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Abstract

We present an approach for automatic cartoon-style motion dramatization suitable for interactive realtime ani-
mation. The system is built upon a physically based deformation model previously discussed in [GMPR06] and
achieves squash-and-stretch cartoon deformation relevant to the current object velocity by controlling the de-
formations in the physically based model. As an improvement over previous similar approaches, which largely
provide geometrical solutions to the problem, our modified physics-based deformation approach handles more
general cases.

Categories and Subject Descriptors (according to ACM CCS): I.3.7 [Computer Graphics]: Animation

1. Introduction

Cartoon style deformation, in particular squash-and-stretch,
is a strategy often used by traditional animators to empha-
size key-movements, create ad hoc, yet believable, motions
and, in general, to make motions more interesting. This
might be considered a variation on similar strategies used
in non-photorealistic rendering, which exploit human per-
ceptual discrepancies to filter out extraneous detail whilst
simultaneously accentuating the saliency of more important
features of an image. The goal of stylisation in both anima-
tion and rendering is to make imagery and animations more
visually appealing, more accessible and more efficient at ex-
pressing their core message. Although stylised deformation
in computer animation is not a new area of research, most
techniques heretofore have dealt with the problem largely
for noninteractive off-line applications.

In this paper, we present an approach for automated dy-
namic simulation, which achieves squash-and-stretch effects
in interactive realtime animation. The dynamics based im-
plementation implies not only that animation is, for the most
part, natural looking, but also that the system is capable of
robustly handling a very general range of simulation scenar-
ios. The main improvement over other approaches is that we
can handle multiple simultaneous collisions of squash-and-
stretch objects with rigid or deformable objects, which may

themselves be undergoing cartoon deformation. In addition,
we provide support for relatively complex objects and we
do not impose the restriction that our objects need to realign
themselves with the velocity vector, allowing for a more nat-
ural behaviour in an interactive scene. This restriction can
however be added relatively easily, if desired.

Figure 1: Time-lapsed frames captured from realtime
squash-and-stretch simulation. The object undergoes defor-
mation due to its velocity as well as collisions.

The rest of the paper is organized as follows: Section 2
provides an overview of related work in physically based
modeling and cartoon animation, Section 3 and 4 describe
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our implementation of deformable and squash-and-stretch
dynamics respectively, Section 1 presents some results and
we conclude in Section 6 with an evaluation of the system
and directions for further work.

2. Related Work

2.1. Physically Based Animation

Physically based animation concerns itself with simulating,
in the virtual world, the same properties and behaviors of
objects that we perceive in the real world, using a model
of known rules and constraints which govern the motion of
objects in the animated environment. Such an approach to
animation has the distinct advantage that not only do be-
haviors appear recognizable and oftentimes more realistic
than ad hoc animation, but it becomes possible to gener-
ate self governing systems capable of reacting believably to
user input and interaction. However, the task of modelling
the infinitely complex physical world is one that can only be
made tractable by significant amounts of simplifications to
the models of objects or to the rules that govern them. On
the other hand, there are cases to be made for intentionally
generating motions in animation beyond those that are con-
ventionally produced by an accurate dynamic simulator.

O’Sullivan et al [ODGK03] categorize distortions in
physically based animation as being either aesthetic or un-
avoidable. Unavoidable distortions are effectively a lack of
precision imposed on a system due to faults in the com-
putational models, or because the system has to fall back
to an imprecise approximated solution due to physical con-
straints e.g. memory, processing speed or time. Many dis-
tortions are imperceptible to viewers, probably because we
have an imperfect notion of dynamic events of high dimen-
sionality. Aesthetic distortions, on the other hand, are errors
or inaccuracies that are deliberately introduced to generate
simulations that achieve a certain objective, whether this be
some interesting type of stylised movement or a specified
goal state in a sequence of events.

Barzel et. al [BHW96] are amongst the first to suggest
that complete accuracy, the ubiquitous goal in physically
based animation, is not a stringent requirement for realism.
A variety of distortions in dynamic events are largely im-
perceptible to the viewer, and this uncertainty can be ex-
ploited in order to save on processing effort or to provide
flexibility and controllability for animators. Chenney and
Forsyth [CF00] show how this can be used to deliver plau-
sible simulations that satisfy goal states set by an animator.
They propose a simulation model that incorporates plausible
sources of uncertainty by sampling a number of simulations
that achieve the target goal state. A probability score is ap-
plied to each simulation run and the animation designer or
the application can then pick the most appropriate one. The
simulation editing problem is also discussed by Popovic et.
al [PSE�00], who calculate mathematically consistent sim-

ulation sequences that lead to a goal state specified by the
animator.

Both the aforementioned methods deal with regular rigid
body simulation by using conventional methods for integrat-
ing the trajectories of objects and only introducing uncer-
tainty at discontinuities in the simulation process, i.e. at the
point of collision. A more general form of stylisation, closer
to that employed by traditional cartoon animators, can be
obtained by perturbing not only the motion paths and tem-
poral characteristics of animation, but also by manipulating
the deformations generated by the dynamic simulation.

2.2. Stylistic Deformations

Lasseter [Las87] discusses how traditional principles, es-
sentially aesthetic distortions, developed to make animation
more realistic and entertaining [TJ81], can be applied to
computer animation.

Amongst these, a commonly used technique is squash-
and-stretch, which applies exaggerated deformation to mov-
ing objects to accentuate their movements and visually con-
vey mass and rigidity. A number of previous approaches use
different kinds of deformable modelling strategies to achieve
the same effect including: FFD’s [FvdPT97], implicit sur-
faces [OM94] [Wyv97] and purely geometric transforma-
tions [PW89] [CPIS02]. However, most previous approaches
are largely designed for non-realtime application or for rel-
atively simple scenes. For instance, geometry based defor-
mation does not cater for collisions of a squash-and-stretch
object with complex geometry, and most other approaches
are not particularly suited to interactive applications, partic-
ularly if there is a potential for multiple simultaneous colli-
sions.

More recently, Chenney et. al [CPIS02] provided a two-
phase model for applying cartoon-style squash-and-stretch
in realtime. Their approach employs uniform affine scaling
for an object undergoing ballistic free-space motion and an
empirical method for creating plausible stylised deforma-
tions during collisions. Their method caters for simultaneous
collisions of a squash-and-stretch object with rigid objects
but not for multiple cartoon objects simultaneously collid-
ing with one another.

We wish to extend this approach by not only generating
realtime deformations for multiple simultaneous collisions,
but the deformations should also be utilized in generating the
ensuing motion of the object after collision.

2.2.1. Deformable Object Simulation

Since physically based modeling of deformable objects was
first introduced in the computer graphics literature, nu-
merous approaches have been proposed. For further infor-
mation on deformable simulation we direct the reader to
[NAM�06]. A significant amount of recent research has at-
tempted to address the problem of deformable simulation
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at interactive rates. These approaches have generally tar-
geted applications in computer games, surgery simulation,
and cloth and hair simulation. In such applications interac-
tivity is the main issue and in most of them a plausible so-
lution is more important than an accurate one. A number
of deformable simulation approaches exist, which can run
at interactive rates including: mass-spring systems [BW98],
mesh-free methods [Liu02] [MHTG05], finite element meth-
ods [MG04] [EKS03], finite differences [TPBF87], finite
volumes [TSB�05] and boundary element methods [JP99].
For further information on deformable simulation we direct
the reader to [NAM�06]. In this paper, we present a finite
element approach that can run at interactive rates. We rec-
ommend [Bat96] for a complete treatise on the FEM theory.

3. The Deformable Model

To model the objects in our interactive scene, we employ
a FEM based approach which is based on recently docu-
mented techniques. Our main contributions are the exten-
sions discussed in section 4 but a short description of the
underlying implementation is first provided here. For inter-
active rates, we use the co-rotational formulation of the fi-
nite element method. Further information about this method
can be found in [MG04] [EKS03]. In our implementation
we use the optimizations described in [GMPR06]. The main
features of our method are:

� For efficiency, a linear strain tensor is used. This is only
valid for measuring small displacements as it is not invari-
ant to all rigid body motion. It is invariant to translations
but not to rotations. This tensor can be described in terms
of the deformation gradient as:

ξ �
1
2
�F �Ft �2I� (1)

where F is the deformation gradient matrix, Ft its trans-
pose and I the identity matrix.

� We use a linear constitutive equation. We relate the stress
σ with the strain ξ using a constant matrix E:

σ � Eξ (2)

If the material is isotropic E can be computed using just
two parameters: the Young modulus and the Poisson ra-
tio. All the tests shown in this paper were made using
isotropic materials.

� We compute the internal forces f in
e of each element e us-

ing the stiffness matrix Ke, and ue � xe�n�� xe�0� is the
displacement of the element nodes, where xe�n� is the po-
sition of the element nodes at the instant n and xe�0� is
the initial position of the nodes. f in

e is calculated in the
un-rotated configuration of each element and then it is
mapped again to the rotated configuration using the ex-
pression:

f in
e � ReKe�R

t
exe�n�� xe�0�� (3)

where Re is the rotation of the element. The matrix Ke can
be precomputed using the following expression:

Ke �
�

vole
Bt

eEeBedve � BeEeBevole (4)

where Be is the matrix that relates the node displacement
with the strain and vole is the element volume. Be and
Ee are constant for all the points inside the tetrahedral el-
ement. We calculate the deformation gradient Fe of the
mesh elements at each iteration, decompose it using polar
decomposition Fe � ReU and use the rotation computed
to calculate the internal forces. This lets us deal with large
displacements whilst using a linear strain tensor.

� We use an implicit integration scheme to compute the new
state at each simulation loop. We intend that our system
should cater for stiff objects as well as elastic objects, so
we need a method that behaves stably in every situation.
The implicit integration scheme requires us to solve the
following system at each iteration:

G � M�hD�h2K (5)

Gv�n�1� � Mv�n��h� f in � f ext� (6)

where G is the system coefficient matrix, f in are the in-
ternal forces, K the global stiffness matrix, M the mass
matrix, D the damping matrix, h the time step between
to iterations, v�n� 1� the velocity at the iteration n� 1,
v�n� the velocity at the iteration n and f ext the external
forces. To solve this system we are going to use the two
approaches proposed in [GMPR06]. The first approach is
the more accurate but slower. It computes K as

K � ∑
e

ReKRt
e (7)

using the preconditioned conjugate gradient method to
solve the system and requires us to compute the element
rotations at each iteration. The second solver uses the
global mesh rotation instead of the element mesh rota-
tions, calculating K as

K � ∑
e

RgKRt
g (8)

where Rg is the global rotation matrix. This ap-
proach leads to a much faster solution, as described in
[GMPR06]. In this paper we apply the squash-and-stretch
method proposed to both approaches.

From the implementation point of view, our model is com-
posed of three different geometrical layers as shown in Fig-
ure 2. The first is a finite element representation of the ob-
ject consisting of a tetrahedral mesh, which is used in the
simulation and control of the object. We choose tetrahedral
elements because we can use their barycentric coordinates
in a shape function. To accelerate the collision detection,
we use a Bounding Volume Hierarchy made up of spheres.
The sphere trees are generated using the algorithm described
in [BO04] and are updated at each simulation step in relation
to the deformations of the tetrahedral model, as explained
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in [GBTM05]. Finally, in order to improve the visual ap-
pearance, we use a superficial mesh to render our models.
This mesh is independent in complexity from the tetrahedral
mesh and it can be of a much finer resolution to improve
rendering quality. The vertices of this mesh are updated, at
each render step, using the barycentric function as described
in [MG04].

Figure 2: Different models of the venus used in our multilay-
ered representation: from left to right, the tetrahedral mesh,
the surface mesh for rendering and two levels of the hierar-
chical sphere tree.

4. Stylising Simulation

We propose a method that involves manipulating the physi-
cally based animation to stylise the movement of objects in
the scene. We combine the physical solution computed by
the physically based animation system with a geometrical
deformation. Thus, our approach can be divided into two key
parts. The first requirement is a method for controlling the
deformation in our physically based model. This technique
will be applied to drive the deformation of elastic objects
in an interactive application. Once we have a means of con-
trolling the deformations, we use this to apply an amount of
squash-and-stretch to an animated object, depending on its
velocity.

4.1. Controlling the Deformations

Once we have a physically based method for animating soft
bodies, the next goal is to control deformations, whilst main-
taining interactive frame rates. The method described in this
section will give us complete control of the object’s shape. A
deformation field or an affine transformation can be used as
input for this technique. In the following steps we are going
to use this deformation control method to squash and stretch
the object.

There are a number of previous works on trying to enforce
control over a physically based animation. However, most
previous approaches focus on animation control for non-
interactive applications. In particular, many previous authors
have dealt with controlling fluid [MTPS04] or rigid body
motions [PSE�00] but the issue of controlling the deforma-
tions of a deformable body are much less widely explored.
Irving et. al [ITF04] try to control the deformation using a

plasticity model. This approach works well but is focused on
non-realtime applications. We use this as starting point to de-
velop our deformation control method. Müller et. al [MG04]
propose a technique to model plasticity in a co-rotational
FEM formulation. In their approach they decompose the to-
tal strain tensor into the plastic strain tensor and the elastic
strain tensor. The model should recover from elastic defor-
mations but not from plastic deformations. So they calcu-
late the forces produced by the plastic strain and the internal
forces produced by the total strain. Finally, they subtract the
plastic forces from the internal forces.

Our approach for controlling deformations is based on
this idea: We divide the total strain into elastic strain and
the strain produced by the deformation desired by the user:

ξt � ξe �ξc (9)

where ξt is the total strain tensor, ξe is the elastic strain ten-
sor and ξc is the control deformation strain tensor.

In the first stage of the algorithm the strain tensor is com-
puted. If the input into the algorithm is an affine transforma-
tion T all the mesh elements have the same control deforma-
tion strain tensor ξc

e � ξc. In the other case, if a displacement
field is the input in to the algorithm, a different control de-
formation strain tensor has to be calculated for each element
e, as explained below. Using the transformation matrix T to
compute ξc, the rotation is first removed using polar decom-
position T � RU and then the strain tensor is computed:

ξc �
1
2
�U �Ut �2I� (10)

If the algorithm input is a displacement field W �x�, we
compute a different ξc

e for each element. Using tetrahedral
elements, and given that we know the initial position xe�0�
and the final position xe�n� � xe�0��W �xe�0�� of the nodes
of the element e, the deformation gradient can be computed
as:

Fe � Me�n�M
�1
e �0� (11)

where the matrix Me�n� is computed using the vector de�i�n�

Me�n� � �de�1�n��de�2�n��de�3�n�� (12)

de�i�n� � xe�i�n�� xe�4�n� (13)

where xe�i�n� is the desired position of the node i of the el-
ement e at the instant n. As in the other case the rotations
should be removed (Fe � ReUe) and the strain tensor can be
computed as:

ξc
e �

1
2
�Ue �Ut

e �2I� (14)

This technique can be used to control the shape of the object
using a displacement gradient. Fortunately the squash-and-
stretch deformations can be defined with an affine transfor-
mation T , so these kind of deformations do not need a dif-
ferent strain tensor for each element.
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Finally, the stress σc
e and the force Fc

e are computed for
each mesh element in the rotated configuration:

σc
e � Eeξc

e (15)

Fc
e � ReBeσc

e (16)

Fc
e is subtracted from the total internal forces to make the

object reach the new equilibrium position.

4.2. Squash-and-Stretch

Using the previously defined deformation control technique,
we apply squash-and-stretch stylisation to our simulations
with the goal of making them more appealing to the user.
We stretch our model depending on the current velocity as is
described by [CPIS02]. We extend their approach by adding
elastic body physics and with a few modifications to the de-
formation variables.

Our algorithm basically consists of the following steps:

1. The velocity of the center of mass is computed vc.
2. Depending on the modulus of the velocity, the scale fac-

tor s is computed:

vα �

�
�vc��α� i f �vc��α � 0
0�

(17)

s �
�vα�smsc �1
�vα�sc �1

(18)

where sm is the maximum stretch factor, sc is rate of
stretch, vc is the mass center velocity, vα is a threshold
velocity used to compute the scale factor s and α is a
threshold value. sc, sm and α are defined by the user.

3. To compute the stretch deformation gradient S on the un-
deformed configuration, a rotation Rv is applied to the
model to align with the velocity as in [CPIS02].

S �

�
��

s 0 0
0 1�

s
0

0 0 1�
s

�
��Rv (19)

4. Our model uses the Cauchy strain tensor to measure the
deformations. This tensor is not invariant to rotations so,
by using the polar decomposition, the rotations are re-
moved from the matrix leaving a pure scale-shear matrix.

5. Finally, the control deformation forces are calculated us-
ing the technique described in the previous section.

The squash process is analogous so it will not be described
in this paper, but some considerations must be taken into
account:

� The squash process starts with a collision. The user must
define which collisions are going to be squashed.

� When a squash is going to take place, the system controls
the velocity and the rotation of the object. This is done by
applying forces to modify angular and linear momenta of
the object.

Figure 3: Sample scenes, captured from interactive anima-
tion, showing multibody squash-and-stretch simulation

5. Results

Table 1 shows how computational time is distributed be-
tween the different computational components per simula-
tion time step. The simulation was run for several scenes of
varying complexity, which was determined by the number of
tetrahedral elements in the simulation. Sample scenes from
the experimental scenarios can be seen in Figure 3. The mod-
els used, as shown in Figure 4, were a generic sphere model
decomposed into tetrahedra, the Max Planck head model,
and a Venus model. All timings are measured in millisec-
onds per simulation timestep and are averaged over the full
simulation.

Figure 4: Objects used in the simulation and the associ-
ated tetrahedral mesh layer: a generic sphere model, a venus
model and the Max Planck head model.

The tests were run on a DELL XPS700 3.73 GHz system
with 2Gb of RAM and a 1Gb NVIDIA GeForce 7950GX2
graphics card. Table 1 shows that the method described can
achieve results in real time. For this study, two implemen-
tations have been developed. The first one uses the object
global rotation. This implementation is fast but sometimes it
is not accurate enough. The other technique, the element ro-
tation technique, is slower but more accurate [GMPR06]. We
highlight only the squash-and-stretch aspects of the system
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Scenes
Object Name Planck Head Sphere Venus
No. Objects 1 2 1 10 20 40 1
No. Elements 1100 2200 107 1070 2140 4280 266
Global Rotation Solver (GRS) 2.10 4.42 0.20 1.79 3.44 6.59 0.45
GRS Stretch force computation 1.06 2.01 0.06 0.71 1.65 2.88 0.11
Element Rotation Solver (ERS) 24.97 49.01 1.50 X X X 4.58
ERS Stretch force computation 1.24 4.02 0.08 X X X 0.97
Element rotation computation 5.09 10.51 0.41 X X X 0.71

Table 1: Mean time (in ms) spent per simulation timestep for each computational component of our system. Note that element
rotation values were not recorded for the rotationally invariant sphere model.

Figure 5: A frame from demo animation generated by our
system (rendered offline).

here. The overall efficiency of the system is significantly in-
fluenced by the underlying deformation and collision detec-
tion system upon which the squash-and-stretch extensions
are built. For a more detailed indication of the efficiency
of our general deformation system, we direct the reader to
[GMPR06]. It should also be noted that our squash-and-
stretch may serve equally well as an extension to an alter-
native interactive deformation system that allows for some
control of elasticity values.

Figure 5 shows a sample scene with a number of complex
objects generated by our system. A comparison of a simple
deformable simulation with a squash-and-stretch simulation
generated by our system is shown in Figure 6.

6. Conclusions and Future Work

We have presented a physics-based simulation framework
that successfully produces interactive cartoon-based defor-
mations at realtime rates. The dynamics based solution has
several advantages over purely kinematic or geometric solu-
tions. One major advantage is that the solution is very robust

for a wide range of cases. The system can cater for multiple
simultaneous collisions with rigid objects or with other de-
formable bodies themselves undergoing squash-and-stretch
and provides a reasonable range of motion stylisations, with
potentially useful perceptual cues that may be relevant to en-
hancing animation.

Applying traditional animation techniques to computa-
tionally automated mechanisms opens up several important
areas for further improvement. For instance, the system de-
scribed in this paper relies on several parameters to control
the amount of deformation. As our goal in this paper was
mainly to prove the feasibility of realtime stylisation, we
have simply outlined a few simulation parameters which can
be adjusted to customize the animation but, arguably, may
not be altogether intuitive for a human animator. Although it
is possible to choose acceptable ad hoc values that create a
range of reasonably pleasing visual results, we believe that
there may be an optimal set of values that may be chosen to
depict a certain style or mood. Whilst traditional artists rely
on skill and experience to choose the best deformations, we
believe there may be scope to determine these values using
perceptual user studies as described in [ODGK03]. In addi-
tion, we believe that the quality of any such system, which
seeks comparability to traditional production processes or,
for that matter, to any alternate technique, can only objec-
tively be determined through perceptual evaluation.

Furthermore, it may be important to investigate if alter-
nate rendering styles might significantly affect a user’s ten-
dency to prefer cartoon deformations to more accurate phys-
ical simulation. Towards these ends, we have planned a se-
ries of experiments that will tests users’ acceptance thresh-
olds for various alternative animation scenarios. We wish
not only to compare the relevance of different deformation
parameters, but also to study whether a squash-and-stretch
animation in general is perceptually as realistic, more im-
mersive or generally more effective at engaging a viewer’s
attention.
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Figure 6: A comparison of normal deformable simulation (top) with our squash and stretch technique (bottom). Time-lapsed
frames from a realtime simulation of the venus model.
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