local to this element. In 3D, the corresponding counts are 8 and
27, respectively.

2.0.1 Local to Global Mapping

Consider the mapping
¢Ve(n) =x°+ Azn

from [—1/2,1/2)* to Q°, where x° is the cell center. For 3D, we map from [—1/2,1/2]° to
Qe.

2.0.2 Local Indexing

Let d = (m,n) denote the local grid indices corresponding to d with m,n € {0,1}. Let
(ip, Jp) be the global index of the lower left grid node for the cell. Then the local grid node
indices are related to the global grid node indices as follows:

d = (m,n) = (ip + m,j, +n) = d.



Likewise, let i = (i,7) denote the local cell center indices corresponding to i with
i,j € {—1,0,1}. Let (ic,j.) be the global index of the cell center. Then the local cell
center indices are related to the global cell center indices in a similar manner:

1= (i,4) = (ic+i,je +5) = 1.
For 3D, we use d = (l,m,n) and i= (i,4,k). Note that now [ corresponds to the first
coordinate, and not m.
2.0.3 Local Spline Functions

We also define the local functions

Xa(m) = Xm (1) Xn(12)

and B B B
N;i(n) = Ni(m)N;(n2),
with the 1D functions defined as follows:
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Then, we have

and

Using the chain rule, we also have

O0i3) = 2N (g5260) 0
= ST (8010 5000
— o (07100)
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2.1 Element Divergence Matrix

We use this change of variable to obtain

ON;
D = i
dai /Qf’ Xdaxa

Aa: / . 8N~d
T Az Sy Xd g,

/2 1/2 9 /- ~
e 1/2X (m)x 772)017&( (m) 3(772)) n

In the case a = 1, we have

1/2 ON; 1/2 }
Dgy; = Az </ Xm (1) 75— 5 (771)(1711> </ Xn(12)N; (772)4772> :
-1/2 Mo —1/2

The first integral is

1/2 ON; i2(6m — 3) + 3i — 4m + 2
Xm(m)5—(m)dm = ;
/1/2 ( )aﬁa( ) 12
and the second integral is
1/2 B 672 4 (2 —
~ 724 j(2n — 1)+ 8
| Sl N ) = DS,
—1/2

Hence,

i2(6m — 3) +3i —4m + 2 (—6)52 +j(2n — 1) +8
12 24 '

For a = 2 we have the corresponding equation

D(eili = A.’IT

(—6)i2 +i(2m —1) +845%(6n —3) + 35 —4n + 2

D = A
d2i = 2T 24 12

In 3D, the analogous equations are

De L = As? i2(60 —3) +3i — 4l +2(—6)52 +j(2m — 1) + 8 (—=6)k®> + k(2n — 1) + 8
! 12 24 24 ’
De . — AL (—=6)i% +i(20 — 1) + 8 j2(6m — 3) + 3j — 4m + 2 (—6)k? + k(2n — 1) + 8
d2i 24 12 24 ’
Do A2 (—6)i2 +i(20 — 1) + 8 (—6)5% + j(2m — 1) + 8 k?(6n — 3) + 3k — 4n + 2
dsi 24 24 12 '



2.2 Element Mass Matrix

Usmg the above change of variable as above, we have the following expression for M¢ aifj>

with i = (i1,12) andJ = (J1,72):
Me. s = 5a6/ LNiN-dX
C“B‘] Qe At J

Az? o~
= 5& / NiN:dn
oy [~1/2, 1/2]2p J

1/2 1/2 _ N B
= a0 N )N 1) et
1/2 1/2

In the case where p is constant, we can write this as a product of integrals:
1/2 1/2
pAx ~ ~
aigy = 0ap~x ( Ni, (m)N; (m)dm> ( Ni, (n2)N; (na)dm)
—-1/2 —-1/2
The analytic expression for the first integral is

/2 _ 167i357 — 134(i3 + j7) + 5i1j1 + 108

N; d )
e ()N, (m)dmy = 500

and the second integral has the same form. Hence, the analytic expression for the element
mass matrix in this case is

pAz? 167132 — 134(i2 + j2) + birj1 + 108 167i352 — 134(i3 + j3) + bigja + 108
AL 240 240

al,BJ =9,

The 3D version is directly analogous.

2.3 Element Boundary Matrix

The boundaries require a slight modification of the above framework in both 2D and 3D.

2.3.1 2D

The boundary 0€Q2p consists of line segments. Let 0927, denote such an element. Consider
the mapping

x5 + x§$
B5e(€) = DT g (- xg)

from [—1/2,1/2] to 09, where x§ is the left (or bottom) grid node and x{ is the right (or
top) grid node.



Consider a horizontal line segment. On this segment, there are only 2 grid node indices
b and 6 cell center indices i for which the corresponding functions xp and Nj are nonzero.
So as in the case of the volume integrals, we only consider the local indices.

Let b and i = (i,7) denote local indices corresponding to b and i with b € {0, 1},
i€{-1,0,1}, and j € {0,1}. Here, j = 0 denotes cell centers below the line segment, and
7 = 1 denotes cell centers above.

Using the definitions above, we have

Xb(X) = Xb (P5e(x)) = Xb(€)
and
Ni(x) = N; (qﬁEeil(X)) Nj (¢§i2(x)) =

Note that the last function is independent of j.
With this change of variable, we have

Bpoi = /696 NaXbNids(x)
D

—-1/2 1 ~
_ / (€)5 Vi (€) maxch — x5
—1/2

71/2 1 ~
— noAa / L SVON 5

The integral has the analytic solution

-2y _ (-6)i*+i(2b—1)+8
[, SN ©ds= = ,

SO

(—6)i% +4(2b— 1) + 8

48 ’
For a vertical line segment, the formula is the same except with j in place of ¢ (note that
the ranges of the indices ¢ and j are also swapped in this case).

Bp i = naAx

2.3.2 3D

For 3D, 09% is a square instead of a line segment. There are three cases, depending on
whether n in the x, y, or z direction. In any case, consider the mapping
x5 + x§ + x§ + x§
bpe(§) = = 1 22+ &i(x5 — x§) + Ea(x] — x§)
where the points x© are the grid nodes incident to the square, with x§ and x§ being opposite

vertices. For example, consider the case where n points in the x direction. Then we have
x{ = x§ + Aze,, x§ = x§ + Azxey, and x§ = x§ + Azre, + Aze..




Here, there are only 4 grid node indices b and 18 cell center indices i for which the
corresponding functions yp and Nj are nonzero.

Let b = (b,c) and i= (1,7, k) with b,c € {0,1}, j,k € {—1,0,1}, and 7 € {0,1} denote
the corresponding local indices. Here, i = 0 corresponds to the 9 cell centers behind the
square, and 7 = 1 corresponds to the 9 cell centers in front of the square.

Analogous to the 2D case, the formula is independent of the index ¢:

Biai :/ naxpNids(x)
095,
_ / T(€) N (€) nal| (35 — x§) x (x5 — x5)||de
[-1/2,1/2)2

1/2 12 . -
= noAz? / / Xb(&1)Xe( 62)%1\6' (1) N (&2) d€1dEo

1/2 1/2

1({ 12 3 -1/2 :
:naﬁﬂf22 </1/2 b(§1)N; (&)d&) (/1/2 Xe(&2) Ny (§2)d§2>-

The integrals are the same as the one calculated above, so we obtain the formula

1(—6)j2+7(2b—1) +8 (—6)k*> + k(2c — 1) + 8
e _ 2=
Bbai = naAAz”3 24 24 '

For squares with the normal pointing in the y or z directions, the formula is obtained by
making appropriately replacing j and k in this formula with the correct indices.

3 Cut Cell

Each grid node is either inside (denoted with a —) or outside (denoted with a +) according
to a given level set. Between each pair of adjacent grid nodes with opposite signs, there
will be a level set crossing.

Let u; and uo denote the values at two such nodes. We may approximate the location
of the crossing using linear interpolation and solving for the location of the zero. Since we
map the element to the square [—1/2,1/2]2, we have:

€[-1/2,1/2].

This gives either the x or y coordinate of the crossing (depending on whether it is a vertical
or horizontal edge), and u; always corresponds to the left or bottom node.

1wy + us
271,1—11,27

3.1 Cases

In 2D, a given cell has 2% = 16 possible combinations of + and — on the 4 grid nodes incident
to that cell. We take the domain to be the triangulation produced by the Marching Squares



algorithm. In 3D, there are 8 grid nodes incident to a cell and therefore 2% = 256 possible
combinations of + and —, and as in 2D we use the Marching Cubes algorithm to generate
the domain as a collection of tetrahedra.

3.2 2D

3.2.1 Element Divergence Matrix

Given the triangulation of the domain over the element, we compute

ON; ON:
D§.;i = / Xd=—dx = Aaz/ Xq=—dn
d Qe Ozq [—1/2,1/2)2 dﬁna

as a sum of integrals over the triangles.
Let K be such a triangle with vertices rq, ro and rs. Consider the following mapping
from the unit square to K:

r(u,v) =r1(1 —u)+ [r2(1 — v) 4 r3vju,

which is one to one on the interior of the unit square. The Jacobian determinant of this
mapping is J = 2|K|u, so for a given function f we have the change of variable:

/Kf(n)dn:2|K\ /01 /01 f(r(u,v))ududv.

Let f equal )2&8]%/877&, and let 71 (u,v) and n2(u, v) denote the components of r. Note
that for fixed v, both 7y and 7o are linear in w. Since Y3 is a product of linear functions
in 71 and 72, the composition xj o r is quadratic in u. Likewise, since Ng is a product of
quadratics but we are taking one derivative, 8](75/ Onq o r is a polynomial of degree 3 in wu.
The integrand f(r(u,v))u is therefore a polynomial of degree 6 in w.

We may therefore evaluate the first iterated integral exactly using 4 point Gaussian
quadrature. Let g (u,v) = f(r(u,v))u for convenience. Then

1 4
1 1
20K] [ v)dn =20K15 Y wnaw (5 0).

r=1

where w, and z,. are the quadrature weights and nodes. Note that this is the form Gaussian
quadrature takes on the interval [0, 1].

This is now a polynomial of degree 6 in v, so we may use Gaussian quadrature again
to evaluate the second iterated integral:

IS 4
1 zr+1 zs+1
2|K|/0 /0 9k (u,v)dudv = 2\K|1 Z WrWsGK ( 55 ) :

r,s=1
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Hence, the element divergence matrix is

4
Ax T, +1 zs+1
Dﬁlai: 9 E ‘K| E wrwng< T2 ) 82 )
K

r,s=1

3.2.2 Element Mass Matrix

On the same triangulated domain 2¢, we compute

p Az? / S
Moe[i i = 5& / 7NiN'dX = 5a —_— pN;N%Il’I’]
AT Jae AT TAC Japapp

as a sum of integrals over the triangles as with the element divergence matrices. The
only change is that here, f equals pN;NJ: and hence the integrand f(r(u,v))u is now a
polynomial of degree 9 in u (assuming once again that p is constant). Increasing the
number of Gaussian quadrature points to 5 allows for exact integration.

3.2.3 Element Boundary Matrix

The boundary segments will be the lines joining the points where the level set crosses the
element. If the level set isocontour intersects a voxelized boundary, there will also be a
boundary segment parallel to the voxelized boundary being intersected.

Let 0€)}, denote any such line segment. Since the line segment generally does not align
with the grid, the local index b will range over 4 grid node indices instead of 2, and the
local index i will range over 9 cell center indices instead of 6. In other words, the indexing
scheme is the same as that of the 2D divergence and measure elements. We then compute

Bhai= | . o Nids() = e [ % (#7100) ¥ (67160) dst)

o9,

via Gaussian quadrature. Note that we have used ¢y, instead of ¢p, here.
Let L be such a line segment with endpoints r; and ro. With the usual parametrization
(denoted r) of this line segment, we have (for a given function f):

1
no /L F(x)ds(x) = |Lna /0 F(r(u))du.

Proceeding as before, we note that each component of r is a linear function of u. So
gr(u) = x5 (1 (r(u))) Ny (¢vL (r(u))) is a polynomial of degree 6 and we use 4 point
Gaussian quadrature:

1 4
1 xr +1
]L\na/ gr(u)du = ]L\nQQZngL< T2 )
0 r=0
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Then the element boundary matrix is

4
1 T, +1
Ble)ai:2Z|L|naZwrgL< T2 >
L r=0

3.3 3D
3.3.1 Element Divergence Matrix

In 3D, we compute

ON; ON;
d Q¢ 0xq [-1/2,1/2)3 4 9nq

as a sum of integrals over tetrahedra. Let K be such a tetrahedron with vertices ry, ro, rs,
and ry. Consider the following mapping from the unit cube to K:

r(u,v,w) =r1(1 —u) + [r2(1 —v) + [r3(1 — w) + rqw]v]u

which is 1 — 1 on the interior of the unit cube. The Jacobian determinant of this mapping
is J = 6| K|u®v, so for some function f we have the change of variable:

/Kf(n)dn=6\K!/01 /01 /01 f(r(u, v, w))u*vdudvdw.

As in the 2D case, let f equal )ZaﬁN;/ana. Counting degrees as in the 2D case but

noting that x5 and NE are now products of 3 functions, we see that f(r(u,v,w))u?v is
now a polynomial of degree 11 in u, and hence we use 6 point Gaussian quadrature. Let
gk (u,v) = Xg(r(u,v,w))ON;/One(r(u, v, w))u?v. Then we proceed as in the 2D case and

do Gaussian quadrature 3 times:

1,1 gl 6
1 Tr+1 2,4+1 2 +1
6| K dudvdw = 6| K |— .
| ]/O/O/OgK(u,v,w)uvw | ‘8 g wrwswtg;(( 5 5 g )

r,s,t=1

Hence, the element divergence matrix is

3Az? 6 z,+1 zo+1 z¢+1
Di = 55 ST S wpnng (5 B 20
K r,s,t=1
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3.3.2 Element Mass Matrix

In this case, we once again compute

Me 5/pNNd 5“3/ N:N-dn
iBi — —— 1VijlvVidX = —_— PLNZIN
aifj af Qe At 17 aB At [_1/271/2]3 i'j
as a sum of integrals over tetrahedra. The integrand f(r(u,v,w))u?
of degree 14 in u (once again assuming that p is constant), and we therefore need 8 point
Gaussian quadrature for exact integration.

v is now a polynomial

3.3.3 Element Boundary Matrix

The boundary now consists of a collection of triangular faces. If the level set isocontour
intersects a voxelized boundary, the part of that boundary which is inside the level set
can also be decomposed into a union of triangles. Hence, we only consider integrals over
triangles here.

Let 0%, denote any such triangle. As with the 2D cut cell case, the boundary normal
generally is not grid aligned, and hence the local index b will range over 8 grid node indices
instead of 4 and the local index i will range over 27 cell center indices instead of 18. We
then compute

B = [ maxoNids00 = [ (97160) N (6760) o)

095,
via Gaussian quadrature. As with 2D cut cell, we have used ¢y, instead of ¢p,.

Let K denote such a triangle with vertices r1, ro, and rs. Using the same parametriza-
tion as in the 2D divergence calculation, we have ( for a given function f):

/f )ds(x _2|K|na//f r(u, v))ududv.

Proceeding as before, we note that each component of r is a linear function of u with v
fixed, and a linear function of v with u fixed. So gx (u,v) = Xj, (¢‘_/i (r(u,v))) N; (qb‘_/i (r(u,v))) u
is a polynomial of degree 10 in u, so 6 point Gaussian quadrature is sufficient to integrate
exactly:

zr+1 zs+1
2|K\na//gKuvdudv—2\K|na Zwrwng< r2 82 >

r,s=1

Thus, the element boundary matrix is

6
n zr+1 xzs+1
Bﬁai: 2a § |K| E wrwng< T2 5 52 >

K r,s=1
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4 Standing Pool

We show here that standing pool is a solution of the system. We consider the y direction
to be the vertical direction for both 2D and 3D, and assume that p is constant.

Let pc = pg(ho — yc), where y¢ is the y coordinate of grid node ¢ and hg is the
elevation of the surface, and g is the magnitude of gravity. We also set A\p, = pg (ho — yb),
as A corresponds to the pressure on the boundary 9Qp.

Since linear B-splines reproduce linear functions, we observe that with this choice of
Pec;

PeXe(x) = pg (ho —y).-

Similarly,
Abxb(x) = pg (ho —y) .
Then,

ON;
(DTP — BTA)ai = /Qpcxcaxdx — /aQ NaAbXbVids(X)
o D

ON;
= / pg (ho —y) 3 dx — / napg (ho —y) Nids(x)
Q To o908,

0NV
— [ pgho =) g tdx— [ apg o ) Nids(x),
Q Lo Qe

where the last line follows from the fact that napg (ho — y) is zero on 0%, the part of the
boundary corresponding to y = hg. Continuing,

ON;
(DTP —BTA)y; = / pg (ho —y) 3 dx — / napg (ho —y) Nids(x)
Q LTa one
0
=- /Q Do (pg (ho — y)) Nidx
= - / pYgaNidx
Q
= _gah

for all ai, with g = [0, —g, 0]7. Hence,
D'P-BTA+g=0.

If W = 0, it then follows that U = W = 0. By the nature of the physical system, we
expect that this is the only solution for the system. It’s possible that there could be other
numerical solutions, but in practice we observed standing pool in various geometries.

14



