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ABSTRACT 

Kinematics is the study of motion without regard to the forces that causes it. In computer animation and robotics, 
Inverse Kinematics (IK) calculates the joint angles of an articulated object so that its end effector can be positioned 
as desired. This paper presents an efficient IK method using a geometric solver based on the intersection of circles. 
For an articulated object with n joints, our method will position the end-effector accurately and requires only a re-
verse iteration of (n-2). An intuitive user interface is provided, which automatically keeps the end effector between 
the maximum and minimum extent of the articulated object. Common problems that can occur with other IK meth-
ods are avoided. The algorithm has been implemented using WebGL and Javascript and tested by simulating a hu-
man hand, a three joint robot arm and human cycling motion, achieving interactive rates of up to 60 FPS 
Categories and Subject Descriptors (according to ACM CCS): I.3. 7 [Computer Graphics]: Three-Dimensional 
Graphics and Realism, Animation.   

 
1. Introduction 

An articulated object is often modelled as a set of rigid 
segments connected with joints. Kinematics is an important 
area in robotics and computer animation when dealing with 
the motion of such objects and two approaches are com-
monly used. With Forward Kinematic (FK) the joint angles 
of the articulated object are specified and the subsequent 
position of the end effector(s) determined. This approach is 
simple but difficult to control the exact position of an end 
effector. With Inverse Kinematics (IK), the desired position 
of the end effector is specified and the joint angles are cal-
culated so as to move the end effector as close as possible 
to this goal. IK solvers either attempt to determine an ana-
lytic solution (if it exists), or more commonly are iterative, 
and attempt to minimise the error between the current posi-
tion and the desired position of the end effector [Par12]. 
Many IK approaches have been proposed but often they 
have a high computing cost or do not result in a satisfactory 
pose. In this paper we present a novel geometric method 
based on the intersection of circles. The aim is to demon-
strate a solution which has low computing cost, is intuitive 
to use, and also produces poses that are visually realistic.  

Section 2 presents the background and related work. Sec-
tions 3 and 4 then provide the detail of the algorithm, and 
results are presented in Section 5. The paper ends with 
conclusions and a discussion of future work. 

2. Background and Related Work 

Analytic solutions to the IK problem are not usually pos-
sible and so iterative solutions have been a topic of re-
search for many years. Korein and Badler provided an early 
review of techniques [KB82], but there have been many 
other solutions proposed, for example [ZB94], [Buss04], 

[AL09]. Jacobian inverse methods, Heuristic methods, 
Pseudoinverse methods, quasi-Newton and conjugate gra-
dient methods, and neural net and artificial intelligence 
methods have all been reported. A review of all IK ap-
proaches is outside the scope of this paper and we discuss 
just the most widely used techniques in current computer 
animation software. 

2.1 Jacobian Solutions 

A Jacobian matrix in vector calculus represents all first-
order partial derivatives of a vector- or scalar-valued func-
tion with respect to another vector.  It is used to help de-
termine the best linear approximation to a differentiable 
function near a given point. For the IK problem, the Jaco-
bian consists of a matrix of scalar values relating to the 
joint angles and the end-effector positions. The desired 
pose is iteratively calculated in a linear fashion. The in-
verse of the Jacobian must be determined and several tech-
niques can be used to do this, providing an effective meth-
od of solving the IK problem, for example [WE84], 
[Wam86], [Bus04]. 

The computational cost involved means that Jacobian so-
lutions are only suitable for real time applications that use a 
simple chain of joints. Further, if a situation arises such 
that the target for the end effector is unreachable, which is 
not uncommon, the system solution can start to oscillate 
about that target point. Then the previous stable pose must 
be used. There can also be singularity problems in the sys-
tem leading to unnatural poses, which requires more flexi-
ble handling of constraints. 

2.2 Heuristic Methods 

Cyclic Coordinate Descent (CCD). CCD treats IK as a 
minimisation problem applied to each joint separately 
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[WC91]. It is a fast technique that is well suited to comput-
er games and other interactive applications. It has also been 
used to determine the configuration of protein chains 
[CD03]. 

The CCD algorithm serves to reduce errors related to po-
sition and rotation. Starting from the end-effector the itera-
tor moves backwards to the base of the articulated object 
by manipulating one joint at a time, so that each time the 
end effector gets closer to the target. The number of times 
this operation is performed per iteration will always be 
equal to (n-1), where n is the number of joints.  

Although fast, the CCD algorithm can often produce un-
realistic animation with discontinuities in the resulting 
motion. CCD was developed for a serial chain type system 
and is not suitable for articulated objects with multiple end 
effectors. 

Forward and Backward Reaching Inverse Kinematics 
(FABRIK). FABRIK is another fast iterative solver that 
gains efficiency by finding each joint position by locating a 
point on a line between the new and old position of the end 
effector, instead of using angle rotations. [AL11]. It uses 
previously calculated positions of the joints to find the 
updates to be applied in a forward and backward iterative 
mode. System error is minimised by adjusting each joint 
angle one by one. This process is carried out recursively 
until the end-effector is as close as possible to the target.  

FABRIK has been demonstrated to produce more realis-
tic poses than with CCD, without motion discontinuities. 
The algorithm can also manage multiple end-effectors. It is 
computationally efficient requiring a low number of itera-
tions (although the exact number required cannot be deter-
mined in advance). FABRIK also determines the maximum 
reach of the articulated object and will calculate if the tar-
get is reachable before beginning the iterative cycle. 

The heuristic approach has also been combined with a 
physics based method [HP12]. Here a mass-spring model 
allows force interaction between the masses to be used 
when solving the IK problem. They offer more parameters 
to fine tune motion (such as spring stiffness and damping) 
and still achieve adequate response times but not interac-
tive. 

3. Fundamentals 

Our method is similar to the FABRIK approach and of-
fers the same advantages. However, it is based on using the 
intersection of circles to calculate the orientation of rigid 
joints in the articulated object. The object is animated in 
3D space but only 2D geometry calculations are required to 
compute the joint angles. It is also straightforward to calcu-
late whether the desired target is reachable using our ap-
proach. If it is reachable, then when dealing with multiple 
joints there is a possibility that several different configura-
tions can result in a solution. We will demonstrate that a 
visually acceptable solution will emerge from our method. 

The basic geometry and data structures used by our 
method are summarised in this section. 

3.1 Circle Intersection 

When two circles intersect on a 2D plane (see Figure 1), 
then:  

• There will exist only two intersection points. 
• The intersection occurs along the circumference 

of the circles. 
• The distance between the intersection points to 

their respective circle’s origin will be a radius of 
the circle. 

 

 
Figure 1: Example of the intersection of two circles. The 

two intersection points lie along the circumference. 

3.2 Articulated Objects 

The system is assumed to be composed of a chain of rigid 
links connected by joints. A tree data structure is used 
(Figure 2): 

• The root joint is the base joint of the object and 
has no parent. Every joint except the root is con-
nected by a link from exactly one other joint. 

• Each joint is capable of having many child joints 
and there exists a unique path from the root to 
every other joint. 

• End-effector(s) are the joint(s) that have to be 
moved to the target position. Joints along the 
path to the root need to be repositioned accord-
ingly. 

Either controlling the position of the joints or by control-
ling the rotation of the link the articulated object can be an 
animated. Table 1 summarises the data stored at each joint. 

3.3 Axis of rotation 

Figure 3 presents three orthographic projections onto a 
2D plane for an example articulated object, where li are the 
links, ji the joints, and Ɵ x / y / z represent the axes of rotation 
when the links are rotated in 3D space. The rotation is per-
formed about the perpendicular axis to the plane. 
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Table 1: Structure and properties of a Joint 

 

 

 
Figure 2: Example of a tree structure for an articulated 

object with four possible end effectors. 

 
Figure 3: Orthographic projections of an example artic-

ulated object. A: Rotation is about the z axis. B: Rotation is 
about the x axis. C: Rotation is about the y axis. 

4. Geometric IK Solver using Intersection of Circles 

In this section, the proposed geometric IK solution is 
presented. Figure 4 summarises the main steps of how the 
algorithm operates for a simple example object composed 
of three links and a single end effector. Figure 4A shows 
the original configuration of the articulated object, set at its 
maximum extent. Each link l1, l2 and l3 has a length r1, r2 
and r3, which are the distances between the respective 
nodes.  

 

 
Figure 4: A. Shows the initial configuration (set at the 

maximum extent) and the end-effector is to be positioned at 
the target location, t, if reachable.  B. The first iteration. C.  
The second and final iteration. Hence for four joints two 
iterations are needed. 

Recall that the equation of a circle on a 2D plane is given 
by: 

Name Type Description 

Radius Float The distance from its parent. 
Constant. Based on the two axes 
system (see below) this should be 
the width, height or the breadth 
values of the joints from its par-
ent. 

Total 
Radius 

Float The distance from the root. This 
distance must be maintained at all 
times. 

Active 
radius 

Float The minimum distance that has to 
be maintained from the end-
effector.  

Current 
Radius 

Float The radius of the circle drawn 
from the root joint. This will 
change with every iteration. 

Name String  String representation of the path, 
which is also the name of the 
joint. 

Is End 
Effector 

Bool-
ean 

Flag for the end effector joint. 

Parent Joint Refers to the parent joint. It is 
null if the joint is the root joint. 

Children List List containing all the immediate 
children joints. 

Location Point Stores the location of the joint as 
x and y float values. 
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where (a,b) is the centre of the circle, and r is the radius. 
We assume that the end effector can be placed at the target 
point, t, and then determine the two circles defined by: 

1. The position of the base joint (j4) with radius 
r2+r3 

2. The target point with radius r1  
Solving for the intersection points of these two circles 

provides two solutions, and j2 can be moved to either of 
them – refer to Figure 4B. 

Figure 4C shows the configuration after the final itera-
tion required to position all of the joints successfully (the 
example object has 4 joints; iterations required is total 
joints – 2 = 2). It requires only (n -2) iterations because the 
position of the base joint is stationary and the position of 
the end-effector is the location of the target t if reachable, 
and both can be excluded. Here, the two circles are defined 
by the new position of j2 with radius r2, and the position of 
j4 with radius r3. Joint j3 is repositioned to one of the points 
of intersection. 

In general, the joints are labelled j1, j2, j3,…, jn, where jn 
is the base joint and j1 is the end-effector, The total length 
of the chain is defined by L = , where ri is the radius 
(length) from ji from its parent ji+1. Also L is the maximum 
reachable distance from the base (a target location beyond 
this distance requires the base to be moved). Define di to 
be the distance to the target from the base: 

 

If si is the arm length to the current joint (ji): 

 

Define ai to be the minimum distance to be maintained 
by ji from j1. The two circles of intersection required at 
each iteration are then: 

 

 

In circle (1) the location of the child joint is considered 
to be the origin, and its distance from the joint  , , 
as the radius. In circle (2), the base joint  is taken to be 
the origin and R is the radius. Note that: 

 

 
 

 
 

By solving the above equations in terms of ‘x’ initially 
and substituting the result into (1) or (2), this will give the 
intersection points in terms of the Y axis. Repeat this 
process to obtain intersection values along the X axis. 
These can then be used to position the joint . The process 
then continues backwards along the chain until the new 

position of joint  is found. The links are finally orient-
ed by finding the angle between the located points. 

Pseudocode of the key steps used by our IK solver is in-
cluded in the appendix. 

4.1 Safe Zones 

A useful aspect of our method is the concept of Safe 
Zones:  

 The maximum safe zone is the maximum reach of the 
articulated arm connected to the end effector, i.e. the 
total length to the end-effector when fully extended. 

 The minimum safe zone is the position that can be 
reached by the end-effector so as to be as close as pos-
sible to the root joint. This relates to the possibility of 
the end effector being able to touch the base joint and 
is dependent on factors such as whether there are an 
odd or even number of links, and the difference in 
proportion of lengths between the links. 

Other methods also take the maximum safe zone into ac-
count but few utilise a minimum safe zone. This is calcu-
lated in our method by initially locating the end-effector to 
the root joint location and applying the IK algorithm. This 
will fail if the distance between the root joint and the end-
effector is not within an acceptable range, in which case the 
position of the end effector must be adjusted slightly. The 
process is iteratively performed until the end effector 
comes within an acceptable range. This is saved as the 
minimum acceptable distance to which the end-effector can 
reach towards the root joint. 

Both safe zones are used as internal constraints when ex-
ecuting the IK algorithm. They prevent some of the dis-
crepancies found with other IK approaches from occurring 
without the intervention of the animator. 

5. Results 

Three WebGL examples have been implemented to 
demonstrate the IK algorithm in action: a three joint robotic 
arm; a human cycling motion; and a more complex human 
hand grasping a ball. They are available online at: 

 http://www.vmg.cs.bangor.ac.uk/ik.php  
These examples use 3D mesh models consisting of 

rigged components connected in tree structure.  
Figure 5 shows a snapshot of a three link robotic arm be-

ing posed using our IK method. The 2D side view provides 
an intuitive user interface. The end effector (represented by 
the blue circle) can be positioned within the minimum and 
maximum safe zones by a mouse drag. The base of the 
robot is fixed to the floor. The resulting configuration of 
the robotic arm is instantaneously displayed in the 3D win-
dow. A top view is also provided to the animator (not 
shown) to change the orientation of the whole robot. 

In Figure 6, a real time animation of a cycling motion 
has been implemented. There are two end effectors (the 
cyclist’s feet) and they have been fixed to the pedals of the 
bicycle. The waist line contains the base joint. The pedals 
are being animated in a circular motion. The angles of the 

c© The Eurographics Association 2013.

Srinivasan & N. W. John / A Fast Inverse Kinematics Solver using Intersection of Circles36



 

knee and ankle joints are being calculated by our IK meth-
od. A natural cycling motion is obtained and rendered at 60 
FPS on a standard laptop computer.  

 

 
Figure 5: Top image shows the 2D user interface panel 

that controls the position of the end effector. The bottom 
image shows the resulting pose of the 3D robotic arm. 

 

 
Figure 6: Shows the 2D and 3D views of the human cy-

clist model. The pedaling motion is calculated and ren-
dered in real time. 

 
Figure 7 shows the simulation of a more complex model, 

the human hand, using our algorithm. A ball is realistically 
grasped by the hand when it is in range. The IK problem is 
solved for each finger in real time. 

 
 

Figure 7 The left images show the 2D user interface 
panel that controls the position of the ball (blue circle). 
The right images show the resulting pose of the 3D Human 
hand with multiple end effectors. 

These examples also demonstrate how an animator could 
use our IK technique for real time visualization of the pos-
ture of an articulated body, thus helping the animator to 
make better decisions about the animation sequences. 

6. Conclusions and Future Work 

We have described a new method of solving the IK prob-
lem utilizing the intersection of circles. The method takes 
advantage of the fact that the positions of the root joint and 
the end-effector are always known and uses a simple ge-
ometry technique to position interior joints. The results 
presented in the previous section indicate that we have at 
least matched other approaches such as the FABRIK algo-
rithm in terms of being able to produce realistic motion 
without discontinuities. This is an advantage to gain from 
using a geometric approach as compared to a Jacobian 
solution. We have also demonstrated that our algorithm can 
easily manage multiple end-effectors.  A detailed compari-
son with other widely used IK methods is currently being 
carried out. 

A particular advantage of this algorithm is the use of 
Safe Zones to lessen the work of the animator. Other ap-
proaches succeed in reaching the target for the end effector 
but the desired pose is not always achieved. This is partly 
due to lack of consideration for the  reachability of a target 
location, especially the minimum reach which is an im-
portant factor in a scenario where the end effector has to be 
at a point close to the base. The animator is often required 
to intervene and add extra constraints. Our approach mini-c© The Eurographics Association 2013.
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mizes such intervention, however, and overlapping joints 
or links will never be produced. 

The IK solver based on the intersection of circles is 
computationally efficient requiring a low number of itera-
tions that is always equal to (n-2), where n is the number of 
joints in the system. It is therefore suitable for use in both 
the areas of computer animation and robotics where com-
puting power may be limited. Additional implementations 
of the algorithm are currently in progress. We will make it 
available as a public domain plug-in for the Blender 3D 
computer graphics software project. We are also investigat-
ing its utility in robotics, and integrating it into the Robot 
Operating System (ROS).  
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Appendix 1: PseudoCode of the core IK routine 

Int i; 

For i is 1, i is less than path.size 
minus 1, i increments by 1 

Initialise child to path.get  joint at
i minus 1 

Call method 
currentNode.setCurrentRadius with 
((currentNode.getTotalRadius plus 
currentNode.getActiveRadius) is 
greater than distance) 

If (child is not null) and 
(currentNode is not null) 

 Initialise    
 childToCurrentRadius to  
 child.getRadius 

 If (currentNode.getCurrentRadius 
 is less than 
 currentNode.getRadius) 

  Set baseToCurrentRadius 
  to currentNode.getRadius 

 EndIf 

 Set points to 
 Math2.circleIntersections with 
 childToCurrentRadius, 
baseToCurrentRadius, child location and 
base location 

 If (points.get with 0 is  
 not equal to null)   
 and (points.get with 1  
 is not equal to null) 

  Set point to   
  points.get with 0 

 EndIf 

EndIf 

EndFor 
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