
EUROGRAPHICS2001/ JonathanC. Roberts ShortPresentations
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Abstract
Theuseof hyperpatchesasa methodfor solidmodellinghasa problem:thevalidity of themodelis notguaranteed.
Theproblemof ensuringthevalidity ofhyperpatch representationsof solidsis discussedin thiswork,anda validity
conditionfor cubic uniformb-splinehyperpatchesis presented.Our validity conditionis basedon comparisons
amongpoints,andit is robustandeasyto implement.

1. Intr oduction

A volumetricdatasetis a specialkind of non-homogeneous
solid in which eachpoint of its interior hasa differentprop-
erty valuevaryingcontinuously. Volumetricdatasetscanbe
usedto modelvolumetricsolidswith smoothshapes.

Hyperpatchescan be usedas a modelling tool with the
advantageof beingableto modelthe interior aswell asthe
boundarysurfaces.Also, hyperpatchescanbe editedeasily
by moving controlpointsthatmake themsuitablefor inter-
active design.

In any representationscheme,validity is a very important
property1 � 2� 3, asit ensuresthatwe cannot obtainrepresen-
tationsof meaninglessobjects.To applyalgorithmsto anin-
valid representationof a solid mayproducebadresults.It is
nota goodideato rely onhumanoperatorsto ensuretheva-
lidity of themodel,becausethecomplexity of themodelcan
make it impossibleto checkits validity without thehelpof a
computer. On theotherhand,modelsarenotalwayscreated
by humansand, in this case,visual checkingof validity is
impossible.

Asvalidity isaveryimportantpropertyof arepresentation
scheme,it is essentialto develop an automaticconditionto
ensurethevalidity of our hyperpatches.This paperexplains
a simpleconditionof validity for uniform b-splinetri-cubic
hyperpatches.

2. Previous work

There are several referencesdealing with the problem of
checkingif a hyperpatchis invalid. In this sectionwe out-
line them.

Theearlywork of Sederberg andParry4 focusedon free-
formdeformationstatesthatthejacobianis averyinteresting
tool to determinetheinnerdistribution of pointsin theinte-
rior of a hyperpatch.They don’t usethejacobianfor check-
ing validity, but to ensurethata deformationis volumepre-
serving.

Joy and Duchaineau5, in the context of finding the sur-
faces that representthe boundary of a trivariate tensor-
productb-splinesolid, proposea methodbasedon the Ja-
cobianthatcanbeseenasa validity test.

They arenot interestedin checkingif a solid is or is not
valid, but in finding the correctboundarysurfacesof that
solid. Using the implicit function theorem,they statethat
therealboundaryof thesolid is asubsetof theunionof aset
of parametricb-splinepatchesandthe isosurfacewherethe
determinantof thejacobianis zero.They approximatetheja-
cobianby usinginterval techniquesandadaptivesubdivision
of thedomainspace.

Gain6, in the context of free-formdeformationderivates
a validity test for hyperpatchesthat is very similar to the
work of Joy andDuchaineau.Gain,likeJoy, realizesthatthe
jacobianis zeroif andonly if thethreepartialderivativesof
the solid are linearly dependent,and they usea conic-hull
hodographto boundthesederivatives.

Theproposedmethodworksby comparingrelative posi-
tionsof thecontrolpointsof thehyperpatch.His methodis
a sufficient conditionandso, it restrictstherangeof allow-
ablefree-formdeformations,but it canbeusedrepeatedlyin
shortstepsto achieve the sameresultwithout obtainingan
invalid deformation.

Anotherslightly differentapproachis provided by Choi
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Figure 1: Uniform cubic b-splineblendingfunctions.Each function is nonzero only in four intervalsof length1. Moreover,
each functionis a shiftedcopyof oneanother.

and Lee7. They are interestedin developing an injectivity
(validity) conditionto beusedin thecontext of 3D morph-
ing. And so, their conditionis basedon control pointsdis-
placementratherthanin positionsof thatcontrolpoints.

ChoiandLeedonotusea conic-hullhodographto bound
the columnsof the jacobiandeterminant,insteadthey use
3D regionsto boundits rows.Thatallows themto derivatea
sufficient conditionto determineif thehyperpatchis invalid
in termsof pointsdisplacement.

Another interestingwork dealing with the validity of
sweptgeometricentitiesbasedof thejacobianis8.

3. Mathematical preliminaries

Hyperpatchesarewell known mathematicaltools,andthey
have beensuccessfullyappliedto solid modelling9. Prior to
exposingour work, let usexploresomeknown conceptsre-
lated to hyperpatches(a more detailedexplanationcan be
found in 10), and definesomeuseful terminology that we
employ laterin this paper.

A hyperpatch(also called parametricsolid) is a set of
points limited by patches.The coordinatesof thesepoints
aregivenby threecontinuous,single-valuedfunctionsof the
form:

x � x � u � v� w� y � y � u � v� w� z � z� u � v� w�
wherethe parametricvariablesu, v andw are constrained
to the interval � 0 � 1� , therefore,a hyperpatchis a paramet-
ric mappingof a solid domain (a unit cube) into three-
dimensionalspace.The domain of the mappingis called
parametricspaceU andhasaxesU , V andW, andits range
is calledmodellingspaceR3 andhasaxesX, Y andZ.

The shape of the hyperpatch is given by a three-
dimensionalgrid Γ of arrangedthree-dimensionalpoints
gi jk � R3 called geometriccoefficients or control points,
anda setof blendingfunctionsthatappliesover thecontrol
points.

Thecoefficientsin Γ areorderedaccordingto its indices,

thus, we can establisha coordinatesystem(called index
space) I with axes I , J andK in which the coefficientsare
ordered.Let gi1 jk andgi2 jk be two pointsin Γ, we saythat
gi1 jk is lessthan gi2 jk with respectto the axis I , and note
gi1 jk 	�
 I gi2 jk, if i1 	 i2. Similarly we canestablishanorder
in theothertwo axisJ andK.

Fixing the value of one of the parametricvariablesre-
sults in a surfaceon the hyperpatchin termsof the other
two variableswhich remainfree. Thesesurfacesarecalled
iso-surfaces. Therearethreefamiliesof iso-surfaceswhich
areobtainedby fixing eachoneof thethreeparametricvari-
ables.If thehyperpatchS� u � v� w� is valid, only onesurface
of eachfamily passesthrougheachpointp � S� u � v� w� . Two
iso-surfacesthat have fixed the samecoordinatearecalled
parallel, andthey arecalledperpendicularif thefixedcoor-
dinateis differentin eachone.

The iso-curvesarefunctionsof oneof thethreeparamet-
ric variables.We obtainthemby fixing two of thevariables
while thethird oneremainsfree.Again,therearethreefam-
ilies of iso-curvesand,if the hyperpatchS� u � v� w� is valid,
only oneiso-curve of eachfamily passesthrougheachpoint
in the solid p � S� u � v� w� . We call CD � d � to an iso-curve
whichhastheparametricdirectionD � U �� U � V �W � free,
d � � 0 � 1� , d � � u � v� w � .

Thetangentvectorof a hyperpatchS� u � v� w� in onepara-
metric direction D � U ��� U � V �W � evaluatedin a point
u ��� u � v� w� , SD � u � v� w� , is the vector that we obtain by
evaluatingtheparametricderivative:

SD � u � v� w��� ∂S� u � v� w�
∂d

whered � � u � v� w � . Therearethreefamiliesof tangentvec-
tors which areobtainedby derivating with respectto each
oneof thethreeparametriccoordinates.

Wecandefinedifferentblendingfunctionsto obtainahy-
perpatchwith differentfeatures.Weareinterestedin hexag-
onal uniform tricubic b-splinefunctionsbecausethey have
thefollowing features:
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Figure 2: In each unit interval only four uniformcubicb-splineblendingfunctionsare nonzero. Thisfigure showstheportion
of each blendingfunctionthatappliesin a giveninterval (left), andthederivativesof thesefunctions(right).

� The degreeof the mappingis cubic in eachparametric
variable,sothehyperpatchequationis atricubic function.
A setof cubicblendingfunctionscombinestheeffectsof
l � m � n geometriccoefficientsgi jk, with l � m� n � 4 to
obtaintheshapeof thehyperpatch.Wehavechosencubic
blendingfunctionsbecausethey haveenoughflexibility to
modelcomplex shapesat thesametime asthey maintain
numericstability.

� The b-spline blending functions are piecewise polyno-
mial, thismeansthatwehave localcontrolover theshape
of the hyperpatch.Let S� u � v� w� be a uniform tricubic
hyperpatchdefinedby l � m � n geometriccoefficients,
it is formed by � l � 3����� m � 3����� n � 3� polynomial
segmentsSi jk � u � v� w� , i � 0 ��������� l � 3, j � 0 ��������� m � 3,
k � 0 ��������� n � 3, calledsub-hyperpatches.
Eachblendingfunctionis nonzeroonly over four succes-
sive segments,thereforetheeffectsof eachcoefficient is
limited to only four segments,(seefigure1). Theshapeof
eachsub-hyperpatchis givenby only 64 � 4 � 4 � 4� of the
coefficientsin Γ. Wecall Γi jk to thesubgridof coefficients
thatdefinetheshapeof thesub-hyperpatchSi jk � u � v� w� .� Uniform blendingfunctionsimply that the functionsare
all translatesof oneanother(seefigure1), thisconvention
allowsusto usethesameformulasin computingeachhy-
perpatchsegment(sub-hyperpatch).In eachsegmentfour
shiftedblendingfunctionsareappliedfor eachparametric
variable.The equationsof the blendingfunctionswhich
areappliedin a givensegmentare:

b0 � 3 � u��� 1
6 � 1 � u� 3

b1 � 3 � u��� 1
6 � 4 � 6u2 � 3u3 �

b2 � 3 � u��� 1
6 ��� 3u3 � 3u2 � 3u � 1�

b3 � 3 � u��� 1
6u3

andtheir derivativesare:

b�0 � 3 � u��� � 1
2 � 1 � u� 2

b�1 � 3 � u��� 1
2 ��� 4u � 3u2 �

b�2 � 3 � u��� 1
2 � 1 � 2u � 3u2 �

b�3 � 3 � u��� 1
2u2

� The hexagonaluniform tricubic b-spline functionspro-
vide a wide set of solids for designpurposes.One can
easilydefinemany polygonalsolidsandcloseaproxima-
tions to spheres5. This is sufficient for thekind of solids
we areinterestingon.
seefigure2.

For conveniencewe supposethat all are constrainedto
the interval � 0 � 1� , thus, the equationof a sub-hyperpatch
Si jk � u � v� w� is:

Si jk � u � v� w�!� 3

∑
r " 0

3

∑
s" 0

3

∑
t " 0

br � 3 � u� bs� 3 � v� bt � 3 � w� gi # r � j # s� k # t

whereGi jk �� gi # r � j # s� k # t $ r � s� t � 0 �������%� 3� .
Definition 1 Spanof coefficients
Let Si jk � u � v� w� bea sub-hyperpatchdefinedby the64coef-
ficientsin Γi jk. We call spanof coefficientsσ to eachsubset
of four coefficientsthatwe obtainby fixing thevalueof two
of the indicesin I while the third index remainsfree, (see
figure 3). For example:σi jk

r & t is the spanof coefficients of
Γi jk formedby thepoints:

σi jk
r & t �� gi # r � j # s� k # t � s � 0 ��������� 3�

theminussign(-) indicatestheindex thatremainsfree.
Weconsiderthataspanof coefficientsσ is locally orderedif
thecoordinatesin themodellingspaceR3 of thecoefficients
in σ areorderedin thesameway thanthecoordinatesin the
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Figure 3: This picture showsthe grid Γ of geometriccoef-
ficientsof a hyperpatch andsomeof thespansdefinedin it
(thick lines).

index spaceI . For simplicity we call gq to the four coeffi-
cientsof the spanσ, thuswe say that σ is locally ordered
if: '

q � � 0 � 1 � 2� � xq ( xq# 1 ) xq � xq# 1 �+*� yq ( yq# 1 ) yq � yq# 1 �+*� zq ( zq# 1 ) zq � zq# 1 �
Definition 2 Sliceof coefficients
Let Si jk � u � v� w� bea sub-hyperpatchdefinedby the64 coef-
ficientsin Γi jk. We call sliceof coefficientsΣ to eachsubset
of sixteencoefficientsthatwe obtainby fixing thevalueof
oneof the indicesin I while the other two indicesremain
free,(seefigure4). For example:Σi jk&,& t is thesliceof coeffi-
cientsof Γi jk formedby thepoints:

Σi jk&,& t �-� gi # r � j # s� k # t r � s � 0 �������%� 3�
theminussign(-) indicatestheindicesthatremainfree.
Using the orderdefinedin the index spaceI , we canorder
theslicesof coefficients.Thuswesaythat:

Σi jk& s1 & 	.
 J Σi jk& s2 &
if s1 	 s2. And if thedistance/ s1 � s2 / � 1 wesaythatslices

Σi jk& s1 & andΣi jk& s2 & arecontiguous.
Two slicesthathave fixed thesameindex arecalledparal-
lel, andtwo slicesthathave differentfixedindicesarecalled
perpendicular.
Eachslicedefinesa uniform bicubicb-splinesurfaceS. The
geometriccoefficientsof S arethe sixteenpointsthat form
thesliceΣ.
If we take the four surfacesdefinedby the four slicesthat
have fixed the sameindex, andwe evaluatethosesurfaces
by usingthesamevaluesfor its two parametriccoordinates,
we obtainfour pointsthat arethe geometriccoefficientsof
an iso-curve C. This iso-curve is perpendicularto the four
surfaces,that is, the free coordinatesin C correspondwith
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Figure 4: Thispicture showsthegrid Γ of geometriccoeffi-
cientsof an hyperpatch. Thefour sliceswith the index I fix
are markedwith thick lines.
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Figure 5: This figure depicts four slices of coefficients,
the four uniform bicubic b-splinesurfacesthat they define
(shadedin grey), and one iso-curveC (thick line) defined
by four pointsobtainedby evaluatingthesurfacesusingthe
sameparametricvalues.

thefix indicesin theslicesthatdefinethesurfaces(seefigure
5).

Definition 3 Sliceskinof coefficients
A slice skin, Σk, is the surfacedefinedby the nine bilinear
patchesthatwe obtainby taking groupsof four contiguous
coefficientsin Σ, (seefigure 6). For example:Σki jk& s & is the
bilinearsurfacedefinedby theninepatcheswith coefficients:

gi # r � j # s� k # t � gi # r # 1 � j # s� k # t �
gi # r � j # s� k # t # 1 � gi # r # 1 � j # s� k # t # 1

with r � t � 0 ��������� 2.
Two slice skins that have the samefixed indicesarecalled
parallel, andtwo sliceskinsthathavedifferentfixedindices
arecalledperpendicular.
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Figure 6: Each slice skin is a bilinear surfaceformedby
ninebilinear patches.Thispictureshowsthefour sliceskins
with theindex I fix.

4. Validity condition

A uniform tricubic b-splinehyperpatchis invalid whenthe
parametricfunctionS� u � v� w� is notsingle-valued(not injec-
tive) over the domainU. Therearetwo differentsituations
in which S� u � v� w� is not injective7: First, whentwo differ-
ent injective sub-hyperpatchesintersect,andsecond,when
anindividual sub-hyperpatchis not injective.Let usexplore
thesesituationsseparately.

4.1. Intersection of two valid sub-hyperpatches

Two valid sub-hyperpatchesSi1 j1k1 and Si2 j2k2 intersectif
their borderiso-surfacesintersector if onesub-hyperpatch
is completelyinsidetheother.

If thesub-hyperpatchesarecontiguous, thatis, if:

��/ i2 � i1 / � 1 * j1 � j2 * k1 � k2 � )� i1 � i2 *0/ j2 � j1 / � 1 * k1 � k2 � )� i1 � i2 * j1 � j2 *0/ k2 � k1 / � 1�
it is clearthat they do not intersectbecausethey sharethree
slicesof coefficients.Thus,we can avoid to checkthe in-
tersectionof a sub-hyperpatchwith its six contiguoussub-
hyperpatches.

If they arenotcontiguouswecanperformtheintersection
testvery fastif we usethefollowing hierarchyof tests:

1. If the intersectionof the boundingboxesalignedto the
main axes X, Y and Z of the geometriccoefficients in
Gi1 j1k1 and Gi2 j2k2 is empty, then the sub-hyperpatches
Si1 j1k1 andSi2 j2k2 donot intersect.

This happensbecausethe uniform tricubic b-splinehy-
perpatcheshold the strong convex-hull property, (that
statesthat eachsub-hyperpatchis completelyinside of

the convex-hull formed by the 64 coefficients that de-
fine its shape),and becausethe convex-hull of a sub-
hyperpatchis completelyinsideof the boundbox of its
coefficients.

In mostcasesthis is theonly testthatweneedto perform.
If this testfails,we performthenext test.

2. If the intersectionof the convex-hulls of the geometric
coefficientsin Gi1 j1k1 andGi2 j2k2 is empty, thenthesub-
hyperpatchesSi1 j1k1 andSi2 j2k2 donot intersect.

Again this is truedueto thestrongconvex-hull property
of theuniformtricubicb-splinehyperpatches.

3. If tests1 and2 fail, we have to calculatetheintersection
of theborderiso-surfaces.

4.2. Validity of a sub-hyperpatch

The validity of a sub-hyperpatchis not easyto check.Al-
thoughwe can think that if noneof the slice skins Σk of
coefficientsof a sub-hyperpatchintersectany otherparallel
slice skin, then,the sub-hyperpatchis injective, this is not
true.A sub-hyperpatchcanloseits injectivity evenalthough
its parallelsliceskinsdon’t intersect(seefigure7), soa va-
lidity conditionis needed.

Theorem1 Thevalidity condition
Let Si jk be a uniform tricubic b-splinesub-hyperpatch.the
sub-hyperpatchSi jk is valid if it holdsthe following condi-
tions:

1. All its spansσ of geometriccoefficients are locally or-
dered.

2. Noneof its parallelsliceskinsΣk intersectto eachother.

Proof
We aregoing to prove the theoremby contradiction.Let us
supposethat the sub-hyperpatchSi jk holds the conditions
statedby thetheorembut it is invalid.

Applying the implicit function theorem,the jacobiandeter-
minantof thefunctionSi jk is zeroin somepointof thepara-
metricdomainU.

1
u � U $322 J � Si jk � u � v� w�4� 22 �

2222222

∂xi jk

∂u
∂xi jk

∂v
∂xi jk

∂w
∂yi jk

∂u
∂yi jk

∂v
∂yi jk

∂w
∂zi jk

∂u
∂zi jk

∂v
∂zi jk

∂w

2222222
� 0

This jacobiandeterminantcanonly bezeroat u if andonly
if in thepointu �5� u � v� w� of theparametricspaceU thevec-

tors � ∂xi jk

∂u � ∂yi jk

∂u � ∂zi jk

∂u � , � ∂xi jk

∂v � ∂yi jk

∂v � ∂zi jk

∂v � and � ∂xi jk

∂w � ∂yi jk

∂w � ∂zi jk

∂w �
arelinearlydependent.

As these vectors are the tangent vectors of the sub-
hyperpatchevaluatedin u, SD

i jk � u � , in eachparametricdirec-
tion D � U � � U � V �W � , this meansthatthe jacobiandeter-
minantcanonly bezeroif someof thefollowing conditions
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Figure7: Thisfigureshowsanexampleof a sub-hyperpatch that is invalid althoughnoneof their sliceskinsintersectanyother
parallel sliceskin.Leftwecanseetheentire sub-hyperpatch andright wecanseeonlya sliceof sixteencoefficientsfor clarity.

Figure 8: Thisfigure showsan exampleof a sub-hyperpatch that is invalid althoughall their spansof coefficientsare locally
ordered.Leftwecanseetheentire sub-hyperpatch andright wecanseeonly a sliceof sixteencoefficientsfor clarity.

occurs:onetangentis zero,or the threetangentslie in the
sameplane.Let usstudythesesituationsseparately.

1. OnetangentvectorSD � u � is zero.

This meansthat the first derivative of the iso-curve CD
passingthroughu is alsozero,(CD is not regular).

The derivative of an iso-curve CD � d � can be expressed
as:

∂CD

∂d
� lim

∆d 6 0

CD � d � ∆d �7� CD � d �
∆d

If ∂CD $ ∂d is zero,this impliesthatcloseto u, a little in-
crementof d, ∆d in theparametricspacecannotproduce
anincrementin themodellingspaceR3.

Thepointsoveraniso-curveCD aretheblendof thegeo-
metriccoefficientsof thatiso-curve by usingtheuniform
cubic b-splineblendingfunctions.As we canseein fig-
ure2 (left), all theportionsof theblendingfunctionsthat
applyin aniso-curve aremonotonic.

Thefirst two blendingfunctions,(thosethatapply to the
first two geometriccoefficientsof the iso-curve), arede-
creasing,while the last two blending functions, (those
thatapplyto thelasttwo coefficients),areincreasing.At
thesametime asd increases,theblendingfunctionsthat
apply over the two first coefficientshave a minor value,
while theblendingfunctionsthatapplyover thetwo last
coefficientshave a greatervalue.

The geometriccoefficients that definethe shapeof the
iso-curve arelocally orderedbecausethey arethe result
of blendingof the coefficients in four slicesof the sub-
hyperpatch,thataccordingto thetheorem,arelocally or-
deredanddo not intersect.Therefore,the speedof that
iso-curve cannotbe zerosincethe curve is the blendof
coefficientslocally orderedblendedby functionsthatare
monotonic.Theonly way that the iso-curve benot regu-
lar is thatthecoefficientsbenot locally ordered.

Thus we reacha contradiction,due to the fact that we
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supposethat one tangentvector SD is zero in the sub-
hyperpatch.

2. The threetangentvector evaluatedin u � U lie in the
sameplane.

Let P be the planecontainingthe threetangentvectors
SU � u � , SV � u � andSW � u � .
The three tangentsshould be linearly independentbe-
causethey correspondto perpendicularparametricdirec-
tions. If they arecoplanariesin u this is dueto the fact
that sometangenthasbeenreorientedand is locatedin
theplaneP formedby theothertwo tangents.Wearego-
ing to call D to thedirectionof thereorientedtangent.

If SD is on theplaneP thentheiso-curve CD thatpasses
throughu intersectstheplaneP morethanonce.Theuni-
form cubicb-splinecurvesholdthevariationdiminishing
property11, henceit follows thatthecontrolpolygonalof
CD mustintersecttheplaneP alsomorethanonce.And
thisimpliesthatthecontrolpolygonalof CD is notlocally
ordered.

But thecontrolpointsthatdefinetheshapeof CD arethe
blendof thecoefficientsin four slicesthat,applyingthe
theorem,arelocally orderedanddo not intersect,so the
controlpolygonalof CD is locally ordered.

Again we reacha contradiction,dueto the fact that we
supposethatonetangentvectorSD isontheplanedefined
by theothertwo tangentvectors.

5. Conclusions

Theconditionpresentedis sufficient but not necessary. This
meansthatsomesub-hyperpatchesthatarevalid donothold
it. Evenso,it is avery usefulconditionsince:

1. It is robustbecausetherearenot specialcases,andso,it
worksfine onall thesub-hyperpatches.

2. It works by testing relative positionsbetweencontrol
points and not testing displacementof control points.
This makes it very useful not only to determineif the
movementof a control point hasviolatedthe injectivity
of the sub-hyperpatch,but also to determineif a given
hyperpatchis valid or invalid.

3. It is suitablefor interactive modellingof solidsbecause
theuniformtricubicb-splinesolidsarelocal,anda mod-
ification over a little setof geometriccoefficients hasa
limited effectin theshapeof thesolid.Therefore,thecon-
dition mustbetestedonly onalimited setof coefficients.

4. It is simplebecauseit worksonly by comparingrelative
positionsof geometriccoefficients,andso, it is easyto
implementandvery fast.This allows us to manageef-

ficiently solidsdefinedby a greatnumberof geometric
coefficients.

5. The condition restricts the shape that the sub-
hyperpatchescantake, but it doesn’t restrictthe expres-
sive power of the representationmodel since we can
modelall thesolidsweneedby increasingthenumberof
sub-hyperpatchesthat form the hyperpatch.Seethe ex-
ampleof figures9, 10and11.
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CondeandTorres/ Validity Conditionfor B-SplineHyperpatches

Figure 9: Thisfigure showshowby increasingthenumberof sub-hyperpatches,wecanmodelsomeshapeswhich are almost
identical to thoseonesrejectedby thevalidity condition.On the left, wecan seea rejectedlattice, (someof its spansare not
locally ordered).Ontheright, a similar latticeto theoneontheleft, but acceptedby thevalidity condition.For clarity, weshow
a simplifiedview here. In figures10 and11 wecanseescreenshotsof thecurrentapplication.

Figure10: In thispicture weshowanactualapplicationof our validity condition.Thisis a perspectiveview of figure 9 (right).

thevariationdiminishingpropertyof b-splineapproxi-
mation”, Journal approximationtheory, 37(1), pp.1–4
(1983).
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CondeandTorres/ Validity Conditionfor B-SplineHyperpatches

Figure11: Thisis a parallel view of figure 9 (right).
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